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Abstract. Two homogenization methods are presented for modeling the overall elasto-plastic behavior of 
composite materials, the first one is applied to the case where the nonlocal property of the constituents can 
be neglected, and the second one considers this nonlocal effect by idealizing the constituents as micropolar 
materials. The secant moduli method and Ponte Castañeda’s variational method are discussed in these two 
homogenization methods.  

Introduction 

There are different length scales involved in the micromechanical modeling for heterogeneous materials: 
the structural characteristic size L , the size of representative volume element (RVE) l , the characteristic 
length scale of the inhomogeneity A (for example the particle size, the inter-distance of the particles) and the 
characteristic length scale of the matrix ml  (grain size of a polycrystalline material for example). For 
different length scale conditions, different homogenization techniques should be employed. For example, the 
classical micromechanical method applies for the following length scale condition mlAlL >>>>>>  [1,2], 
so that both the constituents and the homogenized materials can be idealized as Cauchy materials without 
any inner microstructures. However with the emerge of new technologies such as nanotechology, MEMS, 
thin films, the structure size L is usually small and the length scale condition necessary for the classical 
micromechanics is subjected to an acute scrutiny; on the other hand, with the innovation of new composite 
materials, such as metal matrix composites (MMCs), nanocomposites, foam composites, the size of the 
filler usually has the same order as the characteristic length scale ( ml ) of the matrix. For these length scale 
conditions, different homogenization strategies have to be proposed [2,3]: for thin films and MEMS, 
usually lL ≈ , a high order continuum model should be assigned for the homogenized macro-element; and 
for MMCs, nanocomposites, more often mlA ≈ , a high order continuum model may be used to describe 
properly the nonlocal response of the matrix material. The different material models and the corresponding 
length scale conditions are summarized in table 1.  

      Table 1 material models and length scale conditions 
       Constituent model   length scale condition   homogenized model 
 
               Cauchy model   mlA >>  
            Cauchy model 
      High order continuum mlA ≈  

Cauchy model  mlA >>  
           High order continuum 

High order continuum  mlA ≈   

AlL >>>>

AlL ≈≈
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In this paper, a brief review on the advances of homogenization methods for nonlinear composites will 
be presented. Two length scale conditions, mlAlL >>>>>>  and mlAlL ≈>>>>  will be discussed 
separately.  
 
Homogenization of nonlinear composites under the condition mlAlL >>>>>>          

As discussed in the introduction, under this length scale condition both the constituents and the 
homogenized materials can be idealized as Cauchy materials, the progress on the nonlinear composites 
along this line can be found in the review paper given by Ponte Castañeda and Suquet[4]. In the following, 
we will discuss the secant moduli method based on the second order stress moment [5,6], which is shown 
to be equivalent to the method proposed by Ponte Castañeda[7]. The method chooses a series of linear 

comparison composites (characterized by the effective stress potential 
s

W or the effective compliance 

tensor 
s

M ) to describe the nonlinear behavior of the actual composite, these linear comparison 
composites have the same microstructure as that in the composite to be analyzed, however the elastic 
compliance s

rM  of the phase r of the linear comparison composite is set to have the secant compliance of 
the nonlinear phase r (characterized by the stress potential rw ) of the actual composite, this means 
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The stress potential rw of the nonlinear phase r may have different particular forms according to specific 
materials, for an isotropic Von Mises material with a power type hardening law, it is 
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where rr K,µ are the elastic shear and bulk moduli of the phase r, yrσ  and rr Hn , are respectively the 

initial yield stress, and hardening parameters of the phase r, 2/3 ''
ijije σσσ = , and '

ijσ  is the deviatoric 

stress.  From equations (2,3), the secant shear and bulk moduli of the phase r are defined by 
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For the phase r in the actual composite, the plastic strain is usually not uniform, so its secant moduli are 
in fact position-dependant. In order to describe this heterogeneous plastic strain more precisely, a more 
refined approach can be proposed by dividing the phase r into some sub-regions, and in each of such 
region the secant moduli are assumed to be constant, this usually makes the problem difficult to be solved 
analytically. So, for simplicity, we utilize the homogenized secant moduli for each phase by taking 

r>=< 22
σσ , 2/3 ''2

rijije ><= σσσ  in equations (3,4), where r>•< denotes the volume average of 

the said quantity over the phase r. For the linear comparison composite with the rth linear phase 

characterized by s
rM , its effective compliance 

s
M can be evaluated analytically by many micromechanical 

methods[8]. Taking the Mori-Tanaka’s method for example, for a two-phase composite with aligned 
elastic ellipsoidal inclusions, the effective compliance tensor of the linear comparison composite is given by 
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where 1c is the volume fraction of the inclusion, I is fourth order identity tensor, S is Eshelby tensor, indices 
0,1 are referred to quantities related to the matrix and the inclusion respectively. For composites with 
spherical inclusions, the effective shear and bulk moduli of the linear comparison composite can be written 
as 
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For a given applied load Σ , if the corresponding secant shear modulus of the nonlinear phase (here the 

matrix) s
0µ  is assumed to be known, then the effective compliance tensor 

s
M of the linear comparison 

composite can be evaluated by equations (5 or 6), which is considered as the secant effective compliance 
of the nonlinear composite at the applied load Σ , and the composite strain is simply calculated by 

Σ:
s

ME = .              (7) 
To determine the variation of s

0µ as a function of the applied load Σ , we consider again the linear 
comparison composite under the applied load Σ , the micro-macro transition principle leads to 

ΣΣσσ ::::
s

MM s >=< .          (8) 
Under a constant applied loadΣ  with a small variation sMd , it can be shown that 

ΣΣσσ ::::
s

dd MM s >=< .         (9) 
If we only consider a variation of the shear modulus of the matrix s

0δµ , then 
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This equation can be used to determine the corresponding secant shear modulus s
0µ  of the matrix for a 

given load Σ , the stress and strain relation of the nonlinear composite can then be constructed according 
to the secant moduli method. This version of the secant moduli method can also be recast into a beautiful 
variational expression proposed by Ponte Castañeda [7] for a composite with N nonlinear phases: 
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where rc is the volume fraction of the phase r, effW  is the stress potential of the nonlinear composite. The 
first optimization procedure imposes that the constituents of the linear comparison material have the secant 
moduli of the corresponding nonlinear phase, and the second optimization procedure determines the 
variation of the secant moduli of the individual phase as a function of the applied load (equation 10). 
  This method has been widely used to determine the effective behavior of nonlinear composites, the most 
advantage of the method is that the results obtained for linear composites can be utilized, however this 
method fails to describe the particle size-dependence in predicting the nonlinear behavior of the composite, 
widely observed in metal matrix composites [9], and this will be discussed in the next section. 
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Homogenization of nonlinear composites under the condition mlAlL ≈>>>>  
  When the particle size is comparable to the intrinsic length of the matrix material, a high order continuum 
model has to be assigned for the matrix material, discussions on the high order theory can be found in 
references [10,11]. Wei[12], Chen and Wang[13] have used high order continuum models to describe the 
size-dependence of the overall behavior for composite materials. Here in this paper, the matrix material will 
be idealized as a micropolar material.  
 
Micropolar elasticity and plasticity 

In the micropolar theory, three rotation angles iφ are introduced in additional to the macro-displacement 

iu  of a material point. The kinematic, equilibrium and constitutive equations for an isotropic micropolar 
material are (body force and couple are neglected) 







=

−=

ijij

kkijijij

k

eu

,

,

φ

φε
,   







=+

=

0

0

,

,

ikjikjij

jij

em σ

σ
, 







+=

+=

klijklklijklij

klijklklijklij

kDBm

kBC

ε

εσ
.    

 (12) 

It should be noted that the stress and the strain are not symmetric in micropolar theory. ijij km ,  are the 

couple stress and the torsion respectivley. For a centrosymmetric and isotropic micropolar material, 
0=ijklB , and 

jlikiljkklijijklC δδκµδδκµδλδ )()( −+++= , jlikiljkklijijklD δδγβδδγβδαδ )()( −+++= . (13) 

where (µ ,λ ) are the classical Lame constants, (κ ,γ , β ,α ) are new material constants introduced in 

micropolar theory, and ijδ  is the Kronecker delta. With '
( )ijσ , ijσ < > , ( )iiσ σ≡  and '

)(ijε , ><ijε , ( )iiε ε≡  

denoting separately the deviatoric symmetric, anti-symmetric and hydrostatic parts of the stress and the 
strain tensors, and similar notations for the couple-stress and torsion tensors, the well-established elastic 
constitutive relations for a linear isotropic micropolar material can be rewritten as [14]: 

'
)(

'
)( 2 ijij µεσ = , '' 2 ><>< = ijij κεσ , εσ K3= ;  '

)(
'

)( 2 ijij km β= , '' 2 ><>< = ijijm γε , Pkm 3= .  (14) 

where µλ 3/2+=K  is the bulk modulus, βα 3/2+=P  can be regarded as the corresponding stiffness 
measure for the torsion, and symbols ( ) and < > in the subscript denote the symmetric and anti-symmetric 
parts of a second order tensor, respectively.  

There are two distinct sets of moduli: (µ ,λ ,κ ) which relate the traditional stresses and strains and 
have the dimension of force per unit area, and (γ , β ,α ) which relate the higher-order couple-stresses and 
torsions, with the dimension of force. Due to the dimensional difference between these two sets of moduli, 
at least three intrinsic characteristic lengths can be defined for an isotropic elastic micropolar material. 
These elastic micropolar length parameters can be defined in different ways; in this paper, they are defined 
by [16]: 

1 /2
1 ( / )l γ µ= , 1/2

2 ( / )l β µ= , 1/2
3 ( / )l α µ= .                    (15) 

For simplicity, in the following discussion, we let mllll === 321 . 

For a nonlinear micropolar material, the generalized equivalent stress may be defined as[11,15,16]:  
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The stress potential for a nonlinear micropolar material may then be written as [16]:  
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)(0 ew σ  has the same form as in equation (3) with a new interpretation for the equivalent stress, and 

2/32
><><>< = ijije σσσ .  

For the deformation theory in plasticity,  the secant moduli of a nonlinear micropolar material at the 
stress state eσ  can be defined from equation(17) 
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Micro-macro transition method and effective classical moduli of the composite 

At the length scale condition mlAlL ≈>>>> , the size of the RVE is sufficiently small that it can still be 
considered as a material point in the structure, the classical boundary condition is applied on the RVE: 

jiji xEu )(= , 0=iφ  or jiji nF )(Σ= , 0=jijnm , where in is the unit normal of the boundary of the RVE. 

Under the above boundary conditions, it can be shown that 
symsymsymsymsymsym MECEkm ΣΣεσ :::::: =>=+< .     

 (19) 

Equation (19) in fact defines the classical stiffness or compliance tensor 
sym

C or 
sym

M  of the micropolar 
composite, which relates the symmetrical stress and strain. To determine the effective stiffness tensor 

sym
C , it is necessary to evaluate the local stress and couple stress in the RVE, and then the relation 
between >< )(ijσ and )()( ijij E>=< ε (under linear displacement boundary condition) provides the 

classical stiffness tensor of the micropolar composite, or alternatively the relation between >< )( ijε and 

)()( ijij Σσ >=< (under uniform traction boundary condition) gives the effective compliance. To compute 

the average strain and torsion for different phases, the average equivalent inclusion method will be used, a 
detailed explanation may be found in references[16,17]. For a two-phase particulate composite, the 
effective shear and bulk moduli of the composite estimated by Mori-Tanaka’s method can also be 
expressed by equation (6), but the constants 21 ,ξξ  should be replaced by      
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where [ ]ηηηηηη η sinhcosh)()( 32 −+= −−−eG , ha /=η , 000000
2 4/))(( κµβγκµ ssssh ++= , and a 

denotes the radius of the particle. Here in equation (20), the superscript s is used for the secant notation for 
the matrix material, which will be used as a linear comparison micropolar composite in the following 
discussion.      
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It can be verified that when ∞→ha / ,  the classical micromechanical results can be recovered, as 
expected. However when the particle size is small, the effective shear modulus is larger than that in the 
classical prediction, and the effective bulk modulus will not depend on the particle size.  

  
Secant moduli method for micropolar composites  
   In order to determine the overall nonlinear property of a micropolar composite, the same approach as in 
the classical micromechanics discussed previously may be employed. The key point is to evaluate the 
secant moduli of the nonlinear micropolar matrix as a function of the applied load symΣ . To this end, we 

consider a linear comparison micropolar composite 
sym
sM characterized locally by the compliance tensors 

ss RM , . Suppose that the local material compliances have the variations sMδ , sRδ , these will lead to the 
variations of the local stress, couple stress and the macroscopic compliance of the composite sδ , mδ  and 

sym
sMδ . Then from equation (19), we have [16,17] 

    symsym
s

sym ddd ΣΣσσ :::::: MmRmM ss >=+< .         (21) 
Now only the following variations sss

000 ,, δγδβδµ  of the matrix are considered, then from equation (21), the 
average equivalent stress of the matrix in the linear comparison micropolar composite defined by equation 
(16) can be obtained 

sym
s

sym
s

s

sym
s

s

sym
sssym

e
c

ΣΣ :)(3:
1

1

000

2
0

1 











∂
∂

+
∂

∂
+

∂
∂

−
−

=
γβµ

µσ
MMM

.       (22) 

With the aid of the effective moduli given by equations (6, 20), the yield function of a micropolar 
composite can then be estimated from equation (22) by setting ye σσ = ( yσ  is the initial yield stress of the 

matrix). When the matrix material has undergone a plastic deformation, the secant moduli method can be 
utilized to determine the overall nonlinear stress and strain relation of the composite, the method is the same 
as explained in the classical micromechanics.  

The capacity of the present model can be illustrated by the following examples, only particulate 
composites are considered. The influence of the mechanical property and the size of the particle on the 

initial yield surface is shown in Fig1 1 ( 2/3 '
)(

'
)( ijijeff ΣΣΣ = , iiΣΣ = ). In the computation, 

53.2/,5.0/ 0000 == µµκ K , %301 =c , and for the common particles 10// 0101 == KKµµ .  

   
Fig. 1 initial yield surface of composites         Fig. 2 comparison between theory and experiment  

Two particle sizes are examined mla = , mla 100= , corresponding the outer and inner lines for each 
classs of the particle in figure 1. For mla 100= , the proposed theory is in fact reduced to the classical 
micromechanical method, however if the particle’size is comparable to the matrix characteristic length ml , 
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a size-dependent initial yield stress is observed. This size-dependence is more pronounced for a pure shear 
loading and for hard particles. The comparison between the modeling and the experimental results 
conducted by Kouzeli and Mortensen[9] is shown in Fig. 2 for different paricle sizes and volume 
concentrations, the following material constants are used in the modeling: 71.3/ 01 =KK , 52.6/ 01 =µµ , 

61.2/ 00 =µK , 5.0/ 00 =µκ  and mlm µ2.4= . Four sets of composite samples are examined, with the 
particle diameter 2a  and the volume fraction 1c  separately given by: (4.5 mµ , 0.39), (9.3 mµ , 0.54), 
(29.2 mµ , 0.461) and (58 mµ , 0.475). An excellent correlation exists between the modeling and the 
experimental observation 

   Similar to the case in the classical micromechanics, the proposed secant moduli method based on second 
order stress and couple stress moments can also have a variational interpretation of the Ponte Castañeda’s 
type, which can be written in the following form. 
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where rw is the stress potential of the nonlinear phase r, and s
rw  is the stress potential for a linear 

micropolar material associated with the phase r. rc is the volume fraction of the phase r. 
s

W is the effective 

stress potential of a linear comparison composite, characterized locally by stress potentials s
rw .  effW  is 

the stress potential of the nonlinear composite.  

Discussion and Summary 

  There are, of cause, different approaches to include the size effect in a micromechanical formulation: firstly 
different high order material models can be utilized for the constituent materials, for example strain gradient 
theory[12] or gradient plasticity[18]; or a more radically different approach which incorporates the 
interfacial energy. The main problem encountered in the high order theory is the determination and 
interpretation of the high order material constants, more fundamental works are still needed to clarify these 
points.           
  To summarize, we have discussed some homogenization methods applied for two different length scale 
conditions, the first one is for the case where the particle size is very large compared to the characteristic 
length of the matrix, the second one is that the microstructure of the matrix material cannot be neglected. 
The nonlocal nature of the coarse-grain structure of the matrix is modeled by a micropolar model, secant 
moduli method and Ponte Castañeda’s variational method are extended to micropolar composites, particle 
size effects are then well captured analytically.       
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