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Preface 

The Symposium on “Size effects on material and structural behavior at micron- and 
nano-scales” was held from 31 May – 4 June, 2004 at the Hong Kong University of 
Science and Technology, Hong Kong. The aim of this symposium was to bring 
engineers, researchers and scientists from material science, biology, physics and 
mechanics together to discuss different aspects of and the latest advances in this active 
multi-discipline field. Sponsored by the International Union of Theoretical and 
Applied Mechanics (IUTAM), this 4-day symposium followed the tradition of IUTAM 
held in the single session format of IUTAM symposia. The scientific presentations and 
discussions focused on the following topics:   

1. Behaviors of materials and structures at micron- and nanometer-scales; 
2. Physical bases of size effects;  
3. Adaptive and multi-functional behaviors of materials at small scales;  
4. Size effects in fracture and phase transformation of solids;  
5. Multi-scale modeling and simulation;  
6. Microstructure and deformation with moving interfaces;  
7. Size effects in material instability and its propagation. 

 Thirty five oral presentations were made by distinguished scholars. Theoretical, 
experimental and computational aspects of the subject were discussed and addressed in 
the symposium. Two round table discussions were held on the future research 
directions. The open and friendly environment provided excellent opportunities for 
stimulating discussion and intensive exchange of ideas among all participants. Also, 
local research graduate students participated in the meeting and involved in the 
organization of the Symposium. 
 A total of sixty registered participants (some of them are PhD students and 
post-doctorates) attended the technical sessions of the Symposium. Thirty five invited 
speakers came from eight countries: Australia (1), China mainland (10), France (3), 
USA (7), China Hong Kong (10), UK (1), Sweden (1), Germany (1), Poland (1), and 
Taiwan (1). 
 This volume collects twenty five written contributions to the Symposium from 
the invited speakers. Time and effort spent by these authors in participating in the 
meeting and preparing their manuscripts for this book is greatly appreciated. As in 
every successful scientific conference, financial support is an essential part of the 
symposium. Thanks are due to the IUTAM Bureau, the Research Grants Council of 
Hong Kong SAR, the National Natural Science Foundation of China, the US Army 
Research Office-Far East, the Hong Kong University of Science and Technology, and 
the Hong Kong Society of Theoretical and Applied Mechanics for sponsoring the 
meeting and providing partial funding to bring the international participants to Hong 
Kong.
 Finally, the editors would like to thank all the speakers and contributors to this 
symposium for their invaluable contributions. The editors also wish to thank the 

ix



Organizing Committee for their dedicated work. Special thanks also are due to Kluwer 
Academic Publishers, for their effort and cooperation to produce this attractive 
Symposium Proceedings. 

Qingping SUN, Hong Kong, China 
and 

Pin TONG, USA 

October 2005 

Prefacex
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Abstract 

Ferroelectricity is a collective phenomenon, the characteristics of which depend on the 

combined effects of many factors, such as the ambient temperature, boundary conditions, 

sample dimensions, and misfit epitaxial stresses, etc.  It is well known that ferroelectric 

thin films generally exhibit characteristics that are different from their bulk counterparts. 

By considering ferroelectric thin films on a compliant substrate, we found that the 

characteristics of the phase transition, such as, the Curie temperature, the order of the 

phase transition, etc., can be tuned simply by changing the relative thickness of the film 

and substrate. Our system is described using the time-dependent Ginzburg-Landau 

equation. The relaxation effect of the free surface is considered using the “extrapolation 

length” parameter. Based on such a model, we can predict the change of the Curie 

temperature versus the film and substrate thickness, and determine the critical thickness 

of the film, under which the ferroelectric transition will be totally suppressed. For some 

first-order ferroelectric materials, there exists a critical thickness of the substrate, above 

which the transition becomes second-order due to the constraint of the substrate. 

1.  Introduction 

It is well-known that different ferroelectric materials have different phase transition 

characteristics, such as different phase transition temperature, different order of phase 

transition, etc. Recently it has been revealed that the ferroelectric phase transition also 

depends on the so-called ‘extrinsic factors’, such as the size and the boundary conditions 

to which the ferroelectric materials are subjected. Taking ferroelectric thin films as an 

example, one can find that for most ferroelectric materials, the Curie temperature will 

decrease with decreasing the thickness of thin films due to the constraint of the surfaces, 

and it may reduce to absolute zero degree when the thickness of the film reaches some 

critical value, thus the ferroelectric phase transition was suppressed totally due to the size 

1
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effect.1-3 Generally speaking, one cannot get rid of the misfit stress in the film fabrication 

process, and such stresses in the thin film play an important role in determining the Curie 

temperature4,5. By reducing the thickness of the substrate, the misfit stresses can be 

relaxed to some extend, and the corresponding Curie temperature can be changed in 

some range. In such way, the phase transition temperature can be tuned simply by 

changing the relative thickness of the film and substrate. For PbTiO3 film on SrTiO3

substrate, we find that the Curie temperature can be tuned in the range of 0 K to 

1000 K .

Accompanying the paraelectric to ferroelectric phase transition, the transformation 

strains will be induced. By constraining the strain, the substrate will restrict the 

ferroelectric phase transition of the film. Although many ferroelectric materials exhibit 

the first-order phase transition, some of them may behavior as the second-order 

transition materials due to the constraint of the substrate. To reduce the thickness of the 

substrate, the constraint will be reduced. In such way, one can obtain the first-order 

transition thin film or the second-order transition thin film from the same material simply 

by changing the relative thickness of the film and substrate. For PbTiO3 film on SrTiO3

substrate system, the critical thickness of the substrate, above which the transition 

becomes second-order due to the constraint of the substrate, was determined. 

2.  General Formulation 

Generally speaking, the ferroelectric phase transition is caused by a change of the 

crystallographic structures associated with transformation strain. If the polarization P is 

along one direction, the transverse transformation strain can be expressed as 2T QPε = ,
where Q is the electrostrictive coefficient. Due to the constraint of the substrate and the 
inhomogeneous distribution of the polarizations in the film, characteristics of the phase 
transition may be affected, such as the Curie temperature, or even the order of        

the transitions, etc. The elastic strain energy induced by the transformation strain can be 

calculated using the following integration, 

2 2

2 2

00 0

2 4 2 2 2 2 2 2

1 2 3
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1 1 1
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where 2

11 12 12 11( 2 )G C C C C= + − , 3( ) 12I H h= + is the area moment of inertia, and the 

neutral axis can be determine as follows: 
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Consider a ferroelectric thin film and substrate system (Fig.1). Both the film and the 

substrate are treated as cubic elastic body with elastic Modulus 0 0
11 12 11 12, , ,C C C C and

thickness ,h H , respectively.   

During fabrication, the misfit between the film and the substrate creates a misfit stress 
0

xx yyσ σ σ= =  in the film. If the misfit strain is 0 ( ) /s f fa a aε = − , where sa , fa are the 

lattice constants of the substrate and the film, respectively, the misfit stress in the film 

can be derived as, 

                 
2

0 0 2
[ ( ) 1]

2

h h ah
G z a

H h I
σ ε −= + − −

+
                     (4) 

For thick substrates, first two terms in equation (4) vanish as H → ∞ and only the last 

term remains.  

The misfit stresses here play the role of applied loading, and the interaction energy 

between them and the transformation strains is given as, 

         0 2

0 0

( ) 2

h h

T T

e xx yyU dz Q P dzσ ε σ ε σ= − + = −                     (5) 

According to the Landau phase transition theory, the “intrinsic free energy” related 

with the ferroelectric thin film could be written in the form as,  
1

2 4 6 2 2

0

0

1
[ ( ) ( ) ]

2 4 6 2 2 2

h

p c d

S

D DA B C P
U T T P P P E P dz P dxdy

z

δ −∂= − + + + − +
∂

(6) 

where , ,A B C and D are expansion coefficients of the corresponding bulk material. 0cT is

the Curie temperature of the bulk crystal, S represent the upper and lower unit surface 

planes of the film, δ is the extrapolation length that measures the strength of the surface 

effect on the polarization6, and dE is the depolarizing field, which depends on the electric 

boundary condition, and can be expressed in the following form as1,

0

1
( )

h

dE P Pdz
h

φ
α

= − −            (7) 

Substrate H

h

Thin film 
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Figure 1. Schematic of ferroelectric thin film and substrate system.
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where α is the dielectric constant of the film, and φ takes on the value of 0 or 1, 
respectively, when (1) the ferroelectric film is between two metallic electrodes in 

short-circuit conditions; (2) the ferroelectric film is between two dielectric substrates. 

The evolution equation corresponding to the energy equations (1), (5) and (6) can be 

established through the following variational derivative, 

     
2

3 5

1 2 3 2

( )
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s e pU U UP
K

t P

d P
z P P CP D R

dz

δ
δ

+ +∂− =
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where K is the kinetic coefficient related to the domain wall mobility, and
0
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   (9) 

with                    2 2

1 2

0 0

, ( )

h h

P dz P z a dz∆ = ∆ = −                      (10) 

and the boundary conditions are  

, for 0; , for
P P P P

z z h
z zδ δ

∂ ∂= = = − =
∂ ∂

               (11) 

In the following, through determining the bifurcation point of equation (8), one can 

obtain the phase transition temperature. Then by using a perturbation approach, the effect 

of film dimensions and surface conditions on the system behavior of ferroelectric thin 

films near the paraelectric-ferroelectric phase transition can be investigated. Based these 

results, one can find that the phase transition characteristics of ferroelectric films, such as 

the Curie temperature, the order of transition, etc. can be tuned only through changing 

the ‘extrinsic conditions’ such as the thickness of the film and substrate. 

3. Curie Temperature of Ferroelectric this Film on A Compliant Substrate 

In this part, we only focus on the Curie temperature, or the supercooling temperature for 

the first-order transition. Therefore it is enough to consider only the linearized 

Landau-Ginzburg equation. We have carried out extensive calculation, and found that 

the effect of the last three terms of the elastic energy related with the phase transition in 

equation (1) on the Curie temperature can be neglected, and the main contributions of the 

elastic energy are on the higher order terms of the Landau free energy expansion. 

B. Wang, C.H. Woo and Y. Zheng
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Therefore the simplified linearized evolution equation corresponding to the energy 

equations (1), (5) and (6) can be established through the following variational derivative, 

                       
2

1 2 2
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s e pU U UP
K

t P

d P
z P D R

dz

δ
δ

+ +∂− =
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where K is the kinetic coefficient related to the domain wall mobility, and 
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           (13) 

and the boundary conditions are  

              , for 0; , for
P P P P

z z h
z zδ δ

∂ ∂= = = − =
∂ ∂

               (14) 

It is obvious that 0P = is a trivial solution of equation (12), representing the stationary 

non-ferroelectric state. If the temperature is reduced below some critical value, the trivial 

zero solution will bifurcate yielding 0P ≠ solutions, corresponding to the transformation 

of the paraelectric state to the ferroelectric state. Therefore, the Curie temperature can be 

established through the bifurcation point. From the bifurcation theory of the partial 

differential equation, the bifurcation point can be determined from the eigenvalue λ of 

the linearized equation: 
2

1 2 2
( ) 0

d P
z P D R

dz
λΛ + Λ + − − =              (15) 

where the eigenvalue means λ values for which non-zero solutions of equations (15) and 

boundary condition (14) exist. The bifurcation point, and the Curie temperature is the 

R is a constant, we can derive the solution for the homogenous equation first , and then 

determine R . The equation is simplified with the changed variable                          

2 / 3

1 2

1

1
( ) ( )

D
z

D
η λ= Λ + Λ +

Λ
      

2

2

d P
P R

d
η

η
− = −                                     (16) 

The general solution of equation (16) is a linear combination of the two Airy functions 

( ), ( )Ai Biη η , therefore, 

                  1 1 2 2( ) ( ) ( )P C P C Pη η η= +                              (17) 

Tunable Ferroelectric Phase Transition  

point at which λ = 0 , where the stable P = 0 solution starts to become unstable. Since 
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where   

2
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And ( ), ( )Ai BiF Fη η are original functions of ( ), ( )Ai Biη η , respectively. 

Substitution of equation (17) into the first one of boundary conditions (14) yields a 

relation between the constant 1C and 2C as follows: 

                           2 1C Cγ=                                   (19) 

where     1/ 3 ' 1 1/ 3 '1 1

2 1 2 1 1 1 1 1

1 1
[ ( ) ( ) ( )] [( ) ( ) ( )]P P P P

D D
γ η η η η

δ δ
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= − −           (20) 

where ' '

1 1 2 1
( ), ( )P Pη η are derivatives with respect toη at 1η η= , respectively. Therefore 

solution (17) becomes, 

1 1 2( ) [ ( ) ( )]P C P Pη η γ η= +                              (21) 

Substitution of equation (21) into the second boundary condition of equation (14) yields 

' '

1 2 2 2 1 2 2 2

1
( ) ( ) [ ( ) ( )]P P P Pη γ η η γ η

δ
+ = − +                     (22) 

To obtain the Curie temperature, one can set the eigenvalue 0λ = and

0
1( )cA T Tω α− = − + , by solvingω versus the thickness of the film numerically, the 

Curie temperature can be obtained as

min

0

1
c cT T

A A

ω
α

= − −                                  (23) 

where minω means the minimum solution ofω .

Within the present formulation, if the substrate thickness H → ∞ , equation (13) gives, 

0

1 2 0
10, ( ) 4cA T T QGεαΛ = Λ = − + +                    (24) 

and equation (15) reduces to the same form as discussed in Wang and Woo’s paper 1. For 

a free standing thin film, and the polarization distribution is asymmetric with respect its 

center axis, the misfit stress is zero in such cases, one can determine the Curie 

temperature in the same way as shown in Ref. (1). These two cases represent the two 

transformation, which means the misfit stress may increase or decrease the Curie 

temperature of the film. Therefore one can tune the Curie temperature of the film by 

changing these external factors such as the thicknesses of the film and substrate in 

addition to change the internal factor, such as the material’s compositions of the film. 

B. Wang, C.H. Woo and Y. Zheng

the misfit stress in the fabrication process. Depending the combination of the film and 

the substrate,  the misfit stress may help the ferroelectric transformation or suppress the 

limiting cases for the substrate effects. With a substrate, usually one cannot get rid of 
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To consider the effect of the substrate on the Curie temperature of the ferroelectric 

thin film, the Curie temperature of PbTiO3 thin film on SrTiO3 substrate was calculated 

using equation (23) as a function of the thickness of the film and substrate, respectively, 

and the polarization is assumed to be in perpendicular with the film surfaces. The 

materials’ constants are shown in Table 1. And the calculation result of the Curie 

temperature versus the thickness of the film is shown in Fig.2 under different thickness 

of the substrate. 

It can be found that the Curie temperature is changing between the two limiting cases: 

the upper limit is for the totally constrained film with largest misfit stress, whereas the 

temperature in quite a large range. 

Tunable Ferroelectric Phase Transition  

lower limit is for the free standing film with almost zero misfit stress. One can tune  

film thickness, by adjusting the thickness of the film and substrate, one can tune the Curie 

the Curie temperature in such a range just by controlling the substrate thickness. With

the consideration that the Curie temperature will generally decrease with decrease the 

Figure 2. The Curie temperature of PbTiO3 film on SrTiO3 substrate versus the film thickness under 

different substrate thicknesses. 
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At steady state, equation (8) satisfies 0P t∂ ∂ = , thus giving 

2
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where     

0
2

1

2 2
0

2 0

2
( 2 ),

1 2
( ) 4 ( 1),

2
c c c

QG
h ah

I

h ah a h
A T T QG

H h I

ελ

λ ε
α

= − −

−= − + − − −
+

where cT is the Curie temperature of the film, in the neighborhood of which the solution 

P can be assumed small, due to continuity. Following Nicholis and Prigogine7, both

P and cT Tγ = − can be expanded in a power series in terms of a small perturbation 

ε from the critical point:  

      

2

1 2

2

1 2c

P P P

T T

ε ε
γ εγ ε γ

= + +

= − = + +
                            (26) 

This expansion is more flexible than the seemingly more natural one in which P is 

expanded in a power series of ( )cT T− . More importantly, it allows fractional power 

dependence of P on ( )cT T− . By substituting the expansion (26) into equation (25), and 

equating coefficients of equal powers of ε , a set of relations of the following form can 

be obtained: 

        , 1, 2,c k kL P a k= =                             (27) 

which have to be satisfied together with the boundary conditions (11). The first several 

coefficients kα are:

        

1

2 1 1

2 3
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       (28)                            

It is easy to check that under the boundary condition (11), the operator cL is 

self-adjoint, and 

        

/ 2 / 2

* * * *

/ 2 / 2

( , ) ( , ) 0

h h

k c c k k k

h h

P L P dz P L P P a P a dz
− −

= = = =             (29) 

where *P is the solution of the following homogeneous equation: 

    

*

* *

0;

;
2

cL P

dP P h
z

dz δ

=

= = ±
                            (30) 

B. Wang, C.H. Woo and Y. Zheng

4.  Critical Behavior of Ferroelectric thin Films near Phase Transition Point 
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Equation (29) can be used to determine the coefficients iγ . Then from the second relation 

of (26), one can determine ε as a function of ( )cT T− . Substituting the resulting ε into the 

first relation of (26) and solving the inhomogeneous equations (27) results in an explicit 

expression for the solution P .

The equation (30) is simplified with the changed variable 2 / 3

1 2

1

1
( ) ( )c

D
z

D
η λ λ

λ
= + ,                              

2 *
* 2 / 3 1/ 3

12

d P
P R D

d
η λ

η
− −− = −                           (31)

The general solution of equation (31) is a linear combination of the two Airy functions 

( ), ( )Ai Biη η , therefore, 

*

1 1 2 2( ) ( ) ( )P C P C Pη η η= +                              (32) 

where             
1 0

2 0

( ) ( ) ,

( ) ( ) ,

P Ai R

P Bi R

η η
η η

= +
= +

                                   (33) 

and 0R is a constant, give by 

2 2 2

1 1 1

1/ 31
0 ( ) ( ) [ ( ) ( ) ( ) ( ) ]R Ai d Ai Bi d Bi Ai d

h D

η η η

η η η

λπ η η η ξ ξ η ξ ξ
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−= ⋅ −            (34) 

where       2 / 3 2 / 31 1
1 1 2 2 1 2 1( / ) , ( / ) ( )c cD D

D D hη λ λ η λ λ λ= ⋅ = ⋅ +
Substitution of equation (32) into the boundary conditions (11) yields a relation 

between the constant 1C and 2C as follows: 

                           2 1C Cγ=                                     (35) 

where      1/ 3 ' 1 1/ 3 '1 1

2 1 2 1 1 1 1 1

1 1
[ ( ) ( ) ( )] [( ) ( ) ( )]P P P P

D D
γ η η η η

δ δ
−Λ Λ

= − −           (36) 

where ' '

1 1 2 1( ), ( )P Pη η are derivatives with respect toη at 1η η= , respectively.

By using the orthogonal condition (29), we obtain   

                                1 0γ =                                   (37) 
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(38)                 

Substitution into equation (26b) and neglecting the higher order terms, we 

obtain
2

cT Tε
γ
−

± . From equation (26a), for P to be real and physical,

Tunable Ferroelectric Phase Transition  
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2γ and ( )cT T− must have the same sign. Thus, in the supercritical regime ( cT T< ), a 

continuous solution exists only if 2 0γ < . Equivalently, if 2 0γ > , a real and physical 

solution cannot be continuous in the supercritical regime.   

In the case 2 0γ = , one has to take higher order terms of the expansions, and thus the 

critical exponents will differ from their bulk counterpart. Indeed, the critical system 

behavior obtained from the foregoing analysis can also be understood in another way.  

When 2 0γ < , a real and continuous solution only exists for cT T< , and bifurcation 

analysis8 shows that both branches of the solutions are asymptotically stable (theorem 

3.1). The corresponding phase diagram is shown in Fig. 3a. When 2 0γ > real and 

continuous solutions only exist in the cT T>  regime, but both branches of the solution 

found to be unstable, and are therefore physically unimportant. Nevertheless, it is 

reasonable to argue, from physical considerations, that away from the neighborhood of 

the critical point, there should be a maximum value of maxT , above which only one 

solution (the trivial 0P = solution) is admissible. Therefore, the subcritical branches 

should turn in the direction of decreasing temperature at some value maxT  (Fig. 3b), and 

join the discontinuous solution in the cT T< regime. 

Thus, the critical system behavior of a thin film is determined by the sign of 2γ , and is 

therefore not necessarily the same as that of the bulk material, which is completely 

governed by the sign of B . The sign of 2γ
material parameters , ,B G Q , film thickness h, substrate thickness and the surface 

conditions, through equation (38). Some general observations can be made. Thus, if 

0B > , then 2 0γ < , and hence the transition of a thin film is second order with a critical 

exponent of ½, if the bulk material is second-order. This is independent of the film 

thickness, substrate thickness and surface conditions considered here.    

The interesting case is when 0B < , 2γ may then take either signs for different film and 

substrate thickness and surface conditions. Thus, 2γ is negative, and the ferroelectric 

transition of the film is second-order and continuous, despite being first-order and 

discontinuous in the bulk. An example can be found in a well-known first-order 

TmaxT T 

P P

B. Wang, C.H. Woo and Y. Zheng

,

Figure 3. Schematic of bifurcation diagrams for ferroelectric thin films.

depends, in a complicated way, on the bulk
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ferroelectric material PbTiO3, the materials parameters of which are listed in Table 1.  

Plotted in Fig. 4 is 2

2 1Cγ VS the ratio of the film thickness over the substrate thickness. 

One can see that if one can control the ratio 0.156h H < , one can change the first-order 
transition into the second-order ones. 

2
2 1C

Tunable Ferroelectric Phase Transition  

4. γFigure

system. 

VS the ratio of the film thickness over the substrate thickness of PbTiO3/SrTio3
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5.  Concluding Remarks 

Ferroelectric thin films generally exhibit characteristics that are different from their bulk 

counterparts, and their behaviors also depend on the surface conditions. By considering 

ferroelectric thin films on a compliant substrate, we found that the characteristics of the 

phase transition, such as, the Curie temperature, the order of the phase transition, etc., 

can be tuned simply by changing the relative thickness of the film and substrate. For 

PbTiO3 film/SrTiO3 substrate system, the Curie temperature of the film can be adjusted 

in the range from 0 K to 1000 K , and the ferroelectric phase transition can also be tuned 

from the first-order as their bulk counterpart to the second-order. 

Table 1. Materials’ constant of the film and substrate (SI) 4,8-10

0cT

( )K

5(10 )A
2 1JmC K− −

9(10 )D −

5 2Jm C−

δ

nm

0/α α G
1110 Pa

0G

1110 Pa

Q

SI
0ε

763 7.6 2.7 0.5 210 1.82 3.5 –0.026 0.012 
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1.  Introduction 

The interfacial fracture behavior of a structured material, such as a thin film/substrate 

system, is governed by processes occurring over a diverse range of length scales. Most 

models of the fracture processes, however, usually focus on the process at a limited 

range of length scales. Continuum models based on elastic, elastic-plastic, and recently 

developed strain gradient constitutive relations are appropriate for the analysis of the 

macro-/microscopic mechanical response of solids, but they do not accurately represent 

the underlying fundamental deformation mechanism of crystal defects such as 

nucleation and motion of discrete dislocations and slip of grain boundaries. On the other 

hand, the discrete/continuum models, such as the discrete dislocation theory, may be 

capable of accounting for the fundamental dislocation mechanisms in the deformation 

and fracture process, but at the present stage of the development, this kind of model is 

non-existent dislocation densities) at very small scale. The multiple-scale approaches 

toward materials modeling have led to a wealth of understanding of materials 

mechanical behavior within each domain of model’s applicability. However, it is still of 

central importance to address the linkage between the models at the different length 

scales in order to develop mechanism based modeling of mechanical behavior of 

materials. 

 In this paper, we generalize our previous multiscale model (Wei and Xu, 2005) that 

is built upon the elastic-plastic and strain gradient models for plastic deformation at the 

macro-scale and the discrete dislocation for plastic deformation at the submicron scale 

limited to the consideration of nominally elastic behavior (i.e.,  relatively small or 

© 2006 Springer. Printed in the Netherlands.
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to an analysis for the thin film delamination. In our model, we attempt to establish the 

linkage between these two models to address the large disparity between the relevant 

length scales involved in the ductile thin film delaminating processes at the interfacial 

crack tip. 

 For the macroscale analysis model for ductile thin film delamination, we shall use 

a two-parameter criterion to characterize the ductile fracture process as usually for 

elastic-plastic fracture analyses (Betegon and Hancock, 1991; O’Dowd and Shih, 1991; 

Xia et al., 1993; Tvergaard and Hutchinson, 1993; Wei and Wang, 1995a; 1995b). The 

two-parameter criterion adopted here will be a modified elastic-core model (or 

dislocation-free zone model, or called SSV model, refs. Suo et al., 1993 and Beltz et al., 

1996). The ductile thin film will be treated with a strain gradient plasticity material 

(Fleck and Hutchinson, 1997; Gao et al., 1999), while the substrate is an elastic material. 

On the discrete dislocation model, there have been many researches related with the 

subject (Rice and Thomson, 1974; Lin and Thomson, 1986; Rice, 1992; Hsia et al., 

1994; Xu and Argon, 1995; 1997; Wang, 1998; Mao and Li, 1999; Yang et al., 2001). 

We shall investigate dislocation shielding effect on the thin film delamination 

considering an elasticity mixed mode K-field including several discrete dislocations. 

The K-field and its radius will be related to the macroscopic crack-tip fracture 

toughness. 

2. Model Descriptions 

A linkage model for the thin film delamination is presented, as shown in figure 1. The 

entire description of thin film delamination should consist of both the macroscopic 

interface fracture process and the microscopic interface fracture process. These interface 

fracture characteristics can be described by using the continuum model and the discrete 

dislocation model, respectively, as sketched in figures 1(a), 1(b) and 1(c). Figure 1(a) 

and 1(b) are the thin film peeling macroscale model and delaminating macroscale model, 

respectively. Both macroscale models corresponding to the scale level which is larger 

than a micron or a sub-micron can be characterized using the conventional continuum 

scale, with increasing loading there exist three regions around the interface crack tip: 

the elastic zone far away from the tip, the strain gradient dominated zone very near the 

crack tip and the plastic zone between the elastic zone and the strain gradient zone. In 

order to describe the multi-scale problem clearly, an elastic core model, or a modified 

SSV model is adopted here, as shown in figure 1(a) and 1(b). This model is an 

improvement on the conventional SSV model (Suo et al., 1993), which supposed that 

model, i.e., the conventional elastic-plastic theory or the strain gradient theory. In this 
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near the growing crack tip and the crack surface a dislocation-free zone strip exists with 

Figure 1. Multi-scale model for thin film delemination. 

always surrounds crack tip during crack advance. Under steady-state crack growth 

condition, a semi-infinite elastic strip around the crack surface is left behind the crack tip. 

The radius of the elastic core (or thickness of the elastic layer), t, can be taken as a model 

parameter (Wei and Hutchinson, 1997, 1999). Within a much small scale which is smaller 

than a micron or sub-micron, the interface fracture behaviors will be predicted by using 

the discrete dislocation theory, as shown in Figure 1(c). With increasing load, dislocation 

nucleates and emits from the crack tip, and discrete dislocations exist (keep in equilibrium) 

within the region. The key problems are noted here: what is the discrete dislocation 

number in equilibrium or in limit equilibrium? What is the effective size of the discrete 

dislocation region, t? In addition, what are the macro-/microscale linkage conditions, i.e., 

the outer boundary conditions of the discrete dislocation model, or the inner boundary 

conditions of the continuum model? A treatment in the present study, the macroscopic 

analysis results will be taken as the outer boundary conditions for microscopic problem. 

The key point is to determine the intersection radius between microscopic problem and 

macroscopic problem. We shall study the problems in the present research. 

an infinite length. In the elastic core model or the modified SSV model, an elastic core  
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3. Thin Film Delaminating (peeling) Analysis Using the Continuum Model 

Specifically, we shall focus our attention on the thin film peeling analyses, and 

corresponding model has been given in figure 1(a). Using the modified SSV model and 

the mechanism-based strain gradient (MSG) plasticity flow theory (Gao et al., 1999; 

Huang et al., 2000), the relations of the normalized total energy release rate (or the 

normalized peel force) with the material parameters and the model parameter under 

steady-state delamination of thin film can be written through dimensional analysis, 

0

0 0 0

(1 cos )
( , , , , , )

Y

RP E h l
f N

G R R t
ν

σ
− Φ

=
′

               (1) 

Where the length parameter l  describes the strain gradient effect, t  is the elastic core 

size, or intersection radius of microscopic with macroscopic fields to be determined; a 

length parameter 
0

R  is defined as follows 

0

0 2 23 (1 )
Y

EG
R

π ν σ

′
=

−
                         (2) 

which is the plastic zone size in small scale yielding.
0

G′  is the macroscopic fracture 

toughness at tip. E is the Young’s modulus and ν is Poisson’s ratio. For simplicity, we 

consider that the Young’s modulus and Poisson’s ratio of substrate material are the same 

as those of thin film. Other parameters are defined in figure 1(a). Through finite element 

numerical simulation by using the MSG strain gradient theory, the detailed parameter 

relation (1) is given in figure 2 for several parameter values. The numerical process is 

similar to that by Wei et al. (2004). From figure 2, the variation of the normalized 

energy release rate is very sensitive to the elastic core size and length parameter
0

R . For 

the typical metal materials, the value of 
0

R  is about one micron. Therefore, when 

elastic core size of the macroscopic model is taken as around submicron, the normalized 

energy release rate is much sensitive to the value of the elastic core size.  

In order to determine the remote boundary condition for microscopic fracture 

analysis, the macro-scale crack tip solution is equivalently expressed into a standard 

interface K-field,  

22

2 2 21

0 2

11
(1 ) ( )s

D I II

s

G K K
E E

νν
β

−−′ ′ ′= − + +             (3) 

012

22 0
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Re[( ) ]

i
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i
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ε

ε
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σ

′ ′+
Ψ = =

′ ′+
                   (4) 
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where Ψ  is the mode mixity, 
0

L is a reference length, and  

1 / 2

22 12
( )(2 )

I II
i K iK r r εσ σ π − −′ ′+ = +                 (5) 

thickness.

Figure 3. Variation of mode mixity with normalized thin film thickness. 
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           (6) 

For
s

E E= and
s

ν ν= , then 0
D

β =  and 0ε = , one has 

Figure 2. Macron scale model solution of the normalized energy release rate vs. thin film 
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2 2 2

0

(1 )( )
I II

K K
G

E

ν ′ ′− +′ = , tan II

I

K

K

′
Ψ =

′
               (7) 

The mode mixity variation with other parameters is calculated and the result is shown in 

figure 3. From figure 3, the mode mixity tends to mode I case with increasing the value 

of 
0
/R t . Especially for conventional metals which are with weak hardening property. 

Therefore, we can approximately consider a Mode I crack field ( , )
I II I

K K K′ ′ ′<<
exerted on the remote boundary of the micron scale model (the elastic interface fracture 

including discrete dislocations).   

4. Fracture Analyses using the Discrete Dislocation Model 

Figure 4. Dislocation slip models for interface crack. 

As discussed above, the macroscopic fracture process is accompanied by a microscopic 

fracture process within the submicron zone near the crack tip. For the microscopic 

fracture analysis, the discrete dislocation theory is adopted here. The simplification 

model has been presented previously, as shown in figure 1(c), and as discussed above, 

we shall approximately consider a mode I field exerted on the remote boundary. The 

problem is characterized by figure 4 (a) and (b) for stationary and steady-state crack 

growing, respectively. The continuum solutions discussed above, a
I

K ′ field, can be 

obtained based on the strain gradient theory and formula (7). The key problem here is 

how to properly select the radius of the outer boundary, t. The t value will be determined 
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through bridging the continuum result with the micro-scale analysis result after the 

discrete dislocation analysis. In order to analyze crack growth behavior in micro-scale 

influenced by the discrete dislocations, as usual, a typical kind of the discrete dislocation 

arrangements will be considered, as shown in figure 4 (a), or (b). The possibility of putting 

the greatest numbers of dislocations within the region 0 r t< < ,  will be investigated 

(corresponding to the limit equilibrium state for each dislocation), where r is polar 

coordinate. The arrangement of the discrete dislocations is according to the dislocation 

equilibrium status: 1 / 1c

d d
f f− ≤ ≤ , where 

d
f is dislocation force, 

c

d f
f bσ=  is 

referred to as the lattice frictional resistance, 
f

σ and b are the critical shear strength 

along the slip plane and Burgers vector, respectively. For 
c

d d
f f= ,  dislocation is in the 

limit equilibrium state. The limit equilibrium state will be considered in the present 

research. It is worth noting that Lin and Thomson (1986) obtained the dislocation force 

formulations and the dislocation shielding effect formulations (solutions), so we can 

directly base on the Lin and Thomson's formulations to analyze the interaction of crack 

with discrete dislocations.  

Figure 5. Ratio of the macron crack tip toughness to the micron crack tip toughness. 

The macroscopic fracture solutions for crack steady-state growth have analyzed and 

obtained in section 3. Here we shall focus our attention on the microscopic fracture 

analysis. We have considered the possibility of existing discrete dislocations along a slip 

plane within the submicron scale in above sections. Let’s further investigate the existing 

possibility of dislocation distributed pattern as crack grows under the steady-state 

surface, accompanied by the new slip plane produced near crack tip (see figure 4(b)). 

condition, i.e., investigate whether the dislocation pattern can be kept around the crack 

(a) (b)
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Here suppose that the space between slip planes is equal to L. There exists a question: 

what is the size of the slip plane space L? According to the experimental observation 

and measurement by Mao and Evans (1997), L is about 1 micron, or submicron. By 

calculating the dislocation forces for each dislocation or the dislocation pattern, one can 

examine the stability of the dislocation pattern (figure 4(b)), i.e., check whether or not 

| / | 1c

d d
f f ≤  is met as crack grows. After the condition has been confirmed, we obtain 

several results about toughness ratio. Figures 5(a) and (b) show the toughness ratio 

variations with the normalized elastic core radius, t, for several normalized material 

parameters 
2

0
/ (1 )Eb G ν− ,

0
/R b , /L b ,

2/ (1 )
f

E σ ν− .  The toughness ratio 

0 0 0
/ /

ss
G G G G′ ′=  describes the ratio of the macroscopic crack tip toughness to the 

micron crack tip toughness.  

normalized “elastic core” size. There exists the stationary value region. 

5. The selection of “elastic core” size  

We can directly calculate the energy release rate changing with the selection of the 

“elastic core” size t for the steady-state delamination. By increasing the discrete 

dislocation number along a slip plane, the corresponding “elastic core” size increases. 

From Figure 5, the toughness ratio from microscopic theory increases with increasing 

the “elastic core” size, however, it is just inverse feature from macroscopic theory (from 

figure 2). In order to conveniently compare both microscopic and macroscopic cases, 

the results shown in figure 5 and figure 2 will be used to plot the normalized total 

energy release rate: 

Figure 6. Total energy release rate normalized by the micron scale crack tip toughness vs. the 
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0 0 0 0

(1 cos ) (1 cos ) (1 cos )
ss ss

ss

G GP P P

G G G G G

′ ′− Φ − Φ − Φ
= =
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where 
0 ss

G G′ ′=  from present analysis. Figure 6 shows the normalized total energy 

release rate varying with the “elastic core” size for three parameter values of 
0
/R b .

Curves in figure 6 are come from both microscopic analysis results and macroscopic 

analysis results shown in figure 2 and figure 5 by using formula (8). From figure 6, 

around the value, 
0
/ 6R t ≈ ,  the variation of the total energy release rate takes 

stationary value, or insensitive to the selection of t value, so the proper selection of the 

elastic core size is about 
0
/ 6t R≈ . For conventional metal materials, 

0
1R µ≈ m, so 

the elastic core size is at about submicron scale. 

6. Conclusion 

A complete delaminating process for ductile thin film has been presented in the present 

research. The macroscopic delaminating process has been analyzed based on the strain 

gradient plasticity theory. The thin film delaminating characteristics, such as the 

interface fracture toughness, the plastically shielding effect etc. have been investigated. 

By using the discrete dislocation theory, microscopic fracture process has been analyzed, 

and a bridging model has been developed. In the bridging model, the macroscopic 

fracture solution (equivalent interface K field) has been taken as the outer boundary 

condition of the microscopic fracture problem. The shielding effect of discrete 

dislocations on the crack growth has been studied. The selection of the elastic core size t, 

the intersection radius between macron scale and micron scale, has been determined 

from a stationary value theorem that the total energy release rate should take the 

stationary value. According to present analysis, we have obtain elastic core size 

0
/ 6t R≈ , in submicron level.  
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Abstract 

A simple numerical model is proposed to investigate the fracture owing to the 

coalescence of numerous microcracks, in which the spatial nucleation of a microcrack is 

simulated through a random distribution, and the coalescence of two microcracks  

is determined using a critical condition in accordance with the load-sharing principle. As 

the number density of nucleated microcracks increases, stochastic coalescence occurs, 

and finally, a newly nucleated microcrack triggers a catastrophic failure. Simulation 

results show that fracture profiles exhibit fractal (self-affine) characteristics with a 

universal roughness exponent, but the critical damage threshold is sensitive to details of 

the model. The spatio-temporal distribution of nucleated microcracks in the vicinity  

of critical failure exhibits a power-law behaviour, which implies that the system is in a 

self -organized critical state. 

1. Introduction 

Most failure of inhomogeneous materials, such as rock, ceramics and composites, 

involves a variety of processes occurring on a range of length scales from nano-, micro-, 

to macro-scales (Curran et al., 1987). Thus, the fracture process due to damage 

evolution (nucleation, growth and coalescence) initiated at micro- or nano-scales is 

usually one of typical complex phenomena. Generally speaking, the features of complex 

phenomena are adaptation, self-organization and emergence (Mandelbrot, 1982; 

Takayasu, 1990). Fracture, as an important nonlinear dynamic phenomenon, has 

attracted much attention from physicists in many decades (Fineberg and Marder, 1999). 

Recently, several remarkably universal features in the fracture process have been 

discovered. For example, the fracture surface of metals is observed to show fractal 

characteristics, and its topology is usually self-affine with a universal roughness 

exponent (Mandelbrot et al., 1984; Bouchaud et al., 1990). Acoustic emission studies of 
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micro-fracture processes reveal power-law behaviour and self-organized criticality 

(Zapperi et al., 1997; Sethna et al., 2001). All these discoveries in the study of fracture 

at micro-scales can be viewed as a hallmark of complex systems. To understand the 

underlying physical mechanisms in such a complex process, one must understand not 

only the threshold conditions that trigger this process as we did in traditional fracture 

mechanics, but also the dynamics by which it proceeds. So the methods used in the 

study of complex systems are instructive to the investigation of multi-scale fracture. 

Some simple models related to critical phenomena, such as fractals or multi-fractals, 

percolation and renormalization group, have been applied to fracture studies (Herrmann 

and Roux, 1990; Barenblatt, 1993; Diao and Mai, 1999).  

Although significant progress has been achieved, many aspects associated with 

fracture itself, especially cases where disorder is important and even governs the finally 

catastrophic fracture, are still unclear. In this paper, a two-dimensional (2D) model is 

proposed to describe fracture due to the coalescence of numerous microcracks. Here, we 

will focus attention on the statistical properties of collective evolution of numerous 

microcracks, and spatio-temporal activities in the vicinity of critical failure. 

2. Numerical Simulation Model 

To study the interplay between disorder and dynamical effects at a mesoscopic scale, we 

have developed a 2D evolution-induced catastrophe model from experimental findings 

(Bai et al., 1994; Lu et al., 1995). In the model, two main processes (microcrack 

nucleation and coalescence) are involved. The nucleated microcracks are simulated 

coalescence condition between two neighbouring microcracks can be approximately 

determined by mechanical analysis. As an example, we consider the simple dynamics of 

damage evolution, that is, a load-sharing principle where the load supported by a broken 

part is shared by its two neighbouring intact parts. The average stress on the segment 

with distance d between two neighbouring microcracks is: ( )
0

/1 σσ dc+= , where σ0 is 

nominal stress and c  is average length of two microcracks (Figure 1). Provided two 

neighbouring microcracks will coalesce when the average stress σ  achieves a critical 

value (strength) σc, the critical coalescence condition can be written as: 

0

0

σσ
σ
−

=≤=
c

c
r

c

d
r                                                 (1) 

Here, the probability of microcrack coalescence is independent of the angle θ  between 

the orientation of two cracks and the line joining their tips (see Figure 1). The length of 

a coalesced crack is approximately represented by its projection normal to the loading 

direction. The stress level can be indirectly calculated from the crack density evolution 

versus time relationship.  

More details on the model were discussed in Bai et al. (1994) and Lu et al. (1995, 

1999). The dynamics used in the numerical simulations can be briefly summarized as 

follows: 

tion of microstructures, such as second-phase particles, inclusions, and flaws etc.  The 

through a random distribution function which is often closely related to the distribu- 
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Figure 1. Illustration of numerous stacked microcracks horizontally and randomly nucleated in a 

two-dimensional space, in which two microcracks shield and attract each other in cases A and C, 

respectively.

(1) A newly nucleated microcrack is added randomly in the lattice, with horizontal 

orientation and length chosen from a given size distribution. 

(2) Check coalescence condition for the newly nucleated crack with all pre-existing 

cracks, in turn, starting from the closest pair. If the left tip of the new crack lies below 

or above the right tip of an existing crack (or vice versa), it is supposed that the new 

crack is shielded by the old one, and coalescence will not occur. 

(3)  Repeat step (2) until there are no more cracks satisfying the condition and, at the 

same time, there is not a crack spanning the whole lattice. Then, return to step (1). 

3. Simulation Results and Discussion 

A typical evolution process in a 1000 × 1000 lattice is given in Figure 2, where the 

critical coalescence condition rc = 1 and a uniform distribution of nucleated microcracks 

with a mean length equal to 2 were used in the simulation (Lu et al., 1999). It is obvious 

that there are three different phases (stages) in the process. (i) Initial phase: new (small) 

events are too sparse to cause coalescence, and the number of microcracks increases 

linearly with time. (ii) Stable phase: a significant proportion of new events fall close 

enough to an existing crack-tip to cause coalescence. Such coalescence has two effects: 

(a) it increases the zone of influence around the crack-tip and so increases the chance of 

a coalescence event, perhaps a large one, and (b) it increases the area shielded by the 

coalescence. In this case, if a new event appears in the shielded region, it does not 

coalesce. These two effects balance each other out producing a near-stable regime. (iii) 

Critical phase: after some time, the zones of inference extend and overlap to such an 

extent that a newly nucleated microcrack (small fluctuation) will trigger a cascade 

coalescence of microcracks and result in a catastrophic failure (avalanche). We cannot 

predict, a priori, the position where the final fracture will appear (Figure 2). 

σ0

C

A

B
c2

c1

d
θ

σ0
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Figure 2. Patterns of microcrack coalescence in a 1000 × 1000 lattice: (a) just before fracture; and 

(b) a newly nucleated microcrack triggers catastrophic failure. 

3.1. ROUGHNESS OF FRACTURE PROFILES 

Fractography is a useful tool to understand the failure mechanisms in heterogeneous 

materials since the fracture surface, more or less, records some features or events that 

are created during a fracture process. In their pioneering work, Mandelbrot et al. (1984) 

showed that fracture surfaces of metals are fractal. Fractal dimension has been used as a 

measure of toughness; however, this is still a somewhat controversial topic. It was 

conjectured that the value of roughness exponent ζ ≈ 0.8 (usually between 0.7 and 0.9 in 
most experiments) is a universal exponent in the micro-scale range, whereas ζ ≈ 0.5 in 

nano-scale range (Bouchaud et al., 1990; Bouchaud, 1997).   

For a given fracture surface, the roughness index (Hurst exponent) ζ of a fracture 

profile is defined as 

( ) ( ) ςLxhxhw
ii

~minmax ′−′= ,                                        (2) 

where hi(x′) is the height of the fracture profile in the window with length L, that is, x′ ∈
(x, x + L), and ζ lies between the values 0 and 1, and is related to the fractal dimension 

through the relation, df = D – ζ, where D is the Euclidean dimension. As shown in 

Figure 3, it is clearly seen that there is a power-law scaling, w ~ Lζ with the exponent ζ
≈0.8, which is independent of the details used in the model, such as the distribution 

functions of nucleated microcracks (whether uniform, normal, Weibull, power-law, 

exponential functions with the same characteristic length), and the critical coalescence 

conditions (Figure 3). Hence, the fracture surface obtained from simulation has self-

affine fractal characteristics. Several models have been suggested to describe this 

universality, but there is still no clear picture for why the roughness exponent should be 

about 0.8 in the micro-scale range.  
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Figure 3. Log-log plot of fracture profile roughness w(L) versus size L for 3 cases of different 

critical coalescence conditions: rc = 1, 2, and 3, where the slope of dotted line is 0.8. 

3.2. CRITICAL DAMAGE THRESHOLD 

A microcrack evolution process is intuitively very similar to percolation. The final 

catastrophic failure corresponds to the occurrence of infinitive cluster in percolation. 

Here, another interesting parameter is the accumulative damage at critical failure, which 

can be defined by the accumulated number, length, area, or volume of nucleated 

microcracks. For simplicity, we define this value as the accumulated number of 

nucleated microcracks. As shown in Figure 4, the threshold value is not a constant like 

that in percolation, but is sensitive to the details of the model. However, the smaller the 

coalescence condition rc, the narrower the variance of the normal distribution becomes. 

Thus, percolation can be seen as an approximation of the fracture process in extreme 

disordered media (i.e., rc = 0). 

Figure 4. Density distribution of the threshold number of nucleated microcracks in 1000 

simulations (rc = 1). 
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3.3. SPATIO-TEMPORAL SCALING AND PREDICTABILITY 

Next we will focus on the description of the final stage of damage evolution, since our 

main motivation is to examine if the fracture is a critical phenomenon. Conversely, the 

predictability of final catastrophic failure is closely dependent on the sensitivity of the 

system to disorder or stochastic fluctuation (Xia et al., 1997). Here, we just randomly 

change the spatial position of the nucleated microcrack which triggers the catastrophic 

failure, and study their spatio-temporal distribution. That is, we try to find the waiting 

time to the next critical point, and the new spatial position of a microcrack which 

triggers the final avalanche. We suppose the waiting time is proportional to the number 

of steps (or nucleated microcracks). As we usually see and expect, the cumulative 

distribution of waiting time follows a modified power-law distribution: 

( ) ( ) ( )tttN ∆−∆∆> − εγ
exp~                                              (3) 

where ε is small and the exponential term is important for large time intervals, as shown 

in Figure 5. 

Figure 5. The cumulative distribution of number of nucleated microcracks n (the difference 

from original critical number) in 1000 simulations with rc = 1 (here, suppose t ~ n). As t

increases, the distribution decays by a power law (see inset, where the slope of the dotted line is 

0.8) for small t, but follows an exponential law (solid line) for large t.

In the vicinity of critical failure, we have N (> t) ~ ( t)–  with ≈ 0.8 (see inset in 

Figure 5). At the same time, it can be seen that the spatial distribution of next critical 

microcracks is not uniform (Figure 6). The clustering distribution follows the power-

law, N(r) ~ r–  with ≈ 1, where r is the coarse-grained size and N(r) is the number in 

which there is at least one critical microcrack. Here, the spatio-temporal power-law 

scaling strongly implies that the microcrack evolution system is indeed at the self-

organized critical state (Bak, 1996; Lu et al., 1999). 
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Figure 6. The spatial distribution of critical nucleated microcracks versus coarse-grained length r

in 1000 simulations with rc = 1. The inset shows the spatial pattern of nucleated microcracks that 

trigger the catastrophic failure, where the slope of dotted line is –1. 

As is well known, a self-organized critical system is exactly at the verge of chaos, 

where the uncertainty grows algebraically rather than exponentially. We gradually lose 

our ability to prediction, but much more slowly than for chaotic systems (Bak, 1996). 

This seems to shed some light on the predictability of fracture in disordered media. In 

fact, some precursors could be found from the analysis of acoustic emission signals in 

the vicinity of critical failure. It should also be noted that these scaling behaviours imply 

that material properties could be insensitive to the details at micro-scales. Recent study 

indeed has found that some materials become insensitive to flaws at the micro- or nano-

scales (Lu et al., 2002; Gao et al., 2003). 

4. Conclusion 

In this paper, a simple two-dimensional simulation model is proposed to describe the 

fracture process due to collective evolution of numerous microcracks. Simulation results 

show that fracture profiles exhibit fractal (self-affine) characteristics, and the roughness 

exponents of fracture profiles seem to be a universal value, which are independent of 

the details used in the model, such as random (size and space) distributions of nucleated 

microcracks, coalescence conditions, etc. However, in contrast to classical percolation 

theory, the critical damage threshold is sensitive to the model details, and the spatial 

position triggering final fracture cannot be predicted a priori. The spatio-temporal 

distribution of nucleated microcracks in the vicinity of critical failure follows power-

law scaling, which implies that the system may lie in a self-organized critical state and 

also sheds light on the predictability of catastrophic fracture. 
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NUMERICAL SIMULATION OF SIZE EFFECTS  
OF MICROCRACKED ELASTIC SOLIDS 
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Abstract 

A numerical scheme of micromechanics is presented by combining the effective stress 

field concept for estimating effective elastic moduli and Kachanov’s method for 

calculating strong interaction of microcracks. Some applications of this method are 

illustrated, including: (1) calculation of the effective elastic moduli of microcracked 

solids, (2) determination of the strengths of brittle specimens under uniaxial tension or 

bending, and (3) simulation of the failure process associated with interaction and 

propagation of distributed microcracks. The size effects of these mechanical properties 

induced by stochastic microcrack distributions are examined.

1. Introduction 

Microcracking is one of the most typical damage mechanisms in engineering materials 

interacting microcracks can be divided into two classes, weak (or indirect) and strong 

(or direct). The micromechanics approaches dealing with the two types of interaction 

problems are different. Such properties as the effective elastic moduli and thermal 

conductivities depend basically upon the statistical distributions of orientations, sizes 

and positions of microcracks as well as the statistically averaged effects of interaction, 

methods based on the concept of effective (equivalent) medium or effective stress field 

have been established for estimating the elastic moduli of microcracked solids [1–4]. 

However, the accuracy and the validation scopes of these established methods are yet to 

be evaluated further. There is a lack of experimental data available in the literature for 

effective moduli of microcracked solids, especially when the microcrack density is high. 

distributions and to evaluate the accuracy of these micromechanics schemes via 

numerical approaches.  

As far as strong interaction of microcracks is concerned, some approximate 

micromechanical discrete schemes (e.g., pseudo-traction method, complex potential 

(e.g.,  concrete, ceramics, polycrystalline rocks, some metals and composites) and bio-

materials (e.g., bones, teeth and shells). The dependences of material properties on 

31

Therefore, it seems promising to calculate the effective moduli for complex microcrack 

but are insensitive to the concrete orientations, sizes and locations of individual micro-

cracks. Self-consistent method (SCM), differential method (DM) and many other 

© 2006 Springer. Printed in the Netherlands.
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method and double potential method) and finite element methods have been developed. 

Interaction of multiple cracks is often reduced to a set of integral equations, which need 

to be solved by the series expansion method, perturbation method, collocation method, 

and some other approximate methods. However, calculation of interaction among 

microcracks of a large number is time-consuming even for numerical schemes since the 

number of equations increases very rapidly with the increase in the microcrack number. 

In addition, the failure process of brittle or quasi-brittle materials is generally 

preceded by coalescence of interacting microcracks to form a fatal crack that will 

propagate unstably. Simulation of material failure characterized by microcrack growth 

and linkage is a problem of considerable interest both in theoretical analysis and in 

engineering applications. Due to the inherent prohibitive complexity and difficulties in 

calculation, nevertheless, little attention has been paid on the stochastic coalescence 

process of distributed microcracks. In the present paper, a numerical method recently 

developed by Feng et al. [5] is used to calculate the effective elastic moduli, strength 

and failure process of microcracked solids. 

2. Effective Stress-Subregion Method 

Consider a plate of area A containing many randomly distributed, planar microcracks 

and subjected to a uniform stress ∞σ  in the far field, as shown in Fig. 1(a). Let us 

consider a microcrack in it, say the thα  one, whose length is denoted as 2lα . Refer to a 

global Cartesian coordinate system 1 2( )o x x−  and a local one 1 2( )o x x′ ′− , as shown in 

Fig. 1(c), where the ′x2 -axis is aligned with the normal αn  of this microcrack. The 

microcrack orientation is then expressible in terms of an angle, αθ , measured from 2x

to αn . Assume that the statistical distribution of orientations and sizes of microcracks 

satisfies a probability density function, ( , )l θΦ .

To calculate the SIFs of the thα  crack which interacts with all the others, some 

simplifications are made to yield an efficient numerical method. On one hand, the local 

stress field around a microcrack is sensitive to the positions, orientations and sizes of its 

neighboring cracks. Therefore, we define a subregion Ω around the thα  microcrack 

and remove all the microcracks outside Ω, as shown in Fig. 1(a) and (b). The char-
acteristic size of Ω is much larger than that of microcracks (e.g., 10–20 times the 
average length of microcracks), while the shape of Ω may be specified according to the 

microcrack orientation distribution. A circular shape is generally appropriate for 

isotropic or weakly anisotropic distributions. 

In spite of that each microcrack outside Ω has weak interaction with the thα  one, 

the total contribution of all the outside microcracks to the SIFs of α  may be important 

because of their large number. If all the microcracks both inside and outside the 
subregion were considered, evidently, the average stress Ωσ  over Ω should equal 

approximately to the far-field stress ∞σ . Since all the microcracks outside Ω have been 

“removed” in the approximate model (Fig. 1b), Ω exists in the plate as a weaker 

“inclusion” with stiffness lower than the pristine matrix, and thus the average stress Ωσ
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over Ω is different from ∞σ .  Therefore, we replace the far-field stress ∞σ  by 0σ  in our 

calculation model such that Ωσ = ∞σ . According to Eshelby's inclusion theory, the 

modified far-field stress 0σ  should equal to 

( )1

0 0
: : :−

∞ ∞= = + −B I P M Mσ σ σ ,   (1) 

where the fourth-order tensor 1

0[ : ( )]−= + −B I P M M  is the average stress-

concentration tensor, ( )1

0 :−= −P M I S , I is the fourth-order identity tensor, S is the 

Eshelby tensor, 0M  and M  denote the elastic compliance tensors of the matrix and the 

subregion Ω, respectively. To modified far-field stress 0σ  in Eq. (1), one needs to 
estimate first the tensor M by using a micromechanics method [1]. 

In summary, the central idea of the present method is that all the microcracks in the 

specimen are divided into two sets, which are treated in different manners in calculation 
of their contributions to the SIFs of the thα  crack. The interacting microcracks inside 
Ω are calculated directly from a direct micromechanics method (e.g., Kachanov’s 

method [3, 6]) considering their concrete sizes, locations and orientations, while the 

influence of those cracks outside is reflected merely by modifying the far-field stress. 

For more discussion of this method, the reader is referred to Ref. [5].
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(a)                                                    (b)                                                       (c) 

Figure 1.  (a) A microcracked specimen, (b) the simplified calculation model, and (c) coordinate 

systems.

3. Effective Elastic Moduli 

3.1. CALCULATION METHOD 

The first application of the above presented model is to calculate directly the Young’s 

moduli of plane specimens containing many microcracks with arbitrary distributions of 
sizes, positions and orientations. A uniform tensile stress 

ijσ ∞  is applied on its boundary. 
For a concise discussion, we mainly consider open microcracks in this paper though 

closed cracks can also be considered by this method [5]. The average strain tensor ijε  is 

decomposed additively as 



0 c

ij ij ijε ε ε= + ,    (2) 

where 0

ijε  and c

ijε  denote the average strain tensor of the elastic matrix and its increase 

due to the presence of microcracks, respectively. Assume that the matrix is isotropic. 0

ijε
and c

ijε  can be obtained respectively by [1, 2] 

0

0 0

0

1
(1+ )( ) 2

2
ij ijkl kl ik jl il jk ij kl klM

E
ε σ ν δ δ δ δ ν δ δ σ∞ ∞= = + − ,    (3) 

( ) ( )c

1

1 N

i jij j il b n b n
A

α αα α
α

α
ε

=

= + , (4) 

where 
( )

ib
α

are the average opening displacements of the thα  crack. It is calculated by 

( )

1 cos sin
l

b p
E

α α αα
α αθ τ θ= − ,

( )

2 sin cos
l

b p
E

α α αα
α αθ τ θ= + , (5) 

where pα  and ατ  are the pseudo-tractions on the thα  crack, determined from the 

method in Section 2. The angle brackets denote an average over the crack surfaces.  
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Figure 2. (a) Specimen containing many microcracks, and (b) effective Young’s modulus. 

3.2. EFFECTIVE YOUNG’S MODULUS 

For instance, we calculate the effective Young’s modulus of a rectangular specimen 

with length 2L and width L and containing many microcracks (e.g., 6000), as shown in 

Fig. 2(a). The half-lengths of the microcracks satisfy a normal distribution law ( )lΦ
with the mathematical expectation being 5 mm  and the variance being 1 mm. The 

material parameters of the matrix are taken as 50.35 10E = ×  MPa and 0.17ν = . In the 
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case of completely random orientations, the effective Young’s modulus is shown in Fig. 

2(b) in comparison with the experimental data in [7], the numerical results in [3], as 

well as the analytical results obtained from the non-interacting approximation, SCM, 

DM, IDD [8] and Feng and Yu’s solution in [1]. Because each specimen has a very 

large number of microcracks, no evident dispersion in the calculation results has been 

observed for different specimens. As expected, the effective Young's modulus exhibits 

almost no size effect provided that the specimen is large enough to contain a sufficient 

number of microcracks. In addition, it is seen that the numerical estimates agree well 

with the experimental data [7], and the results of DM, IDD [8], and Feng and Yu's 

method [1]. Therefore, the present method provides a useful tool to evaluate various 

micromechanics methods for the effective elastic moduli of microcracked solids as well 

as to examine the influences of various factors of microcrack distributions.  

(a) (b) (c)

(d) (e) (f) (g)

Figure 3. Seven different spatial distributions of randomly oriented microcracks. 
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3.3. AGGLOMOERATION EFFECT 

In actual materials, the position distribution and damage evolution of microcracks are 

how non-uniform distributions of microcrack locations influence the elastic moduli.  

Assume that microcracks of identical size are distributed non-uniformly in a solid. 

The average density ω  of microcracks over the specimen is specified, but the 
microcrack density cω  in some local regions, denoted as cΩ , is different from ω .

Introduce two parameters η  and λ  to describe the non-uniform distribution of 

microcracks, which are defined as  

c c,A Aη λ ω ω= = , (6) 

where A is the total area of the specimen, and cA  is the area of the microcrack 
concentration zones cΩ . The parameter η  stands for the relative fraction of cΩ  with 

respect to the whole specimen, and λ  the concentration magnitude of microcracks in 

cΩ . λ =1 corresponds to a uniform distribution. λ >1 and λ <1 represent two different 

modes of microcrack concentrations: the former means that there are some weaker 

regions or “inclusions” that have a higher microcrack concentration, while the latter 

Figure 3 shows seven different distributions of randomly oriented microcracks. Each 

specimen has 400 microcracks, but the crack numbers in the central zones cΩ  in Fig. 

3(a–g) are 50, 100, 150, 200, 250, 300 and 350, respectively. The calculated effective 

Young’s moduli as a function of the concentration parameter λ  are given in Fig. 4 for 

four values of η ,  with the average microcrack density ω = 0.4. Interestingly and 

reasonably, it is found that the more uniform the spatial distribution of microcracks, the 

lower the effective Young’s modulus. In other words, the effective Young’s modulus 

has its minimum when the distribution of microcracks is uniform, i.e., at λ = cω ω =1.

Since microcracks are usually non-uniformly distributed in most actual solids, the 

assumption of uniform distribution leads to an underestimation of elastic moduli. We 

have also examined by the same method the influences of some other microcrack 

distribution parameters on the macroscopic elastic moduli.  

4. Tensile Strength 

4.1. CALCULATION METHOD 

The elastic energy release rate concept developed initially by Griffith is adopted here as 

the controlling indicator of crack growth in brittle solids. Accordingly, the mixed-mode 

fracture criterion is written in a simplified form  

( ) ( )2 2

I IC II IIC/ / 1G K K K K= + = , (7) 
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usually non-uniform in space. The conventional estimation methods of effective elastic 

moduli are applicable only for statistically homogeneous materials. Here we examine 

indicates that the material has some stronger regions or “inclusions” with a lower micro-
crack density.  



where IK  and IIK  denote the mode-I and II SIFs, ICK  and IICK  their intrinsic critical 
values, respectively. For simplicity, ICK  and IICK  are regarded here as material 

constants without dependence upon crack propagation. To determine the load-bearing 

capacity of a specimen, the far-field stress is denoted as 0m∞ ∞=σ σ , where 0

∞σ  is a tri-

axial reference stress tensor, and m is a non-dimensional load factor. Thus, the thα
crack will propagate at one of its two tips when the factor m reaches the following value 

1/ 2 1/ 2
2 2 2 2

I0 II0 I0 II0

IC IIC IC IIC

( ) ( ) ( ) ( )
min ,

K l K l K l K l
m

K K K K

α α α α
α α α α

α

− −

− −= + + , (8) 

where I0 ( )K lα α±  and II0 ( )K lα
α±  denote the mode-I and II SIFs at the two tips of the thα

crack subjected to the reference stress 0

∞σ .

The tensile strength of a perfectly-brittle specimen is defined as the applied stress 

cσ  at which any one of the cracks starts to propagate. That is, 

0

c c
m ∞=σ σ , (9) 

where the critical load factor cm  is the minimum value of mα  among all the cracks. 

4.2. SIZE EFFECT OF TENSILE STRENGTH 

The strength of specimens of a brittle or quasi-brittle material usually exhibits a 

significant size effect, i.e., the strength measured decreases as the specimen size 

increases. The size effect of such engineering materials as concrete and rocks are caused 

mainly by their heterogeneous microstructures due to the stochastic distribution of 

constituent phases and microdefects. Using the effective field-subregion method presented 

above, the size effect of material strength associated with interacting microcracks is 

examined here for otherwise homogeneous brittle solids.  

Two-dimensional rectangular plate specimens with length 2L and width L are taken 

as an example, as shown in Fig. 2(a). Specimens of different sizes are considered by 

varying the parameter L in order to examine the size effect. Each specimen may contain 

microcracks of a great number, e.g., 5000. If the direct interaction of all these 

microcracks is calculated, one has to solve a system of 10000 equations, each of which 

has interactive terms (or transmission factors) of a very large number (about 71.2 10× ).

Evidently, such a calculation is very difficult, and, in fact, unnecessary. By using our 

present method, however, if each subregion contains 100 microcracks, one needs to 

solve systems of only 200 equations, each equation having less than 5000 interactive 

terms. As the total number of microcracks increases, the computation time increases 

proportionally, instead of exponentially.

In the case of completely random orientations of microcracks (Fig. 2a), the fracture 

stress averaged from multiple samples of the same size is plotted in Fig. 5 as a function 

associated size effect of brittle solids. The critical condition may fluctuate significantly 

depending upon the actual arrangement of the crack array.  
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of the specimen size. A pronounced size effect of the material strength can be observed. 

It is seen that the particular statistics of microcracks dictates the failure and the 



4.3. SIZE EFFECT OF A BENDING BEAM 

The above method is also applied to calculate the strength of a microcracked beam 

subjected to bending, as shown in the inset of Fig. 6. A bending beam possesses some 

strengths calculated from the present numerical approach are given in Fig. 6, which 

exhibits also a significant size effect.  
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Figure 6. Size effect of the bending strength of a microcracked beam. 

5. Microcrack Coalescence and Failure Process 

Rupture of brittle materials is the outcome of a process which in most cases involves 

successive coalescence of interacting microcracks, formation and unstable propagation 

of a main crack. Due to the prohibitive complexity of mathematical solution, however, 

there seems a lack of efficient methods for simulating the failure process associated 
with interaction and evolution of numerous disordered microcracks. To clarify some of 
the fundamental aspects of the physics of brittle deformation process, the above 
numerical method is extended to study coalescence of microcracks and the resulted 

facture process of elastic solids containing many microcracks. 

An essential issue for simulating the failure process associated with microcrack 

coalescence is to specify appropriate criteria to determine at each linking step: (i) when 

crack propagation and coalescence will happen, (ii) which crack will grow, (iii) with 

which crack it will coalesce, and (iv) the linking path [9]. In fact, it is very difficult to 

give a unified criterion for linking of randomly distributed microcracks. The actual 

propagation and coalescence path of interacting cracks is usually curved, even for two 

collinear cracks. As a result of the complexity of the problem and the contradicting 

requirements of rigor and simplicity, however, we assume that two cracks are connected 

always along a straight path and that the linked microcrack, though zigzag, is treated as 

a planar one in the next coalescing step. These two assumptions were also made by Li 

and Yang [10], who discussed their acceptable reasonability and accuracy. 
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sive, stresses. With the same distribution rule of microcracks as in Section 3.2, the tensile 

basic feature of engineering structures, and has non-uniform, both tensile and compres-



Two criteria in terms of the energy release ratio are introduced in our simulation, 

though other criteria can also be implemented in the present program. First, the SIFs IK

and IIK  and the non-dimensional energy release rates G of all the cracks in the 
considered specimen are calculated in each step. The crack, denoted as α, that has the 

maximum value of G will propagate in the following step. The critical load for 

propagation of α is obtained by using the criterion Gα = 1 defined in Eq. (7).  

Besides Eq. (7), another criterion is required to determine which nearby microcrack 

will coalesce with α. The coalescence is dictated here by an energy ratio defined as [10] 

( )s2R c∏ γ= ∆ , (10) 

where ∏∆  denotes the release of potential energy because of the linkage of two 
neighboring microcracks, c the ligament size, and sγ  the surface energy per area of the 

brittle matrix. The parameter R represents the ratio between the released potential 

energy and the energy required to create two surfaces along the broken ligament during 

the coalescence. The larger the ratio R, the bigger the driving force of coalescence. 

Microcracks α and β will be connected if Rαβ is the maximum among RαI, where I

stands for any of the microcracks neighboring to α.

(a)                          (b)                         (c)                          (d)                          (e)                          (f) 

Figure 7.  Microcrack coalescence process of a specimen. 

To calculate ∏ , the normal and shear pseudo-tractions transferred to the thα
microcrack, ( )pα ξ  and ( )ατ ξ , need to be determined first from the method in Section 

2. The opening and sliding displacements of the crack can be given by [3] 

( )
2 2

2 2 2

4
1 1n n n

l
b

E l l l

α α

α α α

ξ ξ ξξ σ α β= + + − ,

( )
2 2

1 2 2

4
1 1

l
b

E l l l

α α
τ τ τ

α α α

ξ ξ ξξ σ α β= + + − . (11) 

with nσ , τσ , nα , τα , nβ  and τβ  being given in Ref. [3, 9]. Then the potential energy 

contributed from the thα  microcrack is given by 

( ) ( )2 1

1
( ) ( ) d

2

l

l
p b b

α

α

α α α α
α∏ ξ ξ τ ξ ξ ξ

−
= + . (12) 

Summing over α∏  before and after the microcrack linkage, we obtain the potential 
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energy release ∏∆ , from which the energy ratio R follows from Eq. (10). 



Before the final rupture of a specimen, there are many coalescence steps. Such a 

complicated process can be simulated by a step-by-step numerical method. For 

convenience, only one coalescence is considered in each step of calculation. The failure 

process of a specimen is schematized, for instance, in Fig. 7, which includes 27 steps of 

crack linkage prior to the final rupture. The macroscopic averaged stress and strain 

history with the fracture process is recorded in the program, which shows that the 

material ruptures along a zigzag path basically normal to the tensile direction.  

6. Conclusions 

An approximate method is presented to calculate the interaction of microcracks of a 

two groups, which are dealt with in different ways. The interacting microcracks within a 

subregion surrounding the considered crack are calculated directly by using Kachanov’s 

interaction method, while the influence of other microcracks is reflected by modifying 

the far-field stress. This method can be used to analyze various problems associated 

with interaction and propagation of numerous microcracks.  
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Abstract

This paper develops a theoretical model for wrinkling of an elastic film on a viscoelastic 

layer. The film is elastic and subjected to a compressive residual strain. The viscoelastic 

layer is sandwiched between the film and a rigid substrate. The nonlinear von Karman 

plate theory is employed to model the film, and a thin-layer approximation is adopted 

for the viscoelastic layer. The stability of the system and the kinetics of structural 

evolution are studied first by a linear perturbation analysis and then by numerical 

simulations, both for plane strain deformation only. Three stages of evolution are 

identified: initial growth of the fastest growing mode, intermediate growth with mode 

transition, and finally an equilibrium wrinkled state. The results qualitatively agree with 

experimental observations of wrinkling in metal/polymer bilayer films. 

1. Introduction 

Complex wrinkle patterns have been observed in thin film systems with integrated 

compliant layers. The wrinkles are a nuisance in some applications (Iacopi et al., 2003; 

Yin et al., 2003), but may be used as stretchable interconnects for flexible electronics 

(Watanabe et al., 2002; Lacour et al., 2003), or biological assays (Cerda and 

Mahadevan, 2003). The wrinkle pattern can be controlled by engineering the surface 

and residual stress) of thin film materials from wrinkle patterns (Martin et al., 2000; 

Stafford et al., 2004).

The underlying mechanism of wrinkling has been understood as a stress-driven 

instability, similar to Euler buckling of an elastic column under compression. For a 

solid film bonded to a substrate, however, the instability is constrained. If the substrate 

is elastic, there exists a critical compressive stress, beyond which the film wrinkles with 

a particular wavelength selected by minimizing the total elastic energy in the film and 

the substrate (Groenewold, 2001; Chen and Hutchinson, 2004; Huang et al., 2004). If 
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et al., 2000). It is also possible to extract mechanical properties (e.g., Young’s modulus 

structures or chemistry for micro to nanoscale fabrication (Bowden et al., 1998; Chua 

the substrate is viscous, wrinkling becomes a kinetic process (Sridhar et al., 2001;
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© 2006 Springer. Printed in the Netherlands.

Q. P. Sun and P. Tong (eds.), IUTAM Symposium on Size Effects on Material and Structural Behavior at 

Micron- and Nano-Scales, 41–50.



Huang and Suo, 2002A). Since the viscous substrate does not store elastic energy, a 

compressed blanket film is always unstable energetically. The viscous flow in the 

substrate controls the kinetics, selecting a fastest growing wavelength. More generally, 

linear perturbation analysis has shown that the viscoelastic property of the substrate 

significantly influences the wrinkling kinetics, even at the initial stage (Huang, 2005). 

This paper goes beyond the linear perturbation analysis and simulates the evolution of 

wrinkles in an elastic film on a thin viscoelastic layer. 

2. Model Formulation 

Figure 1 shows a model structure, an elastic film of thickness  lying on a viscoelastic 

layer of thickness H, which in turn lies on a rigid substrate. At the reference state (Fig. 

1a), both the elastic film and the viscoelastic layer are flat, and the film is subjected to 

an in-plane biaxial compressive stress 

fh

0  (i.e, 00 ). Upon wrinkling (Fig. 1b), the 

film undergoes both in-plane and out-of-plane displacements, and the viscoelastic layer 

deforms concomitantly, with the interface assumed to remain bonded.  

Figure 1. Schematic of a model structure 

Let w be the lateral deflection of the film, u  the in-plane displacement ( 2,1 ),

the pressure at the interface, and 

p

 the shear tractions. Employing the nonlinear von 

Karman plate theory, equilibrium requires that  

x

w

xx

w
N

xxxx

w
Dp f

24
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x

N
,               (2) 
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if the substrate is viscoelastic, both energetics and kinetics play important roles.
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2.1. DEFORMATION OF AN ELASTIC FILM 

A spectrum of evolving wrinkle patterns has been observed experimentally in metal/

polymer bilayers (Yoo and Lee, 2003), exhibiting a peculiar kinetic process. A 
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Here  is the Young’s modulus of the film,  the Poisson’s ratio,  the in-plane fE f N

 the in-plane strain,  the Kronecker delta. The Greek 

subscripts and  take on the values of in-plane coordinates 1 and 2, and a repeated 

Greek subscript implies summation over 1 and 2. Note that, both the in-plane 

displacements and the deflection contribute to the relaxation of the compressive stress. 

The nonlinear term in Eq. (5) accounts for moderately large deflection of the film. 

The underlayer material is assumed to be isotropic, linear viscoelastic, with a relaxation 

modulus )(t  and Poisson’s ratio )(t . The layer is stress free initially ( ) and 

subjected to a normal and a shear traction at the top surface for , namely 

0t

0t

),( 1131 txS  and ),( 1333 txS  at 03x .      (6) 

At the lower surface, the displacement is fixed: 

031 uu  at Hx3 .           (7) 

Consider a periodic traction in the form of 

111 sin)(),( kxtAtxS ,            (8) 

113 cos)(),( kxtBtxS ,            (9) 

where k is the wave number,  and  are the amplitudes. The plane-strain 

deformation of a viscoelastic layer subjected to such a periodic surface traction has been 

solved by Huang (2005) using Laplace transform and the correspondence principle of 

viscoelasticity. The Laplace transform of the displacements at the top surface are 
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where

membrane force, 
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and )(43 ss . A bar over a variable designates its Laplace transform, and s is the 

transform variable. 

In general, the surface of the viscoelastic layer undergoes both out-of-plane and in-

plane displacements and they are coupled. The coupling is broken in two special cases, 

one for an infinitely thick ( kH  ) and incompressible ( 5.0 ) layer and the other 

for a very thin layer ( ). The former has been considered previously (Huang, 

2005). This paper considers the thin layer limit, for which Eqs. (10) and (11) reduce to 

0kH

)sin()()(
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41
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)cos()()(
)1(2

41
)()(

1

21

)(2

1
),( 1

2

13 kxsAkHsBkH
sks

sxu ,  (16) 

where only the leading terms in kH are retained and the Poisson’s ratio has been 

assumed to be a constant independent of time. In addition, 5.0  is assumed. As will 

be shown in a subsequent study, the kinetics is quite different if the underlayer is 

incompressible (i.e., 5.0 ).

The surface displacement as a function of time is obtained by the inverse Laplace 

transform of Eqs. (15) and (16). To be specific, consider the Kelvin model of 

viscoelasticity with a spring and a dashpot in parallel, for which the relaxation modulus 

is,

)()( tt ,          (17) 

where  is the elastic shear modulus at the rubbery limit and  is the viscosity. The 

Laplace transform of the relaxation modulus is 

s
s)( .           (18) 

After substituting (18) into Eqs. (15) and (16), the inverse Laplace transform leads to 
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 Note that, in case of incompressible materials ( 5.0 ), the first term at the right 

hand side of Eq. (20) vanishes. Using the next leading term of kH in Eq. (16), Eq. (20) 

becomes 
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.        (21) 

Equations (19) and (21) are similar to those for a thin liquid layer by Reynold’s 

lubrication theory (Huang and Suo, 2002A), but with an additional term accounting for 

the elastic limit.  
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Assuming 5.0  and neglecting the H2 terms in Eqs. (19) and (20) as a thin-layer 

approximation, we obtain that 

11
1 uS
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t

u
,           (22) 
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21
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u
.         (23) 

Equation (22) is a combination of the shear lag model for elastic and viscous layers (Xia 

and Hutchinson, 2000; Huang et al., 2002), and Eq. (23) is similar to the Winkler model 

for elastic foundation (Allen, 1969) but includes a viscous term. The two equations are 

uncoupled under the thin-layer approximation. 

In the development of Eqs. (22) and (23), plane strain deformation and periodic 
tractions have been assumed. The restriction of periodic tractions have been relaxed by 
linear superposition of all Fourier components in the form of (8) and (9). The restriction 

of plane strain deformation can also be relaxed by including the other in-plane 

component in the same form as Eq. (22), which leads to 

uS
H

t

u
,           (24) 

for 2,1 .

The interface between the elastic film and the viscoelastic layer is assumed to remain 

bonded during deformation. Consequently, the displacements and the tractions are 

continuous across the interface. Therefore, the equilibrium equations (1) and (2) are 

coupled with Eqs. (23) and (24), leading to 
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solved numerically to simulate the evolution of two-dimensional wrinkles. In the 

remainder of this paper, however, we consider one-dimensional plane-strain wrinkles 

only, for which some analytical solutions can be obtained to provide useful insights. 

The reduced equations for the plane-strain wrinkles are summarized as below: 
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Equations (25) and (26) are coupled, nonlinear evolution equations, which can be 
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2.3. COUPLED EVOLUTION EQUATIONS 



3. Linear Perturbation Analysis 

Assume a small deflection from the reference state in the form of  

kxtAtxw cos)(),( .           (30)

The in-plane displacement is uncoupled from the lateral deflection in the linear 

perturbation analysis and therefore ignored. Inserting (30) into Eq. (27) and retaining 

only the leading order terms in A, we obtain that 
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where,
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Solving Eq. (31) leads to 

)exp()( 0

t
sAtA ,           (33) 

where fE  is the time scale and fEs  is the dimensionless growth rate. 

Figure 2 plots the growth rate as a function of the wavelength ( kL /2 ) of the 

perturbation for various ratios between the rubbery modulus of the viscoelastic layer 

and the elastic modulus of the film. For a given residual stress in the film, there exists a 

critical ratio between the moduli, above which the growth rate is negative for all 

wavelengths and the film is stable against any perturbation. By setting the maximum 

growth rate to be zero, we find the critical ratio 
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In figure 2, the critical modulus ratio is 0.00025. For smaller modulus ratios, however, 

the growth rate is positive for intermediate wavelengths within a window bounded by 

two critical values; the film becomes unstable and a small perturbation grows to form 

wrinkles. The wavelength of the fastest growing mode is 

0
2 )1(3

2

f

f
fm

E
hL ,         (35) 

which is indicated by the dashed line (Lm = 26.9hf) in Figure 2. 

The effects of the viscoelastic layer on the stability of the elastic film can be drawn 

from the above analysis. The critical condition for the flat film to remain stable is 

controlled by the rubbery modulus of the underlayer, as given by Eq. (34). In cases that 

the film is unstable, the growth time scale is proportional to the viscosity and the growth 

rate increases as the rubbery modulus decreases. However, the wavelength of the fastest 

growing mode is independent of the underlayer properties, as given in Eq. (35). A 

similar analysis was conducted for a film on an incompressible viscous layer (Huang 

and Suo, 2002B), which led to a slightly smaller fastest growing wavelength; the 

difference is due to the incompressibility of the viscous liquid. 
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4. Equilibrium Wrinkles 

Setting 0t  in Eqs. (27) and (28) leads to two coupled nonlinear ordinary 
differential equations, from which one can solve for the equilibrium state. An 

approximate solution has been obtained by neglecting the in-plane displacement and the 

shear traction (Huang, 2005), from which the equilibrium amplitude of a sinusoidal 

wrinkle is  
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It can be confirmed that only when the film is unstable does there exist a nontrivial 

solution corresponding to the equilibrium wrinkled state. 

 Furthermore, at the equilibrium state, the wrinkle selects a wavelength that 

minimizes the elastic energy, namely,  

4/1

2 )1)(1(3

)21(2

f

f

f

feq
h

HE
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The equilibrium state is identical to that for a film on a thin elastic layer with the shear 

modulus  (Huang et al., 2004). For a viscoelastic layer with zero rubbery modulus, 

however, the equilibrium wavelength approaches infinity. Consequently, the wrinkle 

wavelength coarsens indefinitely. 
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Figure 2. The dimensionless growth rate by the linear perturbation analysis. 
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5. Numerical Simulations

In this section, we simulate the wrinkling process by integrating Equations (27) and (28) 

numerically with a finite difference method. First, a sinusoidal perturbation is assumed 

for the initial deflection. The wavelength was selected to be close to the fastest growing 

wavelength and it remains constant for the entire period of simulation. The amplitude 

grows over time, first exponentially and then approaching a constant corresponding to 

the equilibrium amplitude, as shown in Figure 3. The time is normalized by the time 

scale fE . The exponential growth predicted by the linear perturbation analysis is 

plotted as the dashed line in Figure 3, and the equilibrium amplitude corresponding to 

the selected wavelength (L = 30hf, Aeq = 0.537hf) is indicated by the horizontal dotted 

line. The numerical simulation confirms the validity of the linear perturbation analysis 

at the initial stage and the equilibrium wrinkle amplitude of a particular wavelength. 

Next, a random perturbation is generated for the initial deflection. Figure 4 shows 

the evolving deflection curves and their Fourier transforms. Figure 5 plots the evolution 

of the dominant wavelength (maximum intensity in the Fourier transform), and Figure 6 

shows the growth of the RMS (i.e., the root mean square value). While many 

wavelengths co-exist in the initial perturbation, only those of intermediate wavelengths 

grow and the fastest growing wavelength (Lm = 26.9hf) dominates at the initial stage. 

Three stages of the wrinkle evolution are identified: initial growth of the fastest growing 

mode, intermediate growth with mode transition, and finally an equilibrium wrinkled 

state. For 00001.0/ fE , the equilibrium wrinkle has a wavelength Leq = 60.0hf and 

an amplitude Aeq = 1.63hf (RMS = 1.15hf). Such behavior qualitatively agrees with the 

experimental observations in a metal/polymer bilayer film (Yoo and Lee, 2003). 
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Figure 3. Growth of the amplitude of a sinusoidal wrinkle with wavelength L = 30h .
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Figure 4. Simulated evolution of wrinkles (left) and their Fourier transform (right). 
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Figure 5. Simulated evolution of the dominated wavelength (left) and the RMS of a wrinkled 
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Abstract

To bridge the different spatial scales involved in the process of tungsten (W) film 

delaminating from silicon (Si) substrate, a multi-scale model-based simulation procedure 

is proposed. In the proposed procedure, a bifurcation-based multi-scale decohesion model, 

which represents the link between molecular and continuum levels, is first formulated 

within the framework of the continuum mechanics. The proposed model is then calibrated 

by using molecular dynamics simulation of single crystal W block under tensile loading 

and available experimental data, with a power scaling law to account for the spatial size 

effect. A multi-scale model-based simulation of W film delamination from Si substrate is 

performed by using the proposed procedure within the framework of the material point 

method. The simulated results have provided new insights into the mechanisms of the thin 

film delamination process. 

Keywords: Multi-Scale Simulation, Film Delamination, Molecular Dynamics, Size Effect  

1. Introduction 

Thin films usually develop high residual stresses during the deposition process and may 

fail by delaminating from the substrates in the working environment. The delamination of 

compressed films has been studied by many researchers in both academia and industry, as 

shown by representative papers (Gioia and Ortiz, 1997; Hutchinson and Suo, 1991; among 

others). Existing approaches are mainly based on conventional elastic stability theory and 

interfacial fracture mechanics, with a focus on the stability of blisters (Audoly, 1999). 

Recently, much research has been conducted to model and simulate pattern formation 

during the delamination process, based on the buckling-driven mechanism (Huang and 

Suo, 2002). However, a systematic study of the complete process from the formation of 

films to their eventual delamination from substrates is not yet available from the open 

literature, due to the complexity of multi-physics and multi-scales involved. 
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Based on the experimental observation of the transition from tensile to compressive 

stress as a function of the argon gas pressure in sputtered tungsten (W) film onto silicon 

(Si) substrate (Shen et al., 2000), Chen et al. (2003) proposed that the delamination of 

compressed films is essentially due to the interaction between geometrical and material 

instabilities which results in the formation and evolution of localization, depending on 

different stress states in the domain of influence. In the proposed procedure, a discrete 

constitutive model was formulated by using the bifurcation analysis to predict decohesion 

of continuum, since the discontinuous bifurcation analysis could be performed without too 

much computational cost if an associated von Mises elastoplasticity model is used with a 

linear hardening and softening law (Chen and Fang, 2001). As a result, rigorous and 

mesh-objective results could be obtained since the location and orientation of the cohesive 

surfaces are determined via the discontinuous bifurcation analysis (Shen and Chen, 2004). 

By implementing the bifurcation-based decohesion model into the material point method 

(MPM), which is one of the “meshfree” methods (Chen et al., 2002), a numerical effort 

has been made to investigate the transition from continuous to discontinuous failure 

modes involved in the W film delaminating from the Si substrate. The numerical study of 

the effects of aspect ratio on the evolution of failure patterns under different boundary 

conditions provides a better understanding on the physics behind the film delamination 

process (Chen et al., 2003). 

However, the bifurcation-based simulation of the film delamination process is based 

on a phenomenological framework, which could only provide a qualitative analysis of 
film failure mechanism. The constitutive relation of decohesion-traction, τ( ), as the key 

part of the decohesion model, cannot be calibrated via existing experimental techniques. 

Since τ( ) is directly related to the interatomic binding energy and film microstructure 

formed during the film deposition process, atomistic simulation might provide required 

information for establishing the decohesion model. Since the size of the film-substrate 

structure usually ranges from nano/micro to macro scale, the conventional continuum 

mechanics alone is handicapped for film delamination problems. Therefore, a thorough 

understanding of the physics behind the film delamination process necessitates a multi-

scale investigation ranging from atomistic simulation to continuum mechanics. 

For the purpose of simplicity, a multi-scale sequential approach is being proposed in 

this study, as illustrated in Figure 1, to simulate the film delamination process. When 

bifurcation occurs in the MPM discretization of macroscopic responses, the proposed 

procedure would zoom in to the desired scale level and obtain the corresponding τ( )

curve. By inputting the obtained multi-scale τ ( ) constitutive relation into the bifurcation-

based decohesion model within the framework of the MPM, the multi-degree 

discontinuous failure modes involved in the film delamination process could then be 

simulated. 
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Figure 1. Link between continuum mechanics and atomistic simulation. 

With the rapid development of micro-electronic mechanical system (MEMS) and 

nano-technology in recent years, atomistic simulation of mechanical behavior of metals 

has drawn considerable attention in recent years (Horstemeyer et al., 2001; Liang and 

properties of micro/nanostructure are size-dependent due to the discreteness of atomic 

system, crystal orientation and boundary condition. The dynamic inertia effect and the 

finite speeds at which lattice waves propagate also introduce length scales to the problem 

and contribute to size-dependence of atomic behavior. The inertia effect and finite wave 

speeds also cause the response of nanostructures to be deformation-rate dependent. A part 

of the study therefore focuses on the size and rate effects on the constitutive law of single 

crystal W block under tensile loading. 

To determine material properties for elasto-plasticity and decohesion at different size 

scales, a power scaling law is proposed to account for the effect of structure size. In this 

approach, MD simulation of single crystal W block under tensile loading is combined 
with available experimental data to develop a multi-scale τ ( ) model for W based on a 

scaling law. The multi-scale decohesion-traction model is then employed to simulate the 

film delamination process. 

The remaining sections of the paper are arranged as follows. The MD simulation of 

single crystal W block under tensile loading is conducted in Section 2, which is followed 

by the establishment of the multi-scale decohesion-traction relation for W in Section3.

and play important roles in determining the response of nanostructures. The behavior and 

Zhou, 2003; Li and Yip, 2002). Size and strain rate effects arise out of several factors 
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The multi-scale simulation of W film delamination from Si substrate is conducted in 

Section 4. The conclusions are then made in the last section. 

2. MD Simulation of Single Crystal W block under Tensile Loading 

In order to calibrate the parameters in the proposed bifurcation-based decohesion model 

and to develop a multi-scale decohesion-traction constitutive relation for W at different 

size scales, MD simulation of single crystal W block under tension is conducted at the 

atomic level. 

2.1. SIMULATION MODEL 

The computational set-up for MD simulation of single crystal W block under uniaxial 

tensile loading is shown in Figure 2. The 3-D simulation super-cell consists of two parts. 

One part is referred to as the active zone in which the atoms move according to the inter-

actions among the neighboring atoms; the other part, wrapped by the boxes as presented in 

Figure 2, is referred to as the boundary zone where the atoms are assigned a fixed rigid 

body velocity. The size of active zone is indicated by H, D and W, while the size of each 

boundary zone in the z-direction is 2ao with ao being the lattice parameter of W. 

Figure 2. Model of single crystal W block under uniaxial tensile load. 

Many studies (Milstein and Chantasiriwan, 1998; Roundy et al., 2001; among others) 

have identified the <100> axes as the weak directions in tension and the {100} planes as 

the cleavage planes for bcc W. The crystal orientation of (x[1 0 0], y[0 1 0], z[0 0 1]) will 

be investigated since the decohesion of single crystal W is the interest of current research. 



A Multi-Scale Model-Based Simulation                                                                         55 

The preliminary simulations have shown that neither decohesion nor cleavage of {100} 

planes will occur with the use of free surface in either x- or y-direction because the lack of 

constrain in that direction results in the shrinking of the x-y cross sectional area in the 

active zone and the subsequent rearrangement of the crystal structure. Thus, the periodic 

boundary condition (PBC) will be imposed along both the x- and y-directions.  

In the simulation, initially all atoms are placed at their equilibrium positions at the 

temperature of 298 K. Those atoms in the boundary zone are then fixed. After the system 

has equilibrated for a certain period, constant velocities with the same magnitude and 

opposite direction are assigned to the atoms in the top and bottom boundary zones, 

respectively, to simulate a displacement-controlled uniaxial tensile loading in the z-

direction. A velocity scaling technique (Allen and Tildseley, 1990) is employed through 

the simulation to maintain a constant temperature of 298 K. The Embedded Atom Method 

(EAM) developed by Daw and Baskes (1984) is employed to model the interatomic 

potential among W atoms. The corresponding model parameters for W are based on the 

work of Zhang and Ouyang (1993).  The method applied to integrate the equations of 

motion is the 6-value Gear predictor-corrector algorithm.  The largest time step size that 

can keep the total system energy remaining a constant in the adiabatic simulations for W 

atoms with the EAM potential is used for the numerical study. A time step size of 0.5 fs is 

chosen after several adiabatic simulations for W at different initial temperatures up to 

2000 K. 

2.2. THE CALCULATION OF STRESS AND STRAIN 

Stress calculation in MD simulations has been the focus of many studies over the past 

years (Cheung and Yip, 1991; Cormier, et al., 2001; Irving and Kirkwood, 1950; Zhou, 

2003; among others). In this study, the formulations employed to calculate atomic-level 

stresses are motivated by the work of Zhou (2003). At each atom, the local stress tensor, 

β, is given by 
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where i refers to the atom considered and j refers to the neighboring atom, rij is the 

position vector between atoms i and j, Nn is the number of neighboring atoms surrounding 

atom i, Ωi is the volume of atom i, and fij is the force vector on atom i due to atom j. The 

global continuum stress tensor is defined by, 

=
*

*
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i

i
N
     (2) 

in which N* represents the total number of atoms in a representative volume of continuum. 

Since the W block is under very large deformation, true strain, ε, is used in this study 

with ε = ln ( L / Lo) where Lo and L are the original and deformed lengths of the specimen, 

respectively.

2.3. SIMULATION RESULTS 

To study the effect of specimen size and strain rate on the dynamic responses of single 

crystal W block under tensile loading, seven MD simulation cases are designed. The 
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details of the numerical experimental configurations are listed in Table 1. By 

introducing different number of defects in Simulation 2, the effect of the vacancies in W 

specimen on the stress-strain relation is also investigated.  

TABLE 1. Description of the MD simulation of W block under tensile loading. 

2.3.1. The Effect of Specimen Size 
To study the effect of specimen size on the tensile deformation of single crystal W, 

Simulations 1-5 are performed. Figure 3 shows the corresponding stress-strain curves of 

different W blocks under tensile loading. As can be seen from the figure, the initial 

elastic modulus of W is almost independent on the specimen size. However, the peak 

stress increases as the specimen size decreases, which is mainly due to the fact that 

larger specimens offer more opportunities for dislocation to occur. In addition to the 

constraints due to the boundary zones and the PBC used in the simulations, the single 

crystal W specimen is a discrete system with atoms distributed only at certain positions. 

The bonds among atoms are the relatively weak parts while the individual atoms are the 

strong parts of the system.  The increase of specimen size increases the number of 

relatively weak bonds, which in turn offers more opportunities for bond breaking and 

dislocation to occur and thus decreases the strength of the specimen. 

2.3.2. The Effect of Defects 
To verify the argument that the decrease of the W strength with the increase of 

specimen size is mainly due to the fact that larger specimens offer more opportunities 

for dislocation to occur, the effect of artificially introduced defects in single crystal W 

block on the stress-strain relation is investigated. Different numbers of vacancies are 

implemented into Simulation 2 with other simulation conditions being kept the same. 

The stress-strain curves of W blocks with zero, one, two and four vacancies distributed 

in the same x-y plane, which is initially located 2.152 nm away from the top end of the 

active zone, are presented in Figure 4. As can be seen from the figure, all stress-strain 

curves are initially the same until failure occurs. The strength of W decreases as the 

number of vacancies increases, since more vacancies offer more opportunities for bond 

breaking and dislocation to occur. 

Simulation 

#

Specimen Size 

D × W × H (nm3)

Number of 

Active Atoms 

Initial Strain 

Rate (s-1)

Peak Stress 

(GPa)

1 1.27 × 1.27 × 3.83 384 2 × 109  39.0 

2 1.59 × 1.59 × 4.78 750 2 × 109  39.1 

3 2.54 × 2.54 × 7.65 3,072 2 × 109  28.6 

4 3.19 × 3.19 × 9.56 6,000 2 × 109  24.8 

5 6.38 × 6.38 × 19.13 48,000 2 × 109  18.5 

6 3.19 × 3.19 × 9.56 6,000 2 × 108  22.2 

7 3.19 × 3.19 × 9.56 6,000 2 × 1010  28.5 
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Figure 3. The effect of specimen size on the stress-strain curves of W under tensile strain rate 

of 2 × 109 s-1.
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Figure 4. Stress-strain curves of W blocks with different number of vacancies distributed in the 

same x-y plane. 

To study the effect of the vacancy distribution position in the z-direction on the stress-

strain relation of single crystal W block, four cases with zero, one, two and four vacancies, 

respectively, located at the center of x-y plane but different positions in the z-direction, are 

simulated with other simulation conditions being kept the same as those in Simulation 2. 

The corresponding stress-strain curves (not shown here) are initially the same until failure 

occurs. The strength of single crystal W decreases as the number of vacancies increases, 

which is similar to the previous simulation with vacancies distributed in the same x-y

plane. It seems that the increase of the number of defects regardless of the distribution 

position in single crystal W block will increase the possibilities for dislocation to occur 

and thus reduce the strength of W, which is very similar to the effect of increasing 

specimen size on the strength of W. Therefore, it is reasonable to argue that larger 

–

–

–

–

–

–
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specimens offer more opportunities for dislocation to occur which in turn reduces the 

strength of W. 

2.3.3. The Effect of Strain Rate 

To investigate the effect of the tensile strain rate on the stress-strain curve of single 

crystal W block at the atomic level, Simulations 4, 6 and 7 are performed with the initial 

strain rates of 2 × 109 s–1, 2 × 108 s–1 and 2 × 1010 s–1, respectively. Figure 5 shows the 

corresponding stress-strain curves. As can be seen from the figure, the initial elastic 

modulus of W is almost independent on the strain rate, but the peak stress increases 

with the strain rate. The dependence of decohesion initiation on the strain rate is mainly 

due to the dynamic wave effect that impedes the motion of dislocations (Liang and 

Zhou, 2003).
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Figure 5. The effect of strain rate on the stress-strain curve of single crystal W under tension.

3. Multi-Scale Decohesion-Traction Model For W

In order to determine the strength and decohesion energy of W at different size scales 

and develop a multi-scale decohesion model for W, a power scaling law is proposed to 

combine the MD simulation of single crystal W block under tension and the available 

experimental data. By considering geometrically similar systems, the power scaling law 

takes the form of (Bazant, 2002): 

f(λ) = λm          (3) 

where λ = D1/D2 with D1 and D2 being the characteristic sizes of two similar structures, 

respectively, f(λ) = Y1/Y 2 is a dimensionless function with Y1 and Y 2 being the material 

properties at sizes D1 and D2, respectively, and exponent m is an unknown constant. 

Indentation tests on single crystal W have shown that there is dependence of material 

hardness on the size. However, indents on W with diagonals longer than about 100 µm

cease to display any hardness-dependence on the size (Hutchinson, 2000). Since the 

material hardness is directly related to the strength, we have m ≠ 0 when D < 100 µm and 

m = 0 when D ≥ 100 µm. It seems that the exponent m will change from nonzero to zero 

when the structure reaches the critical size of about 100 µm.  

–
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MD simulations of sheared single crystal metals conducted by Horstemeyer et al. 

(2001) have demonstrated some qualitative features of the rate effect on the material 

strength: a. strain rate independence at low strain rate, and b. an increase in the critical 

strain rate, under which rate-dependence disappears, with the decrease of specimen size. 

Their simulation results showed that there is no strain rate effect on nickel’s yield stress 

with specimen size being smaller than 28 nm when the strain rate is in the order of 108 s–1.

It is thus assumed that the strength of W obtained with the strain rate of 2 × 108 s–1 is

almost rate-independent since our specimen sizes are small than 28 nm. As can be seen 

9 –1 to 22.2 GPa at the rate of 2 × 108 s–1

0.895. For the sake of simplicity, all the strengths obtained in Simulations 1-5 with the 

strain rate of 2 × 109 s–1 will be multiplied by a factor of 0.895 to approximately get the 

rate-independent strengths at different structure sizes.  
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where D is the characteristic size of W specimen, DP is the maximum atomic-scale size 

of W specimen at which the ultimate strength of W is reached, DM is the minimum 

macro-scale size of W specimen where the strength of W ceases its dependence on the 

size, σN is the strength of W at size D, σM is the strength of W at size DM, and σP is the 

ultimate strength of W. σP = 34.9 GPa at DP =1.6 nm, which is in a fair agreement with 

the maximum tensile strength of 29.5 GPa as reported by Roundy et al. (2001) using 

pseudopotential density functional theory, is applied based on the MD simulations of 

single crystal W block under tensile loading. According to Hutchison (2000), DM = 100 

µm is assumed. As a common material property for W, σM =1.5 GPa is adopted in this 

study.  

2 × 10  s in Simulation 6 with a factor of 22.2/24.8 = 

from Figure 5, the strength of W in Simulation 4, decreases from 24.8 GPa at the rate of 

the exponent m in the power scaling law must change smoothly when the structure size 

A multi-scale strength model for W is proposed here based on the assumption that

scale model for predicting W strength at the different structural sizes by fitting the 

increases from atomic-scale to macro-scale. Figure 6 presents the proposed multi-

available simulated and experimental data. The proposed multi-scale strength model for 

W takes the form of: 
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Figure 6. Multi-scale model prediction of the strength of W at different sizes.

Figure 7 presents the effect of specimen size on the decohesion energy of single 

crystal W with crystal orientation of (x[100], y[010], z[001]) under uniaxial tensile 

loading. The decohesion energy is defined by the area under the corresponding stress-

strain curve within the softening regime in Figure 3, with a factor of 0.895 being 

multiplied to approximately account for the rate effect on the strength. The failure pattern 

of the deformed W block (not shown here) shows that the failure of the W is an averaged 

process since the breaking of the bonds across the failure surfaces cannot occur at the 

evolution process and thus increases the simulated decohesion energy. It appears that the 

simulated data based on a smaller specimen could provide a more accurate estimation of 

the decohesion energy of W under tensile loading. Hence, the decohesion energy of W is 

chosen to be 0.835 N/m based on Simulation 1, as shown in Figure 3. 
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Figure 7. The size effect on the decohesion energy of single crystal W block under tension. 

same time. When the specimen size increases, more bonds need to be broken before the com-

plete separation of the material can occur, which mainly extends the whole failure 
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4. Multi-Scale Simulation of Film Delamination  

Based on the proposed multi-scale simulation procedure, as shown in Figure 1, a plane-

strain problem for simulating film delamination process is designed. The configuration 

of the problem is shown in Figure 8. The dimension of specimen is given as L = 10 µm, 

ht = 2.5 µm and hs = 5 µm, respectively. Due to the page limit, only the key parameters 

of the bifurcation-based decohesion model are discussed here. For the detailed 

information about the model, the reader is referred to Chen et al. (2003). The W strength 

is σp ≅ 2.3 GPa based on Equation (4) by considering the effect of the film thickness. 

The corresponding yield strength of W is assumed to be σy ≅ 1.53 GPa. Since elastic 

modulus is size-independent, E = 411 GPa is employed with Poisson’s ratio ν = 0.28 

and mass density ρ = 15,000 kg/m3. Before the discontinuous bifurcation occurs, the 

associated von Mises elasto-plasticity model with a linear hardening/softening function 

is used for W. After bifurcation occurs, the discrete constitutive model is active with 

reference decohesion energy U0 = 1.67 N/m by considering U0 as twice of the 

decohesion energy of W. Decohesion is not active inside Si due to the very high yield 

strength of Si. An elasto-perfectly-plastic von Mises model is employed for Si, with 

Young’s modulus E = 107 GPa, Poisson’s ratio ν = 0.42, mass density ρ = 3,200 kg/m, 

and yield strength σy = 8.0 GPa. A step compressive stress of 1.8 GPa is uniformly 

applied along both ends of W film at the time t = 0 to simulate the dynamic response.  

Figure 8. Geometry and boundary conditions for a plane strain problem.

Note that the designed substrate thickness is chosen to be much smaller than that in the 

real film-substrate problem in order to save computational costs. To reduce the effect of 

stress wave reflection from the bottom boundary of the substrate on the film failure 

pattern, a silent boundary is applied along the bottom surface of the substrate (Shen and 
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Chen, 2004). The computational grid consists of square cells with each side being 

m long. Initially, one material point per cell is used to discretize both W and Si. 

To observe the deformation patterns clearly, the deformation fields are magnified by 10 

times in the both x- and y-directions.
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Figure 9. Failure pattern of film-substrate structure at t = 2.88 µs with mode I failure.

at the time t = 2.88 µs with mode I failure, at the time t = 1.92 µs with mode II failure, 

at t = 1.92 µs is being shown for mode II failure. As can be seen from Figures 9 and 11, 

the deochesion might initiate at the top film surface and evolves deeply into the film 

until reaching the film-substrate interface, with mode I and mixed model failures. 

However, the complete delamination of film might occur before the film decohesion 

reaches the film-substrate interface, with mode II failure, as shown in Figure 10. It 

appears that the decohesion evolves quicker and the damage is severer if mode II failure 

is dominant as compared with mode I and mixed mode failures. This might be due to 

the fact that von Mises model predicts mode II failure that governs the initiation and 

evolution of decohesion after the discontinuous bifurcation is identified. 

The effect of failure modes on the deformation pattern of the film-substrate structure 

is investigated by setting mode I, mode II and mixed mode failures, respectively, in

the decohesion model for W. Figures 9-11 present the failure patterns of the W-Si structure 

be severely damaged at the time t = 2.88 µs with mode II failure, only the deformation field 

and at the time t = 2.88 µs with mixed mode failure, respectively. Since the film will 
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Figure 10. Failure pattern of film-substrate structure at t = 1.92 µs with mode II failure.
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Figure 11. Failure pattern of film-substrate structure at t = 2.88 µs with mixed mode failure. 

5. Conclusions 

In this paper, a multi-scale model-based simulation procedure for film delamination 

process has been proposed. In the proposed procedure, a bifurcation-based decohesion 

model is first formulated within the framework of the MPM. To calibrate the key 

parameters, i.e., strength and decohesion energy, for the bifurcation-based decohesion 
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model, MD simulation of W block with crystal orientation of (x[100], y[010], z[001]) 

under tensile loading is conducted by using the EAM potential. The effects of specimen 

size, number of vacancies and strain rate on the stress-strain curves are investigated at 

the atomic level. It appears that the initial elastic modulus of W is almost independent 

on the specimen size, the number of vacancies and the strain rate. However, the peak 

stress decreases as the specimen size increases, which is mainly due to the fact that 

larger specimens offer more opportunities for dislocation to occur, since further MD 

simulations with artificially introduced defects in the W block show the similar result 

that the strength of W decrease as the number of vacancies in W block increases 

regardless of the distribution position. The peak stress increases with the strain rate. 

A multi-scale model for predicting W strength from atomic to continuum scales is 

formulated with the use of power scaling law. The model parameters are calibrated by 

combining the MD simulations of single crystal W block under tension and the macro-

scale experimental results for W. The decohesion energy of W is obtained through the MD 

simulation of W block under tensile loading. By combining the multi-scale strength model 

and the decohesion energy for W, a multi-scale decohesion model is developed. The 

decohesion model is then employed to simulate the process of W film delaminating from 

Si substrate. It appears that the decohesion evolves quicker and the damage is severer if 

mode II failure is dominant as compared with mode I failure and mixed mode failure. 

Blistering usually initiates in the neighborhood of the film’s edge and propagates towards 

the center of the specimen, although it might also initiate at discrete nucleation sites, as 

can be seen from Figures 9-11.

Since the size effect on the strength of thin W film is considered and the decohesion 

energy is obtained via MD simulation, the multi-scale simulation of W film delmination 

from Si substrate could provide better insight into the mechanisms of the film 

delamination process. However, the proposed multi-scale model for predicting W strength 

at different structure sizes is based on the MD simulation at the nano-scale and the 

experimental data for W at the macro-scale. Hence, an integrated experimental, analytical 

and numerical investigation on the structures with sizes ranging from nano to macro scales 

is required to verify the proposed multi-scale model-based simulation procedure.  
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Abstract 

Cleavage cracking along a bimaterial interface between Nb and sapphire was observed 
by Elssner et al. (1994) and Korn et al. (2002). The stress required for cleavage cracking 
is around the theoretical strength of the material. Classical plasticity models fall short to 
reach such a high stress level. We use the conventional theory of mechanism-based 
strain gradient plasticity (Huang et al., 2004), which has been established from the 
Taylor dislocation model, to investigate the stress level around the tip of an interface 
crack between Nb and sapphire. It is shown that the stress level significantly increases 
due to the strain gradient effect. At a distance of 0.1 m ahead of the interface crack tip, 
the tensile stress is high enough to trigger cleavage cracking. 

1. Introduction 

Elssner et al. (1994) and Korn et al. (2002) studied the behavior of Nb-sapphire 
interfaces using the notched bending tests. For an interface between single crystal 
niobium and sapphire, they measured both the macroscopic fracture toughness (from a 
four-point bend specimen) and the atomic work of separation (from the equilibrium 
shapes of microscopic pores on the interface). The macroscopic work of fracture is 
about 1000 times higher than the atomic work of separation. This large difference 
between macroscopic and atomic work of fracture is due to plastic dissipation in 
niobium, i.e., the significant plastic flow associated with dislocation activities around 
the crack tip. It is anticipated that the crack tip would be blunted by dislocations in 
niobium, and the maximum stress around the crack tip is no more than 4 to 5 times the 
tensile yield stress Y  of niobium according to classical plasticity models (Hutchinson, 
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1997). However, Elssner et al. (1994) and Korn et al. (2002) observed cleavage cracks 
in the niobium/sapphire system, i.e., the crack tip remained atomistically sharp without 
any blunting even though niobium had a large number of dislocations. The stress level 
around a cleavage crack tip for atomic decohesion of a lattice or strong interface is the 
theoretical strength of the metal, which is about one tenth of the shear modulus, 10/ .
For typical metals, it is approximately E/30 (E is the Young’s modulus) or 10 times the 
yield stress, i.e., 10 Y . This stress level of 10 Y  required for cleavage cracks is more 
than twice the maximum stress around the crack tip predicted by classical plasticity 
models. It is clear that classical plasticity models fall short to explain Elssner et al.’s 
(1994) and Korn et al.’s (2002) experimental observation of cleavage cracks in presence 
of plastic flow. 

There are significant efforts to develop continuum (but not classical) plasticity 
models that predict higher stress level around the crack tip than classical plasticity 
models do in order to explain the observed cleavage cracks in presence of significant 
plastic flow. Suo et al. (1993) introduced the so-called SSV model in which the crack 
tip was surrounded by a dislocation-free strip. The strip was elastic (since there are no 
dislocations inside), with the strip height on the order of dislocation spacing. The strip 
was in turn surrounded by the plastic zone. The SSV model indeed predicted much 
higher stress around the crack tip in the elastic strip. Using the self-consistent method, 
Beltz et al. (1996) determined the height of the dislocation-free strip. Wei and 
Hutchinson (1999) combined the SSV model with the cohesive zone model to 
investigate the stress level around a crack tip. Qu et al. (2004) found significant stress 
increase around the crack tip due to the strain gradient effect associated with 
geometrically necessary dislocations. 

The present study extends Qu et al.’s (2004) analysis to investigate the stress level 
around the interface crack tip. It focuses on the effect of the intrinsic material length  
l associated with the strain gradient on the stress increase around the crack tip at the 
bimaterial interface between elastic and elastic-plastic solids. We use the conventional 
theory of mechanism-based strain gradient plasticity (Huang et al., 2004), CMSG, 
established from the Taylor dislocation model (1934, 1938). This lower-order theory of 
strain gradient plasticity is summarized in Section 2, along with the Taylor dislocation 
model. The interface crack between niobium and sapphire in Elssner et al.’s (1994)  
4-point bend specimen is studied in Section 3 for different values of intrinsic material 
length l.

2. Taylor Dislocation Model and the Conventional Theory of Mechanism-based 

Strain Gradient Plasticity 

Huang et al. (2004) developed a conventional theory of mechanism-based strain 
gradient plasticity (CMSG) based on the Taylor dislocation model (1934, 1938). 

2.1. TAYLOR DISLOCATION MODEL 

The shear flow stress  is related to the dislocation density  by (Taylor, 1934, 1938; 
Bailey and Hirsch, 1960)  
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b , (2.1) 
where  is the shear modulus, b is the magnitude of the Burgers vector, and  is an 
empirical coefficient ranging from 0.3 to 0.5. The dislocation density  is composed of 
the density S for statistically stored dislocations, which accumulate by trapping each 
other in a random way (Ashby, 1970), and density G for geometrically necessary 
dislocations, which are required for compatible deformation of various parts of the 
material (Nye, 1953; Cottrell, 1964; Ashby, 1970), i.e.,  

GS . (2.2) 
The density G is related to the curvature of plastic deformation (Ashby, 1970; Nix and 
Gao, 1998), or effective plastic strain gradient p, by 

b
r

p

G , (2.3) 

where r  is the Nye factor introduced by Arsenlis and Parks (1999) to reflect the effect 
of crystallography on the distribution of geometrically necessary dislocations, and r  is 
around 1.90 for face-centered-cubic (fcc) polycrystals (Arsenlis and parks, 1999; Shi  
et al., 2004). 

The tensile flow stress flow is related to the shear flow stress  by 
Mflow , (2.4) 

where M is the Taylor factor which acts as an isotropic interpretation of the crystalline 
anisotropy at the continuum level, and M = 3.06 for fcc metals (Bishop and Hill, 1951a, 
b; Kocks, 1970) as well as for body-centered-cubic metals that slip on {110} planes 
(Kocks, 1970). The substitution of (2.1)-(2.3) into (2.4) yields 

b
rbM

p

Sflow . (2.5) 

For uniaxial tension, the flow stress can also be related to the plastic strain p  by 
)( p

refflow f , where ref  is a reference stress and f is a nondimensional function 
determined from the uniaxial stress-strain curve. Since the plastic strain gradient p

vanishes in uniaxial tension, the density S of statistically stored dislocations is 
determined from (2.5) as 

2
)/()( bMf p

refS . The flow stress in (2.5) then 
becomes 

pp

ref

pp

refflow lfbrMf )()( 22222
, (2.6) 

where 

bbrMl
refref

2

2

2

22 18  (2.7) 

is the intrinsic material length in strain gradient plasticity, M = 3.06 and 90.1r . This 
intrinsic material length represents a natural combination of the effects of elasticity 
(shear modulus ), plasticity (reference stress ref) and atomic spacing (Burgers vector 
b). It is important to note that, even though this intrinsic material length l depends on 
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the choice of the reference stress ref in uniaxial tension, the flow stress flow in (2.6) 
does not because the strain gradient term inside the square root in (2.6) becomes 

pp

ref bl 222 18 , and is independent of ref. Here the term pb2218  involves 
the plastic strain gradient p  to be given in Section 2.4, well-defined material 
properties such as shear modulus and Burgers vector, and the coefficient  in the 
Taylor dislocation model that varies from 0.3 to 0.5. 

2.2. AN ALTERNATIVE EXPRESSION OF THE UNIAXIAL STRESS-STRAIN 
CURVE 

Huang et al. (2004) suggested to rewrite the uniaxial stress-plastic strain relation 
)( p

ref f  to the following viscoplastic expression in order to pave the way for the 
establishment of a lower-order theory of CMSG 

m

p

ref

p

f )(0 , (2.8) 

where p  is the rate of plastic strain, 0  is a reference strain rate, and m is the rate-
sensitivity exponent which usually takes a large value (m  20). In the limit m ,
(2.8) degenerates to )( p

ref f . Equation (2.8), however, displays a strain-rate 
sensitivity such that the resulting stress-strain relation depends on the normalized time 

t0 , even though this rate sensitivity is rather weak for a large m (  20). 
Following Kok et al. (2002a, b, c), Huang et al. (2004) proposed to replace the 

reference strain rate 0  by the effective strain rate  in order to eliminate the strain-rate 
sensitivity. Equation (2.8) then becomes 

m

p

ref

p

f )(
. (2.9) 

In the limit m , (2.9) also degenerates to the uniaxial stress-strain relation 
)( p

ref f . Since (2.9) has strain rate on both sides, the resulting stress-strain 
relation becomes independent of the strain rate, and the strains (including elastic and 
plastic strains) do not change once the stresses are fixed. Huang et al. (2004) showed 
that (2.9) with m  20 is an excellent representation of the uniaxial stress-strain relation 

)( p

ref f .

2.3. THE CONSTITUTIVE MODEL IN CMSG 

The volumetric strain rate kk  and deviatoric strain rate ij  in CMSG plasticity are 
related to the stress rate in the same way as in classical plasticity, i.e., 

K

kk
kk 3

, (2.10) 

ij

e

p
ij

ij 2
3

2
, (2.11) 
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where K and  are the elastic bulk and shear moduli, respectively, ij  is the deviatoric 
stress, and 2/12/3 ijije  is the effective stress. The effective plastic strain rate 

2/1
3/2 p

ij

p

ij

p  is obtained from (2.9) except that the tensile flow stress )( p

ref f

in the denominator is replaced by the flow stress in (2.6) established from the Taylor 
dislocation model accounting for the strain gradient effect, i.e., 

m

pp

ref

e

m

flow

ep

lf )(2
, (2.12) 

where 2/13/2 ijij . Equations (2.10)-(2.12) can be rearranged to give the stress 
rate in terms of the strain rate, 

ij

m
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ijijkkij

lf
K  
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32

2
. (2.13) 

This is the constitutive relation in CMSG, which involves the conventional stress and 
strain only, and no higher-order stress. The plastic strain gradient comes into play to 
enhance the incremental plastic modulus, similar to Acharya and Bassani (2000) and 
Acharya and Beaudoin (2000). CMSG also bears similarity with Ever et al.’s (2002) 
viscoplastic strain gradient plasticity theory because CMSG would have been 
viscoplastic if 0  were not replaced by  in (2.9). Furthermore, Huang et al. (2004) 
compared CMSG with the higher-order theory of mechanism-based strain gradient 
plasticity (Gao et al., 1999; Huang et al., 2000a, b) established from the same Taylor 
dislocation model (1934, 1938). The stress distributions predicted by the lower and 
higher-order theories are only different within a thin boundary layer whose thickness is 
around 10 nm (e.g., Shi et al., 2001; Huang et al., 2004). 

2.4. EFFECTIVE PLASTIC STRAIN GRADIENT 

The effective plastic strain gradient p  in CMSG (Huang et al., 2004) is the same as 
that in the higher-order theory of mechanism-based strain gradient plasticity theory 
(Gao et al., 1999), and is given by 

dtpp , p

ijk

p

ijk

p

4
1 , p

kij

p

ijk

p

jik

p

ijk ,,, , (2.14) 

where p

ij  is the tensor of plastic strain rate. 

2.5. EQUILIBRIUM EQUATIONS AND BOUNDARY CONDITIONS 

Since CMSG does not involve the higher-order stress, equilibrium equations remain the 
same as those in conventional continuum theories, i.e.,  

0, ijji f , (2.15) 
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where fi is the body force. The traction and displacement boundaries are also the same 
as their counterparts in conventional continuum theories, i.e., 

ijji tn , (2.16) 

ii uu , (2.17) 

where nj is the unit normal, and it  and iu  are stress traction and displacement on the 
traction boundary and displacement boundary, respectively. 

2.6. FINITE ELEMENT ANALYSIS FOR CMSG 

Unlike the higher-order theory of mechanism-based strain gradient plasticity (Gao et al., 
1999; Huang et al., 2000a, b), CMSG is a lower-order theory which does not involve the 
higher-order stress such that its governing equations are essentially the same as those in 
the classical plasticity. One can easily modify the existing finite element program to 
incorporate the plastic strain gradient effect. Specifically, we have implemented the 
constitutive relation (2.13) of CMSG in the ABAQUS finite element program via its 
USER-MATERIAL subroutine UMAT. Its only difference from classical plasticity is that 
the plastic strain gradient must be evaluated in UMAT. This is accomplished by the 
numerical differentiation within the element, i.e., to interpolate the plastic strain increment 

p  within each element via the values at Gaussian integration points in the isopara-
metric space, and then to determine the gradient of plastic strain increment via the 
differentiation of the shape function. 

3. Fracture of the Bimaterial Interface between Elastic and Elastic-Plastic Solids 

We use CMSG to investigate fracture of the bimaterial interface between sapphire and Nb 
as in Elssner et al.’s (1994) and Korn et al.’s (2002) experiments. Figure 1 shows a 
schematic diagram of the four-point bend specimen used in Elssner et al.’s (1994) and 
Korn et al.’s (2002) experiments. A single crystal sapphire layer is sandwiched between a 
single crystal and a polycrystalline Nb layer, which in turn are sandwiched by two 
alumina layers. There is a notch on the interface between the single crystal Nb and 
sapphire, and the notch length is 0.4 mm. The inner span of the four-point bend specimen 
is 9 mm, and the momentum arm is also 9 mm (Fig. 1). The specimen thickness (in the 
out-of-plane direction) is 2 mm.

TABLE 1. Elastic properties of Sapphire, Alumina, Single Crystal Nb and Polycrystalline Nb 
(Korn et al., 2002) 

Young’s modulus E
(GPa) Poisson’s ratio 

Sapphire 425 0.16 
Alumina 390 0.27 

Single Crystal Nb 145 0.36
Polycrystalline Nb 105 0.39
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Figure 1. A schematic diagram of the four-point bend specimen used in Elssner et 
al.’s (1994) and Korn et al.’s (2002) experiments to study fracture of Nb/sapphire 
interface. 

Sapphire and alumina are linear elastic. Their elastic properties, as well as those of 
single crystal and polycrystalline Nb, are given in Table 1 (Korn et al., 2002). The 
single crystal and polycrystalline Nb are both elastic-plastic with the power-law relation 
between stress  and plastic strain p in uniaxial tension, 

N
Yp

N

Y
Y

p
ref

E

E
f , (3.1) 

where E is the elastic modulus, Y is the initial yield stress, N is the plastic work 

hardening exponent, and 
N

Y
Yref

E . For single crystal Nb, we have taken the 

ratio of yield stress to Young’s modulus as Y/E = 0.1%, which gives the yield stress Y

= 145MPa. The plastic work hardening exponent is N = 0.05 to represent easy glide in 
single crystal deformation. For polycrystalline Nb, the plastic work hardening exponent 
is N = 0.24, the yield stress is Y = 105MPa (http://www.rembar.com/niobium.htm) 
which also gives the ratio of yield stress to Young’s modulus as Y/E = 0.1%. The rate 
sensitivity of Nb is m = 20, and Burgers vector is b = 0.25nm. Besides depending on the 
shear modulus , reference stress ref, and Burgers vector b, the intrinsic material length 
l in (2.7) depends also on the coefficient  in the Taylor dislocation model, which may 
vary from 0.3 to 0.5. 

We focus on the effect of the coefficient  in the Taylor dislocation model (therefore 
the effect of the intrinsic material length l) on the normal stress around the crack tip at the 
Nb/sapphire interface. Figure 2 shows the distribution of normal stress 11 along the single 
crystal Nb/sapphire interface ahead of the notch tip for the coefficient  = 0, 0.1, 0.2, 0.3, 
and 0.5. Here  = 0 (dashed line) corresponds to classical plasticity without the strain 
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gradient effect; 11 is the tensile stress normal to the interface and it is normalized by 
the yield stress Y = 145MPa of the single crystal Nb. The distance r to the notch tip 
ranges from 0.1 m to 200 m. The applied force is F = 100N for the 4-point bend test 
shown in Fig. 1. It is observed that, at a finite distance away from the notch tip, the 
strain gradient effect vanishes such that CMSG and classical plasticity give essentially 
the same stress distribution. This finite distance depends on the coefficient  in the 
Taylor dislocation model, and is about 2 m for  = 0.5 and 0.5 m for  = 0.1. Within 
this finite distance to the notch tip the normal stress given by CMSG is elevated due to 
the strain gradient effect. For example, classical plasticity (  = 0) only gives 11 = 3.7 Y

at r = 0.1 m, which is far short to trigger cleavage cracking. For  = 0.5, CMSG gives 
11 = 15 Y at the same distance r to the notch tip. This stress is nearly 4 times that of 

classical plasticity, and definitely exceeds the stress needed for cleavage cracking 
(about 10 Y). For  = 0.3, CMSG gives 11 = 11.4 Y at the same r, which is also high 
enough for cleavage cracking. However, this stress becomes 11 = 5 Y for  = 0.1 and 
6.7 Y for  = 0.2 at r = 0.1 m, which are not high enough to trigger cleavage cracking. 
Since the coefficient  in the Taylor dislocation model usually ranges from 0.3 to 0.5, 
the above results suggest that the stress level at a distance of 0.1 m away from the 
notch tip at the Nb/sapphire interface has indeed reached that for cleavage cracks. 

Figure 2. The distribution of normal stress 11 along the interface between the 
single crystal Nb and sapphire ahead of the notch tip for different values of the 
coefficient  in Taylor dislocation model, where  = 0 corresponds to classical 
plasticity (without the strain gradient effect), and 11 is the tensile stress normal to 
the interface normalized by the yield stress Y of single crystal Nb. The elastic 
properties of sapphire, alumina, single crystal and polycrystalline Nb are given in 
Table 1. The ratio of yield stress to Young’s modulus is 0.1% for both single 
crystal and polycrystalline Nb. The plastic work hardening exponent N = 0.24 and 
0.05 for polycrystalline and single crystal Nb, respectively. The rate sensitivity 
exponent m = 20 and Burgers vector b = 0.25 nm. The applied force (see Fig. 1) is 
F = 100N.
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4. Concluding Remarks 

We have used the conventional theory of mechanism-based strain gradient plasticity 
(CMSG) (Huang et al., 2004) to investigate the fracture of Nb/sapphire bimaterial 
interface studied in Elssner et al.’s (1994) and Korn et al.’s (2002) experiments. It is 
shown that, at a distance of 0.1 m away from the notch tip on the Nb/sapphire interface, 
the normal stress is high enough to trigger cleavage cracking. This cleavage cracking in 
presence of plastic flow is consistent with the aforementioned experiments. 
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DEFORMATION AND DIFFUSION IN NANO-GRAINED METALS

Department of Engineering Mechanics, Tsinghua University, 

Abstract   

Metals of nano-grain sizes deform by grains sliding pass each other, with little 

distortion occurring in the grain cores. Actual deformation minimizes the plastic 

dissipation and stored strain energy for representative steps of grain neighbor switching. 

A model of 9-grain cluster is proposed that engages both the Ashby-Verrall mechanism 

and the 30 degree rotation of closely linked grain pairs. A constitutive relation is 

derived that relates the creep strain rate linearly to the difference between the applied 

stress and a threshold stress. We also conduct investigation for the rapid stretching of 

nano-grained metals via molecular dynamics simulation. The low temperature nitriding 

process for surface-nanocrystallized iron is analyzed and the result indicates that the 

ultra-fine grain size and the gradient distribution hold the key for the unique 

concentration profile obtained in the experiment. 

1.  Introduction  

When a grain shrinks below a critical size of dislocation depletion that ranges from  

15 nm to 20 nm for various metals, the available experimental evidence suggests that 

dislocations seldom present within the grain. Nano-grained metals exhibit peculiar 

deformation behavior. Molecular dynamics simulation [1]  indicated that copper of an 

average grain size of 5.2 nm deformed mainly by many small, independent slip events 

in the grain boundaries. Though dislocations were seldom observed within the grains, 

they did observe noticeable traces of stacking faults due to the passage of partial 

dislocations across the grains. Absence of interior dislocations does not cripple the 

capability of plastic deformation of nano-grained metals. Instead, material scientists had 

great expectation [2] on the super-ductility behavior of nano-grained materials at room 

temperature. Recently, Lu et al. [3] reported a stunning experiment of rolling nano-

crystalline copper (about 30 nm grain size) at room temperature (0.23 of homologous 

temperature) to an elongation of 5100%. No texture seemed to form during rolling, and 

the deformed sample at 5100% elongation exhibited random orientations of the 

equiaxed nano-grains, with about the same grain size and slightly increased dislocation 

density as that of the as-deposited sample. 

A small grain size renders unexpected features in the deformation of sub-micron 

metals. When the grain sizes fall within the range of about 10 nm, they can be regarded 
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as crystallized grain cores glued together by viscous interlayers with atoms of short-

range order. Nano-grain metals of such small grain sizes deform mainly by neighboring 

grains sliding pass each other with insignificant distortion in the grain shape. Ashby and 

Verrall [4] gave a vivid description on the deformation of four-grain cluster, where the 

inter-grain distance (measured from their mass centers) in the elongation direction 

increases, and that normal to the elongation decreases. Unfortunately, that process is 

incomplete since it cannot repeat itself. Beside the change in the inter-grain distance, 

rotation of the inter-grain link may be deemed necessary. 

The present paper aims at exploring the mechanics framework under the above-

mentioned scenario of nano-grains sliding pass each other. Section 2 describes the 

formulation on the kinematical and energetic aspects of a meso-scale cell assembling 

nano-grains, as well as its preliminary simulation. Section 3 describes a model of 9-

grain cluster, with the outcome of the quantitative prediction on creep rate and creep 

threshold. The prediction agrees with the experimental result by Cai et al. [5]. Section 4 

describes the fast stretching of nano-grained metal through molecular dynamics 

simulation. 

We also examine in Section 5 for the diffusion mechanism of low temperature 

nitrogen concentration profile differs from that of the conventional crystalline iron. We 

simulate the nitriding process and the analysis indicates that the ultra-fine grain size and 

the gradient distribution hold the key for the unique concentration profile obtained in 

the experiment. 

2.  Theory

Consider an aggregate element that consists of N  grains. A set GB is defined as the 

α -th and the β -th grains is denoted by αβΓ . αβΓ  has the normal of αβn  and the length 

of αβl . The perception of Ashby [6] on the geometrically necessary dislocations (GND) 

for a polycrystalline metal may be borrowed to simulate the integrity of interlayers 

separating the nano-grain cores. The discontinuity due to the relative gap/overlap in the 

GB normal and the relative rotation may be regarded as three “geometrically necessary 

super-dislocations”: two edge super-dislocations of equal amplitude but opposite signs 

located at both ends of αβΓ , and one edge super-dislocation at the center of αβΓ .

Geometrically necessary dislocations store elastic energy. One may calculate the 

strain energy from the interlayer distortion along αβΓ . The strain energy due to the 

gap/overlap motion is: 
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where µ  denotes the shear modulus, ν  denotes the Poisson’s ratio, and 
0r  the cut-off 

core of the dislocation. The strain energy due to the relative rotation can be calculated 

by the energy of a tilt grain boundary as: 
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the grain switches its neighbors during the deformation. The grain boundary shared by the 

pairs of grains that currently share the same grain boundaries. The set evolves as 

nitriding on pure iron with SMAT that was accomplished recently at 300ºC. The 
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Denote g∆  as the difference between the specific free energy of the short range 

ordered matter and that of the crystallized grain core. Above a ground energy state for 

the crystallized matters, extra energy stored in disordered interlayer is 
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αβαβδ , where αβδ  is the thickness of αβΓ . The value of g∆  can be 

estimated as 
triple/ rg Γ=∆ , where Γ  denotes the interface tension, and )2,(triple δδ=r  is the 

radius of curvature between ordered and disordered phases near a triple junction.Grain 

boundary sliding dissipates plastic work. The rate of plastic dissipation per unit area can 

be written as 
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The grain boundary sliding resistance )(B

βα θθτ −  depends on the current misalignment 
βα θθ −  between the α -th and the β -th grains. Typically, the grain boundary sliding 

resistance decreases for higher angle grain boundary. 

An energetically favorable deformation mode for the nano-grained metal should 

satisfy the following conditions: (1) the strain energy for the geometrically necessary 

dislocations, plus the accumulated plastic dissipation by grain boundary sliding, should 

be minimized; and (2) the minimized strain energy and plastic dissipation should be 

compensated by the work done under the prescribed loading against the strain 
ijε  of the 

aggregate.

Preliminary simulation is conducted according to the above scheme. The load is 

applied by incremental strain ε∆ , followed by complete relaxation. The stress strain 

curves obtained are shown in Fig. 1 and they are parameterized by ε∆ . Further study is 

needed to incorporate the effect of mass diffusion. 
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Figure 1. Simulated stress strain curve under strain incremental loading. 
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3.  Model 

The Coble creep mechanism was favored by Karch et al. [2] and by Lu et al. [3] in 

describing the strong dependence of the flow rate on grain size, the model nevertheless 

predicts elongated grains that contradicts the experimental finding by Lu et al. [3]. For 

the room temperature superplasticity behavior of nano-grained metals below a 

homologous temperature less than 0.3, the grain boundary sliding itself should be the 

dominant mechanism. Moreover, the creep rate of nano-grained copper was found to be 

linear, rather than quadratic, with respect to the applied stress [3,5]. Accordingly, 

neither the dislocation motion transverse the grains, nor the deformation rate in the 

grain interior should be the bottleneck of the deformation, though they might assist the 

deformation. 

The 4-grain cluster model of Ashby and Verrall [4], with its concrete calculation 

and the perception of grains squeezing pass each other, should serve as the starting point 

for the mechanism model of nano-grained metals. Figure 2 illustrates an attempt to 

complete the Ashby-Verrall mechanism by adding a rotation of closely contacted grain 

pairs. The cell contains 9 regular hexagon grains and is termed the 9-grain cluster model. 

The diameter of the grain’s circumferential circle is denoted as D. The cluster covers an 

area of 8/327 2D . We assume the cluster has a uniform thickness D that is unchanged 

during the plane strain deformation. The mass conservation during grain boundary 

sliding, grain rotation, mass diffusion and ordering/disordering transition renders the 

total area of the cluster invariant. 

      

(a) initial configuration                  (b) critical configuration for the insertion process 

                              

(c) completion of insertion stage                (d) rotation of 30 degrees 

Figure 2. Model of 9-grain cluster. 
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Fully relaxed creep refers to a simple case where the loading rate  is so slow that 

the deformation can be fully accommodated by mass diffusion, grain rotation and grain 

boundary sliding. Neither the cross-grain dislocation emissions nor the geometrically 

necessary dislocations along the grain boundaries are present in that case. The plastic 

dissipation within a representative grain is composed of four parts: (1) dissipation by 

mass diffusion from sources to the sinks; (2) dissipation by grain boundary sliding; (3) 

dissipation by fluctuation in grain boundary area; and (4) dissipation by fluctuated 

ordering/disordering transition. Neither fluctuation in the grain boundary area nor that 

in the volume of disordered region is recoverable. The energy is irreversibly dissipated 

in terms of heat. The last two contributions will provide a threshold stress for creep. 

The macroscopic plastic power. Accordingly, the constitutive law for fully relaxed 

creeping behavior is: 

                                        th( )Cε σ σ= −                                                                     (3) 

where the creep rate C is given by 
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and the threshold stress is: 
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The linear creep law in (3) agrees in form with the experimental data by Cai et al. 

(1999) for nano-grained copper. 
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Figure 3. Creep rate (left) and threshold stress (right) for nano-grained copper. 

 
 
 
 
Deformation and Diffusion in Nano-Grained Metals

ε



 
 
 
 
 
 
 

 
82 

 

To compare the prediction of the present model to the experiment of Cai et al. [5], 

the following material data for nano-crystalline copper are adopted. The elastic behavior 

of copper is characterized by E = 115Gpa and 31.0=ν  the atomic volume of copper is 
330 m1078.8 −×=Ω . The diffusion constants  for copper are: m103 29

0B

−×=D ,

eV72.0B =∆Q 5.0=δ nm (see Cai et al. [5]; and s/m104.4 26

0V

−×=D ,

eV98.1V =∆Q .  The  specific grain boundary energy for copper is 0.53J/m2. If an 

intermediate value of the triple junction radius is taken as 
triple 1.5 0.75nmr δ= ≈ , then 

38 J/m1095.7 ×=∆g . The average grain size for the nanocrystalline copper tested by Cai 

et al. [5] and Lu et al. [3]  is about 30 nm. The predicted result, as shown in Figure 3, 

agrees well with the experiment [5]. 

4.  Fast Stretching of Nanocrystals 

The method of molecular dynamic simulation is only capable of the case of fast 

stretching.  The previous works concerning on this subject were not conducted to the 

regime of large deformation. Here we only present a simulation for copper under LJ 

potential.  The profiles of the local crystalline order are plotted in Figure 4.  The sites 

where local fcc order are colored as green, that of hcp as red, and those of amorphous 

state as blue.  Two graphs in Figure 4 represent the different logarithmic strains in the 

longitudinal direction. As the amount of tension increases, one observes the bursts of 

defects (in the disordered form of stacking faults) within the grains, and the whitening 

areas gradually increase.  Most stacking faults are arrested by the grain boundaries and 

rotate slightly toward the tensile direction.  A different family of stacking faults may be 

observed during the later stages of tension, and some areas dissolve into sub-grains of 

smaller size. 

Figure 4. Profiles of centro-symmetry parameter for stretching nanocrystalline Cu. 
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5. Diffusion in Nanocrystals 

Recently Tong et al. [7] reported low-temperature (300º C) nitriding on the surface of 

pure Fe plate treated by SMAT.  The essence of the treatment is to introduce a self-

nanocrystalline surface layer with gradual transition to the conventional crystalline 

material. The concentration profile of nitrogen has a feature distinct from that of the 

traditional crystalline materials: a saturated layer of nitrogen concentration up to about 

10 microns from the surface followed by rapid declination away from the surface layer.  

The ultra-fine grain size and the gradient distribution of the grain size along the depth 

hold the key for this unique nitriding distribution. A diffusion simulation that takes into 

account the grain size gradient reached good agreement with the experimental result, as 

shown in Figure 5. 
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Figure. 5. Gradient characterization of pure Fe plate processed by SMAT [7], the solid curve with 

squares is the simulation of present work. 

6. Conclusions 

A micromechanics theory for the deformation of nano-grained metals is proposed. 

Preliminary numerical scheme is developed to simulate the case of incremental strain 

loading. The model of 9-grain cluster seems to capture the essence of the room 

temperature superplastic creep of nano-grained copper. Molecular dynamics simulation 

is carried out for fast stretching of nanocrystals to the extent of large deformation. The 

diffusion analysis under a variable grain size model predicts the low temperature 

nitriding curve.  
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Abstract

This paper presents a multiscale analysis of the macroscopic rate sensitivity of metallic 

cellular materials. It begins with a review of likely causes responsible for the strength 

enhancement of cellular materials, which include the rate sensitivity of the base material, 

the effects of the pressure of the air entrapped in the cell, the inertia effect and the shock 

enhancement. A testing method using 60 mm diameter Nylon Hopkinson pressure bars 

with suitable signal processing is used to investigate the rate sensitivity of various 

metallic cellular materials, i.e., 5056, 5052 aluminium honeycombs of different cell 

sizes and wall thickness, IFAM and Cymat aluminium foams. In order to identify the 

factor responsible for the strength enhancement of those materials, a multiscale analysis 

is performed on a model structure which is a square tube made of rate insensitive 

materials. At the macroscopic level, significant enhancement is experimentally observed 

under impact loading, whereas the crushing mode is nearly the same under both static 

and impact loading. At mesoscopic level, post mortem microhardess measurement 

provides a map of residual plastic strain everywhere in the cell wall. Numeric simula-

tions and theoretical models give a satisfactory explanation of the role of the lateral 

inertia. 

1.  Introduction 

Metallic based cellular materials (honeycomb, foam, hollow spheres) are promising 

structural materials which can be used in lightweight structure, impact energy absorption, 

acoustical wave attenuation, etc. A large number of experimental, numerical and 

analytical studies on the behaviour of cellular materials have been reported in the open 

literatures (Wierzbicki, 1983; Gibson & Ashby, 1988; Klintworth & Stronge, 1988; Reid 

& Peng, 1997; Deshpande & Fleck, 2000a; Banhart, 2001; Hanssen et al., 2002, Zhao, 

2004).

Under quasi-static loading, many micromechanical analyses have been reported for 

honeycombs. Wierzbicki (1983) has developed an out-of-plane crushing model that 

gives an analytical prediction of the crushing pressure; Klintworth and Stronge (1988)
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have formulated the behaviour of in-plane crushing that takes account of localised 

deformation band effects. The behaviours of metallic foams have been studied by many 

authors. Under dynamic loading, the rate sensitivity of these materials is, however, not 

clear. In the case of metallic foams, Deshpande and Fleck (2000b) used a standard split 

Hopkinson pressure bar (SHPB) set-up (diameter 12.7 mm) with a polymeric output bar 

to test Alulight and Duocel foams. Results were obtained with considerable scatter 

partially because of small size of samples and no rate sensitivity was observed. Mukai  

et al. (1999) have investigated, using also a standard SHPB arrangement, Alporas foams 

obtained by direct foaming of aluminium melts with a blowing agent. Rate sensitivity 

was observed in their results. For aluminium honeycombs, Goldsmith and co-workers 

(1992) have reported some experimental work on out-of-plane crushing and on the 

ballistic perforation of honeycombs. They have fired a rigid projectile to a target made 

of honeycombs and have shown that mean crushing pressures sometimes increase up to 

50% with respect to static results. Wu and Jiang (1997), Zhao and Gary (1998) have 

also found a significant enhancement of out-of-plane crushing, contrary to the generally 

admitted viewpoint of a negligible rate sensitivity of such materials. 

This paper presents at first an experimental study on the behaviour of cellular 

materials under impact loading. Various factors that may be potentially responsible for 

the strength enhancement of metallic foam are discussed in Section 2. The testing 

method using large diameter Nylon pressure bars in SHPB set-up and experimental 

results on aluminium honeycombs, IFAM and Cymat foams are presented in Section 3. 

A multiscale analysis on a model-structure (square tubes) in Section 4 shows that the 

inertia effect is the main reason of measured macroscopic rate sensitivity of studied 

cellulaire materials. 

2.  Potential Causes for Rate Sensitivity  

There exist four known causes for the rate sensitivity of the cellular materials: namely, 

the rate sensitivity of the base material, the pressure of the air entrapped in the cell, the 

inertia effect and the shock enhancement. All these potential sources may contribute to 

the macroscopic rate sensitivity in metallic cellular materials. 

2.1.  STRAIN RATE SENSITIVITY OF THE BASE MATERIAL 

It has been shown in micromechanics analyses that the ratio of cellular material strength 

over that of the cell wall material depends on a power function of the relative density 

(Gibson and Ashby, 1988). From such an analysis, the rate sensitivity of the base 

material induces the macroscopic rate sensitivity of a cellular material. However, it is 

difficult to determine the local strain rate accurately because the strain is localised in a 

narrow band. As a consequence, the average nominal strain rate underestimates the 

actual local strain rate. An approximate relation between the strain rate of the cell wall 

materials and the nominal strain rate of the cellular material can be however evaluated. 

The ratio between the strain rate of the cell wall material and the nominal strain rate of 

the honeycomb ranges from 1 to 2 (zhao, 2004). Thus, the rate sensitivity of a metallic 

cellular material is comparable with that of the base metals. 
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2.2.  PRESSURE INCREASE OF THE AIR ENTRAPPED IN THE CELL. 

The strain rate sensitivity of a cellular material may be due also to the existence of a 

gas/fluid phase (Gibson and Ashby, 1988; Deshpande and Fleck, 2000a). Taking an 

open cell foam as an example, when the foam is loaded slowly, the gas filled in the 

foam can move our without resistance. Under impact, the gas entrapped in cells may 

have no time to move out. They will then take part in the whole resistance of cellular 

materials by the pressure increase due to the volume change. The quicker the loading, 

the more the air is entrapped.  

The importance of this supplementary air pressure can be evaluated by the gas 

volume change (zhao, 2004). For a foam of 0.1 relative density filled with air (specific 

coefficient γ =1.4), one can deduce that the amplitude of the contribution of air pressure 

is around 2 times initial pressure at 50% strain (only 0.1 times at 10% strain). The upper 

limit of air pressure is about 0.2 MPa. It can be neglected in most cases of metallic 

cellular materials. 

   

2.3.  MICRO-INERTIA EFFECT 

Another possible factor that may cause strength enhancement is the micro-inertia effect. 

It was shown that the buckling of a column under impact compression occurs at a 

delayed time because of lateral inertia, so that the apparent critical buckling force is 

higher than the quasi-static one. Calladine and English (1984) explained in detail the 

role played by lateral inertia. They developed simple models to describe the buckling 

and post-buckling behaviour of a simple column under impact loading. Such a basic 

concept was used by a number of authors to explain observed strength increase under 

impact. Su et al. (1995) have given a classification of the rate sensitivity of different 

structures. Langseth et al. (1996) considered that the lateral inertia is a cause of the 

strength increase observed in steel and aluminium square tubes. In the case of cellular 

materials, it is observed for Balsa wood that the folding wave-length has become 

smaller (Vural and G. Ravichandran, 2003) under impact loading and it explains a 

higher crushing strength. Even for the case where there is no wavelength change, the 

enhancement is still possible in progressive folding because of inertia effects (Zhao and 

Abdennadher, 2004). Therefore, the micro-inertia effect is not negligible in the case of 

metallic cellular materials because of the high mass density of the metal base.

2.4.  SHOCK WAVE EFFECT UNDER HIGH-VELOCITY IMPACT. 

At high impact speed (>50m/s), Reid and Peng (1997) reported the strength enhancement 

by the formation of shock wave. If the constitutive relation is concave, a single shock 

wave front can be formed. However, such kind of concave constitutive function is unusual 

for solid materials in uniaxial stress condition. For cellular materials, the densification part 

of stress-strain curve is a concave function and the shock wave may be formed under 

usual one-dimensional stress conditions.  

It is noted that such stress enhancement cannot be considered as a material 

characteristic. Such a shock enhancement can be numerically reproduced by using a rate 

insensitive model with the consideration of the densification and locking behaviour. 



  

Besides, such shock enhancement occurs only at high impact velocities. For these 

reasons, the shock enhancement will not be considered in this study. 

3.  Testing using Large Scale Nylon Hopkinson Pressure Bars and Experimental 
Results

Above analyses show that the rate sensitivity of cellular materials comes from various 

sources. It is therefore difficult to predict the rate sensitivity by a simple theoretical 

model. Experimental studies are definitely the main investigating means. To perform 

tests at high strain rates, the most widely used method is the spilt Hopkinson pressure 

bar test.  

3.1.  STANDARD SHPB ANALYSIS 

The SHPB (Split Hopkinson Pressure Bar), also called Kolsky apparatus, is a 

commonly used experimental technique to study constitutive laws of materials at high 

strain rates (Hopkinson, 1914; Kolsky, 1949) and the strain signals at the bar-specimen 

interface. From forces and velocities at both bar-specimen interfaces, the classical 

analysis assumes the axial uniformity of stress and strain fields in the specimen and an 

average stress-strain curve can be obtained (like those obtain from a quasi-static test) 

which lead to the so-called two-waves analysis. A summary of the development of the 

SHPB technique can be found in (Zhao and Gary, 1996, 1997).  

3.2.  WAVE DISPERSION CORRECTION FOR LARGE DIAMETER NYLON 

PRESSURE BARS 

From an experimental point of view, impact tests on cellular materials using SHPB have 

two major difficulties. One is the large scatter due to the small ratio between the 

specimen size and the cell size. To overcome this difficulty, a large diameter pressure bar 

is necessary to host a larger specimen. Another is the weak signal due to the weak 

strength of cellular materials, which leads to a low signal-noise ratio. Here, soft nylon 

pressure bars are used to solve this problems. However, soft Nylon bars are viscoelastic 

materials and the wave dispersion increases greatly with the diameter of the bars. 

Kolsky's original SHPB analysis is based on the basic assumptions that the wave 

propagation in the bars can be described by a one-dimensional wave propagation theory. 

As the waves are not measured at bar-specimen interfaces to avoid their superposition, 

they have to be shifted from the position of the strain gages to the specimen faces, in 

terms of both time and distance. This shifting needs the knowledge of wave propagations 

along the bar. 

Wave dispersions in a cylindrical bar have been extensively studied in the past 

decades. Pochhammer and Chree’s harmonic wave propagation theory has been used in 

the data processing (Davies, 1948). The correction of wave dispersion due to a 

viscoelastic behaviour coupled with a geometrical effect is necessary for the large 

diameter Nylon bar. Such a correction is not equivalent to a simple additive correction 

of a nominal elastic geometrical dispersion and a one-dimensional viscous dispersion 

and attenuation. As the attenuation coefficient is also affected by the geometric effect, it 

has been proved (Zhao and Gary, 1995) that such an approach gives wrong results. 
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3.3. RATE SENSITIVITY OF CELLULAR MATERIALS – EXPERIMENTS 

The 60 mm diameter Nylon Hopkinson pressure bar allows for an accurate measurement, 

because a reasonable large specimen can be used and the signal/noise ratio is improved 

by soft Nylon bars. It is applied to measure the rate sensitivity of various cellular 

materials. 

The dynamic out-of-plan behaviours of 5056 and 5052 aluminium honeycombs were 

studied, which involved three different cell sizes and wall thicknesses. Figure 1a shows 

a typical progressive buckling pattern observed for all the tested honeycombs. Figure 1b 

presents typical mean stress (crushing force divided by cross section) – displacement 

curves. The bold part is under impact loading, which is followed by the quasi-static test. 

It shows that the enhancement under impact loading does exist.  

Figure 1. a) Progressive folding pattern; b) A typical mean stress- displacement curve during 

impact and subsequent quasi-static test 

Such experimental results show that there is a strain rate enhancement of about 15%. 

It is not due to the air pressure because such increases are invariant with nominal strain.  

Inertia effect in the progressive folding process is supposed to be the main origin rather 

than the strain rate sensitivity of the base material, because the rate sensitivity of 

aluminium is much lower (Lindholm et al. 1971). 

3.3.2.  Rate sensitivity of IFAM AA6061 powder metallurgy foam

IFAM AA6061 foam samples are obtained from Aluminium powder blowing process, 

using precursor materials made of pre-alloyed AA6061 powder and 0.5 wt.% titanium 

hydride powder as a blowing agent. The foaming was carried out in a batch furnace 

with indirect conductive heating and atmosphere circulation at 730°C. The final 

specimens are cylinders 45 mm in diameter and 60 mm long with closed outer skins. 

The density of the specimen is about 620 kg/m3. Figure 2a indicates that the main 

crushing mode is progressive folding. Figure 2b shows the flow stress at 10% of 

nominal strain with respect to the logarithmic value of the nominal strain rate. It shows 

3.3.1 Honeycombs .



  

an enhancement of about 15% for the mean flow stress. The observed rate sensitivity of 

IFAM foam is also supposed due to the micro-inertia effect, the same reason for the rate 

sensitivity in 5056 honeycombs. 

Figure 2. a) Progressive folding of cell wall of IFAM foam, b) Rate sensitivity of foams 

3.3.3.  Rate sensitivity of Cymat foam  

45 mm x 45 mm x 55 mm Cymat foam samples were cut from foam plates of about 

200 mm thickness manufactured by the gas injection process. The average density is 

about 250 kg/m3. Figure 3a shows the failure mode by multiple cracks of the cell walls 

of this brittle foam. 

Figure 3. a) Fractures of Cymat foam, b) Typical mean stress- nominal strain curves 

Tests under static and dynamic loading are performed. Typical mean stress-nominal 

strain curves are shown in Figure 3b. There is nearly no difference among these curves. 

The rate insensitivity of the Cymat foam gives an additional proof that the base material 

sensitivity of aluminium as well as the air pressure does not play a significant role. It 

indicates that the inertia effect involved in the successive folding is the main cause for 

the strength enhancement of aluminium Honeycombs and IFAM foams.  
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4.  Multiscale Analysis of Inertia Effect in a Succesive Folding Process 

In order to determine the factor responsible for strength enhancement under impact in a 

successive folding process, we studied a model-structure: commercially available brass 

square tube (after suitable partial annealing). The observed crushing mode of such tubes 

(right part of Figure 2) is also successive folding of walls. In addition, the behaviour of 

brass is known to be rate insensitive for a large range of strain rates. Experimental 

studies of brass square tubes are presented to confirm that strength enhancement under 

impact can occur without changes in the folding wavelength. Material characterization 

tests under static and dynamic loading up to 2500/s were performed to ensure that there 

is no rate sensitivity for brass in this range of strain rates.  

4.1.  EXPERIMENTAL STUDY OF THE CRUSHING STRENGTH OF BRASS 

SQUARE TUBES 

4.1.1.  Experimental characterization of the rate sensitivity of brass. 

Tests under a comparable loading mode (static as well as dynamic) were performed to 

determine if the partially annealed base material (brass) is rate insensitive.Specimens 

were cut from heat treated brass tubes. Their dimensions were about 1.5mm thick, 2mm 

wide and 10mm long. Such specimens were tested with an MTS810 universal testing 

machine at 0.001mm/s. Dynamic tests were performed with a Split Hopkinson Pressure 

Bar or Kolsky apparatus. Figure 5 shows a comparison of the stress/strain response of 

annealed brass from quasi-static up to strain rates of 2500/s. There is no observable rate 

sensitivity. 

4.1.2.  Strength enhancement of brass square tubes 

Static crushing tests were performed on heat-treated tubes with a universal testing 

machine. To avoid a global elastic buckling mode, the length of the tube specimen was 

chosen as 104 mm. The successive folding mode was observed. The load cell and 

displacement measurements of the test machine were used to record force-displacement 

signals. The force-displacement recordings were quite repeatable indicating that the 

heat-treatment applied is reproducible.  

For dynamic loading, the direct impact configuration (Hauser, 1966) with a large 

scale SHPB system (diameter 80 mm, input bar of 6m and output bar 4m). A typical 

comparison between static and dynamic tests is shown in Figure 6. We can see that not 

only the initial peak load but also the successive peak load were measured. 

      Figure 6. Strength enhancement of tubes Figure 5. Rate sensitivity of base material 



  

In the crushing tests presented above, only force-displacement recordings were made. 

For static loading, some pictures were also taken of the tubes during tests. There are no 

simple methods to know what was happening in the tube, especially under impact 

loading. An alternative is to simulate the crushing of the tubes numerically. The explicit 

version of the commercial code LS-DYNA was used to perform the simulations under 

impact loading, and the implicit version was adopted for static loading. The velocity-

time histories of both tube sides (measured velocities in both static and dynamic cases) 

were imposed by two rigid walls. Figure 7 provides a comparison between the force-

time histories of the rigid wall under both static and dynamic loading. The simulated 

crushing tests also reproduce the strength enhancement under dynamic loading not only 

for the initial peak load but also for the successive peak load, which is another proof of 

the value of simulations.  

4.2.1.  Numerical folding events

A careful examination of the sequence of events in successive crushing reveals that the 

folding cycles are composed of two stages. At the start, crush is obtained by bending in 

the middle of the flat plates (the two trapezoids around nodes B or B’ in Figure 8) and 

there exist small areas around the four corner lines (the two adjacent triangles around 

node A in Figure 8) which remain vertical (no significant lateral displacement). In the 

simulated images of a deformed tube (left part of Figure 8), the corner line between the 

two triangles around node A is straight whereas the flat plate is already bent. 

Subsequently, the second stage begins with the buckling of the corner line areas as 

shown on the right of Figure 8. 

Figure 7. simulated enhancement   Figure 8. Folding events 

The buckling of these edge zones (the two adjacent triangles around node A in 

Figure 8) corresponds to a decrease of the global crushing load. The simulation provides 

the displacement in two perpendicular lateral directions at node A at the corner with the 

corresponding global crushing force. It shows that the time when the corner node begins 

to move laterally correspond to the time when the global crushing force begins to 

decrease. It reveals that in the regions close to the edge, elements are more compressed 

(higher strain) under dynamic loading because of inertia, This is similar to what was 

found for a straight column. As the base material (brass) strain hardens, a higher strain 

is reached under dynamic loading before buckling leading to higher crushing forces.

4.2.  NUMERICAL AND THEORETICAL ANALYSES OF TUBE CRUSHING 
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4.2.2.  Theoretical analysis of an idealized box column model 

A kinematical box model can be extracted from Fig.8. it is possible to derive a 

theoretical analysis. Similar box model has been used by many authors (Abramowicz & 

Wierzbicki, 1989; Wierzbicki & Huang, 1991; Markiewicz et al., 1996; Meng & Al-

Hassani, 1983). Table 1. gives a comparison between model estimates and experimental 

results. It offers a good explanation of the successive peak load.

Table 1. Comparison of theoretical and experimental enhancement 

static

peakinitialF impact

peakinitialF static

peaksuccessiveF impact

peaksuccessiveF

Model 35 kN 46 kN 23 kN 29 kN 

Experiment 35 kN 45 kN 22 kN 29 kN 

4.3. POST-MORTEM MICRO-HARDNESS MEASUREMENT FOR VALIDATION 

The above simulations and analyses suggest that strain hardening of the base material 

combined with inertia is the origin of the strength enhancement under dynamic loading. 

To prove that, micro-hardness tests on the crushed tubes at various crushing stages were 

performed. The micro-hardness of the material reveals its average strain hardening state. 

It therefore provides an experimental check of the local strain profile given by the 

simulation. Qualitative and quantitative matching was then sought between the 

simulations and the experiments. Figure 9 shows a typical micro-hardness measurement 

operation. Three crushing states under static loading were used for this matching. The 

first is the one just after the first peak load (9a left), the second is the one just after the 

second peak load, which is the successive peak load (middle). The last one corresponds 

to the case after full crushing (right). Figures 9b and 9c show the specimen preparation 

and an indentation mark from a micro-hardness measurement. It should be noted that 

the measurements presented in Figure 9d were made in the middle of the plate (half 

thickness position). The hardness near the plate surfaces is quite different because of 

bending effects. Such measurements prove that (i) just after the first initial peak load, 

the plastic strain is nearly uniform in a section. (ii) Afterwards, only the region near the 

corner line is loaded. These observations confirm the theory developed above. 

Furthermore, an excellent match between simulation and post mortem microhardness 

measurement was found (Figure 9e), validating the results given by the simulations.   



  

Figure 9. a-e.  Micro-hardness measurement compared with simulations 
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Abstract

Classical Eshelby’s inclusion-based micromechanical models are known to be unable to 
take the particle size of matrix-inclusion composites into account and then to predict 

“

account the structural morphology of inhomogeneous materials, are shown to be able to 
predict at least relative size effects, i.e., to predict an overall behavior depending on the 
particle size normalized by some morphological length scale associated with the particle 
spatial distribution. When, in addition, absolute physical lengths, such as the coil size of 
an amorphous polymer matrix or the thickness of an interphase layer of structurally 
modified polymer between particles and the surrounding matrix, are introduced into 
these models, they are also able to predict intrinsic size effects. Illustrations of such 
“relative” as well as “absolute” size effects in nanocomposites are reported in this paper. 

1. Introduction 

the shorter distance between the particles and the larger specific interfacial area. Two 
kinds of size effects can be considered. Indirect ones can come from percolation 
phenomena associated with the formation of connected aggregates of quasi-rigid 
particles which are responsible for a sharp overall stiffening of the composite: such 
aggregates can be formed at lower particle volume fractions when the particle size is 
smaller; when the particle volume fraction is fixed, the overall behavior can also depend 
on the relative size of the particles as compared with the mean distance between 
neighbor particles. More intrinsic size effects can also be expected: they could originate 
in a decrease of the molecular mobility of parts of the amorphous polymer matrix which 
are confined between neighbor particles. This could happen when the mean distance 
between the particles is of the order of (or even shorter than) the polymer coil size or the 
mean distance between cross-links. One can also speculate about the formation of a thin 
layer of polymer matrix with a modified structure (and then modified mechanical 
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PARTICLE SIZE EFFECTS IN NANOCOMPOSITES

particle size effects, which are expected to be significant in nanocomposites. Never- 
theless, improved micromechanical models, derived from the recent morphologically 
representative pattern-based approach”, which can take better into account the 

Nanoparticle-reinforced polymers are expected to exhibit specific mechanical pro-
perties when compared to classical composites for the same volume fraction, due to 
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properties) at the interface with the particles: since the thickness of such layers would 
depend mainly on the polymer microstructure, whereas the particle size is fixed 
independently, this could result in overall properties depending on the particle size for a 

between nearest neighbors can hardly be modified without changing at the same time 
the polymer microstructure, the particle-matrix interface, the spatial distribution of the 
particles, etc. Nevertheless, prospective models and simulations can be developed 
without delay for a better understanding of such potential effects in order to direct 
relevant further experimental investigations or to suggest material processing routes. 

the following questions: do we have to conclude necessarily from the known fact that 
classical micromechanical models derived from Eshelby s solution of the inclusion 
problem [1] are particle size-independent that a Cosserat-type, second-gradient or 
nonlocal theoretical framework must be adopted in order to predict nanoparticle size 
effects? Would improved micromechanical models, such as those derived from the so-
called “morphologically representative pattern approach” [2, 3] (referred to as the 
“MRP-based approach” in the sequel), which take the composite morphology into 
account better than the classical Eshelby-type ones, not be able to express any particle 
size effect? In what follows, after a brief reminder of the ins and outs of the MRP-based 
approach (section 2), this method is first shown to be able to predict an indirect 
dependence of the overall behavior of matrix-inclusion composites on the particle size, 

internal length scales of the polymer matrix of nanocomposites, as suggested by 
Molecular Dynamics simulations, are introduced into similar micromechanical models, 
intrinsic size effects can also be predicted (section 4). 

embedded in an infinite matrix, the resultant stress and strain fields do not depend on the 
inclusion size; the same conclusion holds obviously for the inhomogeneous inclusion 
problem, and then for most of the classical bounds and estimates (Hashin-Shtrikman s 
bounds and estimates, the Mori-Tanaka model, the self-consistent scheme, etc.), which 
can be reduced to specific Eshelby-type problems. Similarly, the three-phase model [4] 
as well as Hashin s Composite Sphere Assemblage [5] (the “CSA” in the sequel), though 
they deal with composite spheres with two different radii, exhibit the same property 
since the ratio between these radii depends only on the volume fractions of the 
composite constituents. 

limited morphological information: Hashin-Shtrikman s bounds and estimates take only 

given polymer matrix.
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Such relative or absolute size effects cannot be considered as proved experi-
mentally in an unambiguous manner since the particle size or the mean distance 

,

This paper reports on such a prospective contribution which aims at replying to 

2. The “Morphologically Representative Pattern-based Approach”

,

On the other hand, it can be emphasized that all these classical models use a quite ,

é 

scaled by the mean distance between nearest neighbour particles (section 3). If in addition 

I t can be stated easily that, since the Eshelby problem refers to a single inclusion 

,

For the sake of simplicity, isotropic elasticity and spherical particles are considered
only; extensions to viscoelasticity and to ellipsoidal particles  could be performed easily  

 but they would not throw additional light on the main questions addresser here. 



two-point correlation functions into account whereas the three-phase model and the 
CSA express the matrix continuity in a very simple way. Now, it can be noticed that size 

formation of percolation paths consisting of adjacent particles, which may contribute to 
the construction of a quasi-rigid skeleton and to a sharp overall stiffening of the 
composite, can occur for a critical volume fraction depending on the particle size: for 
spherical particles with the same diameter d, a straight percolation path with the length L
needs a minimum critical particle volume vcr given by , which depends on 
d. It can then be expected that improved micromechanical approaches which would take 
better into account the composite morphology could exhibit some size sensitivity. 

2 / 6crv Ld

Hashin s CSA which, unlike classical treatments, consists in the consideration of finite 
composite elements instead of points: here, a given multiphase material is decomposed, 
after some morphological analysis, into N patterns or “morphological phases” ( )
consisting of identical composite representative domains D

i
. Unlike the classical 

“point” approach which needs a statistical description of the spatial distribution of all the 
points which belong to the same “mechanical phases”, the “pattern” approach combines 
a deterministic description of small, but finite, well-chosen “composite patterns” and a 
statistical representation of the distribution of the pattern centers;  in many cases, 
essential morphological features can be expressed in this way much more directly and 
easily than by using point correlation functions. For linear elasticity, the general Hashin-
Shtrikman procedure [6] can be applied to this description with a polarization stress field 
which is no more uniform within the morphological phases ( ) but has identical values at 
homologous points of the domains of the same pattern. With help of adequate 
definitions of strain and stress averages over homologous points in each pattern [2] and 
use of the Green technique, the polarization stress field can be optimized and new 
Hashin-Shtrikman-type bounds can be obtained if the distribution of the pattern centers 
is isotropic or ellipsoidal (in the sense of Willis [7]). Like for the classical “point” 
Hashin-Shtrikman bounds, these bounds can be obtained from the solution of N
elementary inclusion-matrix problems where each domain D

i
 is embedded in an infinite 

homogeneous matrix with extremum moduli. These problems can be solved numerically 
[3] in the general case. Similarly, new generalized (computer-aided) MRP-based 
Hashin-Shtrikman-type or self-consistent estimates can be obtained [8]. 

and transverse isotropy, where composite spheres or cylinders with identical radii define 
the elementary patterns; the corresponding inclusion-matrix problems reduce to a single 
one since no length scale exists and an analytical solution, which improves significantly 
on classical Hashin s (and, of course, on Hashin-Shtrikman s) bounds, can be derived 
[9], whereas the three-phase model results as the associated self-consistent estimate. 
Several extensions can be derived from that. The most straightforward one consists in 
considering n-layered sphere (or cylinder) assemblages instead of Hashin s original CSA 
(or CCA), which leads to n-phase bounds or estimates [10, 11]. More significantly, 
several (N, say) families (instead of one set only) of similar patterns can be dealt with by 
the MRP approach. As illustrated in Figure 1, this results in N inclusion-matrix problems 
whose solution yields bounds or estimates for the overall behavior. 
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The MRP-based approach derives from a generalization of the basic idea of ,

,,

This treatment can be applied in particular to the CSA and isotropy or to the CCA 

size effects in heterogeneous materials are frequently connected with the influence of 
the spatial distribution and of the volume fractions of the constituents. For instance, the 

,



1 2

A special case of such a “generalized Hashin assemblage” is obtained when the N
different pattern families are constituted with n-layered spheres. The associated self-
consistent model [12] is used in the following for the description of various size effects. 

void size distribution, discretized as ( )i ic (i = 1 to N) for N values of the local porosity, 

frequency
i

( )i ic , is a composite sphere whose radii ratio is given by . The 
resulting void size sensitivity of the overall behavior is only relative since it depends 
actually on 

1/3
ic

( )i ic and not on the absolute void sizes. Similar comments could be done, 

effects in particulate composites with part of the polymer matrix confined between 

direct discussion of spherical particle size effects in nanocomposites. As a matter of fact, 
the classical CSA is based on a geometrical fractal-like procedure according to which 
the whole space is filled up through the introduction of smaller and smaller similar 
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3. “Relative” Size Effects

contiguous particles [13]. 

can be described by N patterns with n = 2; each pattern, with the porosity c and the 

A. Zaoui, V. Marcadon and E. Hervé 

help  of two inclusion-matrix problems with (the  infinite matrix is 
constituted with the wished reference medium) 

Figure 1. Generalized Hashin assemblage. Two families of different similar patterns modelled with 
relative frequency  and 

Indirect (“relative”) size effects can be modelled by use of the N-pattern, n-sphere
generalized self-consistent scheme: for instance, a porous material with a known 

e.g., for the use of the four-phase model (N = 1, n = 3) for the description of percolation

The generalized Hashin assemblage framework can also be adopted for a more 



composite spheres; consequently, it cannot deal rigorously with particles whose 
diameter d is larger than some minimal value,  say. Nevertheless, according to the 
MRP approach, a generalized Hashin assemblage can be defined for this case by 
stopping the above procedure when 

mind

mind d and by filling up the remaining space with 
the matrix material only. For an isotropic distribution of both phases, it can be shown 
[14] that the associated N-pattern, n-sphere generalized self-consistent scheme, with 
N = 2 and n =1 and 2 respectively, is the one defined in Figure 2. Here, c is the particle 
volume fraction and c1, a partial particle volume fraction, has still to be defined. 

min

mean distance  between nearest neighbors in a random packing of spheres with the 
diameter d. This mean distance is a statistical variable which can be estimated and 
bounded [15]. Though a given distribution function ( )f  could be dealt with easily, 
is considered here, for the sake of simplicity, as a single parameter depending on the 
type of packing. Equivalently, the type of packing can be characterized by its maximum 
volume fraction , correlated with , cmaxc 1 and d by the relation 

3

1
max

c d
c

c
    (1) 

here, reference can be made to cubic lattices for which the value is known to be 
equal to 

maxc

2 / 6 ( .74), 3 /8 ( .68), / 6 ( .52) for the fcc, bcc and sc (simple 
cubic) packing, respectively. Note that for the CSA, which cannot be obtained with 
single-sized spheres,  would be equal to 1. The associated variation of the effective 
moduli with respect to the particle volume fraction c is illustrated in Figure 3 for given 

maxc
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Figure 2. Generalized self-consistent scheme for d d
effective medium) 

To go further, let us first consider monodisperse particles with the same diameter d.
 The matrix shell thickness of the composite sphere can then be estimated as half the 

(the infinite matrix is constituted with the

Although the correspondence is only an indirect one because isotropy is supposed 



bulk and shear moduli of the particles (ki and i) and the matrix (km and m). It can be 

i m i m i m

account. For illustrative purpose, let us consider an equal number of large and small 

associated tangent composite spheres. For a maximum matrix volume in the composite 
spheres, the partial volume fractions cD and cd of the particles are given by 

3

3 3
1 , , / ,

1 1
D d

c c
c c d D 3 /16  (2) 

(Figure 4). The associated dependence of the effective moduli on the particle volume 
fraction c is illustrated in Figure 5 for the same bulk and shear moduli of the particles (ki

and i) and of the matrix (km and m) as those considered in Figure 3 for monodisperse 

of the overall stiffening effect of the particles, which is larger when the size contrast is 
bigger. Nevertheless, this size effect is still a relative one since the overall properties of 
the composite do not depend on d and D separately but only on the ratio  = d / D.
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 and CSA packings ( / = k /k = 100, = =. 125) 
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Figure 3. Particle size dependence of the effective shear modulus for fcc-like, bcc-like, cs-like

particles (diameters D and d, respectively), located on the vertices of two inter- 
penetrating simple cubic lattices. This corresponds to a fcc close-packing of the 

n-sphere generalized self-consistent scheme, with N = 3 and n = 2, 2 and 1, respectively 
The isotropic analogue of this system can be modelled according to a N-pattern,

particles (  = 1). It can be noticed that the use of two particle sizes leads to an increase 

A  similar conclusion can be drawn when two sizes of particles are taken into 

noticed that, for a given volume fraction c and a fixed value of , the stiffening  efficiency 

of the particles (which is minimum for the CSA) is increasing with the particle size. This 

distance .
size effect is still a relative one since the particle diameter is always scaled by the packing 
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to morphological properties, absolute internal length scales are considered. Two 
illustrative examples of such effects are reported here: 

between nearest neighbor single-sized spherical particles is decreased up to a critical 
value which is linked to the gyration radius of the statistical coils of the matrix polymer, 
that part of the polymer material which is confined between neighbor particles suddenly 
suffers a strong elastic stiffening. This results in a three-phase material with an elastic 
stiffness of the confined polymer material which is intermediate between the particles 
and the “free” polymer ones. Thus, two patterns must be used at least, one with a 
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 with  = d / D ( / = k /k = 100, = = .125) 

4. “Intrinsic” Size Effects

 the first one is based on the assumption that, as soon as the mean distance –

is constituted with the effective medium)
Figure 4. Generalized self-consistent scheme for two particle diameters D and d (the infinite matix

Figure 5. Particle size dependence of the effective shear modulus for two particle diameters D and d,

T he above methods can actually predict “intrinsic” size effects only if, in addition 



particle core and a confined polymer shell and another one for the free polymer only. 
The overall response, which is illustrated in Figure 6, clearly exhibits an intrinsic size 
effect.

cp m cp m i m i m i m c.p .

simulations [16] indicate that the molecular structure of a thin polymer shell close to the 
interface with nanoparticles can be disturbed with respect to that of the bulk polymer: in 
this shell, the polymer mass density exhibits larger space fluctuations and the chain 
orientation is no more random (the chains are amost tangent to the interface). It can be 
inferred from these perturbations that the mechanical properties are also disturbed and 
different from the bulk properties. In addition, when the particle diameter is modified at 
fixed volume fraction, the thickness of the disturbed polymer shell is almost unchanged 
(see Figure 7, from [16]). According to a two-pattern model, as defined in Figure 8, an 
intrinsic size effect is predicted as soon as this thickness is not proportional to the 
particle diameter. This is illustrated in Figure 9 for silica particles and a virtual 
amorphous polymer matrix when the disturbed shell thickness is supposed to be fixed. 

5. Conclusion 

models, developed within a fully classical framework, can predict at least relative size 
effects through an adequate description of the material morphology.  
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Figure 6. Predicted intrinsic size effect on the effective shear modulus (polymer gyration ratio

 The above examples are an illustration of the fact that improved micromechanical 

– another example can be developed from the fact that recent molecular dynamics 
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towards the bulk polymer as predicted in [16] by Molecular Dynamics simulations of two particle-
Figure 7. Radial variation of the polymer mass density and the chain orientation from the interface 

polymer systems for the same volume fraction (4.44%) and particle radii R0 of 1.35nm ( small system ) .
and 2.85nm ( big system )

Figure 8. Two-pattern model used for predicting the overall properties of a particle-reinforced polymer 
with a disturbed polymer shell at the particle-matrix interface 

Figure 9. Intrinsic particle size effect on the effective bulk modulus of a particle-reinforced polymer
with a disturbed polymer shell (thickness eph; bulk modulus K ; K = k ) at the particle-matrix interface  

’
’‘

‘



 When, in addition, physically-based internal scale lengths are introduced in the 
representation of the constitutive behavior of the constituents, intrinsic size effects can 
also be predicted. In view of a better understanding of such phenomena in nanoparticle-
reinforced polymers, a cooperative experimental investigation of black carbon epoxy 
systems is currently in progress within the CNRS Research Federation FM2SP (Paris, 
France).
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EFFECTS OF THE STRUCTURAL TOPOLOGY AND CONNECTION SIZE  
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1.  Introduction  

Foams made of ductile materials often have applications in energy absorbing devices as 

a core material for various structures. In order to improve the design of these structures 

it is important to understand the deformation mechanism of cellular materials with 

different topology when subjected to multi-axial loadings. Extensive studies on the 

mechanical properties of honeycombs and foam materials have been reported in the 

literature during the past decade considering different aspects [1-9]. Many studies are 

related to the limit (or yield) surface of 2D [2-4] or 3D [5-7] materials as a characteristic 

of the strength of a cellular material under biaxial or multi-axial loading. It has been 

established that the influence of elasticity and different kinds of imperfections notably 

affects the strength of the material under multi-axial loading [4,7] leading to its 

significant reduction. It was emphasised by Chen et al [4] that the switch of the 

deformation mode from cell wall stretching to cell wall bending is the major reason of 

the reduction of the hydrostatic strength of hexagonal honeycombs in comparison with 

the deviatoric strength.  

In order to understand the deformation mechanism with no stretching, a honeycomb 

with a perfect periodic structure as hexagonally packed circular cells under in-plane 

compression is examined in the present study. Due to the fabrication procedures, the 

circular cells within a honeycomb material are usually connected by finite segments 

rather than just at points. The length of a connecting segment is not negligible and in 

some materials they are spread along arches with an average characteristic angle of 12
o

[8]. The segment length can be related to the cell size if we assume that the ‘gap’, d,
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between the cells (Fig. 1) remains constant regardless of the cell radius, R. In this case, 

scaling of a honeycomb material will lead to an increase of the angle of connecting 

segments when increasing the cell radius for t/R = const (t is the thickness of the cell 

wall) as shown in Fig. 1, where the scaling parameter η = R/R0. The scaling ratio η = 1 

is referred to the material employed in [8] for which R0 = 3.5 mm, t = 0.15 mm and δ = 

7o (d = 0.004R0).

For energy absorbing purposes, honeycombs are often made of lightweight materials, 

e.g. aluminium alloys which do not exhibit strain hardening properties. In that case, the 

initial high peak of the collapse force is followed by a structural softening, so that the 

force associated with the plateau region of the response can be significantly lower than 

the initial collapse force [10]. Therefore, a prediction based on the initial collapse stress 

of the material may overestimate the energy absorption capacity of the cellular material. 

A more realistic estimate of the energy absorption characteristics of honeycombs made 

of ductile materials and subjected to an in-plane compression can be obtained on the 

basis of the analysis of the post-collapse mechanism and the associated stresses, which 

can provide understanding of the evolution of the limit surface during post-collapse. 

The objective of the present study is by analysing the post-collapse response of 

circular honeycomb material under an in-plane compression to estimate the plateau 

stresses depending on the direction of loading. The influence of the size of the 

connecting segment between two neighbouring cells is studied in order to examine the 

effect of the topology of the honeycomb material on the ‘shape’ of the limit surface and 

therefore, on the material strength depending on the direction of loading. A structural 

approach using the limit analysis and the concept of an equivalent structure is employed 

to describe the large plastic deformations during post-collapse [11]. 
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Figure 1. Variation of the angle of the connecting segment depending on the scaling parameter, η.

2.  Mechanisms of Deformation 

The deformation patterns in a honeycomb material produced by in-plane compression 

along different loading directions of compression and the characteristic features of the 

evolution of the deformed cells during the post-collapse can be identified from the 

experimental results [8] as well as from the numerical simulations [11]. These basic 
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characteristics of deformation are used in the present analysis to construct representative 

blocks consisting of collapsible structures with different orientations, which can 

accommodate the collapse mechanisms depending on the direction of loading.  

Three particular directions of in-plane compression are analysed, namely the 

uniaxial compressions in X- and Y-directions and an equi-biaxial in-plane compression. 

The corresponding configurations of the representative blocks are depicted in Fig. 2 

assuming asymmetric deformation modes that develop at an advanced phase of post- 

collapse. It is seen that such a block, which consists of four rings, can represent different 

deformation modes. The uniaxial compression in the Y-direction causes a collapse of the 

four cells (Fig. 2(a)), while the compression in the X-direction results in squashing of 

the rings within a ‘shear’ zone [8]. Therefore, the collapsible representative block 

consists of two deformable and two undeformable rings (Fig. 2(b)). On the other hand, 

three deformable rings and one undeformable ring located at the centre of the 

representative block can accommodate a ‘flower-like’ deformation mechanism resulting 

from a biaxial compression (Fig. 2(c)).         

Figure 2. Deformation mechanisms of the representative block depending on the direction of loading.     

(a,b) Uniaxial compression in the Y- and X-direction, respectively; (c) Equi-biaxial compression. 

3.  Structural Approach 

The post-collapse response of the various representative blocks can evolve when 

applying rotation, say β  (Fig. 2), which increases incrementally from zero, to certain 

arms [11]. Since the input energy to the system (i.e. the work done by the external 

forces) is equal to the plastic dissipation energy, D, due to the rotation at the plastic 

hinges, the following relationship is used to determine the variation of the collapse force 

per unit cell depth, )(βF , in a uniaxial direction of compression:  

)()()( β∆β=β∆ UFD ,      (1) 

where ∆U(β) = U(βi) – U(βi-1), ...,2,1=i  is the variation of the displacement in the 

direction of loading.  

The current side lengths of the representative block, dx(β) and dy(β), are then used 

to obtain the in-plane stresses 
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)(/)()( ββ=βσ yxx dF    and   )(/)()( ββ=βσ xyy dF .    (2) 

The equilibrium of the equivalent structure shown in Fig. 2(c) results in 

( ) ( )β−β
β
β

+β−ββ=β−β −−− )()(
)(

)(
)()()()()( 111 iyiy

iy

ix
ixixixii UU

d

d
UUfDD .  (3) 

The variations of the stresses σx(β) = σy(β) during the evolution of the deformed 

shape of the representative block under an equi-biaxial compression are  

( ) ( )
1

11
1 )()(

)(

)(
)()(

cos)(

)()(
)(

−

−−
− β−β

β
β

+β−β
αβ

β−β
=βσ iyiy

iy

ix
ixix

iy

ii
ix UU

d

d
UU

d

DD
,  (4) 

where α  is the relative angle between the global and local coordinate systems [11] of 

the block in Fig. 2(c).  

Figure 3. Evolution of the shape of the representative block under compression in the Y-direction;
δ  = 10o.   (a) γ =  12.6; (b) γ =  21.5. 

Figure 4. Evolution of the shape of the representative block under compression in the X-direction;
δ  = 10o.  (a) γ =  19.9; (b) γ =  41.4. 

Figure 5. Evolution of the shape the shape of the representative block s under equi-biaxial 
compression; δ  = 10o. (a) γ =  23.8; (b) γ =  36.6. 
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Deformed shapes for different values of the energy dissipation ratio, γ = D/M0, M0 = 

σ0t
2/4 being the fully plastic bending moment of a cell wall per unit depth, are shown in 

Figs. 3-5 for connecting segments of 10o.

4.  Relative Variation of the Deviatoric and Hydrostatic Stresses 

In order to relate the response of the representative blocks to some general 

characteristics of cellular materials such as the relative density, the remote stresses 

associated with the different representative blocks are compared when dividing the 

actual stresses by σ0(ρ*/ρs)
2, where σ0 and ρs are the yield stress and the density of the 

wall material, and the relative density of hexagonally arranged circular honeycombs is  

( ) ( ) ( )Rts 3* π=ρρ .     (5) 

The variations of the stresses associated with the three directions of loading with 

the energy dissipation during post-collapse process are given in Fig. 6 and they can be 

used to estimate the relative variation of the deviatoric and hydrostatic stresses during 

post-collapse so as to interpret the ‘evolution’ of the limit surface. 

Figure 6. Variations of the stresses associated with the three directions of loading with the energy 

dissipation during post-collapse. 

It is seen that the relative variation of the stresses for large values of the energy 

dissipation ratios γ are in qualitative agreement with the experimental results for the 

plateau stresses of circular honeycombs obtained by Papka and Kyriakidis [8] despite 

Y-direction. An increase of stresses associated with the applied equi-biaxial loading (σx

= σy) indicates a more rapid densification of the material when compressed bi-axially.  

their material (polycarbonate) exhibited non-linear strain-hardening. Likewise the exp-

erimental results, the smallest stresses correspond to a uniaxial compression in the
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Figure 7. ‘Limit’ surfaces for different lengths of the connecting segments between cells. (a) 

Comparison between the numerical and theoretical predictions,  δ = 0o; (b) γ = 5; (c) γ = 20. 

A summary of the stresses associated with the three directions of loading and 

different energy dissipation during post-collapse process is shown in Fig. 7. The three 

directions of loading can be regarded as extreme points on the limit surface at constant 

plastic energy dissipation, D. Several combinations of the biaxial stresses, i.e. (σx, σy = 

0), (σx = 0, σy) and (σx = σy) are shown in Fig. 7(a) for a point connection between the 

cells in comparison with the numerically obtained initial limit surface [11]. It is evident 

that the ‘limit’ surface evolves and the size varies with the dissipated energy during 

post-collapse but the stresses do not increase excessively under biaxial compression. 

Stresses σx = σy smaller than the corresponding uniaxial values are observed within a 

certain range of the dissipated energy (Fig. 6). In Fig. 7(a), γt denotes the theoretical 

ratio D/M0 while γn referrers to the numerical simulations. 
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The variations of the stresses σx and σy for a segment connection of 10o are compared in 

Fig. 6 with those stresses in the case of point connection. It is evident that there is no 

proportional variation of the stresses during post-collapse. Figures 7(b,c) show the 

dependences of the stress combinations (σx, σy = 0), (σx = 0, σy) and (σx = σy) on the angles 

of connecting segments. It is seen that for small energy dissipation ratios the hydrostatic 

stresses increase notably with the increase of the angle of the connecting segments while the 

deviatoric stresses remain almost unchanged. An important observation is that for large 

values of γ a kind of ‘softening’ of the structural response occurs with respect to the uniaxial 

compression when increasing the angle of the connecting segments. A ‘hardening’ of the 

response is still observed when an equi-biaxial compression is applied. 

These results suggest that a honeycomb material with smaller cells will exhibit a 

larger strength under an equi-biaxial compression when assuming a constant ‘gap’ 

between the cells; that is, the relative values of the hydrostatic and deviatoric stresses 

become size-dependent. 

The variation of the stresses associated with uniaxial or bi-axial compression is 

related to the particular mechanisms of deformation. It is seen from Figs. 3-5 that the 

post-collapse of any representative block is dominated by bending and shear. The 

natural curvature of the cells contributes to a response, which does not exhibit the high 

anisotropy characteristic of the hexagonal honeycombs. Consequently, not only the 

initial imperfections and other irregularities of the material [4] but also the shape of the 

cells even in a perfectly periodic structure can lead to the reduction of the hydrostatic 

stresses associated with the particular post-collapse behaviour of a cellular material.  

It should be noted that the conclusions from this study related to the evolution of the 

limit surface during the post-collapse are strictly applicable to ductile materials with 

small strain-hardening, which is the characteristics of many metals. An increase of 

the strain-hardening will reduce the difference between the initial peak value and the 

plateau stress. However, the increase of the strain-hardening will raise the material 

strength in all directions of compression. Therefore, the conclusion with respect to the 

relative values of the collapse stresses associated with the uniaxial and equi-biaxial 

compressions will remain valid. This conclusion is supported by experiments reported 

in the literature. The experimentally observed collapse stresses of polycrystalline 

circular honeycombs [8] under equi-biaxial compression exhibit only a small increase in 

comparison with the collapse stresses associated with the uniaxial compression. 

5. Conclusions 

The effect of the structural topology of hexagonally packed circular honeycombs with 

perfectly periodic structure on the strength of the material under in-plane compression is 

studied for large deformations that occur during the post-collapse response. The analysis 

indicates that the stresses associated with an equi-biaxial compression are not excessively 

larger than the corresponding uniaxial stresses in contrast to the response of hexagonal 

honeycombs. The comparable values of the deviatoric and hydrostatic stresses are due to the 

particular deformation mechanism as the curvature of the cell walls invokes bending 

without stretching. 

Effects of the Structural Topology and Connection Size
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It is shown that the size of the connecting segments between the cells influences 

the ‘shape’ of the limit surface, which evolves during post-collapse. For equal plastic 

dissipation energy, the increase of the angle of the connecting segments leads to a 

structural ‘softening’ at an advanced stage of deformation, while the hydrostatic stress 

increases. In view of this behaviour, the finite length of the connecting segments acts as 

an non-scaling factor and it can be expected that smaller cells will exhibit a larger 

strength under an equi-biaxial compression when assuming a constant ‘gap’ between the 

cells, i.e. the relative values of the hydrostatic and deviatoric stresses become 

size-dependent.    
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Abstract

Nanoindentation and nano-scratch tests are used to study the characteristics of 

time-dependent plasticity in a range of materials. The submicron size effects 

on indentation creep are studied on a range of materials including single-

crystal Ni3Al, polycrystalline pure Al and fused quartz samples at room 

temperature. The stress exponents are found to exhibit a very strong size effect 

varying from a small value approaching unity for the smallest plastic indent, to 

over 100 as the indent size gets larger, indicating a rapid change of the 

dominating mechanism. Nano-scratch tests reveal that the transition from 

elastic to plastic deformation during scratching is a stochastic process. The 

coefficient of friction also exhibits a strong size effect from a low value for 

elastic scratching to a higher value for plastic scratching.

1.   Introduction 

The pioneering experiments by Fleck et al. [1] and others about a decade ago 

have triggered a lot of interest in the solid mechanics and materials science 

communities to understand how materials strength varies with size in the 

submicron length scale. Apart from being an academic interest, the rapid 

development of new capabilities and design methodologies in fabricating 

electro-mechanical systems at the micron or submicron length scales also calls 

for an urgent need to understand better how materials behave mechanically in 

the submicron length scale, as the successful design and operation of these 

micron machines rely on satisfactory material performance at this length scale.  

While static strength has been the focus in the past, other mechanical 

properties such as fatigue, fracture, impact strength, creep, wear, etc., are 

115 

© 2006 Springer. Printed in the Netherlands.

Q. P. Sun and P. Tong (eds.), IUTAM Symposium on Size Effects on Material and Structural Behavior at 

Micron- and Nano-Scales, 115–124.



obviously equally important. However, much less has been known about how 

these properties vary with length scale in the submicron regime. As an 

example, fatigue behaviour in bulk metals are well-known to be governed by 

microstructural mechanisms such as persistent slip bands, but these are micron-

scaled phenomena and so if the material size is in the submicron regime, the 

expectation is that the fatigue behaviour will be very different. The relevant 

experimental database, however, is still largely blank at the moment.  

Over the last few years, the present authors have been focusing on 

time-dependent plasticity. 

2.    Incipient Plasticity and Creep in Nanoindentation 

In a typical indentation experiment on an annealed crystalline sample, it is 

well-known that incipient plasticity will be generated when the load reaches a 

certain value. Before this critical load, the deformation is elastic as defined by 

the zero residual plasticity upon load removal, and above this critical load, a 

sudden displacement burst will be observed. When the load is held at a value 

below the critical value, no creep can be observed, which further confirms 

aluminium, in which no change in tip displacement can be observed during the 

first loading cycle in the low-load regime [2]. However, recent research has 

shown that the critical load at which plasticity occurs is not a material constant 

but is a quantity that varies with, for example, the duration of load hold [3],  

the loading rate [8], and, most likely, the temperature at which the experiment 

is carried out. In fig. 1, a strain burst can be observed after a certain waiting 

time in the second load cycle at a higher load value. This waiting time will be 

shorter as the load increases [3], and an interesting observation from fig. 1 is 

that as long as the strain burst has occurred, creep begins simultaneously, as 

can be seen from the gradual but continuous increase in displacement after the 

strain burst in the second load cycle. 

Experiments on a number of metals including In, Cu, Al, Ni3Al

intermetallics, etc. reveal that the type of nanoindentation creep described 

above in fact has enormous rate when compared to ordinary creep of the same 

Ni3Al, a high-temperature intermetallic, under a small indentation load at room 

temperature [4]. The tip displacement h continues to increase at an apparently 

constant rate of 0.02 nm/s even after a long holding time of 10 min, 

corresponding to an indentation creep rate hh /  [9] of ~10–5 s–1, which is an 

enormous creep rate for Ni3Al at room temperature. Similar results were 

obtained for other materials studied [2,4-7]. The high dislocation density 

time-dependent characteristics of plasticity in the submicron regime [2-7]. In  

our experiments, depth-sensing indentation, more commonly known as nanao-

indentation, was used to probe the creep properties of a wide range of mate- 

rials. In this paper, we review some recent discoveries in submicron scale 

that the deformation is purely elastic. Figure 1 shows an example of this in 

material in the bulk conditions [2,4]. Figure 2 shows the creep behaviour of 
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underneath the indenter, together with the proximity to free surface of the 

deformation zone which means a very short diffusion distance, are thought to 

be the reasons for the high speed of indentation creep in the submicron regime 

[7]. 

Figure 1. Load and displacement vs time plots during constant load indentation in 

aluminium at room temperature. 

Figure 2. Displacement-time curve at constant indentation load of 3000 µN in 

Ni3Al(111). Berkovich indenter. 

The influence of creep during nanoindentation is perhaps best illustrated 

by its effects on the measurement of hardness and elastic modulus using the 

well-known Oliver-Pharr approach [10]. In the Oliver-Pharr method of 

estimating the tip-sample contact area without the need of post-indentation 
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imaging, the unloading behaviour of the sample is assumed to be purely 

elastic, so that Sneddon’s classical solution in contact mechanics can be 

applied to measure the contact stiffness. In reality, however, creep may 

accompany the elastic recovery during unloading, even for high-melting 

materials such as Ni3Al at room temperature. This is likely to happen when (i) 

the unloading rate is low, (ii) the load hold before unloading is too short, or 

(iii) the peak load is too high [2,5]. In very soft materials, creep effects are 

almost unavoidable. The occurrence of creep during unloading will lead to an 

overestimation of the unloading stiffness if creep effects are mild, or may even 

cause the unloading curve to exhibit a negative slope if creep effects are 

strong. Fig. 3(a) shows an example of the latter situation in amorphous 

selenium at 311K [6]. Here, during unloading, creep is so significant that the 

indenter continues to sink into the sample even though the load on it is 
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Figure 3. (a) A typical load-displacement curve in amorphous selenium at 311K. (b) 

Elastic modulus of amorphous selenium measured by the Oliver-Pharr method and after 

creep correction.

In a series of papers [4, 6, 11], the present authors have developed a rather 

simple method by which the creep effects can be corrected within the Oliver-

Pharr framework. This involves obtaining a creep-free unloading stiffness S via 

the following correction formula: 

||

11

P

h

SS

h

u

+= ,          (1) 

where Su is the apparent stiffness at the onset of the unloading, 
hh  is the creep 

rate at the end of the load hold preceding the unloading, and P  is the 

a) b)

reducing, resulting in a negative apparent unloading stiffness. Figure 3(b) 

shows the elastic modulus calculated using the Oliver-Pharr method as a func-  

tion of a factor measuring the significance of the creep. Because of the negative  

slope of the unloading curve, the elastic modulus estimated using the Oliver-

Pharr method will be negative, and this is obviously unphysical. 

– 

– 

– 

– 
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unloading rate. The corrected stiffness S should now be purely elastic and is 

ready to be used in the Oliver-Pharr equations to calculate the elastic modulus 

and hardness. The correction formula in (1) was proven to be valid for the 

general case of power-law viscoelasticity within a Maxwell material model 

[11], and has been found to work satisfactorily in a range of materials, 

including common metals to very soft materials such as polymers, solder-joint 

metals [6], and bio-tissues [12]. In fig. 3(b) above, the modulus of selenium 

calculated after creep correction is found to be satisfactory at about 10GPa, no 

matter how significant the creep is. Here, the creep effect is characterized by a 

creep factor defined as ||/ PShC h= .

3.     Size Effect of Nanoindentation Creep 

To investigate how nanoindentation creep varies with the indent size, a 

convenient parameter characterizing creep has to be used. The creep rate ε
would not be a good parameter for this purpose because even in the bulk 

condition, it varies with the applied stress σ, usually through a power law 

nσε ~ ,    (2) 

but in the nanoindentation situation, σ itself is well-known to exhibit an 

indentation size effect [13] and so a separate size effect in creep cannot be 

conveniently detected if ε  at different indent sizes are compared. However, 

the stress exponent n in eqn. (2) is a parameter reflecting the mechanism for 

the creep, and this can be used to determine whether a change in the 

deformation mechanism exists as the indent size varies.  The present authors 

[2,7] have performed a systematic study on this in a range of materials 

including In, Ni3Al, Al and fused quartz. To measure n, the creep rate and the 

mean stress were calculated using the following scaling relations due to Bower 

et al. [9]:

hh /~ε   and  2/~ hPσ ,  (3) 

where h stands for tip displacement, P the indentation load, and the dot refers 

stress in the low-melting metal indium at room temperature under two constant 

indentation loads, one before the major strain burst in this material and one 

after, as shown in fig. 4(b) [2]. It can be seen that the creep curve at the smaller 

load in fig. 4(b) exhibits a steady-state stress exponent of about 1.5, while that 

at the higher load exhibits a stress exponent of about 6.2. This suggests a 

change in creep mechanism, from possibly a Herring-Nabarro-type mechanism 

to a dislocation climb mechanism, across the strain burst at ~120 µN. The 

strain burst is therefore believed to be associated with dislocation generation, 

to a time derivative. Figure 4(a) shows the log-log plot of the strain rate versus 
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but before the strain burst, the material can still deform at room temperature by 

a linear creep mechanism without involving dislocations. This is because room 

temperature is already ~ 0.7 of the absolute melting point of indium. 

Figure 4. (a) Log ε  vs log σ plots in indium at room temperature. (b) Load-

displacement graph showing a major strain burst at ~120 µN in indium at room 

temperature.  

In other materials for which room temperature is too low for diffusional 

creep to occur, no creep is detected before the strain burst, as shown earlier in 

fig. 1 for aluminium. In these materials, the stress exponent n measured after 

the strain burst still exhibits a significant size effect, as shown in Fig. 5. Here, 

the stress exponent in a number of higher melting materials exhibits a 

significant change from about unity at the smallest indentation load 

corresponding to sub-micron sized indents, to over 100 for high loads 

corresponding to micron sized indents [7]. These results suggest a rapid change 

of the creep mechanism, from linear diffusional flow (n ~ 1) for the smallest 

plastic indents, to athermal mechanisms with n > 100 for micron sized indents. 

Similar to the observation in indium in fig. 4(a), the occurrence of linear 

diffusion at the smallest indents is again thought to be due to the short 

diffusion path to free surface. In the two metals Ni3Al and Al in fig. 5, the 

linear mechanism for the small indent is thought to be pipeline diffusion, and 

the athermal mechanism for large indents is likely to be dislocation glide, 

which is well-known to be very insensitive to rate in these two metals. In the 

amorphous fused quartz, no dislocation activities can be present, and the 

athermal mechanism in large indents is thought to be propagation of micro-

cracks underneath the indenter [7]. 
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Figure 5. Stress exponent vs holding load measured in constant-load experiments. The 

table shows the corresponding indent sizes at various holding loads.

4.     Incipient Plasticity and Nano-scratch Behaviour 

There is currently no widely accepted explanation for the delay in the 

occurrence of the strain burst as illustrated in fig. 1. One explanation that has 

been proposed may be described as the “invisible defect theory”  [3, 14]. It has 

been suggested that some kind of stable dislocation structure or lock may exist 

underneath the indenter even though the contact may appear to be elastic. 

Upon load removal, this dislocation structure would be unzipped by attraction 

to the sample surface, hence it would be “invisible” and the deformation would 

appear to be elastic. However, if the load is held, the dislocation structure may 

climb and expand by absorbing vacancies from the nearby free surface, and 

when it attains the critical unstable size, the dislocation structure would 

become a rapid dislocation source leading to an avalanche event. The waiting 

time for the initial structure to reach the critical size would thus be the 

observed waiting time for the strain burst to occur under constant load. 

Another explanation proposed is simply homogeneous dislocation nucleation 

inside the highly stressed zone underneath the indenter [8]. In this picture, the 

waiting time is simply due to the kinetics of the homogeneous nucleation. 
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Figure 6. Normal displacement and lateral force in two types of sliding behaviour of an 

initially elastic contact in Ni3Al.  µ is the coefficient of friction. 

An interesting experiment to illustrate that both the invisible defect theory 

and the homogeneous nucleation theory are rather insufficient to describe all 

the features of the delay in strain burst was recently carried out by Wo and 

Ngan [15]. Here, an initially elastic contact under uniaxial indentation load is 

subsequently slid by a lateral force after holding for some time under the 

uniaxial load, but before a strain burst has occurred. Three types of behaviour 

were observed in Ni3Al at room temperature. In the first type, which occurs 

when the uniaixial load is very small, the subsequent sliding behaviour is still 
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elastic throughout. This is characterized by the continuity of the normal 

displacement of the tip at the start of the sliding. When the normal load is 

higher, however, a strain burst in the normal direction, characterized by a 

sudden discontinuity in the normal displacement, occurs during the subsequent 

sliding. In some cases, as illustrated in fig. 6(a), the strain burst occurs right at 

the beginning of the sliding, and in other cases, as shown in fig. 6(b), the strain 

burst occurs at some distance away from the start of the scratch. The situation 

in fig. 6(a) occurs at higher loads than that in fig. 6(b). In the situation in fig. 

6(b), the location at which the strain burst occurs appears to be completely 

random. Since the position where the strain burst occurs is different from the 

position where the normal load is held, the invisible defect theory described 

above cannot explain the behaviour in fig. 6(b). A more likely explanation for 

this behaviour is that the indenter encounters some lattice inhomogeneities 

such as vacancy clusters or surface steps during sliding.

Figure 7. Coefficient of friction in different types of sliding behaviour in Ni3Al. 

frictional force to the normal force, measured for the different types of sliding 

behaviour. It can be seen that for elastic sliding, the coefficient of friction 

between the diamond tip and the Ni3Al sample is rather low at about 0.09, but 

after a strain burst in the normal direction has occurred, the coefficient of 

friction increases to several times larger. The observation here has important 

implications on the design of sliding contacts in micro-machines. If the type of 

strain burst in fig. 6(b) occurs, the friction would be unpredictable, as the 

transition to plastic deformation may happen at any point during sliding. In 

design, the normal load range at which this type of random strain burst occurs 

should therefore be avoided.              

Figure 7 shows the coefficient of friction, defined as the ratio of the lateral 
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5.     Conclusions 
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In a wide range of materials significant creep occurs during submicron scaled 

mechanical contact. The creep effects are size dependent and can severely 

influence elastic modulus and hardness measurement using the nanoindentation 

technique. The occurrence of incipient plasticity also exhibits an interesting 

time-delay effect in a certain load range. Nano-scratch tests revealed that the 

transition from elastic to plastic deformation during scratching is a random 

process. 
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Abstract

Complex microstructures are often formed in materials during phase transitions. It is 

important to understand the mechanism of the formation of such microstructures since 

they have a strong influence on the mechanical and physical properties of the materials. 

While the phase transition is governed by the difference of the chemical energies of the 

involved phases of the material, the formation of the microstructure is also affected by 

energy penalties resulted from the atomic distortions around the interfacial boundaries and 

constrains induced by the surrounding matrix. Based on a variational formulation, the 

energy terms penalizing the interfacial boundaries and the inhomogeneity are introduced 

and their effects on phase transition processes are discussed for diffusive and diffusionless 

phase transitions in alloys and solutions with fine lamellated microstructures. The results 

indicated that the Gibbs phase rule will take a different form and phase diagrams will be 

changed by the energy penalties. Moreover, jumps in the stresses, pressure or temperature 

will occur at the transition. The evolution of microstructures must be studied by 

considering the dynamics of the phase transition affected by the energy penalties as well. 

1. Introduction 

Materials can change their atomic/molecular structures drastically when the environmental 

conditions such as the pressure and the temperature have approached some certain critical 

values. This phenomenon is now called phase transition. The most well-known phase 

transitions to us are the water-vapor and water-ice transitions occurred at 100  and 0

on earth under the normal atmospheric pressure. So it is not surprising that they are among 

the first studied by scientists more than one hundred years ago. In the pioneer work of Van 

der Waals [1], a non-monotonic pressure-volume state function, the Van der Waals 

equation, was proposed to characterize the water-vapor phase transition. There are two 

descending braches representing the two phases, water and vapor, and one ascending 

branch separating them. This non-monotonic state function corresponds to a non-convex 

free energy function, which is now the starting point for the study of phase transitions. 
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Gibbs [2] was one of the first researchers who established the general conditions for 

phase equilibrium, Gibbs phase rule, namely the Gibbs free energies (free enthalpies) of 

different phases should be equal for single component materials and the chemical 

potentials of each component at different phases should be equal for multi-component 

materials such as alloys and solutions. According to the Gibbs phase rule, the phase 

transition process should follow the convexification of the non-convex free energy.  

However, the real transition process from one phase to the other should be more 

complicated than this simple picture due to the appearance of the phase mixture states in 

between. Capillary attraction of the liquid water in its vapor should raise the energy of the 

phase mixture was well known example of interface energies and studied extensively by 

Maxwell [3]. Two very different approaches were taken to treat the interface energy. In 

one approach as done by Laplace and Maxwell [3], the interface region is considered to be 

a singular surface without volume with an interface energy (surface tension) attached to it. 

In the other as done by Van der Waals [4] and later by Cahn and Hilliard [5], the interface 

region is taken as a region in which the density changes strongly and the interface energy 

is manifested by the spatial derivative of the density. The Laplace-Maxwell approach, 

even though suffers some physical defects is mathematically easier to work with and 

formed the bases for many later studies of phase transition processes in material sciences. 

The Van der Walls-Cahn-Hilliard approach evolves the variation of non-convex free 

energy with gradient interface energy term and is mathematically very difficult. Its 

solution in three dimensions is still an open problem. That is probably one of the reasons 

that the work of Van der Waals [4] was neglected until Cahn and Hilliard reestablished it 

in 1958 [5], see the Translator’s Introduction by Rowlinson in [4] for more historical 

details.  

Ericksen [6] studied the phase transition of a bar under tension in the context of 

nonlinear elasticity. Similar as the Van der Waals equation, he introduced a non-monotonic 

stress-strain relation that leads to a non-convex stored elastic energy. The minimization of 

such a free energy without considering the interface effect leads to the convexification. 

The best example of phase transition in elastic solids is the thermal elastic martensitic 

transformation in shape memory alloys. Observations have clearly shown that 

microstructures are formed during the phase transition and they cannot be predicted by 

only the non-convex free energy. One possible way to obtain such microstructures is to 

follow the Van der Waals-Cahn-Hilliard approach to introduce the strain gradient interface 

energy contribution. However, minimization of such a total energy in one dimension [7] 

allows only one single interface. Higher dimensional minimization is still too difficult. So, 

several works [8-10] are done in one-dimensional context to consider the effect of the 

boundary and the surrounding matrix on the phase transitions by adding an energy penalty 

for inhomogeneity. Fine microstructures with many interfaces can be indeed obtained by 

minimization. Local minimizers, bifurcation and metastability have been studied. Due to 

the mathematical complexity of such a variational approach, we tried in [11] to reestablish 

the Laplace-Maxwell approach with an energy penalty for inhomogeneity approximately 

obtained from the above variational formulation. Without much mathematical effort to 

calculate the minimizers, we obtained an analytical expression for the number of 

interfaces in phase mixtures and found that the stress jumps at the beginning of transition. 

In this work, we try to extend the method a little further to consider diffusive phase 

transitions of alloys and solutions for which the Gibbs phase rule of phase equilibrium is 
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the equality of chemical potentials of each component in different phases. Emphasis is 

given to how the Gibbs phase rule will be changed by adding energy penalties for 

interface and inhomogeneity. In particularly, their effect on phase diagrams, which are 

the visualization of the Gibbs phase rule, will be discussed.  

A brief review of the results in [8-11] will be given in the next section. Modified 

Gibbs phase rule will be studied in Section 3 followed by an example of phase diagrams 

in Section 4. 

2. Energy Penalty for Interface and Inhomogeneity

Following [8-10], consider a nonlinearly elastic bar with a non-convex double-well 

energy density ))(( xuf ′ . The total energy is 

−+′′+′=
L

h dxxuxuxuxufE
0

2
2

2
2

]))()((
2

)(
2

))(([
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with boundary conditions 
0)0( uu = ,

0)( uDLu += ,                  (2) 

)(xu  is the displacement of the bar, dxuxuh += 0)(  is the displacement 
LDd /= ,

ε and γ
interface and the last term penalizes inhomogeneity. 

As ε γ  approach zero, the minimizing displacement of (1) should approach a 

piecewise linear function with its slopes in the left well of ))(( xuf ′ , denoted as 
−
xu ,

and in the right well as 
+
xu , alternatively. Denote 

±L  the total length of the intervals 

with slope 
±
xu  and N the number of points at which the slope has a change, the total 

energy (1) can be reduced under certain conditions [11] to the following simple form, 
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L
LNufLufLE xx
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Where 2,1τ  are two positive constants depending on ε , γ  and possibly 
−+ − xx uu .

The mathematics required to search minimization of the above energy function (3) is 

much more simple than the energy functional (1) as shown in [11].  

The first two terms in (3) are the common bulk energy of a material in phase 

mixture coming from the first integrand in (1), namely the non-convex free energy. The 

third one in (3) is the Laplace-Maxwell expression for the interface energy of singular 

surfaces resulted from the strain gradient term in (1). With only these three terms, it is 

evident that the minimization with respect to the number of interfaces N is the smallest 

admissible value 1. Thus, it is the last term in (3), which is obtained from the last 

integrand in (1), that can produce microstructures. We shall use this idea to study phase 

transitions in binary alloys or solutions. 

where 
of a homogeneous bar subject to the same boundary conditions (2) with 

are two small constants. Therefore, the strain gradient term penalizes 

 and 
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3. Modified Gibbs Phase Rule for Binary Alloys with Energy Penalties

Consider a volume V as shown in figure 1a) with unit cross-section and height H with 

temperature T, the material inside is a binary alloy/solution with Am  mole atom A and 

Bm  mole atom B. The alloys/solutions can be in two phases denoted as  and . In 

order to have a quasi one-dimensional approximation the phases are assumed to be 

parallel lamellas as shown in the figure 1a). Similar shaped microstructures have been 

indeed observed in nature as shown in figure 1b) for perlite.  

Following the idea in the last section, the total free energy of the system should be 

[ ]
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Where ),,( Tf BA ρρ is a double well potential (the chemical free energy per unit 

volume) of the mole densities of the atoms A and B, ),( BA ρρ . The term with the 

small constant ε  is the interface energy penalty taken as proportional to the square of 

the mole density gradients. The last term with the small constant γ  penalizes the 

inhomogeneity in which 

=
x

BABA dxm
0

,, )(:)( ξξρ  and 
H

x
mxm BA

h

BA ,, )( =          (5) 

are the mole numbers of the atoms A (B) in the interval [0,x] and the corresponding 

values for a homogenous body without microstructures, respectively.  

Following the method in the last section, we can reduce the above energy functional to 

α

α

α

α

β

β

β

βα HHH +=

a) 1d model  b) microstructures of perlite  

Figure 1. Phase transitions of binary alloys/solutions with microstructures of parallel lamellas. 
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an energy function of the mole densities in the two phase-wells ),( ,, βαβα ρρ BA ,  the 

number of interfaces N and total length of all intervals with ),( ,, βαβα ρρ BA ,
βα ,H .

Namely, we should have 

2

2
1

2
),,(),,( +++=
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N

H
HNTfHTfHE BABA

βα
βββααα ττρρρρ .   (6) 

It is more convenient to introduce the mole fractions 
βαβαβα ρρ ,,, /AX =  and the 

specific volumes per unit mole 
βαβα ρ ,, /1:=v  as the natural variables of the 

specific free energy function density per unit mole and rewrite the total free energies for 

the  and  phases as 
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For simplicity, we have used the same notation f for the specific free energy per unit 

volume as a function of the mole densities and for the specific free energy per unit mole 

as a function of the specific volume and the mole fraction. Introducing the mole phase 

fraction mmz /: α=  and the number of interfaces per mole mNn /:=  with 

BA mmm +=
can be reduced to 
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Note that the cross section of the volume is taken as unit. Under the constrains,  

βα vzzv
m

V
v )1( −+==  and 

βα XzzX
m

m
X A )1( −+== ,       (9)

the minimization of (8) leads to the following equilibrium conditions 
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Where 
βαµ ,

,BA  are the chemical potentials of the atoms A (B) in the corresponding 

phases, respectively. From (10), the microstructures, i.e. the number of interfaces per 

unit volume can be calculated. We refer to [11] for more discussions about this equation 

the total mole of the atoms A and B, the total energy of the body (6) 
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and its effect on energy barriers in phase transitions. It is clear from (11) and (12) that 

the energy penalties for interfaces and inhomogeneity have raised the pressures in the 
and  phases, particularly at the beginning of the nucleation, namely, αp ( βp )

approaches infinite at z = 0 (1). From (10-12), we may write the force balance at the 

sidewall where the average pressure is p as 

+−+=
2

2
1

2 H

H

N

H
HNHpHppH

βα
ββαα ττ .        (14) 

This shows clearly that the penalizing energies act as a contracting force on the phase 

mixtures similar to the effect of surface tensions for convex surfaces. This seems to 

indicate that the energy penalty for the inhomogeneity introduced as the last term in (4) 

and (6) is a correction of the simplified assumption that the microstructures are parallel 

lamellas.  

(13) will reduce to the commonly known Gibbs phase rule when ppp == βα
in case there are no energy penalties. However, the energy penalties introduced will 

raise the pressures inside the lamellas. Thus, now the chemical potentials of the atoms A
or B have to be evaluated differently in different phases. So, we may call (13) the 

modified Gibbs phase rule.

4. Effect of Energy Penalties on Phase Transitions of Alloys/Solutions 

In order to demonstrate how the energy penalties introduced above will affect the phase 

transition processes of binary alloys and solutions, we try to construct phase diagrams 

from the modified Gibbs phase rule (13).  

Most known materials have their chemical potentials measured experimentally as 

data banks. For simplicity and for demonstration purposes, we prefer to use analytical 

expressions. Known examples are idea mixtures of idea gases and incompressible fluids. 

Thus, we choose a mixture of propane (C3H8) and butane (C4H10) and construct the 

gas-liquid phase transition diagram. As shown in the figure 2, the dashed lines are 

boundaries of phase regions without energy penalties and the solid lines are those with 

energy penalties. It is obvious that the energy penalties have a rather strong influence on 

the phase diagram.  

Take a mixture of butane and propane with its mole fraction X shown by the dotted 

line in Fig. 2, it is in the liquid phase for high pressure. As the pressure drops to cross 

the upper dotted line, the mixture would start to transform from liquid to gas if there is 

no energy penalties and the transition is governed alone by the chemical energies. 

However, the energy penalties for the interface and the inhomogeneity makes the 

nucleation of the new phases impossible at this pressure, so the mixture will be kept in 

the liquid phase until its pressure drops to cross the upper solid line. Now the chemical 

energy difference balanced the energy penalty of nucleation. Then, the gas phase can 

appear. Such a process of phase transition is well known for nucleation with convex 

surfaces, in particular with spherical surfaces [12]. For nucleation with lamellas, the 

introduce of the energy penalty for both the interface and the inhomogeneity resulted in 
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a similar behavior, namely, both the phase transitions liquid-to-gas and gas-to-liquid 

become to be more difficult to occur. 

5. Discussions 

One-dimensional model of phase transitions suffers some physical defects [7]. Adding 

energy penalty for inhomogeneity as in [8-11] does produce some nontrivial results for 

the microstructures observed during phase transitions, as also shown above. However, 

the physical meaning of such an energy penalty remains a mystery. One possible way to 

produce such a term was proposed in [10] by considering two coupled bar acting in 

parallel; one nonlinear elastic bar with martensitic variants, while the other linear elastic 

bar always in the austenitic phase. In some sense, this is an artificial one-dimensional 

simplification for the martensitic variants surrounded by the austenitic matrix.  

The force balance (14) on the sidewall of a container with phase mixtures may give 

some help for a better understanding. As we know if the liquid phase is nucleated from 

the gas as a spherical droplet, the pressure inside the droplet is raised due to the surface 

tension [12]. This is generally true for nuclei with convex surfaces but not for plane 

surfaces as necessarily assumed in a one-dimensional model. However, introducing 

the energy penalty for inhomogeneity into the model does the same effect, namely raise 

the pressure inside the nuclei, thin lamellas now (14) seems to indicate that such an 

energy penalty might be due to the sidewall constrain, i.e. the constrains on the 

boundaries and/or surrounding matrix.  
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Figure 2. The effect of energy penalties on the phase diagrams of Propane-Butane mixture. 
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Abstract

In this paper we present a method to optimize the topology of a solid structure based 

on the theory of phase transition with diffuse interface. A well-known physical model 

describing phase separation, the Cahn-Hilliard model is modified to reflect the 

objective of the design optimization. The topology optimization is formulated with a 

phase parameter that varies continuously at any position within the specified design 

domain. The relaxation of the parameter is driven by local minimization of the free 

energy of the system, including the design objective, the bulk energy, and the interface 

energy. The bulk energy plays a role to draw the design variable to its two distinct 

material phases (solid and void), while the interface energy smoothes the structure 

boundary to its minimum perimeter. With properties of mass conservation and energy 

dissipation of the model, complex morphological and topological material transitions 

such as coalescence and break-up of the boundary can be naturally captured.  

A thermodynamic equation for the phase parameter is obtained for the creation, 

evolution, and dissolution of controlled phase interfaces. We use a multigrid method to 

solve the resulting fourth-order Cahn-Hilliard equation. The capabilities of the method 

are demonstrated with three examples in 2-D for the mean-compliance minimization 

of structures.  

1. The Problem of Solids Optimization

Let us consider the minimum compliance optimization problem of a statically loaded 

linear elastic structure under a single loading case (Bendsoe and Kikuchi 1988; 

Rozvany 1989; Haber et al. 1996). Let dR⊆Ω )3or    2( =d  be an open and bounded 

set occupied by the linear isotropic elastic structure. The boundary of Ω  consists of 

three parts: 210
Γ∪Γ∪Γ=Ω∂=Γ , with Dirichlet boundary conditions on 1Γ  and 

Neumann boundary conditions on 
2

Γ .  It is assumed that the boundary segment 0Γ  is 
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traction free. The displacement field u in Ω  is the unique solution of the linear elastic 

system 

( )

( )
2

on            

1on              0

1)(in        div

Γ=⋅

Γ=

=Ω=−

hnu

uu

xfu

σ

χσ
    (1) 

The topology optimization problem of minimizing mean compliance is defined as: 

with a limit on the amount of material in terms of the maximum admissible volume V

of the design.  

        A dominant approach to the topology optimization is to treat the problem as a 

material distribution over a fixed reference domain (Bendsoe and Sigmund 2003). This 

approach offers many beneficial features particularly in terms of computational 

efficiency. This is evident from the successful applications of the methods in industry. 

However, the approach has some intrinsic features that are less desirable. The chief 

one is the dependency of the design variables of material density on the finite element 

grid. This dependency yields a number of drawbacks, including a lack of an 

unambiguous mapping from the model to design, under-resolved finite element 

solutions for the physical response, and spurious numerical behavior caused by the 

coupling with finite element models. These fundamental issues are often argued in the 

literature and other methods such as level-set and phase-field methods have been 

developed more recently (Wang et al. 2003; Wang and Zhou 2004).  

In this paper we present a phase-field based method to address the topology 

optimization problem. We adapt the Cahn-Hilliard model from mechanics and material 

sciences, treating the optimization problem as the stability of a system containing 

instable components and reaching a stable equilibrium. 

with the strain tensor ε  and the stress tensor σ  at any point Ω∈x , E  the elasticity 

tensor, 0u  the prescribed displacement on 1Γ , f  the applied body force known for all 

possible configurations of Ω , h  the boundary traction force applied on 2Γ  such as an 

external pressure load exerted by a fluid, and n  the outward normal to the boundary.  
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The admissible space )(ΩS  of pair ),( ρu  for the problem is defined as 

}),{()( HUuS ×∈=Ω ρ , with u  and ρ  satisfying 
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with ‘:’ representing the second order tensor operator. This is the weak form of the 

equilibrium equation of the elastic system, where the set of kinematically admissible 

displacements U  is specified as 

{ }1on    0 );(
2,1

: Γ=Ω∈= vWvU                         (4) 

and the space of feasible designs H  is
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2. The Phase Field Model 

Phase filed methods are a particular class of diffuse-interface models often used in the 

study of critical phenomena and fluid dynamics. The idea is to introduce a phase-field 

parameter that describes the state of the system continuously. A free energy can be 

defined when the system is not in equilibrium (Cahn and Hilliard 1958; Cahn 1961; 

Allen, Cahn and Hilliard 1971), such that: 

( ) Ω∇+=Ψ
Ω

d
2

2
ργρψ     (6) 

where 3,2, =⊂Ω ddR  is a bounded domain with sufficiently smooth boundary, 

10 ≤≤ ρ   represents the concentration of one of the two components of a binary 

composite. 0>γ  is a measure of non-locality and introduces the interface thickness. 

( )⋅ψ  is called the bulk energy or the homogeneous free energy and is a double well 

function who take its minimum value at 0=ρ  and 1=ρ . The term 
2

2
ργ ∇  accounts 

for the interface energy or the gradient energy. Isothermal equilibrium of the system is 

characterized by minimizing the total free energy (6) (Elliott 1989; Garcke and Rumpe 

2001).

Cahn and Hilliard generalized the problem with introduction of the generalized 

chemical potential w , so that it is the functional derivative of the energy (6) 

( ) uuw ∆−′= γψ      (7) 

Assuming that the system is isothermal and according to mass flux law (Degroot and 

Mazur 1962), Fick’s diffusion law and mass balance law, the kinetics of phase 

separation can be modeled using non-equilibrium thermodynamics (Cahn and Hilliard 

1958; Cahn  1961; Allen, Cahn and Hilliard 1971) as

( )( )
( ) uuw

wuMtu

∆−′=
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γψ
     (8) 

with boundary condition: 

0=
∂
∂=

∂
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n

w

n

c
     (9) 

where 0>M  is called mobility. n  is the outer normal direction on the boundary. This 

yields a fourth-order, nonlinear parabolic diffusion equation describing the phase 

separation dynamics (Kim 2002). 

3. The Cahn-Hilliard Model for Topology Optimization of Structures 

Our method for topology optimization of a solid structure is based on the approach of 

Cahn 1961; Allen, Cahn and Hilliard 1971). In our model, the components of the 

alloys are replaced with the solid material phase and the void phase. In the initial state, 

corresponding a temperature higher than the critical temperature in alloy solidification 

process, the system is in a mixed uniform state, i.e., [ ]1,0∈ρ .  As time goes on, such 

as in the cooling process to the critical temperature, phase separation drives the 

Cahn and Hilliard for spinodal decomposition in binary alloys (Cahn and Hilliard 1958; 
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materials into homogeneous solid ( 1=ρ ) or void ( 0=ρ ) regions separated by 

regularized boundaries quickly. It is because the bulk energy is taken to be a double-

welled potential such that ( ) ( ) 001 ==Ψ ψ  and is non-zero only in the transition region 

where 10 << ρ . The thickness of the intermediate density region is proportional to 
2γ .  At certain moment, the bulk energy reaches its minimal point, but the interface 

energy is still very high for the long length interface. Further on, with the disappearing 

of small homogeneous regions, the length of interface is shorten and the system 

separates into two layers finally. This is illustrated in Figure 1. 

Figure 1. The evolution of a Cahn-Hilliard system  

However, when considering elastic effect in the evolution process, the system will 

have more complicated behavior. The elastic interactions arising from a difference of 

lattice spacing between two coherent phases can have a strong influence on the phase 

separation behavior of the components. And if the elastic moduli are different in the 

two phases, the elastic interactions may accelerate, slow down or even stop the phase 

separation process (Fratzl, Penrose and Lebowitz 1999; Jou 1997). Garcke (2003) 

proposed that the evolution of the system is governed by diffusion equations for the 

concentrations of the components and by a quasi-static equilibrium for the mechanical 

part. The resulting system of equations is elliptic-parabolic and can be understood as a 

generalization of the Cahn-Hilliard equation. The elasticity terms enter the diffusion 

equation only linearly. He also given a derivation of the system and prove an existence 

and uniqueness result for it.  

Following the above analysis of Cahn-Hilliard systems, we introduce an elastic 

energy term to the total free energy in Eq. (6) as,

2
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with u  and ρ  satisfying Eq. (3). The bulk energy is defined as 

22 )1(
4

1
)( −= ρρρψ      (11) 

So the modified Cahn-Hilliard equation is given as 
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with the boundary condition 

0=
∂
∂=

∂
∂

n

w

n

c
     (13) 
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)1()( ρρρ −=M      (14) 

The mobility is a thermodynamically reasonable choice as suggested in (Kim 

2002). This mobility significantly lowers the long-range diffusion across bulk regions, 

and is particularly appropriate when study flows with immiscible components (Kim 

2002). In our problem of optimization of structural topology, checkerboard patterns 

are strictly forbidden which means different phases are also immiscible. Furthermore, 

it is reasonable to depress long-range diffusion by such mobility, in order to increase 

efficiency of the optimization process. 

4. Multigrid Algorithm for Numerical Solutions 

The Cahn-Hilliard equation is a nonlinear fourth-order PDE in space, and it is very 

difficult to solve by an explicit method. Here we use the multigrid method introduced 

in detail in (Kim 2002). It is robust and stable even with the elastic energy introduced 

to the system.  

Following the principles of error smoothing and coarse grid correction of 

multigrid methods (Trottenberg 2001), we discretize Eq. (12) according to Crank-

Nicholson algorithm and expand the nonlinear item by Taylor series. For numerical 

stability of the algorithm, the time step is set no more than half of the grid width. 

Therefore, this condition limits the convergence rate, and it usually takes a large 

number of iterations for convergence.  

5. Numerical Examples 

Here we illustrate the phase-field model for the mean compliance optimization 

problems that have been widely studied in the relevant literature (cf. Bendsoe and 

Sigmund 2003; Rozvany 1989).  For clarity in presentation, the examples are in 2D 

under plane stress condition. The mesh used is of 4896×  quadrilateral elements in 

FEM analysis of the whole structure or a half of the structure due to the geometric 

symmetry. The volume ratio is specified to be 5.0 .

5.1 MBB EXAMPLE 

The first example is known as MBB beams related to a problem of designing a floor 

panel of a passenger airplane in Germany. The floor panel is loaded with a unit 

concentrated vertical force NP 1=  at the center of the top edge. It is has a fixed 

support and a simple support at its bottom corners respectively. The design domain has 

a length to height ratio of 4:1 (Figure 2). The evolution of the optimization is shown in 

Figure 3, from the initial state to the final solution, where m  is the iteration number. 

where
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Figure 3. The optimization process for the MBB beam 

Figure 4. The Cantilever beam structure 
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Figure 2. The MBB structure with fixed-simple supports 



m = 0 m = 50 m = 200 m = 1000 

m = 1500 m = 2000 m = 3000 m = 4000 

m = 5000 m = 6000 m = 8000 m = 10000 

m = 12000 m = 14000 m = 20000 m = 23400 

m = 25000 m = 26000 m = 35000 m = 50000 

Figure 5. The evolution process for the cantilever beam 

2:1 (Figure 4). The evolution of the phase transition process is shown in Figure 5, from 

the initial state to the final solution. 

5.3 BRIDGE STRUCTURE EXAMPLE 

A bridge-type structure is considered last. A rectangular design domain of L  long and 

H  high with a ratio of 1:2: =HL  is loaded vertically at its bottom with multiple 
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5.2 CANTILEVER BEAM EXAMPLE 

The second example is a cantilever beam with a concentrated vertical force NP 10=
at the bottom of its free vertical edge. The design domain has a length to height ratio of 



Figure 6. A bridge type structure with multiple loads  

m = 0 m = 50 m = 200 m = 250 

m = 1000 m = 2000 m = 3000 m = 4000 

m = 5000 m = 6000 m = 8000 m = 10000 

m = 12000 m = 14000 m = 20000 m = 23000 

m = 25000 m = 30000 m = 40000 m = 50000 

Figure 7. The evolution process for the bridge-type structure 
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Figure 8. Changes of the energy terms during iteration 

References

Allen S. and Cahn J.  (1979) A microscopic theory for antiphase boundary motion and its application to  

antiphase domain coarsening, Acta Metallurgica 27, 1085-1095. 

Bendsoe, M. P. and Sigmund, O. (2003) Topology Optimization: Theory, Methods and Applications. Berlin: 

Springer. 

Bendsoe, M. P. and Kikuchi, N. (1988) Generating optimal topologies in structural design using a homo -

genisation method. Computer Methods in Applied Mechanics and Engineering 71, 197-224. 

Cahn J. (1961) On spinodal decomposition, Acta metallurgica 9, 795-801. 

Cahn J. and Hilliard J. E. (1958) Free energy of a nonuniform system. I. Interfacial free energy, Journal of  

Chemical Physics 28(1), 258-267. 

Cahn J. and Hilliard J. (1971) Spinodal decomposition: A reprise, Acta Metallugica 19, 151-161. 

Cahn J. and Taylor J. (1994) Surface motion by surface diffusion, Acta Metallurgica 42, 1045-1063. 

Degroot S. R. and Mazur M. (1962) Non-equilibrium Thermodynamics, North-Holland Pub., Amsterdam. 

Elliott C. M. (1989) The Cahn-Hilliard model for the kinetics of phase separation, International Series of  

Numerical Mathematics 88, 35-72. 

Eyre D. (1993) Systems of Cahn-Hilliard equations, SIAM J. Appl. Math. 53(6), 1686-1712. 

Fratzl P. Oliver, P. and Lebowitz J. (1999) Modeling of phase separation in alloys with coherent elastic 

misfit, Journal of Statistical Physics 95, 1429-1503. 

Garcke H. (2003) On Cahn-Hilliard systems with elasticity. Preprint. 

Jou H. Leo P. and Lowengrub J. (1997) Microstructural evolution in inhomogeneous elastic media, Journal

of Computational Physics 131, 109-148.

Kim J. (2002) Modeling and simulation of multi-component, multi-phase fluid flows, Ph.D dissertation, 

University of Florida. 

Rozvany, G. (1989) Structural Design via Optimality Criteria. Dordrecht: Kluwer. 

Trottenberg, U., Oosterlee C.W. and Schuller A. (2001) Multigrid, Academic Press, San Diego. 

Wang, M. Y., Wang, X., and Guo, D. (2003) A level set method for structural topology optimization, 

Computer Methods in Applied Mechanics and Engineering 192(1-2), 227-246. 

optimization,” CMES: Computer Modeling in Engineering & Sciences 6(6), 547-566. 

The Cahn–Hilliard Phase–Field Model   

Wang, M. Y. and Zhou, S. W. (2004) ‘‘Phase field: a variational method for structural topology  

141

loads NP 401 =  and NP 202 =  as shown in Figure 6. The left bottom corner of the 

beam is fixed, while it is simply supported at the right bottom corner. Figure 7 shows 

the solution process, while Figure 8 shows the changes of the different energy terms 

during the phase transition process.  
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Experimental observations have indicated that the presence of strain gradients has an 
influence on the inelastic behaviour of polymers as well as in other materials such as 
ceramics and metals. A brief review is presented on experimental results showing 
strain-gradient effects in both thermoplastic and thermoset polymers. The present study 
has experimentally quantified length scale effects in inelastic deformations of the 
polymer material polystyrene with respect to  the molecular length. The experimental 
technique that has been used is nano-indentation to various depths with a Berkovich 
indenter. The hardness has been calculated with the method by Oliver and Pharr, and 
also by direct measurements of the indented area from atomic force microscopy. The 
experiments showed that the length scale effects in inelastic deformations exist in 
polystyrene at ambient conditions. The direct method gave a smaller hardness than the 
Oliver-Pharr method. It was also showed that the length scale parameter according to 
Nix and Gao increases with increasing molecular weight. For high molecular weights 
above a critical value of entanglement, there was no pertinent increase in the length 
scale parameter. The length scale parameter for strain-gradient plasticity has a size of 
around 0.1 µm for polystyrene. 
 

1. Introduction 

Strain gradient plasticity has been studied extensively during the last decade for metallic 
materials. Most of these studies have dealt with modeling of strain-gradient plastic 
deformation. Few studies have been concerned with non-crystalline materials, such 
as polymers, even though strain gradient effects have been observed in this class of 
materials. Analysis of inelastic deformation of polymers is also becoming more 
relevant, due to miniaturization of e.g. microelectronic components, microelectro-
mechanical systems (MEMS), coatings, development of composite matrix systems etc. 
The dependency on time, temperature, hydrostatic pressure and strain rate is usually 
higher for polymers than for metallic materials, which makes the analysis more 
difficult. The first step would be to quantify the extent of the strain-gradient effect in 
various polymers, and to investigate the underlying mechanisms responsible for such an 
effect. 
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2. Strain-Gradient Effects in Polymers 
 
There are indications that structural dimensions do have an influence on the plastic 
behaviour of polymers. Briscoe et al. [1] have done indentation testing for a selection of 
organic polymers: polymethylmethacrylate , polystyrene, ultra-high molecular weight 
polyethylene. Krupi ka [2] studied indentations in the polymers 2.5-dimethyl-2.5-
hexanediol divinyl ether and hexanediol divinyl ether. They all showed that the 
hardness evaluated from small indents is la rger than that resulting from a deeper one, 
which is indicative of a higher plastic yield stress in the presence of larger strain 
gradients. Chong and Lam [3-5], who have performed indentation tests in epoxy 
materials and polycarbonate, have also demonstrated this length scale effect. 
Hochstetter et al. [6] have done nanoindentations in the amorphous polymers poly-
styrene, polycarbonate and diethylene glycol bis(ally l carbonate). They have also 
calculated the evolution of the average stress with the average strain beneath the tip by 
using the theoretical background developed for elasto-perfectly plastic materials. By 
comparing the results they concluded that the approach does not work well and that the 
strain gradient can not be neglected. 

Gamstedt et al. [7] have observed that the interfacial shear strength measured close 
to a fibre end in a single-fibre composite test was higher than the matrix shear strength 
macroscopically measured with an Iosipescu test for unsaturated polyester. A possible 
explanation is that the deviation results from a size effect. Since the carbon fibre 
diameter was small, the plastic deformation in the unsaturated polyester occurred in a 
small volume with large strain gradien ts. Fiedler and Schulte [8] measured the 
maximum values of interfacial shear stress in a composite material with epoxy matrix 
and glass fibres. These values were higher than the shear yield stress of the pure matrix. 

Zhandarov et al. [9] has investigated the interfacial bond strength, toughness and 
load transfer between polymeric matrices (polyamide 6, polyamide 6.6, maleic anhy-
dride grafted polypropylene and vinylester resin) and glass fibres having different 
diameters, by making single-fibre pull-out tests. The interfacial bond strength was 
characterized by an ultimate interfacial shear strength whose values were nearly 

measured, characterizing the load transfer efficiency between the fibre and the matrix. 

were used to calculate the radius of matrix material surrounding the fibre that was 
significantly affected by the presence of the fibre. The ratio of this radius to the fibre 
radius increases for decreasing fibre diameter. 
 

3. Effects of Molecular Length 
 
The length scale effects in inelastic deformations of a glassy thermoplastic, in this case 
polystyrene, have been experimentally quantified by micro-indentation to various 
depths. It has been examined if the molecular length affects the length scale in plastic 
deformation. 
 
 

independent of the fiber diameter. An effective shear-lag paramete r was also 

The value of decreased considerably with the fibre radius. The measured results for  
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3.1. EXPERIMENTAL PROCEDURES 

 
The examined materials were all linear atactic polystyrene, which is an amorphous 
thermoplastic. Because of the bulky vinyl group, polystyrene is not easily oriented even 
in extrusion [10]. Press moulding, which was used in the present investigation, would 
therefore most likely assure a random coil arrangement, with no preferential orientation 
of the molecular chains. In its undeformed state, polystyrene can be considered to be an 
isotropic material. All tests were done at room temperature, when the polymer is in its 
glassy state. 

Six different polystyrene standards with various molecular weights and very narrow 
molecular weight distributions are examined. In addition, a polystyrene material with 
larger molecular weight distribution was used. From the molecular weight, the 
molecular contour length and the end-to-end distance, R, can be estimated [11]. In 
Table 1 the molecular weights, the polydispersity indices, the molecular contour length 
and the end-to-end distance R are given for the materials. 
 
TABLE 1. The molecular weights, polydispersity indices, molecular contour lengths and the end-
to-end distances for the used materials. 

 

Mp [g/mol] Mw/Mn Molecular length [nm] R [nm] 

4 920 1.03 15 4.7 
10 050 1.02 30 6.8 
19 880 1.02 59 9.5 
52 220 1.02 150 15 
96 000 1.03 280 21 
189 300 1.02 560 29 
56 300 1.25   

 
After moulding, the specimens were cooled and fractured in liquid nitrogen to 

induce a more brittle fracture rather than bringing about gross molecular orientation in 
large plastically deformed zones, although some chain scission may occur close to the 
brittle fracture surface. The polymer close to the surface should then have similar 
properties as the polymer in the bulk. Details of the experimental procedures can be 
found in [12]. 

Several indentations to the depths 0.25, 0.5, 0.75, 1, 1.5 and 2 µm were made. The 
material is thought to be elastic-plastic and the following analysis is time independent, 
i.e. viscoelastic deformation is not considered. Polymers are generally viscoelastic, but 
in the glassy state under relatively high loading rates, the viscous contribution can be 
neglected. The hardness is defined as the mean pressure the material will support under 
load in the indented area 
 
 

max
P

H
A

= , 
 

(1) 
 

 
where A is the projected area of contact at peak load, Pmax. The indenter geometry can be 
described by an area function F(h) which relates the cross-sectional area of the indenter 
to the normal distance from its tip, h. This function can be derived from the load-
displacement data [13]. 

Inelastic Length Scales in Polymers                                                                                                  145



An approach to capture length scale effects is to apply one of the models that 
already have been developed for metallic materials. A model proposed by Nix and Gao 
[14] is used here. It is employed as a phenomenological model since there is no direct 
coupling with the physical mechanisms in polymer yielding to plastic deformation in 
metals by dislocation movements. The hardness H for a given depth of indentation hmax 
is expressed as 
 *

0 max

1
H h

H h
= + , 

 
(2) 

 

 
where H0 is the hardness in the limit of infinite depth and h* is a length scale parameter. 
The parameters H0 and h* can then be identified from experimental data of H and hmax.

3.2. RESULTS AND DISCUSSION 

Figure 1a. Optical micrograph of a series of 
indentations on polystyrene with a molecular weight 
of 52 220 g/mol. 

Figure 1b. Image from atomic force 
microscopy of an indentation on 
polystyrene with molar mass 4 920 
g/mol where maximum load was 5.3 
mN. 

 
Micrographs of typical indentations are found in Fig. 1. These pictures were taken 
several months after the indentations were made. It can be observed that the 
indentations have not relaxed back to a flat surface. If it had, prominent viscoelastic 
(time dependent) deformation would have occurred. The hardness values were plotted 
against the maximum indentati on depths for each sample, as shown in Fig. 2 for low 
molecular weight. The data from the polystyrene with molecular weight 96 000 g/mol, 
189 300 g/mol and the conventional polystyrene are very scattered and a length scale 
effect is not detectable. The variability in the data from samples with high molecular 
weight is caused by the surface roughness, which formed when breaking these samples. 
The uneven fracture surface indicates ductile fracture despite cooling the samples with 
liquid nitrogen. The degree of plastic deformation varies over the surface, which also 
gives rise to a variation in the hardness measurements. For the low-molecular materials 
in Fig. 2, there is a clear length-scale tendency, and henceforth we will concentrate on 
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these data. From the atomic force microscope images for the polystyrene sample with 
molecular weight 4 920 g/mol the area of the triangle was measured which gave the 
same effect as the Oliver-Pharr method, i.e. decreasing hardness with increasing 
indentation depths. Eq (2) was used to make a least-squares adjustment to the hardness-
depth data with respect to the asymptotic hardness in the limit of infinite depth, H0, and 
the length scale parameter, h*. The estimated parameters for the different materials are 
listed in Table 2. The asymptotic hardness in the limit of infinite depth, H0, turned out 
to be relatively independent of molecular weight. 
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Figure 2. The hardness plotted against the maximum indentation depth for the samples with low-
molecular weights with least-squares fits of the function in Eq (2). 
 
TABLE 2. The molecular length, the end-to-end distance, R, the limit hardness, H

0
, and the length 

scale parameter, h*, for tested polystyrene materials. 
 

Mp [g/mol] Molecular length [µµµµm] R [µµµµm] H0 [GPa] h* [µµµµm] h*/R
4 920 0.015 0.0047 0.25 0.082 17 
10 050 0.030 0.0068 0.25 0.10 15 

19 880 0.059 0.0095 0.26 0.15 16 
52 220 0.15 0.015 0.26 0.17 11 

 
The length-scale relation in Eq (2) was then plotted with these values of H0 and h* 

in the same figures as the measured data in Fig. 2. A comparison between the strain-
gradient length scale parameter, the molecular contour length and the end-to-end 
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distance can be made in Table 2. The length scale parameter is almost one order larger 
than the molecular length for small molecular weights but for larger molecular weights 
they are of the same order, but the end-to-end distance is quite small in comparison to 
the length scale parameter. The molecular lengths of extended molecules seem to 
correlate with the length scale of the strain-gradient effect, although longer structures, 
probably due to molecular entanglement should contribute. The ratio h*/R is almost 
constant for small indentation depths. 

 

 
*

weight. 
 

The length scale parameter, h*, for the different molecular weights are plotted in 
Fig. 3. This plot shows that the length scale parameter increases with increasing 

52 220 g/mol there is a sudden decrease in the slope of the curve. One explanation to 
the sudden decrease in the slope of the curve in Fig. 3 might be associated with the 
degree of entanglement. The zero-shear-rate viscosity in thermoplastic polymer melts 
shows an abrupt increase in the molecular weight dependence at a certain critical 
molecular weight value Mc [15]. The critical molecular weight value Mc may be 
associated with the minimum chain length needed to generate chain entanglements. The 
low molecular-weight melts with a molecular weight lower than the critical Mc are 
characterized by few or no chain entanglements. High molecular-weight melts are 
characterized by substantial amount of chain entanglements, which cause a restriction 
on the chain movements and imply a stronger molecular-weight dependence of the 
shear viscosity. The same entanglements are assumed to be present in the glassy state if 
the entanglements are retained after solidification and therefore the critical molecular 
weight might influence the strain gradient length scale. The critical value Mc has  
been found to be 36 000 g/mol for polystyrene [15], which lies in between 19 880 and 
52 220 g/mol, where the decrease in slope takes place, as seen in Fig. 3. 

At the present stage one can only speculate about possible mechanisms that gives 
this length scale dependence in glassy thermoplastic polymers. Shear band formation is 
a mechanism for plastic deformation in polymers. There are some scales that can be 

Figure 3. The length scale parameter, h , for polystyrene plotted against the respective molecular 

molecular weight, i.e., with increasing lengths of the molecules. Between 19 880 and 
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identified from this mechanism. It is expected that microstructural dimensions like the 
thicknesses of and distances between shear bands could be of importance. From 
transmission electron microscopy of polypropylene samples which have been plastically 
deformed by scratching, Tang and Martin [16] detected shear band thicknesses of about 
1 µm which is considerably higher than the contour length of the polymer molecules. 
Bowden [17] reports that slow-cooled polystyrene shows well-defined shear bands with 
a thickness of about 1 µm in uniaxial tension. After yielding, the shear bands were 
observed to multiply in number but not in thickness. By a low-frequency Raman 
scattering study of the nanostructure of plastically deformed thermoplastic glasses 
(linear polycarbonate and polymethylmethacrylate) induced by simple shear, Mermet 
et al. [18, 19] showed a significant heterogeneity in the deformed amorphous structure. 
The deformation is interpreted as coming from oriented macromolecular strands in the 
less cohesive spaces between more cohesive regions. The effect of macroscopic plastic 
deformation on these more cohesive regions is negligible in the glassy state. It is 
noteworthy that the size of these cohesive regions is considerable larger than the end-to-
end distance of the molecules. The non-continuous nanostructure is believed to form for 
a wide range of materials at the transition from a liquid to a glassy solid [20]. 

DeMaggio et al. [21] has found a length scale in polystyrene by studying the 
thermal expansion of 7-300 nm thick Si-supported polystyrene films. The thermal 
expansion decreased if the film thickness was sufficiently small. For larger film 
thicknesses the thermal expansion approaches the thermoelastic bulk prediction. The 
film thickness dependence was modelled by assuming that a constrained layer close to 
the film-substrate interface has a zero thermal expansion coefficient. Another length 
scale effect has been observed by Du et al. [22] who measured yield stresses in 
polycarbonate and polystyrene thin films. They obtained values that were about twice 
the bulk values. 
 

4. Conclusions 
 
Indentation tests have been performed on polystyrene samples with different 
monodisperse molecular weights. It has been shown that length scale effects in inelastic 
deformations with large strain gradients exist in glassy polystyrene. The length scale 
parameter for strain-gradient plastic deformation was found to increase with increasing 
molecular weight. For a molecular weight between 19 880 g/mol and 52 220 g/mol the 
increase of the Nix-Gao length scale parameter with molecular weight is decreasing, 
which could be due to the fact that the molecular weight exceeds a critical value 
associated with the minimum chain length needed to generate chain entanglement. For 
molecular weights below the critical molecular weight the quotient between length scale 
parameter and the average length of a molecule between its endpoints is constant. The 
length scale parameter has a size around 0.1 µm for polystyrene. 
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Abstract

Stress-induced formation and growth of internally twinned martensite plates within the 

austenite matrix in crystals of shape memory alloys is investigated. The recently 

developed model of evolving laminates is extended by taking into account the 

interfacial energy at three different scales. The interfacial energy density due to elastic 

strains at a twinned martensite boundary is calculated by the finite element method. 

Analytic relationships between characteristic dimensions of the rank-two laminate are 

derived by minimizing the size-dependent contribution of the interfaces to the total free 

energy. Specific examples have been calculated for the cubic-to-orthorhombic (β1 to γ1 )

stress-induced transformation in a CuAlNi shape memory alloy. 

1. Introduction

This paper deals with micro-mechanical modeling of stress-induced martensitic 

transformations in single crystals of shape memory alloys (SMA). The transformation is 

assumed to proceed by the formation and growth of parallel martensitic plates within 

the austenite matrix, as commonly observed in experiments. In turn, in many 

transformations the martensite plates are internally twinned, having the form of fine 

scale mixtures of two martensite variants (cf. Bhattacharya, 2003). A model of 

evolution of stress-induced microstructures of that type has recently been developed 

(Stupkiewicz and Petryk, 2002) by combining the micro-macro transition for sequential 

laminates with a local thermodynamic criterion of phase transformation. The phase 

transformation criterion used is based on a threshold value for the thermodynamic 

driving force at the phase transformation front, including in this way the intrinsic 
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dissipation due to phase transition. Plasticity-like macroscopic constitutive rate 

equations have been derived in which the transformed volume fraction is incrementally 

related to the overall strain or stress. The model is developed within the framework of 

small strain elasticity with eigenstrains and takes into account different anisotropic 

elastic properties of austenite and martensite. This leads to the redistribution of internal 

stresses during transformation that can affect the evolution of the microstructure. 

In the present paper, in order to study size effects the model outlined above is 

extended by taking into account the interfacial energy at three different scales: on the 

twin boundaries within a martensite plate, on the interfaces between austenite and 

twinned martensite plates, and on the crystal boundary. Analytic relationships between 

characteristic dimensions at the different levels of the rank-two laminate follow from 

minimization of the size-dependent contribution of the interfaces to the total free 

energy, in analogy to two-scale analyses (Khachaturyan, 1983; Roytburd, 1998). In this 

work, the interfacial energy density due to elastic strains at the interface between 

homogeneous austenite and internally-twinned martensite is calculated by the finite 

element method. The interfacial energy effect on the thermodynamic condition for 

phase transition is examined. Specific examples have been calculated for the cubic-to-

orthorhombic (β1 to γ1 ) stress-induced transformation in a CuAlNi shape memory alloy. 

2. Modelling of evolution of laminated microstructures

We adopt the model that has been described in full detail in (Stupkiewicz and Petryk, 2002), 

therefore only a very brief account is given here. We study isothermal, stress-induced 

formation of parallel, internally twinned martensite plates of a total volume fraction 

η in a single crystal of SMA. A representative volume element is considered (Fig. 1) 

Figure 1. Schematic view of a representative volume element (rank-two laminate) with parallel, 

internally twinned martensite plates (A – austenite, MI and MJ – martensite variants I and J )

with arrangement of martensite plates and twins taken to be periodic for simplicity. The 

basic rule for evolution of the laminated microstructure is obtained from the local 
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thermodynamic criterion of martensite-to-austenite transition and transformed to the 

form 

0, 0, ( ) 0, (1)
c c

f f f fη η≥ − ≤ − =

where f is the corresponding thermodynamic driving force, and fc  0 is a threshold 

value which is state-dependent in general. For reverse transformation, η is to be 

replaced by (1 η). In the small strain setting, the bulk contribution to the overall 

Helmholtz free energy per unit representative volume of the austenite/martensite 

laminate reads 

am t t

v 0 0

1 1
(1 ) . (2)

2 2
φ φ η φ η η ε ε= ⋅ + + ∆ + −M Qσ σ

where σ  is the macrosopic (average) stress, M  is the effective elastic compliance 

tensor for the laminate, ϕ0 and ϕ0 + ∆ am ϕ0 is the Helmholtz free energy density at zero 

stress in a given temperature for austenite and martensite, respectively, and εt = λ εI
t + 

(1 λ)εJ
t is the effective transformation strain of a strain of a martensite plate composed 

of two twin-related martensite variants I (of volume fraction λ) and J. The classical 

assumption of an invariant austenite/martens ite interface (habit plane) at zero stress has 

been used, under which the thermodynamic driving force related to (2) has been 

transformed to 

t am
v a a m m 0

1
/ ( ) , (3)

2

Tf φ η ε φ= − ∂ ∂ = ⋅ − ⋅ − ∆B M M Bσ σ σ −

with the second term proportional to the difference between the elastic compliance 

tensor for austenite Ma and the effective one for twinned martensite Mm. Analytic 

expressions for Q, Mm, Ba, Bm and further details are given in (Stupkiewicz and Petryk, 

2002). The interfacial energy effect, not studied in the reference, is examined below. 

3. Interfacial energy effect in a rank-two laminate

Consider again a representative volume element of a rank-two laminate but now in 

some more detail as illustrated in Fig.2. The twin spacing h within a martensite plate is 

assumed unchanged up to a zigzag interface with austenite -possible “fingering” of 

twins is not examined here. Besides the bulk contribution (2) to the overall free energy, 

we take now into account also the contribution iφ  of the free energy of the interfaces, 

per unit volume of a representative volume element of the material. Denote by γ I J γ the  
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Figure 2. A representative volume element of the rank-two laminate with zigzag interfaces 

between austenite (A) and twinned martensite (MI/MJ)

interfacial free energy, at the atomic level, of a coherent twin boundary that separates 

the martensite variants I and J within a martensite plate, per unit area of a twinning 

plane. An analogous energy density per unit area of a smooth interface portion between 

austenite and a single crystallographic variant I of martensite is denoted by γaI. In a 

different scale, there is another interfacial energy term γe provided by averaging the 

elastic strain energy in vicinity of the interface between the twinned martensite and 

austenite, per unit nominal area of the interface (i.e. per unit area of the habit plane). 

Disregarding interaction energy between such interfaces, straightforward dimensional 

analysis shows that the part of the elastic strain energy at the interface that corresponds 

to one pair of twinned layers of martensite is proportional to h2 while the area of that 

part is proportional to h. Thus 

e (4)h= Γ

where Γ is a size-independent quantity, to be determined, that characterizes the 

microstructure of the austenite/martensite interface. 

 The total nominal area of the austenite/martensite interfaces and the total area of 

twinning planes within a representative volume V are readily Sam = 2V/H and SIJ = 

2ηV/h, respectively, where H is the spacing of martensite plates. The total true area of 

the interface between austenite and crystallographic variant I of martensite is SaI = λSam

(m · t)/( mI · t), where mI is the unit normal to this interface part, and t = m  (m · l)l is 

the projection of the habit plane normal m on the twinning plane. In general, mI mJ,

but these unit normals are assumed here as fixed for each variant separately. Thus, the 

effective contribution of γaI and γaJ to the interfacial energy taken per unit nominal area 

of the austenite/mar tensite interface is 

am a a( t) ( /( t) (1 ) / ( t)). (5)I I J J= ⋅ ⋅ + − ⋅m m m
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The total contribution iφ  of the interfaces to the Helmoholtz free energy per unit 

representative volume is 

i am e am

1
( ( ) ). (6)IJS S

V
φ = + +

On substituting (4) and the expressions for the interfaces area into (6), it reads 

i am2( / / / ). (7)h H h Hφ η= Γ + +

 Introduce the working assumption that (i) the twin spacing h is self-adjusting to 

minimize the interfacial energy iφ , without any associated dissipation. The minimum of 

iφ  with respect to h, if other parameters are fixed, 
i

* *

i i( ) ( )h hφ φ φ≡ ≤  for any h, is 

obtained straightforwardly from i / 0hφ∂ ∂ =  at 

* / , , / . (8)h H lM M H lη η= Γ ≡ = = Γ

Note that the ratio γ/Γ provides a characteristic length l such that the twin spacing h*

represents geometric mean of l and the nominal thickness M of twinned martensite 

plates. This result is typical for laminated microstructures, cf. Khachaturyan (1983). 

 It is noteworthy that the first two terms on the righ-hand side of (7) dependent on h

become equal to each other for h = h*, that is, the elastic energy at the austenite/twinned 

martensite interface becomes equal to the interfacial energy of the twinning planes. In 

particular, it is evident that 

 In reference to the model outlined briefly in Section 2, the interfacial energy (7) or (9) 

affects the evolution rule (1) for the austenite/martensite laminate. This effect depends 

on how the transformation proceeds. Consider first the austenite-to-martensite 
transformation that proceeds by increasing proportionally η and M at fixed H and λ, and 
consequently, at fixed Γ. According to the assumption (i), the corresponding increase in 

h is governed by (8). Then, the thermodynamic driving force (in fact, resistance) due to 

the interfacial energy is 
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If the assumption (i) were replaced by the condition h = const as M is increasing then 

the corresponding force associated with (7) at fixed H would be fi =

i / 2 /hφ η−∂ ∂ = − , which yields a higher resistance for h < h*.

 In turn, if the transformation proceeds by increasing the number of identical 

martensite plates, each of a fixed nominal thickness M and a fixed twin spacing h* found 

from (8), then 
i

*φ  is simply proportional to η and the related resistance due to the 

increasing interfacial energy, when smoothed out in time, becomes 

*
i am am4 / 2 / 2(2 * ) / (11)f l M M h M= − Γ − = − Γ +

This does not mean, however, that the growth of martensite plates at a fixed spacing H

must be energetically preferable since the increased resistance (11) at fixed M can be 

balanced by lowering the elastic strain energy accumulated at the crystal boundary, cf. 

Section 4. Other transformation mechanisms can also be considered, especially at higher 

values of η.

 In the evolution rule (1) for austenite-to-martensite transformation, the resistant force 

fi
* < 0 can be taken as an interfacial energy contribution either to f or with an opposite 

sign to fc; these two options are, of course, mathematically equivalent. The accumulated 

interfacial energy density 
i

*φ  is most likely dissipated as η approaches 1 or, 

alternatively, during reverse transformation as η decreases to 0. Accordingly, an 

interfacial energy release, contrary to accumulation, is not accounted for in the 

evolution rule (1), which means that there is a related difference between predicted 

stress levels for the forward and reverse transformations. This represents one of possible 

sources of a hysteresis loop in a cycle of transformation with intrinsic dissipation. 

 In the above formulae, there are two essential material parameters to be specified, γ
and Γ, if the influence of γam is negligible when γam γe. The value of interfacial 

energy density γ on coherent twin boundaries is related to stacking fault energy, and its 

estimates can be found in the literature, e.g. (Porter and Easterling, 1992, Christian and 

Mahajan, 1995; Howe, 1997). 

 The proposed method of determining the parameter Γ is outlined in Section 5. Then, 

the characteristic length l = γ /Γ is estimated for twinned martensite plates in a CuAlNi 

shape memory alloy. 

4. Boundary energy effect

Another free energy term, for brevity called the “boundary energy”, is due to elastic 

interaction between the austenite/martensite laminate and the crystal boundary, for 

at fixed M. .
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instance, at a stress free surface or at a high-angle grain boundary within a polycrystal. 

We restrict ourselves here to examine the case (ii) of small volume fraction of 

martensite (η 1), so that the interactions between martensite plates can be neglected 

when estimating the boundary energy as follows 

2
s s , (12)

L
M dLφ = Γ

where Γs is another size-independent quantity that characterizes the boundary conditions 

on and the microstructure near the crystal surface, L denotes the total length of the edges 

of martensite plates, M is the nominal thickness of martensite plates far from the 

surface, and the factor M2 follows from dimensional analysis. 

Figure 3. Schematic view of a rank-two laminate with the boundary effect 

 For simplicity we assume that (iii) the crystal is of the form of an infinite layer, with a 

distance B between the boundaries measured within the habit plane (Fig. 3). 

Consequently, L = 2V/BH in a representative volume V, and Γs does not vary along L. A 

surface energy term analogous to (5) is neglected, which is admissible since the crystal 

boundary area does not vary. Then, the boundary energy contribution during 

transformation to the total Helmholtz free energy per unit representative volume is 

estimated as follows 

2
s s2 / . (13)M BHφ = Γ

This provides the third part of the total macroscopic Helmholtz free energy per unit 

volume, viz. 
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v i s, (14)φ φ φ φ= + +

where from (7) and (13) the sum of size-dependent terms takes the form 

is i s s am2 ( / / / / ). (15)M B M h M hφ φ φ η≡ + = Γ + + Γ +

 The minimum of isφ  with respect to M, other parameters displayed in (15) being kept 

fixed, is reached for M = M̂  given by 

s s am s
ˆ , ( ) / , (16)M l B l h= = Γ + Γ

where ls is another characteristic length. It is worth mentioning that at the minimum 

point the first right-hand term in (15) becomes equal to the sum of the second and third 

terms. On substituting h = h* and M = M̂ η Ĥ  into (15) and rearranging, we arrive 

at the following expression for the minimum interfacial/surface free energy per unit 

representative volume 

min

is am
ˆ(6 * 4 ) / ; (17)h Hφ = Γ +

note the (perhaps unexpected) factors: 6 at γe
* = Γh* and 4 at γam.

 In particular, if the term with γam is disregarded then the remaining three interfacial 

energy contributions to 
min

isφ  (from the twinning planes, twinned martensite interfaces 

and crystal boundary) become equal to each other. 

 In general, we cannot expect that the average spacing H of martensite plates is self-

arranged such that the equality 
min

is isφ φ=  holds exactly true during transformation. 

Nevertheless, from the above analysis it follows that this may be a good approximation 

when the volume fraction η of martensite, small enough, grows by increasing the 

number of martensite plates, each of fixed nominal thickness M found from (16) and of 

fixed twin spacing h* determined from (8). It must be noted that creation of a new plate 

of a prescribed thickness M̂  is associated with a finite jump in η, so that formal 

differentiation of (17) with respect to η is, strictly speaking, not meaningful. However, 

when the number of plates is sufficiently large then the material response may be 

smoothed out in time, and the related resistance against martensitic transformation due 

to the interfacial and boundary energies follows from (17) as 
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*
is am am

ˆ ˆ ˆ ˆ(6 * 4 ) / 6 / 4 / a t fixed . (18)f h M l M M M= − Γ + = − Γ −

 It is of interest to compare (18) with the driving force needed to increase M at fixed 

H, analogous to (10) but with added contribution of sφ . To calculate this, we cannot use 

the expression (17) since (16) no longer holds, but (15) with h = h* can be used instead. 

It yields 

* *
is is s/ 4 / 2 / at fixed . (19)f M B l M Hφ η= − ∂ ∂ = − Γ − Γ

If M = M̂  then fis
* in (18) and (19) coincide, cf. the remark that follows (16), but for  

M > M̂  we have a higher resistance at fixed H.

 From the above analysis one might conclude that under the assumptions introduced, 

especially those distinguished as (i)÷(iii), the minimization of the total interfacial energy 

isφ  makes the increase of volume fraction of martensite by recursive formation of 

martensite plates of constant thickness M̂  energetically preferable. However, fc might 

be lower for propagation of an existing transformation front than for formation of a new 

one, which in turn would prefer further growth of a martensite plate just created. This 

question is not pursued further here. 

5. Elastic strain energy at twinned martensite interface

The problem of calculating the elastic strain energy in vicinity of the interface between 

the twinned martensite and austenite has been addressed in the literature in special 

cases, and certain analytic estimates are available (Khachaturyan, 1983; Sridhar et al., 

1996; Roytburd, 1998). The present finite-element analysis goes beyond previous 

studies as it takes into account different elastic anisotropy of each constituent, the finite 

deformation effect at the micro-scale, and also the effect of a zigzag shape of the 

interface. Only a brief description is given below of the approach used; more details are 

provided in (Maciejewski et al., to appear). 

 The value of Γ is calculated here by the finite element method applied to a unit cell 

with periodic boundary conditions, Fig. 4(a), that contains a representative period of the 

interface between austenite and twinned martensite. The microstructure parameters 

(including m, n and λ) are determined beforehand in an independent way (from the 

crystallographic theory). The elastic strain energy stored in the unit cell at =0  is 

calculated as the result of imposing transformation (Bain) strains εI
t and εJ

t in domains  
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(a) (b)
AceGen

0.9058e 7

Min.

0.7907e 1

Max.
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0.790e−2
0.158e−1
0.237e−1
0.316e−1
0.395e−1
0.474e−1
0.553e−1
0.632e−1
0.711e−1

Figure 4. (a) A unit cell of the analyzed laminated microstructure (with vertical dimensions 

shortened), (b) elastic strain energy concentration near the zigzag interface 

MI and MJ, respectively. Then, the last term in (2), if non-zero, is subtracted to obtain 

the elastic strain energy associated with twinned martensite interfaces. The ratio h/M is 

taken sufficiently small to eliminate practically the interaction between interfaces (in 

accord with the Saint-Venant rule). Finally, the elastic strain energy calculated for the 

representative cell is divided by Samh to obtain Γ. The value of Γ depends on the angle 

θJ between the vectors m and mJ, negative in the reference configuration sketched in 

Fig. 4a, that represents a measure of the deviation of the twinned martensite interface 

from planar shape before imposing the transformation strains. An illustrative plot of the 

sensitivity of calculated Γ on θJ is presented in Fig. 5. It should be noted that this plot is 

not representative in the sense that for other microstructures of the examined martensite 

plates of the same alloy, the results are significantly different (Maciejewski et al., to 

appear). Nevertheless, it can be concluded that the effect of a zigzag shape of the 

interface on the interfacial energy can be substantial, and that an optimal shape of the 

twinned martensite interface that minimizes the interfacial energy can be far from being 

planar.

6. Example: twinned martensite plates in CuAINi crystal

The method outlined above has been applied to calculate Γ for an interface between the 

twinned γ1  martensite and β1 austenite after the cubic-to-orthorhombic transformation in 

a CuAlNi shape memory alloy. The microstructure parameters (including m, n and λ)

have been specified by solving the compatibility equations of the classical 

crystallographic theory of martensitic transformation (Wechsler et al., 1953; Ball and 

James, 1987). Consequently, the last term in (2) vanishes in this case. All the 

microstructures can be divided into four groups, each consisting of 24 crystal-

lographically equivalent twinned martensite plates. The FE analysis has been carried out 
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ε t

Γ = 3.2 · 10 6 Jm 3

Figure 5. Interfacial elastic energy factor Γ for a twinned γ 1 martensite plate in CuAINi 

 The value of interfacial energy density γ on coherent twin boundaries is related to the 

stacking fault energy density and for Cu-based alloys can roughly be estimated as γ
0.02Jm 2 (Porter and Easterling, 1992; Christian and Mahajan, 1995; Howe, 1997). 

 This yields the estimate of the characteristic length l = γ /Γ  6 nm. 

 Without calculating Γs, further estimates can be given in terms of the nominal 

thickness M of martensite plates as a parameter. For instance, for M = (0.6 ÷ 60) µm we 

obtain M/h*  (10 ÷ 100), h *  (60 ÷ 600) nm and γe
* = h*Γ  (0.2 ÷ 2) Jm 2,

respectively. Note that the influence of γam on the total interfacial energy may be not 

negligible for thinner martensite plates. 

 If the influence of γam is neglected then the resistant force (18) is estimated as fis
*

(0.2 ÷  2) · 10 6 Jm 3 for M = (60 ÷ 0.6) µm, respectively. The associated resistant force 

fi
* due to the interfacial energy without the boundary effect is estimated from (10) or 

(11) for M = (60 ÷ 0.6) µm as fi
* (0.06 ÷ 0.6) · 10 6 Jm 3 or fi

* (0.13 ÷ 1.3) · 10 6

Jm 3 according to whether the austenite-to-martensite transformation proceeds at H = 

const or M = const, respectively. At least this part of fis
* can be one of possible sources 

of a hysteresis loop in a cycle of transformation with intrinsic dissipation, as mentioned 

at the end of Section 3. 

 It should be noted that the interfacial energy effect on the evolution rule (1) has been 

examined here under simplifying assumptions, e.g., (i)-(iii). The results may change if 

these assumptions are relaxed. 

for four microstructures (one from each of the four groups) associated with the same 

in the geometrically linear theory. The smallest value of Γ has been estimated as 

and to the elastic strain energy distribution visualized in Fig. 4(b). 

which corresponds to the minimum on the graph shown in Fig. 5
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1. Introduction

Size effects in plasticity at micron and submicron scales has been modeled by strain 

gradients by various authors, e.g. [2]. Analyzing micro-indentation experiments Nix & 

Gao [9] found that the measured indentation hardness strongly suggests a linear 

dependence between the square of plastic flow stress and strain gradient. This has led to 

the development of mechanism-based strain gradient (MSG) plasticity [3]. The core 

idea of MSG has been to incorporate the concept of geometrically necessary 

bµ ρ ,  where µ
denotes the shear modulus, b the Burgers vector length, α  is an empirical coefficient 

usually taken to be 0.2–0.5, and ρ  the dislocation density. 

 Most of the theories on strain gradient plasticity have been developed for isotropic 

and polycrystalline materials. Crystal plasticity models, however, offer a higher 

resolution of plastic deformation at sizes comparable to single grains, which are often 

on the order of microns where significant size effects have been observed. The 

anisotropy of size effects has for example been observed in micro-indentation 

experiments of silver crystals in the (100) and (110) orientations [ 7]. In order to obtain a 

better resolution a MSG-type crystal plasticity model is presented. 

τ α=dislocations into the plastic formulation by the Taylor relation 
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Notation. To set the stage, the notation has to be provided. The decomposition of the 

deformation gradient is adopted as, F = FeFp, where the lattice rotation is contained in 

Fe and the plastic slip is included in Fp. Further expressions in the intermediate 

configuration  are given in Table 1 (see [5] for details). 

Table 1: Crystal plasticity relations in the intermediate configuration .

velocity gradient: 
1

1 1 (1)e e p e
−= + F L F

with 
1

1 (2)e e e

−= F F

plastic velocity gradient: 
1

(3 )p p p

α α α−= = ⊗L F F s m

Lagrangian strain tensor: (4 )e p
= +E E E

1

1
( 1 ) and

2

1
(1 )

2

T

e e e

T

p p p

− −

= −

= −

E F F

E F F

2nd Piola-Kirchhoff stress: 1

(5 )
T

e e
− −=S F Fτ

Mandel stress: (1 2 )
(6)e e

= + =P E S C S

elastic relation: 
(7)e e

=S C E

shearing rate: 
( )

(8)

n

o
sign

α
α α

α

τ
γ γ τ=

G

linear hardening in silp resistance: 
(9)

a
h

c
α γ= +

o
G G

resolved shear stress: ( ) (10)
aα ατ = ⋅ ⊗P s m

2. Dislocation density tensor

Conventional crystal plasticity assumes that the lattice remains essentially undistorted in 

the deformation process. Lattice distortions can be described with the dislocation 

density tensor which can be associated with the concept of geometrically necessary 

dislocations and size dependent deformation [1, 4]. In the following Grad, Div, and 

Curl denote gradient, divergence, and curl differential operators with respect to a 

material point in the reference configuration , and grad, div, and curl denote operators 
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with respect to a material point in the current configuration . The compatibility 

conditions Curl F = 0 and curl F 1 = 0, yield [4] 

1 1 1
( ) (curl ) and (Curl ) (11)

( )

e e e T p p T

e p p
det

det

− −= =A F F F A F F
F

where Ã = Ãe = Ãp is defined as the dislocation density tensor in .

Relation of Ã to dislocation theory. The dislocation density tensor Ã has been defined 

above in the continuum theory of crystal plasticity. It is helpful to investigate the 

correlating expressions in the discrete dislocation theory. For a dislocation segment, Ã
is defined by 

1 , (12)d dlυ = ⊗A b

where  denotes the unit tangent vector and dl the infinitesimal element of the 

dislocation line, b the Burgers vector, and dv the associated volume element. In the case 

of multiple dislocations linear combination yields Ã = k ηk
A l k ⊗ b k , where b k  and 

k k | = | lk

yields Ã = ij ηij
A

i ⊗ j, with an orthonormal basis set i. The dimensions of ηA = |Ã|,

ηij
A, ηk

A

is incorporated. The usual dislocation density can be recalculated with ρ = η A / b.

3. Peach-Koehler and related forces in continuum plasticity

An essential concept in dislocation theory is the Peach-Koehler force. The Peach-

Koehler force on a dislocation line element in the intermediate configuration is defined 

here by [5] 

T

Lξ

where P

1 ( )k k T T
L jj k≠= − × +P Pξ b k  whi

external stress fields P  and stress fields associated with the j dislocation P j . Note that 

this is in a strict sense only valid for small strains. The component ξL
k of 

k

Lξ  in the 

direction l k
 × m k

, i.e. normal to the dislocation line direction and parallel to the α slip 

plane is ξL
k = m k · ( P T + j k P j

T ) b k

be written as 
net K

L Lk
=ξ ξ .

(13)= −1×P b,

ch has been derived in [10] via superposition of 

,  which determines the force and motion of the 

glide dislocation in its slip plane. The net Peach-Koehler force of a volume element can 

1

l  are unit vectors of dislocation k, i.e., | b | = 1. A coordinate expansion [1] 

 in continuum crystal plasticity are 1/m because the length of the Burgers vector 

dislocations the Peach-Koehler force on a dislocation k can be described by 

the total energetic force acting on a dislocation line segment. For multiple

 represents the applied stress field. The Peach-Koehler force describes the 
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Corresponding forces in continuum plasticity. In view of (12) and (13), the 

corresponding force induced by geometrically necessary dislocations in a crystalline 

continuum – referred to in the following as the density force – can be defined by 

,T= − ×A Pζ

where [A × B ]k = Ami Bni emnk defines a tensor cross product with the permutation tensor 

eijk. ζ can be understood as the force acting on geometrically necessary dislocations -

described by Ã -because of the applied stress P . Note that ζ  in (14) is identical to Lξ
in (13) for a single dislocation and can be directly derived on the basis of (12) [8]. In the 

general case of multiple dislocations the dislocation-dislocation interactions are 

however not reflected in (13). 

Resolved density force on a slip system. ζ  is in general not parallel to the slip plane 

and the relevant components of ζ  have to be projected. For a given slip system, the 

shear rate 
α

 is related to the plastic velocity gradient by (3). The associated density 

force of its thermodynamic conjugate, τ α, resolved onto the slip system α is defined as 

[5] 

( ) .Tα α α ατ= − × ⊗A s mζ

The norm yields 

, with ( )T

G GTα α α α α αη η= = × ⊗A s mζ

where ηG
α can be seen as a projection of the dislocation density tensor Ã into the slip 

system α.

 In dislocation theory the dislocation velocity is a direct function of ξL
k and is 

therefore directly linked to the plastic strain rate via Orowan relation p m mb uε ρ= ,

where ρm denotes the mobile dislocation density and vm the average velocity of the 

dislocations contained in ρm.

 The density force 
αζ  in continuum plasticity can be interpreted as the force acting 

on the geometrically necessary dislocations because of the shear stress τ α. The 

dislocations of the density ηG
α are in essence however immobile because of their 

geometrically necessary characteristics. The dislocations of ηG
α will therefore hinder 

the dislocation motion in the α slip plane. 

(14)

)51(

, (16)
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4. Hardening description with projected dislocation density

bτ αµ ρ=
should be noted that this relation has been experimentally verified for different 

deformation stages, materials, e.g. single crystals in single and double slip, and 

polycrystals, and has been found to agree well for dislocation densities in the range of 

109 to 1015
2

1
m S

necessary dislocations ρG the Taylor relation has been suggested in the MSG approach 

[3] as 

Following MSG, ρS is related to the strain hardening which is described in crystal 

plasticity by the slip resistance gα. With the notion that the lattice is unaffected by the 

Sg bα αα µ ρ=  which 

yields the density ρS
α effective on slip system α as 

2

S

g

b

α
αρ

αµ
= .

 The basic assumptions of the suggested adaptation of the MSG approach to crystal 

plasticity are: (A) the hardening mechanisms of dislocation–dislocation interactions can 

be approximated by (16) and (B) the anisotropy of size effects can be described by the 

projected density of geometrically necessary dislocations ηG
α. With these assumptions 

the total slip resistance effective on slip system α can be described by 

2( / )T o o Gg g g gα α αη= +

where go denotes a reference slip resistance and l = α2µ 2b / ( go)
2 the intrinsic length 

scale [5]. Assuming b to be around one tenth of a nanometer and µ/go  100, the 

intrinsic length is estimated on the order of microns. The shear rate of a rate-dependent 

material is then modified to 

( )sign . (19)

n

o

Tg

α
α α α

α
τγ γ τ=

It should be noted that also other projections of Ã could be applied. The projection ηG
α

incorporates the property that gradients normal to the slip plane are not contained (this 

τ α= +µb Sρ ρG . (17)

deformation in conventional crystal plasticity we can write 

(18)

.  Dividing ρ into the density of statistically stored ρ  and geometrically 

is actually also true for Ã, however only for the single slip case). Forest dislocations

 links the dislocation density ρ  to the shear flow stress. It The relation
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intersecting a slip plane α can for example expressed by 
T

F

α αη = A m  whose 

hardening mechanisms are not accounted for in the suggested material model. 

5. Examples

For the case of small deformation and negligible elastic strains, two examples are 

briefly discussed in the following. For a detailed discussion of these problems it is 

referred to [5] . 

Figure 1. Micro-bending of a thin crystalline beam with two active slip systems.

Figure 2. Lattice distortion and orientation of slip systems. 

Micro-bending of a beam in plane strain. The first problem is concerned with micro-

bending of a thin beam under plain strain, Fig. 1 (left). The strain components are 

obtained by assuming the plain strain condition εi3 = 0, i = 1,2,3 and deformation by 

pure bending ε11 = kx2. The remaining strain components are obtained by the 

incompressibility of plastic deformation yielding ε22 = kx2 and the Kirchhoff beam 

theory assuming ε12 = 0. Two active slip systems are assumed, Fig. 1 (right). After some 

algebra the non-zero components of the dislocation density tensor are obtained as A31 = 

k and are therefore independent of the orientation of slip systems. The resolved strain 

gradient measure yields qα = k cos ω.
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To illustrate how the anisotropy of gradient hardening affects the deformation of the 

beam, the bending moment is considered. The exponent n in (19) with a given o  is 

assumed to be large enough for the relation τα = gT
α to be valid. Thus rate effects are 

assumed to be negligible. The normalized moments M/Mo, where Mo = τoh
2/4, are 

plotted in Fig. 3 for ω = 15°, 75°  and several values of β = l/h. Here β = 0 corresponds 

to macroscopic values of the beam thickness h and is equivalent to solutions without 

strain gradients. With decreasing size h, the normalized moment M/Mo required to 

deform the beam increases. The effect of the orientation of the slip systems can be 

assessed by comparing normalized moments for ω = 15° and 75°. While the moment to 

initiate deformation is the same the hardening induced by the resolved dislocation 

density shows significant differences with increasing deformation. This is consistent 

with the notion of lattice distortions induced by geometrically necessary dislocations, as 

indicated in Fig. 2. 

Shear in constrained half-space. A constant shear stress over a crystalline bi-material 

is now considered, Fig. 4. The slip systems are oriented with an angle ω in the same 

way as in the previous example. The lower half space of the structure is assumed to be 

rigid. The domain is subjected to a constant shear stress τ12 = τo. Continuous double slip 

is again assumed γ 1 = γ 2. Considering the limiting case, n , of (19), the condition τ α

= gT
α is applied. Since the substrate is rigid, slip vanishes γ α = 0 at x2 = 0. 

Figure 3. Bending moments versus kh for ω = 15° and 75°, and several values of β = l/h.

The influence of the slip system orientation on the plastic deformation can be seen 

in Fig. 5 (left). The shear strain is plotted with respect to the x 2 coordinate normalized 
α

o h o
α/g  = 1.1, c /g  = 1/5 and various ω. For these plots τ  has  by the length scale l for τ
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Figure 4. Shear in constrained half-space. 

been chosen to be the same for all ω. The actual applied stress is obtained as τo = τ α/cos

2ω. Geometrically necessary dislocations will not be present for ω  0° since the 

domain can be deformed homogeneously. The hardening due to geometrically necessary 

dislocations should however increase as ω approaches 90°, which is in accordance to 

the predictions shown in Fig. 5 (right). The crystalline anisotropy of size dependent 

hardening is therefore reflected in the qualitatively correct way. For this problem, back 

stresses are expected in the interface area and are not explicitly incorporated in the 

suggested material description. In Fig.5 (right), the variation of the shear strain γ α with 

respect to the x2 coordinate is presented for τ α /go = 1.1, ω = 30°, and various ratios of 

ch/go. With decreasing strain hardening expressed by ch, the interface spreads its 

influence into the interior of the material. Thus the stronger the strain hardening, the less 

pronounced the boundary layer effect will be. 

α
o h o for τα /g = 1.1, c /g = 1/5 (left) and for α

oτ /g = 1.1, ω = 30°Figure 5. (right).
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Abstract

Exceptional physical and biochemical functions of matter and devices become 

predominant when size down to nanoscale, although strength of solids may also have 

strong size effects. The emerging of the molecular physical mechanics as the theoretical 

fundamental of the new interdisciplinary fields is discussed to meet the requirement of 

development in science and technology. New examples in nanoscale tribology, thermal 

dynamic phenomena, nano intelligent systems and structural growth are presented to 

shown the mainpoints. 

1. Introduction 

Strength is an old problem more than 2500 years back to the ancient age of the Greek 

civilization. Especially in mechanics, strength is a vital issue for materials and 

structures, and study on the size-dependence of strength of solids can be traced back to 

the renaissance. Leonardo Da Vinci found that the strength of iron wires increases with 

decreasing length (Leonardo et al., 1972) and Galileo analysed mathematically the 

strength of materials and invented the concept of stress (Galile et al., 1638). A concise 

review of the history of strength of solid from the ancient philosophical concepts to 

modern atomic and quantum theories has been made by Malescio (Gianpietro et al., 

2003).
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The size effect raised by Da Vinci is a problem of scaling, which is central to every 

physical theory. In applied mechanics research, the problem of scaling continuously 

played a prominent role for over a hundred years. Nevertheless most of size effect 

problems in macroscopic scale are related to the strength of materials such as materials’ 

failure, fracture and fatigue (Bazant et al., 1999). Many size effect theories based on 

traditional mechanics are developed to solve various problems in engineering. However, 

when size decreases to atomic level, these theories and methods unfortunately may be 

invalid and incorrect.  

   The strength of nano materials as well as the related mechanical properties is 

studied extensively and many extraordinary properties are discovered due to the strong 

size effect. For example, a bulk nanocrystalline pure copper with high purity and high 

density is found possessing an extreme superplastic extensibility without a strain 

hardening effect at room temperature (Lu et al., 2000).  

  However, the more exciting and exceptional discoveries and properties in 

nanoscale caused by the size effect are the advanced functional nano-elements and 

intelligent structures with superior exceptional physical, chemical and biological 

2001). Recently most of researches are focused on the investigation of functions, 

of these researches exhibit a surprising world for nano- and biotechnology and may lead 

to great advances in potential applications and fabrications. Therefore it is indicated that 

the functions and intelligences are more important and attractive than strength when 

size down to the nanoscale. In this paper, we will focus at the function aspect of the size 

problem and suggest molecular physical mechanics as the theoretical basis and tool. 

2. Molecular Physical Mechanics 

The philosophy of atomics together with the Newton’s mechanical principles and 

differential-integral theory provide the fundamental for the discipline of continuum 

mechanics, which are the theoretical basis of applied mechanics. In the history of 

science and technology and the development of human civilization, mechanics has 

characteristics and functions (Baughman et al., 1999; Thomas et al., 2000; Michael

et al., 2000; Craighead 2000; Shankar et al., 2003; Gudiksen et al., 2002; Krusin et al., 

et al., 2003; Mark et al., 2001; Kenichiro et al., 2001; Loscertales et al., 2002). The results 

intelligences and coupled behaviors of nano- and biomaterials and structures (Feng
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made great contributions and many milestones have been created by scientists in this 

field. Traditional mechanics in our thought is mainly the applied mechanics branch in 

the great family of mechanics that has played important role in the machining revolution 

age, especial after the two world wars. Applied mechanics in the construction of modern 

industry, transportation and civil engineering system, which provide us present 

environment for living in, are mainly related to mechanical movement induced by force, 

thermal transition and fluid behaviors in large scale, or in the frame of continuum 

mechanics. With continuum assumption the mechanics has made the best use of 

calculus theory and is capable to perform beautiful mathematical calculations in 

modeling complex engineering problems. On the other hand, philosophy of atomic 

concepts and modern physical researches lead to the establishment of quantum 

mechanics in the first quarter of last century. Quantum mechanics soon become the 

theoretical fundamental of modern physics, chemistry and molecular biology and forms 

another main branch of mechanics, as shown by Fig.1. Due to the disciplinary boundary 

and subject limitations, quantum mechanics and applied mechanics are mainly applied 

in different research fields. 

Classical 

Mechanics

Physics 

Chemistry

Biology 

Quantum

Mechanics

Mechanical Engng

Civil Engng 

Traffic, et al.

Applied 

Mechanics

Figure 1. Disciplinary divarication of classical mechanics. 

However, when the technology go down to the nano scale with the fast 

development of information technology and peering and digging into the molecular 

level of life systems, the traditional mechanics meets problems and the need to reunite 

with quantum mechanics and molecular mechanics is increasing. With solid background 

in large scale continuum mechanics and wide knowledge in macro world of things, 

mechanical scientists face the challenges to know the micro world, where the discrete 
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characteristic becomes significant and the mechanical motion is closely related to 

physical and chemical effects. Consequentially, the so-called bottom-up methodology is 

proposed which need the combination and fusion of the two main branches in 

mechanics. This leads to a new interdisciplinary field, the molecular physical mechanics 

to meet the requirement of science and technology development.  

   The relationship of molecular physical-mechanics with other theories and fields is 

plotted in Figure 2. Down to nanoscale, all disciplines are highly interlinked and united, 

so the molecular physical- mechanics as a powerful tool can be applied not only in the 

traditional fields such as information and aerospace but also in the newest directions and 

fields of nano- and biotechnology. For the nanoscopic size effect, it is apparently a good 

way to use molecular physical-mechanics to explore the functions and intelligence of 

nano systems and structures. 

Physics 
Chemistry 

Biology 
Information 

Material
Mechanism 
Mechanics
Civil Engn 

Molecular 

Physical- 

Mechanics

Biology 

Information

Aerospace 

Materials 

MEMS

NEMS 

Applied 

Mechanics 

Quantum 

Mechanics 

Figure 2. Inter-Disciplines and fusion.

Atomistic simulations as one of the methods in molecular physical-mechanics have 

been played important roles in scaling down to nanoscale and can help in the 

elucidation of their properties and in the development of new methods for their 

fabrications and applications. In order to display how useful in computations and 

simulations of nanoscale science, some atomistic methods including molecular 

mechanics and quantum mechanics and the comparison with continuum theory are 

introduced and discussed in this paper.  

Carbon nanotubes (CNTs), a novel form of carbon structures, have been rapidly 

recognized as particularly important nanoscopic systems. Their exceptional mechanical 

W. Guo, Y. Guo

3. Methodology 
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systems are good proofs and representations for the topic of function over strength. The 

following parts in this paper introduce the investigations of energy dissipation and 

temperature controlling in nanoscale, same chirality growth of carbon nanotubes. Some 

new mechanisms and important findings are presented and summarized for carbon 

nanotube systems to show the size effect of the functions. 

To solve various physical and mechanical problems from macroscopic to 

mesoscopic scale, different theory and methods such as continuum mechanics, 

molecular dynamics and quantum mechanics are developed in the corresponding 

research fields. When size goes down to nanoscale, quantum mechanics becomes the 

fundamental of some basic disciplines while continuum theory maybe not suitable and 

correct in these scales. Therefore many atomistic methods based on molecular 

developed to investigate the functions and properties of nanoscale materials. 

Combination of atomistic methods and continuum mechanics will produce a new 

concept: molecular physical-mechanics, which can be widely used for nanoscale 

researches. There are some examples outlined below for the explanation of how to 

combine the atomistic methods and classic mechanics. 

Carbon nanotubes due to their exceptional electronic and mechanical properties 

have been widely studied by atomistic methods (Yakobson et al., 1996; Rochefort et al., 

1999; Lier et al., 2000; Zhou et al., 2001). However, many atomistic methods applied to 

CNTs are limited by the computational cost, spatial and temporal scales. Therefore 

many scientists have tried to find approximate simulations based on continuum 

mechanics to study larger systems as requested. For example, large deformation 

behavior and post-buckling modes of single-walled carbon nanotubes are studied by 

using traditional continuum shell theory and the results show that the continuum shell 

theory is convenient and efficient in predicting the post-buckling behavior of the 

nanotubes subjected to axial compression, torsion and bend loads (Li et al., 2003). 

The more exciting potential uses of CNTs are related to their exceptional electronic 

and chemical properties, but in this field continuum mechanical theory become 

unsuitable and invalid. Thus atomistic methods based on molecular mechanics and 

quantum mechanics are widely and extensively used to solve different kinds of 

Size Effect down to Nanoscales: Function over Strength

effect due to the one-dimensional nano structure (Robertson et al., 1992; Falvo et al.,

1997; Wong et al., 1997; Yu et al., 2000; Lourie et al., 1998), so carbon nanotubes 

and physical functions and properties are related to their remarkable and significant size 

mechanics, molecular dynamics simulation and ab initio calculations are chosen and 
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quantum mechanical methods require less computational resources. Moreover, by 

incorporation of parameters derived from experimental data some semi-empirical 

simulations, we use different atomistic methods to investigate the physical properties 

and behaviors of CNTs system. For example, firstly a semi-empirical quantum 

mechanical method PM3 (Stewart 1989) is adopted to study the coupled mechanical and 

electronic behaviors of single-walled carbon nanotubes under applied electric field and 

tensile loading (Guo et al., 2003; Guo et al., 2002). Then we use more accurate 

Hatree-Fock quantum mechanical calculation to obtain an exceptional characteristic of 

large axial electrostrictive deformation of SWNTs. For the essential physical properties, 

accurate density function technique is employed to achieve the energy gap and 

electronic structure of SWNTs (Guo and Guo, 2003). 

4. Size-Dependent Energy dissipation at nanoscale 

Using molecular statics and dynamics methods, coupled defects-size effects on 

interlayer friction in multiwalled carbon nanotubes are systematically studied. The 

5-7-7-5 type defects shown in Figure 3 are created on the core and outer tubes 

respectively. The defects in bi-walled carbon nanotubes are shown to have strong effect 

on interlayer friction. The variations of the normalized amplitude of potential energy 

with the time for the different lengths of bi-tube system are plotted in Figure 4. The 

oscillating energy dissipation rate increases monotonically in a bi-tube system with 

increasing tube length and defect density. The results indicate that the defects as well as 

the size effect can greatly change the functions of the whole carbon nanotube systems. 

This coupled defect-size effect also can explain how an ultrasmooth nano bi-tube 

system leads to rough longer tube system and provide a new mechanism for multiscale 

tribology (Guo et al., 2003; Guo et al., 2005). 

terms of the computer resources required while the approximate and semi-empirical 

ab initio Hatree-Fock and density function calculations can be extremely expensive in 

problems and phenomena in nanoscale. Completely quantum mechanics such as 

ab initio methods. Therefore according to the actually requirements of calculations and 

methods can calculate some properties more accurately than even the highest level of 
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Figure 3. The structure of 5-7-7-5 defects on the carbon nanotubes. 

Figure 4. The variations of the normalized amplitude of potential energy with the time for the 

different lengths of bi-tube system. 

5. Temperature at nanoscale 

Temperature is always a vital issue in physical processes. When size goes down to 

nanoscale, dissipation and temperature in non-equilibrium systems become more 

challenging, especially in nano electromechanical systems where mechanical behaviors 

are the first important. In continuum mechanics, temperature is taken as a parameter 

independent of mechanical movements, but at atomistic scale, the mechanical 

movement of a NEMS always merges with the thermal vibration of atoms. As shown in 

Figure 5, the thermodynamic process of the multi-walled carbon nanotubes systems is 
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not a random motion at a temperature of 500 K, and the temperature drives the inner 

tubes oscillating and rotating. The size effect on the temperature controlling is so 

obvious and strong in nanoscale. 

Figure 5. Thermodynamics motion of MWNT system at the temperature of 500K. 

In common-purpose atomistic simulation codes, kinetic temperature controls are 

widely used, in which the isothermal simulation can be realized by re-scaling the atom 

velocity using some standard schemes, but the motion of thermodynamics and regular 

mechanical components is not divided in this kind of temperature control method. Using 

atomistic methods and the conceptions of thermodynamic temperature and kinetic 

temperature, isothermal simulations can be realized by constant thermodynamics 

temperature control of a system, while constant kinetic temperature control scheme 

yields misleading results for mechanical motions of the system. Figure 6 shows the 

6. Growth of carbon nanotubes 

zigzag carbon nanotubes are selected as the core and template tubes. The single-walled 

carbon nanotube is indexed by a pair of integers (n,m) which define the circumferential 

W. Guo, Y. Guo

variations of temperatures with time for the (10,10)/(5,5) carbon nanotube commen- 

urate system. The isothermal simulations yield similar trends as an adiabatic approxi- 

mation (Guo and Zhu, et al.,).

To investigate the chiral effect on the growth of multi-walled carbon nanotubes, several 

direction in graphitic lattice coordinates (White et al., 1993). Assuming n m, the SWNT 
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Figure 6. Variation of temperatures with time for the (10,10)/(5,5) carbon nanotubes systems. (a) 

The thermodynamic temperature under constant thermodynamic temperature control at 8K. (b) 

The kinetic temperature under constant kinetic temperature control at 8K with initial temperature 

of 8K; inset is the kinetic temperature varied with time in for time from 0 to 50ps. (c) Comparison 

of the kinetic temperature Tk with the thermodynamic temperature under constant kinetic 

temperature control, in the same case as (b). 
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a

R cc ++= − 22

2

3

π
,  where cca −

C-C bond which is taken as 1.42Å. According to the experiment result, the interlayer

distance for the MWNTs is 3.38Å, then in our calculations the outer tubes’ radius and 

c o c

Å, where subscript “o” denotes the outer shell and “c” the inner core tube. The

interaction between outer tube and inner tube is described by using K-C potential 

(Kolmogorov and Crespi, 2000). For these zigzag core tubes, all possible orientations of 

the outer tubes whose diameters are in the given range are selected to calculate the

interlayer potential energy. Fig.7 shows the variations of the minimum interlayer

potential energy for the different outer tubes when m/n ranges from 0 to 1. As shown in 

these curves due to slight changing in diameters of outer tubes, the interlayer energy is 
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 is the length of the radius is given by 

corresponding index (n,m) are determined from the condition R +3.23 Å R R +3.53
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varying with the m/n of outer tubes. However, when both outer and inner tubes are 

the all-possible outer tubes arrangements. This indicates that zigzag/zigzag system 

possess more stable structure than other tube assembles. 

The variation of the minimum interlayer energy with core tube radius is plotted in 

Fig.8 to study the diameters effects of core tubes. The minimum interaction energy of 

outer tube decreases remarkably with the increasing of inner tube radius. However, 

when the core tube radius is large enough, the interlayer interaction energy is gradually 

to be the same for zigzag/zigzag system. The reason is that the two carbon sheets 

become more and more flat and the effect of curvature radius of carbon nanotubes is not 

so significant. 

According to the results, it can be concluded that zigzag (n,0) core tubes prefer to 

be with zigzag outer tubes to form multi-walled carbon nanotubes due to the lowest 

minimum interlayer potential energy. Moreover, this theory prediction can give a 

reasonable interpretation for the growth mechanism of experimental synthesized zigzag 

carbon cones (Zhang et al., 2003; Zhang et al., 2005) as well. 

Figure 7. Variations of the minimum interlayer interaction energy with outer tubes’ chiralities m/n 

for the (26,0), (50,0), (100,0) and (200,0) core tubes, where integers n and m denote the 

orientation of the outer tube. 
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Figure 8. Variation of the minimum interlayer interaction energy of zigzag outer tube with the 

radius of zigzag core tubes. 

7. Summary  

When size goes down to nanoscale, the functions and intelligences of smart materials 

and nano elements are more attractive and significant in the future applications. 

Compare to the macroscopic systems, the size effect in nanoscale not only influences 

and changes the strength of the nano systems and structures but aslo essentially exhibits 

the surprising functions and intelligences and leads to many exciting and exceptional 

properties and characteristics. The coupled mechanical, physical and chemical 

properties and behaviors are most important and vital for the nano systems. Various 

kinds of methods including continuum mechanics and atomistic simulations are 

developed to study the size effect and new phenomena in nano scale. Then a new 

concept molecular physical-mechanics based on these theories and methods is 

established to solve the problems of size effect in nanoscale. Combination of molecular 

mechanics, molecular dynamics and quantum mechanics is a powerful tool in nano 

researches, which provides the wide background for not only the nanotechnology, but 

also the nano systems with surprised functions.  

CNTs are good examples and proofs for ‘function over strength when size 

effect down to nanoscales’ due to their interesting structures and exceptional 
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properties. The energy dissipation, temperature control of CNTs systems and 

growth of carbon nanotubes are investigated respectively by using quantum 

mechanics and molecular mechanics. All the given results present a clear picture 

that functions and intelligences originated from the size effect are more important 

and necessary in nano materials and structures.  
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MICROMECHANICS OF MICROPOLAR COMPOSITES 

Gengkai Hu 

Department of Applied Mechanics, Beijing Institute of Technology 100081, 

Beijing, China  

1.  Introduction 

l , the characteristic length scale of the reinforced phase A and the characteristic length 

scale of the matrix ml . The classical micromechanical method applies for the following 

length scale condition mlAlL >>>>>>  (Forest and Sab, 1998; Zaoui, 2003; Hu et al.,

2004); in this case both constituents and the homogenized material are idealized as 

Cauchy material model without any inner microstructure. However when the structure 

size L is small (MEMS, thin films), the previous length scale condition is not fulfilled; 

in another situation, for metal matrix composites, nanocomposites, the size of the filler 

can reach the same order as the characteristic length scale of the matrix material ( ml ). 

Under these length scale conditions, the nonlocal nature of either the homogenized 

macro-element (RVE) or the constituent materials must be considered in a proper high 

order continuum theory. Homogenization strategies and the corresponding length scale 

The objective of micromechanics is to establish a relation between the macroscopic 

properties and the microscopic information for heterogeneous materials. There are  

different length scales involved in micromechanical modeling, for example, the 

structural characteristic size L , the size of the representative volume element (RVE) 

conditions are presented in table 1 (Forest and Sab,1998; Hu et al., 2004). 

187  

© 2006 Springer. Printed in the Netherlands.

Q. P. Sun and P. Tong (eds.), IUTAM Symposium on Size Effects on Material and Structural Behavior at 

Micron- and Nano-Scales, 187–194.



Discussions on high order continuum theory can be found in the monographs given 

by Eringen (1999) and Nowacki (1986). For composite materials, Wei (2001), Chen and 

Wang (2002) have used high order continuum models to describe the size-dependence 

of the overall nonlinear stress and strain relations, however their methods are basically 

numerical. In this paper, we are concerned with the following length scale condition 

mlAlL ≈>>>> , locally the constituents are idealized as micropolar material model, 

however the homogenized macro-element can be still considered as a Cauchy material 

due to the small size of the RVE compared to the structural size. The paper will be 

arranged as follows: A brief recall of the micropolar elasticity and plasticity theory will 

be presented in section 2; the micro-macro transition method and the method to evaluate 

the effective moduli of the composite will be given in section 3; in section 4, the secant 

moduli method will be extended to micropolar composites to predict the effective 

nonlinear stress and strain relation.  

2.  Micropolar elasticity and plasticity

i

macro-displacements iu of a material point. The kinetic, equilibrium and constitutive 

equations for an isotropic centro-symmetric micropolar material are (without body force 

and couple) 

=

−=

ijij

kkijijij

k

eu

,

,

φ
φε

,
=+

=

0

0

,

,

ikjikjij

jij

em σ
σ

,
=

=

klijklij

klijklij

kDm

C εσ
   (1) 

The stress ijσ and the strain ijε are not symmetric in the micropolar theory, ijij km ,

are the couple stress and the torsion respectively. For an isotropic micropolar material, 

we have    

In the micropolar theory, three rotation anglesφ are introduced in addition to the 
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jlikiljkklijijklC δδκµδδκµδλδ )()( −+++=     (2a) 

jlikiljkklijijklD δδγβδδγβδαδ )()( −+++=     (2b) 

where λµ ,  are the classical Lamé constants, αβγκ ,,,  are new material constants 

introduced in the micropolar theory, ijδ is the Kronecker delta. With '

)(ijσ , '

><ijσ ,σ  and 

'

)(ijε , '

><ijε , ε  denoting separately the deviatoric symmetric, anti-symmetric and 

hydrostatic parts of the stress and the strain tensors, and similar notations for the 

couple-stress and torsion tensors, the well-established elastic constitutive relations for a 

linear isotropic micropolar material can be rewritten as (Nowacki, 1986): 

'

)(

'

)( 2 ijij µεσ = , '' 2 ><>< = ijij κεσ , εσ K3= ; '

)(

'

)( 2 ijij km β= , '' 2 ><>< = ijijm γε , Pkm 3=   (3) 

where 

denote the symmetric and anti-symmetric parts of a second order tensor, respectively.  

The two distinct sets of moduli: ( κλµ ,, ) and ( αβγ ,, ) define three intrinsic 

characteristic lengths for an isotropic elastic micropolar material (Liu and Hu,2005): 

2/1

1 )/( µγ=l , 2/1

2 )/( µβ=l , 2/1

3 )/( µα=l            (4) 

For simplicity, in the following discussion, we set mllll === 321 .

For a nonlinear micropolar material, the generalized equivalent stress may be defined 

as (Lippmann, 1995; Fleck and Hutchinson,1997; Liu and Hu,2005):  

)(
2

3

2

3 '

)(

'

)(

2'

)(

'

)( ><><
− ++= ijijijijmijije mmmmlσσσ     (5) 

Following the same idea as in a Cauchy material model, the stress potential for a 

nonlinear micropolar material may then be written as:  

222

0
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1
)( m

PK
ww ee +++= >< σσ

κ
σ     (6) 

K = λ + 2 /3 µ  is the bulk modulus, P = α + 2 /3 β  can be regarded as the 

corresponding stiffness measure for the torsion, and symbols ( ) and < > in the subscript 
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where )(0 ew σ  has the same form as for a classical material: 
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+= σσ
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σ
      (7) 

where yσ  and Hn, are the initial yield stress, and hardening parameters of the 

micropolar material respectively, and 2/32

><><>< = ijije σσσ .

From the deformation theory in plasticity, the secant moduli of a nonlinear 

micropolar material at the stress state eσ  can be defined from equation(6) as 

s

m

s l µβ 2= , s

m

s l µγ 2= , PPs =       (8b) 

These secant moduli will be used to determine the effective nonlinear stress and 

strain relation for composite materials. 

Micro-macro transition method and effective moduli  

m

and it can still be considered as a material point in the structure, so the classical 

boundary condition is applied: jiji xEu )(= , 0=iφ  or jiji nF )(Σ= , 0=jijnm , where 

i

density over RVE can be written as:  

symsymsymsymsymsym ΣΣεσ :::::: MECEkm =>=+<     (9) 

Equation (9) provides a method to evaluate the effective stiffness 
sym

C  or compliance 

tensor 
sym

M for micropolar composites. To compute the average strain and torsion in 

Under the length scale condition L >> l >> A ≈ l , the RVE is sufficiently small and 

n is the unit normal to the boundary of the RVE. The average of the local energy 

3.
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the different phases, the average equivalent inclusion method will be utilized. It has 

been shown by Chen and He (1995) that for an infinite micropolar matrix, the strain and 

torsion produced by a spherical region with a uniform eigenstrain *ε and a uniform 

eigentorsion *
k are

** :)(:)( kxBxA += εε ; ** :)(ˆ:)(ˆ kxBxAk += ε   (10) 

where )(xA , )(xB , )(ˆ xA and )(ˆ xB  are Eshelby-like tensors, their expressions are 

given in Chen and He(1995). For a spherical inclusion, it can be shown that 

0)( =>< IxB  and 0)(ˆ =>< IxA , where I>•<  means the volume average of the 

considered quantity over the spherical region. The analytical expressions for I>< )(xA

and I>< )(ˆ xB are given in Liu and Hu (2004).  For a spherical inclusion with a 

uniform eigenstrain and a uniform eigentorsion, the induced strain and torsion inside of 

the inclusion are not uniform, so the equivalent inclusion method widely used for 

classical micromechanics has to be applied in an average sense in the case of micropolar 

composites (Xun et al., 2004). With help of the average equivalent inclusion method, 

we can follow exactly the same method as in classical micromechanics to determine the 

effective moduli. For a two-phase particulate composite, a and 1c denoting the radius and 

the volume fraction of the particle respectively, the effective shear and bulk moduli 

estimated by Mori-Tanaka’s method are:     
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  When ∞→ha / , the classical results can be recovered, as expected. However 

when the particle size is reduced, the effective shear modulus increases, as shown in 

figure 1 ( 53.2/,5.0/ 0000 == µµκ K , 10// 0101 == KKµµ ). However the effective 

bulk modulus will not depend on the particle size.  
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Effective nonlinear stress-strain relation 

The key point is to evaluate the secant moduli of the nonlinear micropolar matrix as 

function of the applied load symΣ . To this end, we consider a linear comparison 

micropolar composite 
sym

sM characterized locally by the compliance tensors ss
RM , .

Consider local material compliances variations s
Mδ , s

Rδ , this will lead to the 

variations of the local stress, couple stress and the macroscopic compliance of the 

composite δ , mδ  and 
sym

sMδ  respectively. From equation (9), we can show that 

      symsym

s
sym ΣΣσσ :::::: MmRmM

ss >=+<         (12) 

Consider the following variations sss

000 ,, δγδβδµ  separately (the superscript s here 

denotes a quantity related to the reference material, and according to the secant moduli 

method the reference material is assumed to have the secant moduli of the actual 

nonlinear phase), the average equivalent stress of the matrix in the linear comparison 

micropolar composite defined by equation (5) can then be calculated by 

sym
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s

s

sym
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e
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1

000

2

0

1

2

∂
∂+

∂
∂+
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−
=

γβµ
µσ MMM

   (13) 

The effective moduli of the linear comparison composite can be estimated by 

equation (11), so the average equivalent stress of the matrix can be evaluated without 

any difficulty. When the matrix material has undergone a plastic deformation, the secant 

moduli method can be utilized to determine the overall nonlinear stress-strain relation of 

the composite.  

The comparison between the prediction and the experimental results conducted by 

Kouzeli and Mortensen (2002) is shown in figure 2 for different particle sizes and 

volume concentrations. The following material constants are used in the modeling: 

71.3/ 01 =KK , 01 61.2/ 00 =µK , 5.0/ 00 =µκ , mlm µ2.4= ,

y

4. 

We can follow the main idea of secant moduli method as in the classical micro- 

mechanics to determine the overall nonlinear property for a micropolar composite. 

= 6.52 ,µ / µ
H = 110Mpa, σ = 25Mpa,  n = 0.255 . Four sets of composite samples are examined, 
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with the particle diameter 2a and the volume fraction 1c  separately given by: (4.5 

is found between the predictions and the experimental values. 

of particle size                            and experiment 

   Similar to the case of classical micromechanics (Hu, 1996), the proposed secant 

moduli method based on second order stress and couple stress moments can also have a 

variational interpretation of the Ponte Castañeda’s type (Ponte Castañeda, 1991), which 

can be written in the following form 

[ ]−−≡≥
= ∀∀

− N

r
r

s

rr

symsss

effeff wwcWWW
ss 1 ,,

),(),(sup),,(sup mmRM
mRM

σσΣ
σ

 (15) 

where rw is the stress potential of the nonlinear phase r, s

rw  is the stress potential for a 

linear micropolar material associated with the phase r, rc is its volume fraction. 
s

W and

effW  are the effective stress potentials of the linear comparison composite and the 

nonlinear composite, respectively.  

5. Summary 

matrix due to its coarse-grain structure is characterized by a micropolar material model. 

Mori-Tanaka’s method and the secant moduli method are extended to micropolar 
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We    have presented a homogenization method, in which the nonlocal nature of the 
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Figure 1. Effective shear modulus as a function    Figure 2. Comparison between theory   

µm , 0.39), (9.3 µm , 0.54), (29.2 µm , 0.461) and (58 µm , 0.475).  A good correlation 
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composites, the particle size-dependence of the overall nonlinear stress-strain relation 

can be well predicted analytically. It is also shown that the proposed method has also a 

variational interpretation of Ponte Castañeda’s type.       
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ASYMPTOTIC MODEL EQUATION FOR
PHASE TRANSITIONS IN A SLENDER
CIRCULAR ELASTIC CYLINDER
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Abstract

In the literature, people have used pure one-dimensional theories to study
boundary-value problems of phase-transforming materials. In this paper,
we show that to model phase transitions physically and mathematically
it is essential to consider the influence from the other dimension(s). For
a slender circular cylinder, by taking into account the effects due to
the radial deformation and traction-free boundary conditions, we estab-
lish the proper model equation through an asymptotic approach, which
shows that the problem is a singular perturbation one. The pure one-
dimensional model equation used in the literature is only the leading
order equation valid in the outer regions. Various possible boundary
conditions for our model equation are discussed. It is known that the
pure one-dimensional model equation cannot produce the unique solu-
tion. With a proper set of boundary conditions, the model equation
provided here may yield the unique solution.

1 Introduction

Phase-transforming materials have many applications and many authors
have studied various aspects of these types of materials (e.g., Boullay et
al. 2002, Ahluwalia and Ananthakrishna 2001, Barsch and Krumhansl
1984, Bales and Gooding 1991, Kartha et al. 1995). In the continuum
scale, these materials may be modeled by strain-energy functions with

195

© 2006 Springer. Printed in the Netherlands.

Q. P. Sun and P. Tong (eds.), IUTAM Symposium on Size Effects on Material and Structural Behavior at 

Micron- and Nano-Scales, 195–204.



multiple local minima (Ball and James 1992) or in general by not-strictly
convex strain-energy functions. It is well-known that one important and
difficult issue in the mathematical modeling of phase-transforming mate-
rials is the nonuniqueness of solutions. In a recent article by Abeyaratne

In
the classical work by Ericksen (1975), the pure one-dimensional model
was used to study a two-end boundary value problem. It was found that
in the case of the given end displacement within a certain interval there
are two solutions. (Remark: According to the model used by Ericksen,
mathematically there are also solutions with multiple phase boundaries
(a family of them), although only the solution with one phase boundary
was reported in that paper.) As pointed out by Abeyaratne et al. (2001)
the lack of uniqueness of solutions is usually due to the incompleteness
in the model. So, what physically important effects are neglected in the
pure one-dimensional model?

Our view is that the influence from the other dimension must be
considered (see Dai 2004). Consider the axial equilibrium equation in an
axially symmetrical static problem

∂SzZ

∂Z
+

∂SzR

∂R
+

SzR

R
= 0, (1.1)

where SzZ and SzR are the components of the first Piolar-Kirchhoff stress
tensor S, and (r, θ, z) and (R, Θ, Z) are the current and reference cylin-
drical coordinates, respectively. For a thin wire (in experiments, the ratio
of the radius and length is about 1

60
), one might think that the last two

terms in (2.1) (representing the influence of the radial deformation in
the axial direction) are very small and can be neglected. For standard
elastic materials, indeed such an approximation is valid (actually, ∂SzR

∂R

and SzR

R
are exponentially small for a neo-Hookean material; cf. Dai and

Bi (2001)). However, for a phase-transforming material, the stress-strain
curve typically has a peak-valley combination. In the loading process,
as the external stress approaches the peak value σp, say, it is equal to
σ−

p . In this case, ∂SzZ

∂Z
= ∂SzZ

∂γ
γZ , where γ is the axial strain, is exactly

equal to zero. Then, the terms, ∂SzR

∂R
and SzR

R
, no matter how small they

are, are dominant terms and cannot be neglected! This implies there
must be a radial deformation in the process of phase transformation. In

H.-H. Dai

et al (2001), an elegant review on this and other aspects was given..
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other words, there do not exist one-dimensional stress problems for phase
transitions. Thus, to model phase transitions, the influence of the radial
deformation should be taken into account.

There are also experimental evidences that the radial deformation is
important.

In experiments (Shaw and Kyriakides 1995,1997, Li and Sun 2002), it
was observed that after the nucleation stress was reached the nucleation
process began and accompanying with it there was a radial contraction
(necking). Also, after the two-phase state was formed, the deformation
was inhomogeneous, one part being thin and one part being thick. Thus,
to model the nucleation process and the inhomogeneous deformation of
different thicknesses, one should consider the radial deformation. Indeed,
the solutions provided by Ericksen (1975) based on one-dimensional stress
model cannot describe the nucleation process.

In the experiments on seven specimens with different diameters by
The smaller

the diameter is, the larger the nucleation stress is; also, the smaller the
diameter is and the sharper the stress drop (taking place after the nu-
cleation stress) is. Thus, to capture these size effects one has to consider
the diameter, which implies the consideration of the radial deformation.

In this paper, we shall also give the asymptotic model equation for
phase transitions in a slender circular cylinder composed of a phase-
transforming material, which takes into account the influence of the radial
deformation and traction-free boundary conditions. The model equation
shows that the problem is a singular perturbation one and the pure one
dimensional model used in the literature is only valid in the outer region
at the leading order. Many people (e.g., Miyazaki et al. 1981, Shaw and
Kyriakides 1995 & 1997) conducted experiments on thin wires composed
of phase-transforming materials and for a given end displacement only a
unique deformation state was observed. We believe that the model equa-
tion provided in this paper will lead to the unique solution with proper
boundary conditions. A complete mathematical study on this nonlinear
equation under various boundary conditions and the constitutive stress-
strain curves as well as the structures of the phase boundaries will be
carried out in the near future.

Sun et al (2000), some strong size effects were observed:.

Asymptotic Model Equation for Phase Transitions
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2 Three-dimensional Field Equations

transitions in a slender cylinder, it is essential to take into account the
influence of the radial deformation. Here, we consider the axisymmetrical
deformation of a circular cylinder of radius a and length l (a/l is small)
composed of a phase-transforming material whose strain energy function
is nonconvex. The material is also assumed to be isotropic and isothermal
and thus the strain energy function Φ = Φ(I1, I2, I3), where Ii (i = 1, 2, 3)
are the principal invariants of the Cauchy-Green strain tensor.

In the case of a uniform stretch of the cylinder it is possible to write
the average strain energy function 1

πa2

∫ 2π
0

∫ a
0 Φ(I1, I2, I3)RdRdΘ = Φ̄(γ̄)

and the average axial stress σ̄ = ∂Φ̄
∂γ̄

, where γ̄ is the axial strain. So, for

a given Φ the form of the function Φ̄(·) can be determined. As a result
of the nonconvexity of the strain energy function, the σ̄ − γ̄ curve has
a peak-valley combination. The governing equations according to the
three-dimensional theory are

DivS = 0. (2.1)

In the above, one of the equations is just the axial equilibrium equation
(1.1) and another is the radial equilibrium equation. We shall also con-
sider the case that the lateral surface is free of traction. Thus, we have
the boundary conditions:

SrR|R=a = 0, SrZ |R=a = 0. (2.2)

For a given strain energy function Φ the first Piolar-Kirchhoff stress
tensor can be calculated through S = ∂Φ

∂F
, where F is the deformation

gradient. Then, for small strains it is possible to expand this relation up
to any order (see Fu and Ogden 1999). Then, two equations together with
two boundary conditions for the two unknowns U (radial displacement)
and W (axial displacement) can be explicitly written out.

3 Asymptotic Model Equation

Mathematically, it will be too hard to study the two-dimensional field
equations directly. In this section, we shall use the smallness of the

Based on the results given in section 1, it can be seen that to model phase
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radius-length ratio to obtain the asymptotic equation which takes into
account the influence of the radial deformation and the traction-free
boundary conditions.

An approach, which is very similar to that used in Dai and Huo (2002)
and Dai and Fan (2004) for nonlinear dispersive waves in rods composed
of standard nonlinear elastic materials, can be adopted to deduce the

gthy expressions, many are as long as one page, are omitted). The
first step is to introduce an essential change of variables for the radial
displacement U and the radial variable R by

U = RV, Y = R2. (3.1)

Consequently, we find that in the resulting equations and boundary con-
ditions R does not appear explicitly or implicitly in the form of

√
Y .

As a result, the two unknowns V and the axial displacement W can be
regarded as functions of Z and Y . To conduct an asymptotic analysis, it
is needed to identify the small quantities, which characterize this prob-
lem, through a nondimensionalization process. By a careful analysis, we
introduce that

W = hw, Z = lx, Y = l2s, V =
h

l
v, (3.2)

where h is a characteristic axial displacement. Consequently, two small
parameters ν = a2/l2 and ε = h/l (usually the maximum displacement
among the material points in the specimen is substantially smaller than
the total length) and a small variable s = Y/l2 arise. We note that
0 ≤ s ≤ ν. These three small quantities play essential roles in the
asymptotic analysis. So, we can write

w = w(x, s; ν; ε), v = v(x, s; ν; ε). (3.3)

As s is a small variable, we shall assume that the unknowns have Taylor
series in s, i.e.,

w = w0(x) + sw1(x) + s2w2(x) + · · ·, (3.4)

v = v0(x) + sv1(x) + s2v2(x) + · · ·. (3.5)

Asymptotic Model Equation for Phase Transitions

asymptotic equation. Here, we shall only describe themain steps (the len-
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(Remark: In the pure one-dimensional stress theory, w = w0(x) and
w1 = w2 = · · · = 0 and v1 = v2 = · · · = 0.) Then, we substitute
the above two equations into equations (2.1). For the axial equilibrium
equations, by setting the coefficients of s0 and s1 to be zero, two equa-
tions containing w0, w1, w2, v0, v1 are obtained. For the radial equilibrium
equation, setting the coefficient of s0 to be zero, one equation containing
w0, w1, w2, v0, v1 is obtained. The boundary conditions (2.2) on the lateral
surface provide additional two equations. Thus, we have five equations
for five unknowns w0, w1, w2, v0, v1. If we further use the smallness of ε,
it is possible to represent w1, w2 and v1 in terms of w0 and v0. Substitut-
ing these into the last two equations arisen due to the lateral boundary
conditions, two equations for w0 and v0 can be obtained. Upon using
the smallness of ν and neglecting terms of O(νε) (for the purpose to get
the leading term due to the radial deformation, O(νε) terms, represent-
ing the coupling effects of geometry and material nonlinearity, can be
neglected), these two equations can be combined to give (after retaining
the dimensional variables)

∂

∂Z
[
∂Φ̄(γ)

∂γ
] − a2

4
EγZZZ = 0 (3.6)

or

[σ̄(γ)]Z − a2

4
EγZZZ = 0, (3.7)

where γ = W0Z , E is the Young’s modulus. Equation (3.6) or (3.7) is the
proper model equation for phase transitions in a slender circular cylinder.
The above equation can also be obtained through the following argument
(this is very similar to an argument used to study nonlinear waves in
fluids; see Whitham 1974). The idea to obtain the model equation is

term[σ̄(γ)]Z shouldbepresent(we require the model equation to be able to

the phase transformation takes place). Other term(s) should represent
the

a linear term. Thus, to deduce that term is sufficient to work with

H.-H. Dai

to consider which terms should be present. For a slender cylinder, the do-
minant equation is the axial equation. For that equation, obviously the

produce the correct solution for a uniform stretch of the cylinder before

the influence due to the radial deformation. The leading term due to
effect of the radial deformation in the axial deformation should be
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linear three-dimensional field equations. In Dai and Huo (2002) and Dai
and Fan (2004), we have worked with nonlinear (up to the second-order
material nonlinearity) three-dimensional field equations. Thus, as long
as we neglect nonlinear terms in that two papers, we can get the required
term. Indeed, from (35a) to (36b) of Dai and Fan (2004), we can easily

deduce that the required term is −a2

4
EγZZZ . However, the complete

derivation as described above can have the advantage to give the precise
relations how w1, w2, v0 and v1 depend on w0. These are very important
for boundary value problems, since the proper boundary conditions may
have to be proposed according to w1, w2, v0 and v1.)

From (3.7), we can immediately observe the defect of the pure one-
dimensional model [σ(γ)]Z = 0 used in the literature. For small a, (3.7)
represents a singular perturbation problem (in the front of the highest
derivative term there is a small parameter). The equation [σ(γ)]Z = 0 is
the correct equation in the outer region valid to the leading order. No
matter how small a is, in the inner regions (boundary layer regions, which
should contain at least the region containing the phase boundary), the
highest derivative term plays an essential role and cannot be neglected.

Equation (3.6) (or (3.7)) is a fourth-order nonlinear ODE for W0 and
four boundary conditions are required. A variety of boundary conditions
are possible in reality. Here, we list some possibilities: 1. Given both
W0 and V0 at two ends. 2. Given W0 and γZ = 0 (i.e., the free end
condition) at two ends. 3. Given W0 at Z = 0, the axial resultant and
V0 at two ends. 4. Given W0 at Z = 0, the axial resultant and W0Z = C
at two ends (it is expected that depending on the value of C (whether
it is in the austensite, martensite or the softening part corresponding to
the constitutive curve) completely different results will be obtained). 5.
Given W0 and V0 at Z = 0 and W0 and W0Z at Z = l.

It should be noted that (3.7) is a fully (not simply second order)
nonlinear equation and a slight change of boundary conditions can result
in completely different situations. We also point out that not all the
boundary conditions can yield the unique solution. It is expected that
in the cases of the boundary conditions based on the axial deformation
alone there are no unique solutions. To get unique solutions, at least one
boundary condition should be based on the radial displacement (or radial
strain) at one end. In the cases of unique solutions, the results may be
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used to explain some phenomena observed in experiments analytically.
(Remark: In particular, the first set of boundary conditions corresponds
to the real situations in experiments and we also expect that the unique
solution will be obtained by using it.) Complete studies on this model
equation together various stress functions σ̄(γ) and boundary conditions
will be carried and the results will be reported in the near future.

4 Conclusions

Due to the non-existence of one-dimensional stress problems for phase-
transforming materials, it is essential to consider the influence of the
radial deformation for phase transition problems in a circular rod (bar)
and as well the traction-free boundary conditions at the lateral surface.
We have adopted an asymptotic approach to obtain the model equation
for static problems, which takes into account the effect of the radial de-
formation. It turns out that the model equation represents a singular
perturbation problem and the pure one-dimensional model is only the
leading order equation in the outer regions. We expect that with proper
boundary conditions this model equation will yield the unique solution.
For more difficult dynamical problems in phase transitions, the unique-
ness of solutions is still a problem which has not been solved completely.
By considering the effects from other dimension(s) in the axial equation,
it may be possible to derive an additional condition besides the two jump
conditions across the phase boundary. The results for dynamical prob-
lems of a slender cylinder composed of a compressible phase-transforming
material will be reported elsewhere.

Finally, we point out that our conclusion on the non-existence of one-
dimensional stress problems for phase-transforming materials is purely
based on the fact that there is a maximum/minimum in the constitu-
tive stress-strain curve. It seems that for other physical problems if the
constitutive relations have the same critical feature, the non-existence of
one-dimensional problems might also hold.
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1. Introduction 

Nickel titanium (NiTi) shape memory alloy (SMA) can exhibit the well-known shape-

memory effect and superelastic behavior through its unique reversible phase transition 

between the low-temperature martensite phase and the high-temperature austenite phase 

[1]. Owing to its large recoverable deformation, long fatigue life and high work output 

per unit volume, NiTi SMA has attracted strong interest in the field of micro-

electromechanical systems (MEMS) [2]. The understanding and control of tribological 

behaviors of the material become an important issue of concern [2-4]. In most 

applications of NiTi, the stress-induced phase transition process is unavoidable and 

therefore may play an important role in deformation and wear of materials. Research on 

wear behavior of NiTi SMA started to gain momentum only in recent years and some 

important results have been obtained [5-7], with more journal papers on the wear 

behavior of NiTi appearing in the literature [8-9]. However, most of the previous studies 

were mainly conducted by traditional pin-on-disk type machines under a relatively large 

normal load; the quantitative role of phase transition as well as its interplay with 

plasticity in deformation and wear at micrometer or submicrometer scales are still not 

entirely clear.  

This paper focuses on the microwear behavior of NiTi and it is organized as follows. 

In section 2, the materials and testing methods are described. In section 3, the 

temperature dependent constitutive relations of the material during loading which 

involves both stress-induced phase transition and plasticity are first characterized. 

Detailed experimental results for the wear performance and hardness of the material 

measured at different temperatures are reported. The observations are analyzed in terms 

of the intrinsic temperature dependent constitutive law of the material, where the role of 

phase transition and its interaction with plasticity in the observed unusual wear 

#
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performance is emphasized. The results are further quantified in a simple contact model 

for indentation and wear. The final conclusions are given in section 4. 

2.   Materials and Testing Methods 

Commercial 0.3 mm thick superelastic NiTi polycrystalline cold-rolling sheets were 

purchased from Shape Memory Applications, Inc. (San Jose, CA, USA). The nominal 

alloy composition was Ni-56.4% Ti-43.6% (weight %). The size of the grains is about 

50~100 nm as observed by transmission electron microscopy [10]. With a differential 

scanning calorimeter (DSC 92, SETARAM, France), the characteristic transformation 

temperatures indicate that the material is in the austenite phase at room temperature [5].
The tensile tests of the sheet sample were performed by a Universal Testing Machine 

with a temperature chamber (MTS SINTECH 10/D, USA). For wear tests at microscale, 

a NiTi plate was cut into 8 × 8mm pieces by a diamond saw. A series of silicon carbon 

and aluminum oxide sand papers were used to polish the samples until a satisfactory 

surface quality was obtained.  

All the indentation and wear tests were conducted on a triboindenter (Hysitron Inc., 

Minneapolis, USA) at temperatures ranging from 22 to 120°C with Berkovich diamond 

tips. For a given load and temperature, the microwear was performed by 200 cycles 

of scanning-scratch over a fixed 5µm × 5µm area on the surface of sample. One cycle of 

scanning-scratch consisted of 256 lines of scratch with a 10µm/s scratching speed. After 

every five cycles’ of scanning-scratch, one in-situ AFM image was taken over a 

10µm × 10µm area with the wear mark in the center. The wear depth was measured as 

the average height difference between the worn area and its surrounding flat surface. 

3.  Results and Discussion 

3.1 PHASE TRANSITION AND PLASTICITY IN THE CONSTITUTIVE RESPONSE 

OF NITI 
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Figure 1. (a) Schematic illustration of the four deformation process during loading. (b) Typical 

measured recoverable stress-strain curve of NiTi at room temperature without plastic 

deformation.  
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Fig. 1(a) schematically shows a typical stress versus strain curve of NiTi under tensile 

loading and unloading test. If the specimen is unloaded soon after the completion of the 

phase transition, both the elastic and phase transition deformations will recover during 

unloading after a hysteresis as shown in Fig. 1(b). 
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Figure 2. Repeated stress versus strain curves at various peak tensile strains measured at different 

ambient temperatures: (a) 22°C, (b) 70°C, (c) 120°C and (d) 140°C.

Since the stress-induced phase transition in NiTi is thermoelastic in nature [1], there 

should be a clear temperature dependence of the transformation stress of the material. 

At each temperature, the tensile loading and unloading were repeated with different 

maximum strains to study the contribution of plasticity and phase transition to the  

total strain. At 22°C and 70°C, no residual strain was observed at the first tensile 

loading/unloading cycle as shown in Fig. 2 (a) and (b), which indicates that the phase 

transition stress was below the austenite plastic yield stress. At higher temperatures such 

as 120°C and 140°C (see Fig. 2 (c) and (d)), since the phase transition stress became 

higher than the austenite plastic yield stress, plastic deformation occurred prior to the 

start of the phase transition. The residual strain was immediately observed when the 

stress is over the linear elastic limit at the first and second cycles (Fig. 2 (c) and (d)).  

The tensile stress-strain curves for the first loading-unloading cycle at various 

temperatures are plotted in Fig. 3 (a). It was found that both the phase transition stress 

plateau and austenite elastic modulus increase with temperature. Furthermore the plastic 

deformation of austenite started to evolve with phase transition at about 90 °C (also 

from Fig. 2 (c) and (d)). Fig. 3 (b) shows that while the austenite and martensite plastic 

yield stresses are almost kept constant in the entire temperature range, the phase 

transition stress increases linearly with temperature.  

To summarize, the stress-induced phase transition process in NiTi is not only 

strongly temperature dependent but also intertwined with plasticity. As will be unfolded 

(a) 22°C (b) 70°C

(c) 120°C (d) 140°C

Effect of Phase Transition on the Unusual Microwear Behavior 

Nominal Strain (ε, %) Nominal Strain (ε, %)
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in detail in the following sections, this feature has important implications and may play 

a key role in the unusual temperature dependence of the hardness and wear performance 

of the material during indentation and repeated scanning-scratch.  
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Figure 3. (a) The tensile stress-strain curves for the first loading-unloading cycle at various 

temperatures. (b) Temperature effect on the measured martensite transition stress, martensite and 

austenite yield stress. 

3.2 MICROWEAR PROPERTIES OF NITI AT ROOM TEMPERATURE ⎯

scratch cycles (5~200 cycles) and normal loads (20~100µN). The microwear is conducted by

µm.
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Figure 4. In-situ AFM images of the wear marks on NiTi corresponding to various scanning-

tip curvature radius is 5.7
repeated scanning-scratch cycles over a 5µm × 5µm area. The image size is 10µm × 10µm and the 
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threshold load for NiTi. When the normal loads fell below 55µN, even after 200 cycles 

of scanning-scratch, no obvious material loss happened. However, when the load was 

increased to above 60µN, serious wear occurred. According to the plough mechanism of 

abrasive wear, the so-called threshold load for wear should be related to the condition 

for the occurrence of plasticity in the indenter tip contacted region of the sample. Since 

the stress in the contact region is strongly influenced by the tip shape and the amount of 

stress-induced phase transformation during indentation (which in turn depends on the 

temperature and applied load), it must be emphasized that the threshold load should not 

be treated as an intrinsic material property, instead it is a comprehensive nominal wear 

property of the material. For a given tip shape, the temperature dependence of the phase 

transition stress implies that the threshold load is also temperature dependent. This will 

be elucidated in section 3.4.  

The above discussion on the influence of phase transition to the threshold load can 

be further supported by comparing the wear test results of NiTi at room temperature 

with that of stainless steel 304. Indentation result shows that NiTi has the same hardness 

as that of stainless steel. However, NiTi exhibits much better microwear resistance than 

steel as shown in Fig. 5. This phenomenon is anomalous according to the existing wear 

theory which states that wear property should be similar for metal materials with the 

same hardness [11]. It is speculated that the unusual superior wear performance of NiTi 

over stainless steel may be attributed to the superelastic behavior of the material due to 

its unique phase transition property.
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(a) 50 cycles                                                                                    (b) 200 cycles 

Figure 5. Comparison of the microwear property of NiTi and stainless steel-304. The normal load 

is 40µN and the tip curvature radius is 5.2µm. (a) The comparison of the wear marks on NiTi and 

stainless steel after 50 scanning-scratch cycles. The right figure shows the cross section profile of 

the wear marks at the center line. (b) Comparison of the wear marks after 200 scanning-scratch 

cycles. 

3.3  ROLE OF PHASE TRANSITION AND PLASTICITY IN ROOM 

Since wear originates from the accumulation of plastic deformation and damage in the 

contact region, to obtain a quantitative estimation of the threshold wear load Pc, we 

apply the Hertzian contact theory to steel and NiTi, respectively.  

For the stainless steel wear test the Berkovich tip’s curvature R is 5.2µm and the 

diamond tip is assumed to be rigid, setting the maximum stress in the contact region to 

be the plastic yield stress σy, we can obtain Pc as [12] 

Steel NiTi SteelNiTi

5 µm
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to various scanning-scratch cycles and loads. It is seen that there existed an apparent 

TEMPERATURE WEAR  ⎯ CONTACT MECHANICS ANALYSIS 

Figure 4 records the typical wear process of NiTi by in-situ AFM images corresponding  
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The elastic modulus E measured is 200GPa and σy is roughly 1/3 of its indentation 

hardness [13] and therefore is about 1330MPa. From Eq. (1) Pc for the steel is 6.5µN.

This Pc is far below the experimentally applied load (=40µN) for the wear test in Fig. 5, 

thus it is not surprising that serious wear occurs immediately after 50 cycles of 

scanning-scratch on the steel.  

For NiTi, the phase transition stress is lower than the austenite plastic yield stress 

and NiTi will be transformed to martensite before austenite plastic yield (Fig. 2(a)) at 

room temperature [5]. From Eq. (1), the load corresponding to the start of phase 

transition is only 10µN. If we assume no phase transition before plastic yield, the plastic 

yielding (i.e., wear) is expected to start at a load of 40µN. However, no obvious wear is 

observed at 40µN on NiTi even after 200 cycles of scanning-scratch in the experiments 

(Fig. 5). Therefore the great increase in 
cP  (here the measured value is 50 µN at 22oC) 

is mainly due to the additional shielding effect by the reversible austenite-martensite 

phase transition in the near tip region.  

Due to the phase transition process during the indentation, the projected area Ac of 

NiTi (with the area due to linear elastic unloading deducted as defined [14]) can be 

divided into two regions (inset of Fig. 7): the phase transition region At and the 

martensite plastic yield region Am [5] (notice that At overlaps and is larger than Am). To 

estimate the contribution of the phase transition to the measured hardness of NiTi, we 

introduce the recovery ratio η, defined as the ratio of At/Ac. The areas At and Am can then 

be related to η by: 

ct AA η= ,     
cm AA )1( η−= .    (2)

During indentation, the normal pressure on At is about three times the uniaxial 

compressive transition stress σt  and on Am is about three times the uniaxial compressive 

plastic yield stress σm  of martensite [13]. In the triboindenter, hardness H is defined as:  

cA

P
H max= ,      (3)  

where Pmax is the peak load which can be expressed by the rule of mixture as [15]

mmtt AAP '3'3max σσ += .     (4)

Here, because of the asymmetry of martensite deformation during compression and 

tension, σt  and σm  are about 1.5 times of tensile transition stress σt and tensile plastic 

yield stress σm, respectively [16]. Combining Eqs. (2)-(4), we obtain 

mtH σηησ )1(5.45.4 −+= .    (5) 

There are two ways to estimate the value of the geometric quantity η. One is from 

the indentation force versus indentation depth curve [5] and the other is by the 

dimensional analysis and the concept of geometric similarity for indentation [12]. Here 

we use the second one. For the Berkovich indenter used (or any sharp indenter such as a 

pyramidal or conical indenter) the total strain distribution in NiTi under indentation is 

determined by the face angle and independent of indentation load or depth [12]. 

Therefore we would have the same strain distribution after scaling even if the material 

experiences two stage (phase transition followed by plastic yielding) deformations 
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during indentation under various loads. For a given point in the material whether it is at 

the phase transition stage (plateau) or enters into plastic yielding is completely 

determined by its strain state (or equivalent strain), so the geometrical quantity η will be 

the same under different indenter loads (depth). With the measured values of H, σt and 

σm at room temperature, η equals to 0.59 by Eq. (5), which indicates that the phase 

transition area is about 60% of the project contact area. Again, that η is independent of 

depth was affirmed by the measured values of H which is almost a constant (for 

indenter depths > 50 nm, plateau part of Fig. 6). In summary, the above analysis shows 

that the measured nominal indentation hardness of the superelastic NiTi alloy is no 

longer a measure of a single material property such as plastic yield stress; rather it has 

two contributions (two plateaus in the stress-strain curve of NiTi) and thus is a 

comprehensive indicator of the material’s ability against plastic deformation and phase 

transition. 

3.4 HARDNESS AND MICROWEAR OF NITI AT HIGH TEMPERATURES ⎯
THE INTERPLAY OF PHASE TRANSITION AND PLASTICITY 

Since phase transition property is temperature dependent, to further explore and reveal 

the effect of phase transition on wear of NiTi, it would be ideal to perform the wear and 

hardness tests of NiTi at various temperatures. The results of such tests are summarized 

as follows. 

3.4.1 Hardness Variation with Temperature      
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Figure 6. (a) Indentation curves on NiTi at various peak loads measured at 22°C and 120°C. (b) 

The hardness of NiTi as a function of indentation depth at various temperatures (22°C ~120°C).  

µN  to 

8000µN and at temperatures from 22°C to 120°C. Fig. 6(a) shows the indentation 

curves with various peak loads at 22°C and 120°C, respectively. From these indentation 

curves, hardness can be deduced and the results are collected in Fig. 10(b). It is clear 

that for all indentation depths the hardness increased almost linearly with temperature. 

It is well known that the hardness of normal metals usually decreases with an 

increase in temperature because of the decreasing critical stress required for dislocation 

22°C120°C

(a) (b)

70°C

50°C

90°C

22°C

120°C
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The hardness of NiTi was measured by  indentations at loads ranging from 100
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motion [17]. Here the trend for NiTi is exactly the opposite. Again we may directly link 

this phenomenon with the unique temperature dependence of the stress-induced phase 

transition process involved in the indentation.
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Figure 7. The non-dimensional indentation 

curves on NiTi at various temperatures (22°C

~120°C). The inset on the upper left is a 

schematic showing indentation in NiTi at 

22°C, where the contact region consists of the 

martensite plastic yield zone Am and phase 

transition zone At. The inset on the upper 

right is a schematic showing indentation in 

NiTi at 120°C. Besides Am and At, the contact 

region also includes austenite yield zone Ap.

Figure 8. The hardness Hm corresponding to 

plastic yield of martensite (open triangle 

point), the hardness Ht corresponding to 

phase transition stress t  (open square point) 

and NiTi indentation hardness H (solid 

square) as a function of temperature. The 

solid line shows the calculation of the 

hardness of NiTi by eq. (8). The dot lines are 

the linear fit of Hm and Ht.

We must be aware that, with an increase in temperature, there is an interchange in 

the order of the two physical processes (i.e., austenite  martensite phase transition 

versus plastic deformation) in the indenter region. As discussed in section 3.3, at 22°C,

the wear occurs only in the core plastic deformed region inside the transformed 

martensite phase region (as shown in Fig. 7). This situation will change when the test 

temperature is moved to a high temperature regime, for example, at or above 70°C, 

since the austenite yield stress is lower than the transition stress, austenite will enter 

plastic yield before phase transition (Fig. 7 and Table 1). As a result, the wear will start 

from the austenite phase at 70°C and 120°C and the region beneath the indenter is a 

fully plastic deformed region. Now the projected contact area includes three parts: the 

only austenite plastic yield area Ap, the phase transition area At and the martensite 

plastic yield area Am. Setting 
cp AA λ= and

ct AA η= , then 
cm AA )1( ηλ −−= . Therefore, 

the hardness H of NiTi can be determined by:  

mta HHHH )1( ηληλ −−++= .   (6) 

Here, Ha is the hardness corresponding to the austenite plastic yield stress under 

compression ( 3 aaH σ= ), Ht is the hardness corresponding to the phase transition stress 

under compression ( 3 ttH σ= ) and Hm is the hardness corresponding to the martensite 

plastic yield stress under compression ( 3 mmH σ= ), respectively. This contact model 

and eq. (6) is valid for the entire temperature range. When the temperatures are below 

70˚C there is no austenite plastic yield before phase transition, so  equals to zero and 
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eq. (6) becomes eq. (5). When the temperature is above 70˚C, Ap can be ignored in the 

calculation of NiTi’s hardness because the austenite plastic yield is a work-hardening 

process at higher temperatures. Therefore, for temperatures between 22˚C~120˚C, in a 

first approximation, eq. (6) can be simplified as: 

mt HHH )1( ηη −+= .    (7) 

Since
tσ  increases almost linearly with temperature, Ht in eq. (7) is a linear function of 

temperature. The dimensionless indenter load-depth curves obtained by scaling the load 

and indentation depth by their respective maximum values for different temperatures 

almost collapsed onto a single curve as shown in Fig. 7, which implies that η is almost 

independent of temperature (~0.6) for the present test temperature range. With the 

independently measured values of t and m (Fig. 3(b)), the calculated values of the 

hardness of NiTi by eq. (7) are plotted as the solid line and compared with the values by 

directly measurement (solid square) in Fig. 8. It is seen that the agreement is very good 

therefore we can conclude that the increase in hardness with temperature is mainly due 

to the increase in the transition stress since the martensite plastic yield stress is almost 

temperature independent (Fig. 3(b)) [5]. 

TABLE 1. Comparison of the calculated NiTi hardness by eq. (8) with the measured values. 

Temperature (°C) 22 50 70 100 120 

Transition σt (GPa)  0.37 0.59 0.75 0.97 1.11 

Austenite σa (GPa) 0.90 0.90 0.90 0.90 0.90 

Martensite σm (GPa) 1.60 1.60 1.62 1.66 1.63 

Measured H (GPa) 3.93 4.52 5.03 5.71 6.22 

Calculated H (GPa) 3.93 4.51 4.98 5.64 5.95 

3.4.2 Wear Test at Various Temperatures      

22°C

70°C

120°C

10µN 20µN 30µN 50µN 100µN

5µm

40µN

wear no wear 

wear no wear 
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to various normal loads (10~100µN) and temperatures (22˚C~120˚C). 
Figure 9. Images of the wear marks on NiTi after 200 cycles of scanning-scratch corresponding 
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wear tests were made at loads ranging from 10µN to 100µN. The wear marks after 200 

cycles of wear at various loads and temperatures are summarized in Fig. 9, which 

clearly show that there exists a threshold load at a given temperature.  

To quantitatively describe the wear properties of NiTi, the wear depth versus load 

curves at various temperatures are plotted in Fig. 10(a). The results show the following: 

(1) Beyond a threshold load value the wear depth increases with load; (2) The threshold 

load decreases with increasing temperature; (3) For a given load the wear depth/volume 

of NiTi increases (or the wear resistance decreases) with the increasing temperature. 

Combing (3) with the hardness results in 3.4.1, it turns out that a higher wear resistance 

actually corresponds to a lower hardness as shown in Figs. 11 and 12. This anomalous 

wear-hardness relationship cannot be explained by the existing theory that has been 

supported by most experimental work for metals [11]. The above temperature effect on 

the wear performance of NiTi may again be attributed to the unique temperature 

dependence of phase transition and elastic properties of NiTi. It is necessary to have a 

detailed discussion as follows.  

TABLE 2. Calculated threshold load by Eq. (2) and the measured values. 

Temperature (°C) 22 70 120 

Austenite E (GPa)  45 56 64 

Austenite σa (GPa) 0.9 0.9 0.9 

Calculated Pc (µN) 40 27.9 21.4

Measured Pc (µN) 50 30 20 

c

Firstly, the interchange in the order of the two physical processes with temperature 

in the indenter region (i.e., A M phase transition versus plastic deformation) plays an 

important role in the observed change in the threshold loads. As discussed in section 3.3 

and 3.4.1, at 22°C, the wear occurs only in the core plastic deformed martensite phase 

region (as shown in Fig. 7). Compared to the case of no phase transition, the lower 

austenite modulus and the lower phase transition stress plateau (with a 5% reversible 

strain) relaxed the stress concentration in the indented region, which provided a stress 

At 22°C, 70°C and 120°C, by using a diamond Berkovich tip with 5.2µm tip radius, 

(b) Replot of the wear depth as a function of the “effective normal load” (P-P ). 
Figure 10. (a) Wear depths of the wear marks in Fig. 9 versus normal load at various temperatures.
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shielding effect in the near tip region and thus can effectively shift the threshold wear 

load for the start of plastic flow to a higher value. At high temperatures above 70°C, on 

the one hand the austenite modulus increased considerably and on the other hand the 

above transformation shielding effect is much weaker because austenite will enter 

plastic yield before phase transition (Fig. 7 and Table 1) because the austenite yield 

stress is lower than the transition stress. As a result, the wear will happen in the 

austenite phase and the region beneath the indenter will first experience the plastic 

deformation and then phase transition as shown in Fig. 7. The threshold load Pc of 

plastic deformation at these temperatures can then be directly estimated by using the 

Hertzian contact theory (eq. (1)). As shown in Table 2, when the temperature increases 

from 70°C to 120°C, Pc decreases mainly due to the increase in austenite modulus E

(with a constant σa). Thus the decrease in the threshold load with increase in 

temperature can be well explained by the contact mechanics analysis incorporating the 

roles of both plasticity and phase transition.  

Secondly, when examining the observed apparent anomalous wear-hardness 

relationship in Fig. 10 (a) and Fig. 11 we noticed that beyond Pc the volume of 

plastically deformed austenite region increased with the load and therefore the wear 

increased as shown. This at least means that the actual amount of wear should 

monotonically increase with the effective normal load (P-Pc) instead of P. If Fig. 10 (a) 

is re-plotted by wear depth versus “effective normal load” (P-Pc) in Fig. 10 (b) it 

becomes clear that all the data points under different temperatures almost fall on a 

single narrow band. Therefore, we can conclude that the observed apparent anomalous 

wear-hardness relationship is actually caused by the decrease in the threshold load with 

temperature (Fig. 12) due to two key factors. One is the increase in Young’s modulus of 

austenite with temperature and the other is the temperature dependent interplay of 

stress-induced phase transition and plasticity in the contact region of NiTi. 
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Figure 12. The threshold load of the 

wear of NiTi as a function of hardness. 

4. Conclusions 

Microwear tests on superelastic NiTi SMA were performed with a triboindenter. 

Excellent microwear performance of the material is reported in this paper where the role 

of stress-induced phase transition in the deformation and microwear behavior of NiTi 

Eq. (1) 

h

100µN  

70µN 

50µN 
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Figure 11. Wear depth of the wear marks in 
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has been emphasized and investigated by wear and hardness tests at various 

temperatures. The obtained results are analyzed in terms of the intrinsic constitutive 

relations of the NiTi material and by the contact mechanics theory. The microwear of 

NiTi is the result of the competition between the plasticity and phase transition. The 

unique reversible transformation that dominates the material’s property at room 

temperature plays a key role in the unusual excellent microwear behavior of  

the superelastic NiTi alloy. Our experimental results suggest that the lower the 

transformation stress, the better the wear performance. Therefore “Transition before 

plastic yielding” becomes the key mechanism in controlling the wear behavior of NiTi. 
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Abstract 

A model based on a self consistent scheme is developed to account for the plastic 

behavior of f.c.c. nanocrystalline materials. The material is assimilated as a composite 

with two phases: the inclusion phase which represents the grain cores, and the matrix 

phase which represents both grain boundaries and triple junctions. Both phases exhibit 

an elastoplatic behavior. In the case of the inclusion phase, the glide of dislocations 

pilots the plastic deformation, while Coble creep and the mechanism of grain boundary 

sliding are responsible for the elastoplastic behavior of the matrix phase.  

The possibility of improving of the mechanical properties of materials following a 

refinement in their structure is such that considerable effort has been put into the study 

of nanostructured materials. In the case of pure polycrystalline materials, a decrease in 

the grain size is known to engender an increase in the yield stress. This is the well 

known Hall Petch law which is given by: 

0

HP

y

K

d
σ σ= +            (1) 

Here
0σ is the friction stress, d is the grain size and HPK is the Hall Petch slope. 

Various models have been proposed to account for the evolution of the yield stress 

with grain size. The first type of model is based on the pile up of dislocations (Hall 

1951; Petch 1953). Plasticity occurs when the pile up of dislocations at the grain 

boundaries is such that it creates a local stress larger than the strength of the grain boun-

daries. The stress concentration can activate Frank and Read sources in adjacent grains 

whose orientation is less favorable for plasticity to happen. Materials with b.c.c. structures 

exhibit the same size dependence of the yield stress. Dislocation pile up does not occur  

1. Introduction 
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in b.c.c. material which suggests that the pile up model is not adequate to describe the 

phenomenon. The second type of model is based on the density of dislocations in the 

grain cores (Ashby 1970). The yield stress depends on the density of immobile 

dislocations also called stored dislocations (Taylor 1934). The latter increases the stress 

necessary to obtain a motion of the glide plans. In most models no difference is made 

between mobile dislocations and immobile ones. The total dislocation density evolves 

dynamically with strain and is related to the grain size via statistics (Kocks 1976). The 

third type of model is based on the emission of dislocations by grain boundary ledges 

(Li 1963). The emitted dislocations are supposed to create a Taylor type forest. The 

density of dislocations is proportional to the angle of misfit between the grain 

boundaries. The latter is then related to the ledge density. Even though the model was 

intended to account for the Hall Petch law when a pile up of dislocations is not possible, 

the influence of the ledge density on the yield stress in f.c.c. materials has been revealed  

to be non negligible by experimental studies (Murr 1981). 

When decreasing the grain size to the nano range, the Hall Petch law exhibits a zero 

slope or even a negative slope (Conrad et al. 2000; Schuh et al. 2002). This is the so 

called breakdown of the Hall Petch law. The critical threshold at which the phenomenon 

occurs is approximately 30nm. The breakdown was very quickly attributed to a change 

in the structure of grain boundaries. The latter were thought to exhibit an amorphous 

structure (Birringer 1989). Later, experimental studies have shown that grain boundaries 

exhibit the same facetted structure without any dependence on grain size (Kumar et al. 

2003). Though, triple junctions have been reported to have a less organized structure 

(Ranganathan et al. 2000). 

The current mainstream accounts for the change in the Hall Petch slope in terms of a 

change in the mechanism dominating the deformation. Hence, most of the current 

research focuses on identifying the nature of those mechanisms.  

In coarse grain materials with an f.c.c. structure, plasticity can be described with the 

mechanism of glide of dislocations. It is a thermally activated mechanism. When the 

local stress in the grain cores is larger than the Taylor flow stress, the glide of 

dislocation can happen, provided thermal fluctuation brings the energy required for the 

glide to take place. The critical stress to be overcome depends on the dislocation density 

which evolves via two phenomena: the statistical storage of dislocation which creates 

work hardening, and the annihilation of dislocations which engenders a recovery of the 

material. The latter was first referred to as work softening (Stokes et al. 1954). 

When the grain size is in the ultrafine range (d < 100nm), molecular dynamics (MD) 

simulations have exhibited the emergence of a different mechanism; the emission of 

dislocations by grain boundaries (Van Swygenhoven et al. 1999; Yamakov et al. 2001). 

The simulations also revealed that when the grain size is on the order of 10nm, grain 

boundaries emit only single partial dislocations, leaving stacking faults in the material. 

The previous results are now believed to be an artifact of MD simulations, and grain 

boundaries are supposed to have a perfect dislocation activity (Kumar et al. 2003). Even 

though MD simulations are characterized by unrealistically high strain rates, the 

emission of dislocations by grain boundaries is thought to occur and to contribute to the 

deformation of NC materials even at more common strain rates. It has been shown that  
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the emission of dislocations by grain boundaries can be energetically favorable (Gutkin 

et al. 2003). Also three types of grain boundary sources have already been identified (1) 

low angle grain boundaries (2) grain boundary ledges and (3) disclinations in motion. 

MD simulations have also shown the possibility of a contribution of the motion of 

twin boundaries even in high stacking fault energy (SFE) materials (Yamakov et al. 

2002). These results must be taken with caution. Twinning usually occurs at very high 

strain rates and is not supposed to operate in high SFE materials. In contrast, twins have 

been experimentally observed. 

When the grain size is very small, typically d < 10nm, dislocation activity ceases. 

Two types of mechanisms have been proposed to dominate the deformation: (1) rigid 

motion of grains and (2) diffusion based mechanisms. Grain boundary sliding (GBS) 

has been identified as a mode of deformation in various MD simulations and 

experimental studies (Kumar et al. 2003). Grain boundary sliding usually occurs in 

superplasticity. This mechanism could either be accommodated by diffusion phenomena 

or not be accommodated. MD simulations predict an accommodation of GBS while 

experimental results do not. Finally, diffusion phenomena have been proposed to be 

operating in NC materials. Various paths for vacancies have been examined. Coble 

creep, which corresponds to the diffusion of vacancies at the interface between grain 

boundaries and the grain cores, has been experimentally observed at room temperature.  

Most models assimilate the NC material as a composite with two phases and are 

based on simple rules of mixtures (Carsley et al. 1995; Konstantinidis et al. 1998; Kim 

et al. 2000). Even though it simplifies the analytical development, it also leads to a loss 

of information. 

In the present study, a model based on a self consistent scheme is developed. The 

material is assimilated as a composite with two phases; (1) an inclusion phase which 

represents the grain cores and (2) a matrix phases including both grain boundaries and 

triple junctions. The dislocation glide mechanism is incorporated in the constitutive 

behavior of the inclusion phase while Coble creep and GBS are incorporated in the 

constitutive behavior of the matrix. 

2. The Model 

The model is based on a self consistent scheme developed by Cherkaoui et al. 

(Cherkaoui et al. 2000). Usually, self consistent schemes are based on Eshelby’s 

Solution of the ellipsoidal inclusion. In the latter, the solution of the inclusion problem 

is solved by taking into account the difference in the plastic strains of the matrix and of 

the inclusion. In the extended model proposed by Cherkaoui et al., the differences in the 

elastic constants as well as the one in the inelastic deformation are taken into account. 

Both phases are taken as isotropic and not compressible. We suppose perfect 

bonding between the inclusions and the matrix.  

In the following, 
ijΣ

ijΣ  denote the global stress tensor and its rate, 
ijE and

ijE denote 

the global strain tensor and its rate, 
ijσ and 

ijσ  denote the microscopic stress tensor and 

and
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its rate, 
ijε and

ijε  denote the microscopic strain tensor and its rate. The superscript  

I will refer to the inclusion phase while the superscript M will refer to the matrix phase.  

2.1. THE INCLUSION PHASE 

Although not necessary, it is assumed here for convenience that the crystals in the NC 

materials are all spherical. The volume fraction of inclusions is given by 

( )
3

d w
f d

d

−=            (2) 

The inclusion phase has an elastoplastic behavior given by: 

)( vpI

kl

I

kl

I

ijkl

I

ij C εεσ −⋅=           (3) 

Here I

ijklC is the  elastic tensor of the inclusion phase. 
vpI

klε

rule:

,

, 3

2

I VP

eqI VP I

ij ijI

eq

s
ε

ε
σ

=           (4) 

Here,
I

eqσ  is the equivalent stress in the inclusion phase, 
I

ijs  is the deviatoric part of the 

stress tensor in the inclusion phase and 
,I VP

eqε is the equivalent viscoplastic strain rate. 

The latter takes into account the contribution of the dislocation glide mechanism. Is is 

a thermally activated mechanism that can be written as the ratio of the applied stress 

over the critical flow stress
0,Iσ . The latter is proportional to the square root of the 

normalized dislocation density Z. Hence, the equation describing the dislocation glide is 

written as follows: 

, 2

0,

m
I m
eqI VP

eq I

I

Z
σ

ε ε
σ

−∗=           (5) 

Here m is inversely proportional to the Temperature. This is the term that accounts for 

the activation energy. The density of dislocations evolves with the strain; its evolution is 

written as follows (Kim et al. 2000): 

where d is the grain size and w is the grain boundary thickness. 

 is the viscoplastic part of

the strain rate of the inclusion phase. It is given by the modified Prandtl Reuss flow 
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1 2

dis

dZ
C C Z C Z

dε
= + −           (6) 

Equation 6 accounts for the fact that the dislocation density evolves via two phenomena 

(1) the statistical storage of dislocations and (2) the annihilation of dislocation. The 

statistical storage of dislocations engenders work hardening and is described by the first 

two terms in equation 8. 
1C is a numerical constant while C is given by (Kim et al. 

2000): 

2

0,I

b M G
C M

d

α
σ

=            (7) 

Here M is the Taylor factor, b is the Burger vector, G is the shear modulus, α  is a 

numerical constant. One can notice the dependence on the grain size. The annihilation 

of dislocations is also a thermally activated mechanism whish is ruled by the following 

equation 

1

2 20

0

n
IC C

ε
ε

−

=            (8) 

Here n, is a constant which is inversely proportional to the temperature, 
20C is a 

constant as well as 0ε .

2.2. THE MATRIX PHASE 

The mechanisms of Coble creep and of GBS are taken into account in the description of 

the behavior of the matrix phase. The latter has an elastoplastic constitutive law written 

as follows: 

( ),M M M M VP

ij ijkl kl klCσ ε ε= −           (9) 

Here M

ijklC is the elastic tensor of the matrix phase and 
,M VP

klε  is the viscoplastic part of 

the strain rate tensor of the matrix phase. It is related to its equivalent quantity via the 

modified Prandtl Reuss Flow rule and takes into account the contribution of both GBS 

and Coble creep. 

,M VP

eq co gbsε ε ε= +        (10) 
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Here the subscripts ‘co’ and ‘gbs’ respectively refer to Coble and grain boundary 

sliding. The effect of the diffusion of vacancies along the grain boundaries is taken into 

account. As a first attempt in this model, the steady state equation for the flow of 

vacancies is taken into account (Coble 1963). One obtains: 

,

3

14 M

c bd eqM VP

eq

w D

k T d

π σ
ε

⋅ ⋅ Ω ⋅ ⋅ ⋅
=

⋅ ⋅
        (11) 

where
bdD  is the self-diffusion coefficient of the boundary phase, k is the Boltzmann 

constant, T is the temperature, d is the grain size, w, is the grain boundary thickness 
cΩ

is the atomic volume. 

Grain boundary sliding occurs during superplasticity. It can be accommodated by 

either a diffusion of vacancies through the grain cores or through the grain boundaries. 

It is given by (Luthy et al. 1979): 

2

8

3
10

I

gb eq

gbs

D
b

d E

σ
ε ≈         (12) 

Here E is the elastic modulus of the inclusion phase, d is the grain size, 
gbD is the 

diffusion coefficient of the grain boundaries. 

The global properties of the material are now obtained with the use of a homogenization 

technique developed by Cherkaoui et al. (Cherkaoui et al. 2000). In self consistent 

schemes, the global response of the material is obtained by embedding the two phases in 

an effective matrix. The solution of the problem of the inclusion is usually provided by 

Eshelby’s results (Eshelby 1957). In the latter the sole effect of the difference in the 

plastic strains of both phases is taken into account. In our case, the extension of 

Eshelby’s problem takes also into the difference in the elastic deformation as well as the 

one in the inelastic deformation. The global behavior of the material is given by: 

( )VP

ij ijkl kl klC E EΣ = −         (13) 

Here,
VP

klE  is the viscoplastic strain rate tensor. The local strain rates and stress rates are 

related to the global ones via equation 14 and 15. 

( ) ( ) ( )ij ijkl kl ijr A r E a rε = +         (14) 

2.3.  HOMOGENIZATION 
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( ) ( ) ( )ij ijkl kl ijr B r b rσ = Σ +         (15) 

The concentration tensors denoted by 
ijklA and

ijklB are obtained with the use of the self 

consistent scheme. These fourth order tensors take into account the heterogeneity of the 

tangent modulus. The second order tensors 
ija and

ijb take into account the heterogeneity 

in the plastic deformation of the different phases. The self consistent scheme used 

provides a complete set of equation giving the global response of the material 

(Cherkaoui et al. 2000). 

( ) ( ) 1
1

I ijmn

I I

ijkl ijkl ijkl mnpq pqkl pqklV
A A r I S C C C

−
−= = + −       (16) 

( ) ( ) 1
1

M ijmn

M M

ijkl ijkl ijkl mnpq pqkl pqklV
A A r I S C C C

−
−= = + −       (17) 

( ) ( )1 ,

I

I I I I VP VP

ij ij ijkl klmn mnpq pqrs rs pqrs rsV
a a r A S C C C Eε−= = −       (18) 

( ) ( )1 ,

M

M M M M VP VP

ij ij ijkl klmn mnpq pqrs rs pqrs rsV
a a r A S C C C Eε−= = −       (19) 

( )( )1 , ,1VP I I I VP M M M VP
kl ijkl klmn mnpq pq klmn mnpq pqE C f C A f C Aε ε−= ⋅ + −      (20) 

In the above, klmnS denotes Eshelby’s tensor. 

3. Results 

The model presented in the above was applied to pure copper. The numerical data used 

in the simulations are the following; 21.45 .I GPaµ = , m = 230, n = 8.25, 
0, 220 .I MPaσ = ,

0.005 /I sε ∗ = , M = 3.06, 0.33α = , G = 42.1GPa., 1 52.86C = , 20 18.5C = , 0 1/ sε = ,

1.18 29c eΩ = − , 2.6 20bdD e= − , T = 300K, E = 130GPa., w = 1.5nm. 

In figure 1, one can see a comparison between the predictions of the model, 

represented by lines, and various experimental studies (Sanders et al. 1996; Youngdahl 

et al. 1997), represented by dots. Stress strain curves were plotted for various grain 

sizes. A decrease in the grain size engenders an increase in the strain hardening. 

However when the grain size reaches 20 nm, strain hardening is less than when d = 26 

nm. These results are explained in terms of a change in the mechanism dominating the 

deformation. When d > 20nm., the glide of dislocation dominates the deformation. 

When d < 20nm diffusion related mechanisms take over the dislocation glide engenders 

a decrease in the strain hardening. The model is in agreement with experimental results 

in the first stage of deformation. When the strain is larger than a few percent, the model 

underestimates the global stresses.  
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are represented by dots. The yield stress increases linearly down to a critical grain size 

breakdown of the Hall Petch law occurs. The model predicts values of the yield stress 

lower than the one given by experimental data. However, it succeeds in predicting the 

critical grain size at which the Hall Petch law breaks down. The model takes into 

account both Coble creep and Grain boundary sliding accommodated by diffusion 

phenomena. Thus at very small grain sizes a redundancy of the diffusion phenomenon 

might occur. Also, the equations used to describe the two phenomena are based on a 

steady state creep rate which clearly overestimates the effect of diffusion. Hence, the 

model is expected to underestimates the stresses. However, it clearly reveals that Coble 

creep and grain boundary sliding can be responsible for the Breakdown of the Hall 

Petch law. 

4. Conclusion 

A model based on a self consistent scheme is developed to account for the evolution  

of the plastic deformation of crystalline materials with grain size. The material is 

assimilated as a composite with two phases. The model takes into account three 

mechanisms, (1) the glide of dislocations, (2) Coble creep and (3) grain boundary 

sliding. The last two mechanisms are incorporated in the description of the matrix 

phase. The steady state equations of Coble creep and of grain boundary sliding are used 

to describe the two phenomena. The global behavior predicted by the model is in 

agreement with experimental results in the early stages of deformation. When the strain 

is larger than one per cent, the model underestimates the stresses. The model predicts 

with success the breakdown of the Hall Petch law. The low values of the stress 

predicted by the model are due to both the redundancy of the Coble creep mechanism 

and of the Grain boundary sliding accommodated by grain boundary diffusion and by 

the fact that the steady state equations are used in describing the mechanisms. The 

model clearly shows that diffusion phenomena and grain boundary sliding can be 

responsible for the breakdown of the Hall Petch law. The model will be subject to 

further refinement, notably a dynamic equation for the diffusion of vacancies by the 

grain boundaries and for grain boundary sliding might be more suited to describe  

the behavior of the grain boundary phase. 

In figure 2, one can see the evolution of the yield stress with the grain size. The 

predictions of the current model are represented by lines while experimental results 

which is approximately equal to 40nm. Once this critical threshold is reached, the 
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Figure 1. Stress Strain curves for different grain sizes. 
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Abstract

Macroscopic domain formations, usually accompanying elastic instability, appear in 

NiTi polycrystalline shape memory alloy which undergoes a typical thermoelastic phase 

transition [1-3]. Different from the plasticity approach (e.g. Shaw & Kyriakides 1998 

[4]), this paper applies the Ginzburg-Landau model to a non-local elastic FEM 

simulation on the thermoelastic tension strips. Many key features of the stress-induced 

domain formation and evolution observed in the experiments have been reproduced. 

Based on the simulations, we discuss the effects of the domain wall energy on the 

domain formation; and the relation between the elastic instability and the hysteresis 

during the superelastic deformation (domain formation, evolution and annihilation) in 

the thermoelastic system. 

1. Introduction 

NiTi polycrystalline shape memory alloy (SMA) is one of the typical thermoelastic 

materials. It has the unique properties of superelasticity and shape memory effect due to 

the thermoelastic (temperature or stress induced) martensitic phase transition. For 

example in Figure 1, during the phase transformation of a NiTi polycrystalline strip 

under tensile loading, the specimen is divided into a high strain region (martensite with 

a strain of about 6%) and a low strain region (austenite with a strain of about 1%) [3]. 

The martensite domain grows via the propagation of the inclined macroscopic visible 

interface while the tensile stress of the specimen is (roughly) on a stress plateau. The 

appearance/disappearance of the localized deformation (domain formation/annihilation) 

during loading/unloading accompanies the macroscopic elastic instability—stress 

drop/jump. The strip can completely recover to the initial state without residual 

(permanent) deformation after unloading due to superelasticity [1-3].  

A number of models have been used to describe the domain formation and evolution 

in polycrystal. For example, Shaw & Kyriakides 1998 [4] simulated these phenomena 

via a plasticity approach. Although the two-phase coexistence had been captured by 

their simulation, the interface properties (interface thickness and interface energy) were 

not described in their simulation. It is well known that interface energy plays an 

important role in the domain formation and evolution. To include the effect of interface 

energy, several Ginzburg-Landau type models have been proposed to simulate the pheno-

mena from the solitons and twins at the lattice level [5,6] to the microstructure 
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average strain of the representative volume containing thousands of grains) is taken as 

the state variable.

Based on our previously proposed Ginzburg-Landau type strain energy function for 

the NiTi polycrystal [8, 9], we simulated a series of equilibrium configurations of the 

domain formation in NiTi strips under displacement-controlled tensile loading. The 

simulation is implemented by the non-local elastic Finite Element codes which we 

developed, where the free energy of the strip is minimized to obtain the equilibrium 

state of the domain. Although the domain evolution of the dissipation system (e.g. NiTi 

polycrystal) may not strictly follow the principle of energy minimization, the series of 

the equilibrium domains can provide estimations of the “destination” states and the 

“direction” of the domain evolution. 

Figure 1. The nominal stress-nominal strain curve of the NiTi polycrystalline strip under 

displacement-controlled tensile loading (Tse 2000 [3]). 

Although no dissipation is explicitly included in the energy minimization, there is 

still hysteresis in our elastic simulation because elastic instability happens. The 

fundamental relation between hysteresis (dissipation) and elastic instability has been 

studied by many researchers [10-16]. It is believed that the macroscopic hysteresis in 

many thermoelastic systems under quasi-static loadings originates from numerous 

microscopic elastic instabilities – fast transition processes from unstable and meta-

stable to stable configuration states. For example in NiTi polycrystalline materials, 

the numerous microscopic instability processes inside grains during martensitic phase 

transition – the formation, switching and annihilation of microscopic martensite 

domains transfer a substantial part of the elastic energy into heat or waves which 

are then dissipated away.  The purpose of our simulation on the tension strip in this 

paper is to provide a picture on this mechanism at the macroscopic scale level. 

This paper is organized as follows. The Ginzburg-Landau type constitutive model 

and its implementation into FEM are described in Section 2. In Section 3, we report the 

results of the FEM simulations on the tension strips. The key features and factors of the 

domain evolution in the tension strip are also discussed. Conclusions are given in 

Section 4. 

evolutions in polycrystals [7]. Focussing on the macroscopic behaviours of the 

polycrystal in this paper, we adopt the thermoelastic continuum Ginzburg-Landau 

framework, taking the NiTi polycrystal as a continuum since the grain size (40~100nm) 

is much smaller than the dimensions of the strips [3]. Then the macroscopic strain (the 
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polycrystals. The macroscopic strain of the polycrystalline aggregate is taken as a state 

variable and the strain energy function W( 1 , 3 ) was constructed where the material is 

incompressible (
0 0xx yy zzη ε ε ε= + + = ) and the difference of the two transversal 

contraction strains is ignored ( 2 0zz xxη ε ε= − = ) during simple tension loading. 

W( 1 , 3 ) = (a 1
2 + b 1

 3 + c 1
4 ) + (s 3

2 + d 3
4 + q 3

6)

 + 3
2 ( 1

2  +  k 1
3)          (1) 

where x, y and z are the coordinates in the directions along the width, length and 

thickness of the strips, respectively. ( ) 3/21 xxzzyy εεεη −−=  and 
xyεη =3

 characterize the 

tension and shear deformation respectively. The material constants used in the 

simulations are: a = 6.88 x 103, b = –8.67 x 104, c = 3.50x105, s =1.86 x 104, d = –2.59 x 107,

q = 5.69 x 1010,  = –1.40 x 107, k = 1.98 x 108 (unit: MPa) which are selected based on 

the experimental data of the force-displacement curves under various loadings [9,17]. 

In order to account for domain wall energy, strain gradient energy (G) was included. 
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Due to the lack of experimental data, we assume a3 = a4 = a5 = a(g)2 for simplicity, 

where a is the second order constant in Eq. (1) and g is a material intrinsic length. The 

effect of the magnitude of g on the pattern evolution will be discussed in section 3. 

The tension strip is modeled as a two dimensional plane in the FEM simulation. The 

kinematic relationships are: 
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where u and v are the displacement components along the width (x) and length (y) 

directions, respectively. The energy functional is: 

( )
=

+=Π

dxdyvvvvvuuuuuF

dxdyGW

xyyyxxyxxyyyxxy,x ),,,,,,,,,( ,,,,,,,,,             (4) 

2. Model and FEM formulation 

A Ginzburg-Landau type strain energy function for bulk polycrystal has been proposed 

by He & Sun 2005 [8] to describe the tension and shear deformations of NiTi 

η η η η η η η
η η η

η

 
 where GWF += . Euler (equilibrium) equations (minimizing this functional) are:  
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 and other notations are defined similarly.   

For a convergent solution to Eq. (5) in the finite element method, C1 interpolation 

functions are needed to describe u and v fields in an element. However, due to 

mathematical complex calculations and large amount of computation required for C1

elements, incompatible elements are widely used in practice and recommended [18,19]. 

This paper adopts the semi-C1 “4-nodes rectangle” element, whose shape function is a 

polynomial up to the 4th order (with nodal freedoms u, v, u,x, v,x, u,y and v,y). To mimic 

the displacement-controlled tensile loading at the ends of the strip, u = 0, v = vspecified and 

u,x = 0, v,x = 0, other gradient components are not constrained in order not to apply high 

order forces at the boundaries [20-22]. Material constants and geometry parameters (width 

= 2mm, thickness t = 0.2mm, length L = 16~24mm) are selected from the experiments 

[3,9]. The Newton-Raphson method was used to find solutions for the non-linear problem.  

3. Results of FEM Simulations 

This section is divided into two parts. In the first part, the non-local FEM simulations 

with the Ginzburg-Landau model capture many key features (Load drop/jump, two 

phases coexistence with a diffusive interfacial zone, the angle of the inclined domain 

wall, etc.) of the domain formation in the non-linear softening-and-rehardening thermo-

elastic material under tension. With the objective (mesh-independent) description of 

domain wall properties (e.g. domain wall thickness) in the non-local simulations, we 

can quantify the domain wall (interface) energy and find its role in the domain 

formation. In the second part of this section, we will discuss the relation between the 

hysteresis and the elastic instability such as domain formation, annihilation and 

switching.  

3.1. GENERAL FEATURES OF DOMAIN FORMATION AND EVOLUTION 

Three different meshes (10 x 80, 20 x 160 and 40 x 320 elements) have been adopted in 

the non-local FEM simulations. The results of the deformation patterns (distributions of 

the tensile strain) are mesh-independent as shown in Figure 2. Therefore, the non-local 

FEM codes with the Ginzburg-Landau type free energy function provides an efficient 

tool for an objective description of the phenomena of the domain formation (especially 

the domain wall properties). 

where

(1) Important features of domain formation 

As shown in Figures 2 and 3, the FEM simulations capture the important features : 

the two-phases (tensile strains 1.2% and 6.0%) coexistence with a propagating diffusive 
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plateau (for the interface propagation) in the tensile loading curve, and the jumps of the 
interface, the stress drop/jump (for the domain formation/annihilation) and the stress 
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depends on the interface energy while the shape of the martensite domain (paralle-

logram or trapezium) can change (switch to each other) during loading and unloading 

(see Sec 3.2). 

Figure 2. Mesh independent patterns and strain profiles (along A-B) in the non-local simulations 

(g = 70um and nominal strain 2.5%). 

(2) Interface energy and its role in domain formation 

As shown in Figure 2, there is a diffusive zone (interface) between the two 

coexisting phases, whose thickness (l) can be estimated by Eq. (6a) as suggested in 

Cahn-Hilliard’s one-dimensional model [23]. Based on functional analysis, the interface 

energy (see Eq. (6b)) is two times the total strain gradient energy in the equilibrium 

diffusive interfacial zone (minimizing the system energy).  

Consistent with the experimental observations, the simulated deformation patterns have 

the domain walls (interfaces) inclined to the axis. The inclined angle of the domain wall 

bending moments during domain switching (domain shape: parallelogram  trapezium). 
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where n is the coordinate normal to the flat interface; W∆  characterizes the non-convex 

energy; A and M are the tensile strains of the two coexisting phases (austenite and 
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is reduced to one-dimensional form (ignoring the shear strain gradient components) and 

applied to Eq. (6), Eq. (7) can be obtained, which reveals the linear relation between the 

interface energy (thickness) and the material intrinsic length g.  

( )
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3 M A

M Ag
l

W
a ε εε

ε ε

+=

−
=

∆
         (7a) 

Einterface ∆⋅= M

A

dWag
ε

ε
ε32          (7b) 

Substituting the strain energy function W of Eq. (1) (ignoring shear strain 

component) to Eq. (7), the interface thickness and energy for the domain wall can be 

calculated and compared with the results of the simulation on tension strips in Figure 4. 

Basically in agreement with the 1D model, the results of the simulation indicate that 

both the interface thickness and energy are proportional to g. Therefore, consistent with 

Cahn-Hilliard’s 1D model, a material length (g) used in the present non-local 

simulations on the tension strips characterizes the interface properties – interface 

thickness and interface energy. 

Figure 3. Simulated deformation patterns and the curves of the tensile nominal stress and the 

bending moments at clamping ends (g = 40um). 

martensite), satisfying the well-known Maxwell rule. If the gradient energy G in Eq. (2) 
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It is well known in material science that equilibrium microstructure evolution is the 

result of the competition between bulk (volume-related) energy and interface energy. 

For tension strips, when the interface energy approaches zero (g  0), the angle of the 

inclined domain wall should be 35.26o (invariant plane with no jump of tangent normal 

strain across the interface) to minimize the elastic mismatch between the two phases. 

With nonzero interface energy, the simulated angle of the inclined domain wall depends 

on the magnitude of g as shown in Figure 5, where the angle changes from 35.26o to 0o.

The physical meaning behind this relation is that: when the interface energy (density) is 

dominant (large g), the martensite domain prefers to reduce the interface area (reduce 

the angle) to minimize the total system energy, even at the expense of some increase in 

the elastic mismatch energy. In fact, (structural) boundary constraints also significantly 

affect the domain formation, which will be discussed in Section 3.2. By comparing the 

simulated patterns (where domain is far away from the clamping bounadries) with that 

in experiments, the material length g can be determined.  

Figure 4. Comparison between the 1D model and the simulation on (a) interface thickness, (b) 

interface energy. 

Figure 5. Effect of the magnitude of g on the inclined angle (0o ~35.27o) of the domain.

Instability and Hysteresis in Thermoelastic Tension Strips                                          233 



 
 
 
 
 

 
 

3.2 HYSTERESIS AND ELASTIC INSTABILITY 

(1) Domain formation and annihilation  

Although no explicit dissipation scheme is included in this elastic modeling and 

simulation, there is still a hysteretic loop in the tensile nominal stress-nominal strain 

curve with the stress drop/jump corresponding to the domain formation and annihilation 

as shown in Figure 3. As pointed out in [8-11] energy dissipation can be caused by 

elastic instability during transitions from meta-stable states to stable states. For example 

in Figure 3, two equilibrium states (No. “2” and “11”) appear under the same tensile 

nominal strain 1.25% during loading and unloading, respectively. By calculating the 

stored elastic energies for these two states, it is seen that the stored energy of (stable) 

State “2” (with homogeneous deformation) is less than that of (meta-stable) State “11” 

(with localized deformation). Therefore, the domain tends to disappear so that the 

system transits into the stable state (homogenous deformation) dynamically in the next 

small unloading step.  
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Figure 6(a). The tensile stress, the rate of stored/released energy and the bending moments during 

the loading and unloading. 
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Figure 6(b). Magnified view of Part A in (a) on the tensile stress and the rate of stored/released 

energy in domain formation and annihilation. 

Figure 6(c). Magnified view of Part B in (a) on the bending moments and the rate of stored/ 

released energy in domain switching. 

In order to reveal the instability-induced dissipation more explicitly, we calculate 

the rate of the stored/released elastic energy of the tension strip during the loading/ 

unloading based on the strain fields of the equilibrium states. Figure 6(a) shows the 

tensile stress, the rate of the stored/released energy and the bending moments at the 

clamping ends during the loading and unloading, where the rate of stored/released 

energy per unit volume per unit nominal strain has the same unit (MPa) as the tensile 

stress. The rates of stored/released energy curves exactly follow the loading/unloading 

tensile stress curves except on four positions: the stress drop (around the nominal strain 

of 1.37%), the stress jump (1.23%) and the two jumps of the bending moments (3.68% 

and 4.90%).

Under the uniform displacement-controlled tensile loading at the clamping ends, the 

strip exchanges energy with the loading machine only through the tensile stress (force). 

In other words, the machine does work on the strip only through the tensile force during 

loading while the strip returns energy back to the machine during unloading also 

through the tensile force. The hysteretic loop in loading and unloading tensile stress 
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curves in Figures 3 and 6 means that not all the work done on the strip by the machine 

can be returned. There must be some energy dissipated. From the magnified view on the 

stress drop and jump (at the nominal strain 1.37% and 1.23%) in Figure 6(b) it is clearly 

indicated that the drop magnitude of the stored energy rate (at the nominal strain 1.37% 

during loading) is larger than the stress drop while the jump magnitude of the released 

energy rate (at the nominal strain 1.23% during unloading) is also greater than the stress 

jump. That means at the domain formation (stress drop), only a part of the work given 

by the loading machine in this loading step is stored into the strip and the other part is 

dissipated away in the form of elastic waves during the dynamic transition process from 

the meta-stable (unstable) state to the stable state. The amount of the dissipated energy 

(denoted as Ef) for the domain formation can be estimated by the area formed (enclosed) 

by the curves of the loading stress and the rate of stored energy. Likewise at the domain 

annihilation (stress jump), only a part of the released energy from the strip in the 

unloading step is returned to the loading machine and the other part is dissipated for the 

elastic instability process. The amount of the dissipated energy (Ea) for the domain 

annihilation can also be estimated by the area formed by the curves of the unloading 

stress and the rate of energy release. At each quasi-static loading/unloading step where 

there is no drastic change (no instability) in the pattern evolution, the rate of the 

stored/released energy coincides with the loading/unloading tensile stress (no dis-

sipation). In fact, the total dissipation energy (Ef + Ea) for domain formation and 

annihilation can be calculated from the hysteretic loop (between the stress drop and 

jump) formed by the curves of the loading stress and the unloading stress. 

(2) Domain switching
Besides domain formation and annihilation, there is another kind of drastic changes 

in the pattern evolution – domain switching – which is the very fast change of the 

domain shape (trapezium to parallelogram or vice versa). As shown in Figure 3, domain 

switching happens at the loading states “5” ~ “6” with the domain shape change from a 

parallelogram to a trapezium and at the unloading states “8” ~ “9” with the shape 

change in the reverse direction. Accompanying the domain switching, the bending 

moments at the clamping ends suffer a jump where the tension strip takes a transition 

process from a meta-stable or unstable state to a stable state. When the tensile nominal 

strain is within the loop (3.68% ~ 4.90%) formed by the loading and unloading bending 

moments, we can always find a meta-stable state. For example, both the equilibrium 

states “5” and “8” are at 4.23% tensile nominal strain, but they have different domain 

shapes (parallelogram and trapezium, respectively), one of which must be meta-stable. 

Like domain formation and annihilation, the domain switching also brings about 

energy dissipation as shown in Figures 6(a) and 6(c), where the drop/jump of the 

stored/released energy rates accompany the jumps of the bending moments. Moreover, 

the curves of the stored and released energy rates form a loop in the range between the 

two bending moment jumps. That means the energy given to the strip by the loading 

machine will not be fully returned back when domain switching (instability) happens. 

In fact, the domain switchings may appear much more complex in real systems. For 

example in SMA polycrystals with small grains, where there are complex multi-scale 

microstructures and strong geometric incompatibility/constraints during the numerous 

nucleation and growth of martensite domains, the elastic strain energy significantly 
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affects the polycrystal’s macroscopic mechanical response, espeically in the hysteresis 

loop [10, 24].  

In order to demonstrate the effect of boundary constaints on the domain evolution,  

we simulate a short strip (2 x 8 mm) under tensile loading. Due to the strong constraints 

on the short strip by the clamping ends, another martensite domain nucelates when the 

first-nucelated parallelogramic domain evolves to a certain volume (see State “3”  in 

Figure 7). These domains would switch to the V-shaped domains (finger-like) to match 

the geometric accommodation (States “4” and “5”) in further evolution. Both the new 

nucleation and domain switching lead to the jumps of the bending moments, dissipating 

energy into heat or waves. It is natural to think that the number of events (domain 

nucleation and switching) would increase with the contraints such as the grain boundary 

in polycrystals. 

In summary, the domain formation, annihilation and switching are the elastic 

instability processes, transforming the system from the meta-stable (unstable) states to 

the stable states. During these processes, dissipations are generated leading to the 

hysteresis loops in the tensile stress (force) and the bending moments. Although the 

dissipation is relatively small for each of these events, the accumulated effects of a large 

number of these events are considerable. For example, if the tension strip consists of 

many grains within which the domain evolutions proceed (i.e. grains geometrically 

constrain each other), numerous instability processes of the domain formation, anni-

hilation and switching in the numerous grains had to happen and dissipate considerable 

amounts of energy, which are macroscopically reflected by the large hysteresis loop as 

shown by the upper and lower force plateaus observed in the experiments. 

Figure 7. Domain switchings in a short strip under tensile loading (g = 15um). 

4. Concluding Remarks 

Within the continuum Ginzburg-Landau framework, a non-local elastic FEM simulation 

on thermoelastic strips successfully captured many key features in the domain formation 

and evolution. With the effect of the non-locality, the properties of a macroscopic 

domain wall (interface) can be objectively described and the results are consistent with 

that of Cahn-Hilliard’s 1D model. Our simulation also demonstrates the mechanism 
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relating the elastic instability process to hysteresis, which may serve as an example of 

the widely accepted paradigm of the macroscopic rate-independent hysteresis in SMA 

[10-15]. Analogous to the effect of grain size in SMA polycrystals, the effect of the 

specimen size on the domain evolution has been shown in the simulation on the tension 

strips.
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Abstract

Atoms at a free surface experience a different local environment than do atoms in the 

bulk of a material. As a result, the equilibrium position and energy of these atoms will, 

in general, be different from bulk positions and bulk energies. In traditional continuum 

mechanics, such interfacial free energy is typically neglected because it is associated 

with only a couple of layers of atoms near the surface, and the ratio of the volume 

occupied by the surface atoms and the total volume is extremely small. However, for 

nano-size particles, the surface to volume ratio becomes significant, so does the effects 

of surface free energy. In this paper, a framework is developed to incorporate the 

surface free energy into the continuum mechanics theory. Based on this approach, it is 

shown that the effective modulus of a particle does depend on the particle size. 

Although such size dependency is negligible for larger size particles, it becomes 

significant when the particle shrinks to nanometer size. 

1.  Surface Energy and Surface Stress

Atoms at a free surface or interface experience a different local environment than do 

atoms in the bulk of a material. As a result, the equilibrium position and energy of these 

atoms will, in general, be different from bulk positions and bulk energies. Properties of 

the solid which are sensitive to the atomic positions or energies will necessarily be 

affected at or near a surface or interface. For conventional materials where the number 

of atoms near the free surface or interface is small compared to the total number of 

atoms, such surface or interface effects are insignificant, and can be rightfully ignored. 

For nano-structured materials, however, a substantial amount of atoms are located near 

the interfaces. Therefore, interface properties become significant in nano-structured 

materials. Consequently, the overall behavior of nano-structured materials is strongly 

influenced by the properties of interfaces, such as grain boundary (including grain 

boundary junctions) in polycrystalline materials and particle/matrix interfaces in 

composites. 

There are different ways in which the properties of interfaces can be defined and 

introduced. 
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For example, if we consider an interface separating two otherwise homogeneous phases, 

the surface property may be defined either in terms of a surface phase, or by introducing 

the concept of a dividing surface. In the first method, the system is considered to be one 

in which there are three phases present – the two bulk phases and a surface phase; the 

boundaries of the surface phase are somewhat arbitrary and are usually chosen to be at 

locations at which the properties are no longer varying significantly with position. The 

surface phase then has a finite volume and may be assigned thermodynamic properties 

in the normal way. In the second method where a single dividing surface is used to 

separate the two homogeneous phases, the interface contribution to the thermo- 

dynamic properties is defined as the excesses over the values that would obtain if the 

bulk phases retained their properties constant up to an imaginary surface (of zero 

thickness) separating the two phases. In this paper, we adopt this second approach.  

The concept of dividing surface was first introduced by Gibbs [3] through the use of 

Gibbs surface free energy (also called surface tension in some literature). The Gibbs 

density of surface free energy is defined as the reversible work involved in creating a 

unit area of new surface at constant temperature, volume, and total number of moles. 

Because the surface atoms are subjected to different inter-atomic forces, their inter-

atomic spacing is different from that of the atoms deep in the interior of the crystal. In 

other words, the creation of a free surface has resulted in an absolute surface strain 
s

αβε
for the surface lattice relative to the perfect crystal lattice. This state of the free surface 

will be called the self-equilibrium state of the surface and the corresponding absolute 

surface strain, 
s

αβε , is called the self-equilibrium surface strain. In the context of Gibbs 

surface free energy, 
s

αβε  can be considered as the surface free (excess) strain. Further 

deformation of the surface from its self-equilibrium state is measured by the relative 

surface strain 
s

αβε . Clearly, relative surface strain must be imposed by external loading 

which will also induce bulk strain in the crystal. It is conceivable that the deformation 

induced by external loading is continuous near the surface. Now, let the bulk crystal be 

subjected to, without loss of generality, a uniform deformation given by the Lagrangian 

strain tensor 
ij

ε , measured from the undeformed perfect crystal lattice of an infinite 

crystal. In the rest of this paper, this strain will be called the absolute strain, referring to 

the strain relative to the undeformed bulk crystal lattice. The surface deformation 

is thus described by a two dimensional surface strain tensor 
s

αβε , which is related to 
ij

ε
through a coordinate transformation involving the surface normal direction cosines. In 

the above and the rest of this paper, Roman indices range from 1 to 3 and Greek indices 

range from 1 to 2, unless other wise indicated. 

The surface free (excess) energy, 
n

w , of a surface atom (atoms on or near the sur-

face) is defined by the difference between its energy and that of an atom deep in the 

interior of a large crystal. Note that nw  is a function of the intrinsic crystal surface 

properties.
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If there are N atoms within an area A, then the total surface free energy of the area A is 

given by 
1

n

n

w
=

. Thus, the Gibbs surface free energy density is defined by, 

1

1 N

n

n

w
A

γ
=

=  (1) 

Note that the above definition is in the deformed configuration. It can be viewed as the 

Eulerian description of the surface free energy density. For solid crystal surfaces, the 

Lagrange description of the surface free energy density can be defined by, 

10

1 N

n

n

w
A =

Γ =  (2) 

where 
0

A  is the area initially (before the application of 
ij

ε ) occupied by the N atoms 

within A in the current (deformed) configuration. It can be easily shown that the two 

areas are related by, 

0
(1 )

s s
A A ηη ηηε ε= + +         (3) 

where, again, 
s

αβε  is the self-equilibrium strain and 
s

αβε  is the relative strain from the 

self-equilibrium state of the surface. Together, they deform the area 0A  into A.

It is clear from these two definitions that, 

0
A Aγ = Γ  (4) 

Therefore, one has, 

( )1
s s

ηη ηηγ ε εΓ = + + (5) 

Unfortunately, it is not always clear in the literature which of the two definitions of the 

surface free energy is being used. This may have contributed to the wide range of values 

reported.

Having defined the surface free energy density, we can now introduce the concept of 

surface stress. Surface free energy corresponds to the work to create a unit area of sur-

face, whereas surface stress is involved in computing the work in deforming a surface. 

Specifically, the change in surface free energy should be equal to the work done by the 

surface stress as it deforms the surface area from 
0

A  to A, i.e., 

0 0
( )

s s
d A A dαβ αβεΓ = Σ  (6) 

where 
s

αβΣ  is the surface stress tensor. Note that, 

0 0 0 0
( )d A dA A d A dΓ = Γ + Γ = Γ  (7) 

Therefore, one has, 

s

s

d

d
αβ

αβε
Γ

Σ = (8) 
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This defines the surface stress tensor in terms of the Lagrange description of the surface 

free energy density. Substituting (5) into (8) yields the surface stress tensor in terms of 

the Eulerian surface free energy density, 

(1 )
s s s

s

d

d
αβ αβ ηη ηη

αβ

γγδ ε ε
ε

Σ = + + +  (9) 

where αβδ  is the two-dimensional Kronecker delta. The above is often referred as the 

Shuttleworth relationship [4,5]. 

In a liquid, where the atomic mobility is sufficiently high, atoms from the bulk 

will come to the surface when the surface is stretched. This way the microscopic 

configuration of the surface is preserved following deformation, i.e., the surface free 

energy density remains invariant to the surface strain [5]. Consequently, the second term 

in (9) vanishes and the surface free energy is numerically equal to surface stress. This is 

perhaps why historically surface free energy is also called surface tension. Adding to the 

confusion is the fact that both surface free energy density and surface stress have the 

same physical dimension of force per unit length. 

 For a solid, due to the long range correlation in atomic positions and low atomic 

mobility, it might not be possible, in any reasonable experimental time, to keep constant 

the local configuration around any particular atom in the surface region where the 

deformation of the surface area is performed. In other words, when a solid crystal 

deforms, its surface area may change. Such change of surface area is not accomplished 

by adding mass to (or subtracting from) the surface. Instead, the change of surface area 

is accompanied by the change of surface free energy density. Consequently, the surface 

free energy density becomes a function of the surface strain in the solid. In this case, 

surface stress is deferent from surface free energy density. 

 Just as in the case of surface free energy density, there is an alternative way of 

introducing the surface stress, 

0
( ) (1 )

s s s s s s
d A A d A dαβ αβ ηη ηη αβ αβγ σ ε ε ε σ ε= = + +  (10) 

where 
s

αβσ  may be called the Eulerian surface stress tensor. Note from (3) that 

0

s
dA A dαβ αβδ ε= . Therefore, 

0
( )

s s s
A d d A A d Adαβ αβ αβ αβσ ε γ γ δ ε γ= = +  (11) 

or,

1

s

s s s

d

d
αβ αβ

ηη ηη αβ

γ γσ δ
ε ε ε

= +
+ +

 (12) 

Although this expression has never appeared in the literature, it nevertheless is the direct 

consequence of (10). Clearly, 

(1 )
s s s s

αβ ηη ηη αβε ε σΣ = + +  (13) 
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The total strain energy stored in the deformed surface follows from (6), 

0

0

0

( )

s

s

surface

S

U e de dS

αβε

αβ κλ αβ= Σ  (14) 

where 
s

αβε  is the surface strain in the final deformed configuration, eαβ  is the 

integration variable representing the surface strain, and the fact that the surface stress is 

a function of the surface strain is explicitly indicated. 

In this paper, we will use the Lagrange surface free energy density and surface stress 

tensor as defined by (2) and (8), respectively. 

When the deformation is small, one may expand the surface free energy density into 

power series of the surface strain, 
2 3

0

(1) (2) (3)

0

1 1

2 6

1 1

2 6

s s s s s s

S S S S S S

s s s s s s

αβ αβ κλ αβ κλ γη
αβ αβ κλ αβ κλ γη

αβ αβ αβκλ αβ κλ αβκλγη αβ κλ γη

ε ε ε ε ε ε
ε ε ε ε ε ε

ε ε ε ε ε ε

∂Γ ∂ Γ ∂ Γ
Γ = Γ + + +

∂ ∂ ∂ ∂ ∂ ∂

= Γ + Γ + Γ + Γ

 (15) 

where 
0

Γ ,
(1)

αβΓ , are material and surface dependent. For a given material surface, 

they can be either measured experimentally or computed using molecular dynamic or 

atomistic simulations. Their values computed using molecular dynamic simulation will 

be reported in a separate publication [6]. Because of symmetries, one has 
(1) (1)

αβ βαΓ = Γ ,
(2) (2) (2)

αβκλ κλαβ βακλΓ = Γ = Γ  and 
(3) (3) (3) (3)

αβκλγη βακλγη κλαβγη κλγηαβΓ = Γ = Γ = Γ . These conditions 

imply that there are at most three independent parameters in 
(1)

αβΓ , six in 
(2)

αβκλΓ  and 18 

in 
(3)

αβκλγηΓ .

Substitution of (15) into (8) yields, for small surface strain, 

(1) (2) (3)1

2

s s s s

αβ αβ αβκλ κλ αβκλγη κλ γηε ε εΣ = Γ + Γ + Γ  (16) 

Clearly, 
(1) (1)

αβ βαΓ = Γ  is the internal stress of the surface. It represents the part of surface 

stress that exists even when the absolute surface strain is absent. The two dimensional 

fourth order tensor 
(2) (2) (2) (2)

αβκλ κλαβ βακλ αβλκΓ = Γ = Γ = Γ  represents the surface stiffness, 

while the two dimensional sixth order tensor 
( 2)

αβκλγηΓ  can be viewed as the tensor of the 

third order elastic constants of the surface. In general, 
(1)

αβΓ  and 
(2)

αβκλΓ  are typically 

anisotropic in their surface (where they are defined). It can be shown [1] that 
(1)

αβΓ  is 

isotropic if 
(1) (1)

12 21
0Γ = Γ =  and 

(1) (1)

11 22
Γ = Γ , and 

(2)

αβκλΓ  is isotropic if 
(2) (2)

1112 1222
0Γ = Γ = ,

(2)

1212

sµΓ = ,
(2)

1122

s s
K µΓ = − ,and 

(2) (2) (2) (2)

1111 2222 1122 1212
2

s s
K µΓ = Γ = Γ + Γ = + .
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Another important comment must be made here is that both surface free energy 

density and surface stress are macroscopic thermodynamic quantities. The basic idea of 

Gibbs surface energy is based on the concept of a dividing surface that separates the two 

adjacent phases. Under this assumption, the surface contributions to the thermodynamic 

quantities (e.g., surface free energy and surface stress) are defined as the excesses over 

the values that would be obtained if the bulk phases retained their properties constants 

up to dividing surface. In other words, the interface (not interphase) is a mathematical 

surface of zero thickness over which the thermodynamic properties changes discon-

tinuously from one bulk phase to the other. The excess amount is associated only with 

the dividing surface. However, this is only an idealization of the realistic situation. In 

the case of a free surface, for example, the surface contributions to the surface free 

energy come from several layers of atoms near the surface [2]. So, theoretically 

speaking, the surface free energy is defined not just on the surface, but on a layer of 

mass near the surface. The idealization of the dividing surface is thus valid if and only if 

the bulk crystal is much larger than several atomic sizes. If the bulk crystal contains 

only a small number of atoms, the usefulness of macroscopic thermodynamic quantities 

such as surface free energy is questionable. 

From the view point of continuum mechanics, the dividing surface idealization 

means that there is an “excess” amount of deformation on the dividing surface due to 

surface stress. In other words, the matters in the dividing surface deform differently 

from its neighboring matters in the bulk. This idealization justifies the requirement that 

the surface free energy 
surface

U  must be positive definite. 

2.  Effective Stiffness of a Single Particle 

Conventionally, the elastic modulus of a material is an intensive property. It is defined 

as a point-wise quantity that relates the stresses and strains at each point in the material. 

When a material is not homogeneous, its elastic modulus may vary from point to point. 

In this case, the concept of effective modulus can be introduced. For example, effective 

modulus is used to characterize the overall stiffness of a fiber reinforced composite, 

where the fiber and matrix have different elastic modulus. 

Now consider a particle made from a homogeneous material. On or near the particle 

surface, atomic structure is somewhat different from that of the bulk. Therefore, a 

particle, strictly speaking, is not a homogeneous body. The overall stiffness of the 

particle needs to be characterized by its effective modulus. However, when the particle  

size is large enough, the surface region is negligible in comparison to the particle size. 

In this case, the particle can be considered as a homogenous body. Therefore, its elastic 

modulus is uniform and is the same as that of the material from which the particle is 

made. This is no longer the case when the particle size shrinks to the nanometer range, 

where the surface region becomes significant in comparison to the particle size. 
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Consequently, the particle must be viewed as an inhomogeneous body and the 

effective modulus of the particle needs to be used to characterize the stiffness of the 

particle. In this section, a formulation is developed to compute the effective modulus of 

a particle that includes the effects of surface energy. 

To this end, consider an ellipsoidal particle, Ω . It is assumed that the particle, 

having initial volume 
0

V , is made from a homogeneous elastic solid with elastic 

potential Φ . Let Ω  be subjected to a given homogeneous displacement field 
i

u ,

measured from the undeformed perfect crystal lattice. Its corresponding uniform strain 

field is denoted by 
ij

ε , the absolute strain as defined in the previous section. After the 

applied deformation 
ij

ε , the corresponding total strain energy of the particle can be 

written as, 

bulk surface
U U U= +  (17) 

where 
bulk

U  is the total strain energy in the bulk of the particle, 

(3)

0

1 1

2 6
bulk ijkl ij kl ijklmn ij kl mn

U V C Cε ε ε ε ε= +  (18) 

where 
ijkl

C  and 
(3)

ijklmn
C  are, respectively, the tensor of second and third order elastic 

constants of the perfect crystal lattice. 

 The total surface free energy on the entire particle surface follows from (14), 

0

0

0

( )

s

s

surface

S

U e de dS

αβε

αβ κλ αβ= Σ  (19) 

After some simplifications [6], the total strain energy can be written as, 

(3)0 0 01 1

2 6
ij ij ijkl ijkl ij kl ijklmn ijklmn ij kl mn

V V V
U C Q C P

a a a
τ ε ε ε ε ε ε= + + ++  (20) 

where a is the smallest of the three semi-axes of the ellipsoid and, 

0

0

0

(1)

0

0

(2)

0

0

(3)

0

0

ij i j

S

ijkl i j k l

S

ijklmn i j k l m n

S

a
t t dS

V

a
Q t t t t dS

V

a
P t t t t t t dS

V

αβ α β

αβκλ α β κ λ

αβκλγη α β κ λ γ η

τ = Γ

= Γ

= Γ

 (21) 

where ijt  is the rotation tensor that relates the surface strain 
s

αβε  to the bulk strain 
ij

ε .
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The fourth order tensor 
ijkl

Q  can be viewed as the surface rigidity tensor. It 

represents a combined effect of the surface stiffness, 
(2)

αβκλΓ , and the surface geometry. 

Note that the surface rigidity tensor has the dimension of force per unit length. This 

gives the total strain energy of the particle when it deforms relative to the undeformed 

perfect crystal lattice of an infinite extent. 

 Because of the surface stress, the self-equilibrium state of the particle is different 

from the perfect crystal lattice of an infinite extent. The strain tensor that describes the 

deformation from the perfect crystal lattice to the equilibrium state of the particle can be 

found by minimizing the total strain energy, 

(3)

0

1 1 1 1
0

2
ij ijkl ijkl ij ijklmn ijklmn kl mn

ij

U
C Q C P

V a a a
τ ε ε ε

ε
∂

= + + + + =
∂

 (22) 

For small strain deformation, this yields the equilibrium strain, retaining the leading 

order of 1 a ,
1

11 1 1 1
îj ijkl ijkl kl ijkl kl ijkl kl

C Q C M
a a a a

ε τ τ τ
−

−≈ − + ≈ − = −  (23) 

where 
1

ijkl ijkl
M C

−=  is the compliance tensor of the bulk crystal. 

 Now, the effective stiffness tensor of the particle at the state of self-equilibrium can 

be defined as, 

2

0 ˆ
kl kl

ijkl

ij kl

U
C

V
ε ε

ε ε
=

∂
=

∂ ∂
 (24) 

Substitution of (24) into (25) gives, 

(3)1 1
ˆ

ijkl ijkl ijkl ijklmn ijklmn mn
C C Q C P

a a
ε= + + +  (25) 

Substituting (23) into (25) and retaining the terms up to 1 a , we have, 

( )(3)1
ijkl ijkl ijkl ijklmn mnpq pq

C C Q C M
a

τ= + −  (26) 

This is the effective elastic modulus of the ellipsoidal particle in consideration. The 

contribution of the surface energy to the effective modulus of the particle is inversely 

proportional to the particle size. 

2.1.  EXAMPLES 

When the geometry of the particle consists of an isotropic spherical particle with 

isotropic surface, one can easily find that the effective stiffness tensor is still isotropic. 

For such a particle of radius a, the effective bulk and shear moduli are, 
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( )1
24

9 18 8
3 3

s
K K K L M N

a K

Γ
= + − + +  (27) 

( ) ( )1
21 1

6 3 4
5 3

s s
K M N

a K
µ µ µ

Γ
= + + − +  (28) 

where K and µ  are, respectively, the bulk and shear moduli of the bulk material, L, M 

and N are the third order elastic constants, and 
s

K ,
sµ  are related to the surface 

energy. 

Unlike the spherical particles, a thin isotropic fiber of radius a with isotropic 

surface shows transverse anisotropy with its axis of symmetry in the fiber direction. One 

of the interesting quantities is the Young's modulus in the fiber direction (direction 3), 

( )
( )

( )
( ) ( ) ( ) ( )

( )( )

2
22 1111 2233 1122 11331133

33332 2
11110 1 1111 1111 2222 1122

2

2

3 3 21

1

1 3 1
3 4 9 5 2 3 2

44 3

27 2 9 18 8 27 (3 4 )
3

L

L

s s s

E

E

C C C CU C
C

V C C C C C

E K K K K
a K

K N L M N K M N
K

ε

π µ µ µ µ µ
µ

µ µ
µ

=

=

−∂ = − −
∂ −

+ + + − + −
+

Γ− + + + + +

(29) 

where E is the bulk Young s modulus and ν  is the Poisson’s ratio of the fiber. 

Similarly, the stiffness tensor of an isotropic film of thickness t  with isotropic 

surfaces is also transversely isotropic with the isotropic plane being the film plane. For a 

film in the 
1 2

x x−  plane, the Young’s modulus (Fig.1) is given by, 

( )
( )

( )
( ) ( ) ( )

( )( )

2
22 1122 3333 1133 22331133

11112 2
33330 11 3333 2222 3333 2233

2
2

3 3 21

1

1 3 81
3 3 2

83

27 2 9 18 8 27 (3 4 )
6

s s s

C C C CC
Y C

C C C C C

Y

U

V

K K K K K
a K

K N L M N K M N
K

ε

µ µ µ
µ

µ µ
µ

= =
−∂ − −

∂ −

= + + − + −
+

Γ− + + + + +

 (30) 

where K and µ are the bulk and shear moduli of the bulk material. 

As shown by Fig. 1 that this model clearly demonstrates that the effective elastic 

moduli of nano-size particle is affected by the surface energy and therefore depends on 

the particle size and shape. This dependency becomes significant only when the particle 

size reduces below 20 nanometers. 

’
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By introducing the surface energy, effective elastic modulus of nano-particles was 

studied. It was found that the effective modulus of a nano-particle does depend on its 

size. Explicit expressions of such size dependency were given for ellipsoidal particles of 

arbitrary anisotropy. Furthermore, self-equilibrium strain of the particle due to surface 

tension was also derived explicitly. By taking proper limits, the solution derived here 

can be applied to nano-wires and films [6]. 

Effective Longitudinal Modulus of a Thin Film
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Figure 1. Effective Young’s Modulus of a Thin Film as a function of Film Thickness for Copper. 
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Abstract 

Nanoindentations on polymeric viscoelastic materials indicated plastic deformation is 

size dependent when the indentation is small. The deformation behaviors were 

successfully modeled using strain gradient plasticity. In this investigation, dynamic 

nanoindentations on polymeric viscoelastic materials indicated that the storage and loss 

moduli are size dependent when indent size is small. This suggests that higher order 

strain gradient contributions to deformation need to be included in deformation of small 

scaled structures. In this paper, we extended the strain gradient theory to treat visco-

elastic materials. A strain gradient viscoelastic bending theory for plane-strain beams is 

then developed based on this strain gradient viscoelastic theory. In classical bending 

theory, the normalized bending rigidity is independent of the length and the thickness of 

the beam. The theory predicts that the normalized creep compliance and the normalized 

bending relaxation modulus (related to the regular bending rigidity) depends on a 

higher-order bending parameter, bh, and the thickness of the beam.  

1.    Introduction 

Micrometer-scaled films are widely used in engineering applications for their electrical, 

optical, hardness and corrosion-resistance properties for non-structural functions. On the 

other hand, microelectromechanical systems (MEMS) and nanoelectromechanical 

systems (NEMS) are created to probe surfaces, study cells and neurons, move micro-

liters of fluids and divert photons in optoelectronics (Bashir et al., 2000; Carr and 

Craighead, 1997. These structures are microns and nanometers in size (called small-

scaled structures in this paper). The beams and plates in these devices carry load and 

deform. The focuses were on metals and silicon and this attracted the attentions of the 
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materials and mechanics community. Because of the small size of the structures, higher-

order theories of plasticity and elasticity, which include contributions from strain 

gradients, have been developed by many authors to examine the elastic and plastic 

deformations of the micro-scaled structures, e.g., Fleck and Hutchinson (1997, 2001), 

Yang et al. (2002), Lam et al. (2003), in which many additional references can be 

found.  

2. Nanoindentation Experiments on Polymer 

A commercial liquid epoxy resin (Shell Epikote 828 epoxy resin (bisphenol–A 

epichlorohydrin)) consisting of 2,2-bis (4%-hydroxyphenyl) propane (bisphenol A) and 

1-chloro-2,3-epoxy-propane, known as epichlorohydrin with an average molecular 

weight less than 700 g mol–1 is used. The molecular species is a linear polyether with 

terminal glycidyl ether groups and secondary hydroxyl groups occurring at regular 

intervals along the length of the macromolecule. The epoxy resin was cured by an 

amine curing agent (hardener), Shell’s Epikure T (diethylene triamine (DETA). Diethyl-

enetriamine is a reactive primary aliphatic amine with five active hydrogen atoms 

available for cross-linking.  

 Bisphenol-A epichlorohydrin resin was cured with DETA. Both liquid epoxy and 

hardener were mixed at room temperature and cast into a circular Teflon crucible. The 

specimens were then placed in a vacuum chamber to remove trapped air, cured in an 

oven at 100°C for 1 h and slowly cooled to room temperature followed by annealed at 

 The variation of the storage and loss moduli calculated using Hysitron’s software 

are plotted for an epoxy made with 1:6 ratio of curing agent to resin ratio. At low 

dependence observed; but the storage modulus exhibited size dependence at indent size 

the loss is becoming significant at higher frequencies, which is in line with conventional 

From a performance perspective, metal, ceramic or semiconductor based systems 

are suited for system applications with high engineering demands, but the system  

costs are unsuited for implementation in consumer health and related products. For 

consumer-oriented systems where temperature requirements are less demanding, poly-

meric based systems maybe considered as cost-effective options. In prior works, we 

investigated the behavior of polymeric micron-scaled beams and found that the defor-

mation behavior is dependent on strain gradient. A strain gradient elasticity theory was 

developed to describe the behavior in the elastic regime. In this paper, the viscoelastic 

behavior of polymer is investigated using nanoindentation. It will be shown that the 

polymer behaves in the conventional fashion when the indent size is large and has 

negligible strain gradients. When the indent size is small, i.e., when the strain gradient 

contributions are non-negligible, the viscoelastic behaviors becomes size dependent, 

indicating strain gradient dependence. Following the nanoindentation experiments, the 

higher order viscoelastic strain gradient theory and the higher order viscoelastic solution 

for bending of a small scale viscoelastic beam are presented.  

80oC for 0.5 h. The nanoindentations were conducted in a Hysitron Triboindenter with  

1 µN to 10 µN and frequencies between 1– 300 Hz, were used.  

   

less than 100 µm. At 300 Hz, the loss moduli have risen above zero, which indicated that 

frequencies of 10 and 100 Hz, the loss moduli are near zero with no significant size 

a Berkovich  head. Loads  in the  range of 10  µM – 1000  µM with amplitudes between  
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viscoelastic behaviors. At small indents, the loss moduli are observed to be size 

dependence when strain gradients are non-negligible. In the following section, the 

development of higher order viscoelasticity theory is detailed. 
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Figure 1. Storage and loss modulus of epoxy indented at 10Hz 
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Figure 2. Storage and loss modulus of epoxy indented at 100Hz 
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The description of the deformation behavior of solids is not limited to relations between 

stresses and strains. Higher-order theories of plasticity and elasticity, which include 

contributions from strain gradients, have been developed by many authors. Lam et al.

(2003) further developed a linear elastic bending theory for plane-strain beams. In the 

following, higher order viscoelasticity theory will be developed on basis of the 

framework of strain gradient elasticity.  

A Summary of Strain Gradient Theory for Linear Elasticity 

In classical linear elasticity for isotropic materials, the stress ijσ  and the strain ijε   are 

related via the elastic shear modulus, µ, giving 

                2
1 2

ij ij kk ij

νσ µ ε ε δ
ν

= +
−

, (1)

where ν is Poisson’s ratio. (In the equation above and in subsequent equations, the 

index notation will be used with repeated indices denoting summation from 1 to 3.)  

µ and ν are material constants and are independent of the geometry of the test specimen.

In the strain gradient theory, the deformation measures include the strain tensor, εij,

and the second-order deformation gradient tensors: the dilatation gradient vector, γi, the 

deviatoric stretch gradient tensor, ijkη , and symmetric rotational gradient (curvature) 

tensor, ijχ . These strain measures are defined as 

Storage

Loss

Displacement (nm)

Figure 3. Storage and loss modulus of epoxy indented at 100Hz 

3.

–
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(2)

1
( ),

2
,

1
( )

3

1
[ ( 2 ) ( 2 ) ( 2 )],

15

1
( ).

2

ij i j j i i i mm

ijk i jk j ki k ij

ij k mm m mk jk i mm m mi ki j mm m mj

ij ipq p qj jpq p qi

u u

e e

ε γ ε

η ε ε ε

δ ε ε δ ε ε δ ε ε

χ ε ε

= ∂ + ∂ = ∂

= ∂ + ∂ + ∂

− ∂ + ∂ + ∂ + ∂ + ∂ + ∂

= ∂ + ∂

where ∂ i is the forward gradient operator, ui the displacement vector, ij the Kronecker 

delta and ijke  the alternating tensor. The strain tensor has six independent symmetric 

components. The number of independent components in i is three, in ijkη  is seven, and 

in ijχ  is five. Thus the second-order deformation gradient tensors have a total of 15 
independent components. The stress measures, the work-conjugates to the strain 
measures, are the classical stress tensor, σij, and the higher-order stresses, pi, ijkτ  and 
mij, respectively. 

The application of the principle of virtual work gives the equilibrium equation in the 

volume V as

(3)(1)1
0

2
i ik jlk il ij ik i ij ijk ke m p fσ τ∂ − ∂ − ∂ − ∂ + =

and the appropriate boundary conditions on V with fk being the body force per unit 

volume. 

For linear elastic center-symmetric isotropic materials, the constitutive relations are 

(4)
2 2 2

0 , 1 2

2

2 , 2 , 2 .

ij ij mm ij

i mm i ijk ijk ij ijp l l m l

σ λδ ε µε

µ ε τ µ η µ χ

= +

= = =

where  and µ are Lame’s constant and the shear modulus, respectively, and ln (n =

0,1,2) are the three additional length scale material parameters associated with the 

dilatation, deviatoric stretch and rotation gradients, respectively. 

Viscoelastic constitutive relations  

For linear isotropic viscoelastic materials, we can define the constitutive relations in 

convolution integral form as 

253 



(5) 
( , )( , )

( , ) ( , ) 2 ( , )
t t ijmm

ij ijt t d t d
ε τε τσ λ τ δ τ µ τ τ

τ τ−∞ −∞

∂∂= − + −
∂ ∂

xx
x x x

(6)  ,2

0 0

( , )
( , ) 2 ( , )

t
mm i

ip l t d
ε τ

τ µ τ τ
τ−∞

∂
= −

∂
x

x x

(7) 2

1 1

( , )
2 ( , )

t ijk

ijk l t d
η τ

τ µ τ τ
τ−∞

∂
= −

∂
x

x

(8)  2

2 2

( , )
2 ( , )

t ij

ijm l t d
χ τ

µ τ τ
τ−∞

∂
= −
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where and µ’s are relaxation functions. A simple viscoelastic model is 

(9) 
2

( , ) ( , )
1 2

νλ τ µ τ
ν

=
−

x x

(10)  
0 1 2( , ) ( , ) ( , )µ τ µ τ µ τ= =x x x

in which Poisson’s ratio, , is independent of time. 

The constitutive relations can be put in differential equation forms as 

(11)
3 3( ) ( )kk kkP Q

t t
σ ε∂ ∂=

∂ ∂

(12) 4 4( ) ( )ij ijP Q
t t

σ ε∂ ∂′ ′=
∂ ∂

(13)  
2

0 0 0 ,( ) 2 ( )i mm iP p l Q
t t

ε∂ ∂=
∂ ∂

(14)  2

1 1 1( ) 2 ( )ijk ijkP l Q
t t

τ η∂ ∂=
∂ ∂

(15)2

2 2 2( ) 2 ( )s s

ij ijP m l Q
t t

χ∂ ∂=
∂ ∂

where ,ij ijσ ε′ ′  are  the stress and strain deviations, and P’s and Q’s are 

polynomials of the time-derivative operator. Again a simple viscoelastic model is 

(16) 3 4P P=
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(17)
0 1 2P P P= =

(18)  
4 3

2(1 )

3(1 2 )
Q Q

ν
ν

+=
−

(19)0 1 2Q Q Q= =

As an example, the Kelvin model gives 
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3(1 2 )

kk
kk kk

t

εν µσ ε η
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∂+= +
− ∂

2 ( )
ij

ij ij
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ε
σ µ ε η

′∂
′ ′= +

∂

where  is the viscosity coefficient with dimension of time. 

4. Bending Theory for Plane-strain Beams 

The derivation follows that given by Lam et al. (2003). The bending stress resultants are 

first defined in terms of the stress measures in strain gradient theory. Then, the bending 

equilibrium equations and force-prescribed boundary conditions are derived. The 

bending deformation measures and constitutive relations are established using Taylor 

expansions of displacements with respect to the beam thickness. 

/ 2

11
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h
N dzσ

−
= ,

/ 2

13 1 12 1 113
/ 2

1
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2

h

h
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−
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−
= + + + ,
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1 111
/ 2

( )
h

h

h
N p dzτ

−
= + ,

/ 2

1 111
/ 2

( )
h

h

h
M z p dzτ

−
= +

where N is the axial stress resultant per unit width, Q is the shear stress resultant per 

unit width, and M is the moment per unit width in the beam. The higher-order stress 

resultant per unit width, N h, and the higher-order moment resultant per unit width, M h,

are defined as 

With the presence of higher-order stress measures, the stress resultants on a beam  
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where 
2 2

h hq q q−= +  with 
2

hq±  being the prescribed normal force-traction on the top or 

bottom surfaces in units of N/m2, u0 and w0 are the mid-plane beam axial and normal 

displacements and m is the mass per unit length of the beam. Equations (22) and (23) 

can be combined into one equation as 

(24) 
22 3
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2 3 2

wM M
m q

x x t
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The stress resultants at the boundary where the tractions are  

(25) 

kN
N N

x

∂− =
∂

(26) 
0

h hN N=

(27) 

Q Q=

(28)

kM
M M

x

∂− =
∂

(29)

h hM M=

where N  is the prescribed total axial force in units of N/m; Q  is the prescribed shear 

force in units of N/m; M  is the prescribed moment per unit width in units of N-m/m; 
hN  is the prescribed higher-order axial force in units of N-m/m; and hM  is the 

prescribed higher-order moment per unit width in units of N-m2/m. In bending, the 

prescribed axial stress resultant, N ,  and the higher-order axial stress resultant, 
hN ,

which correspond to pure tension, are both zero. 

are introduced to account for the higher-order effect. The shear stress resultant, Q, and 

the moment resultant, M, now contain higher-order stress terms. Combining the 

equilibrium equations, the boundary conditions and the stress resultant definitions in Eq. 

(20), we find that 
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Deformation and constitutive relations  

The expressions of deformation and constitutive relations for thin beams can be 

simplified by expanding the displacements as a power series of the beam thickness, h.

Utilizing the axial equilibrium equation and neglecting the higher order terms of h (Lam 

et al. 2003), one can show that the beam deformation measures are the curvature, κ, and 

the curvature gradient, 
hκ , respectively, defined as  

(30)  0 0( , ),        ( , )hw x t w x tκ κ′′ ′′′= − = − ,

where w0 is the normal deflection of the beam at mid-surface and ( )′′⋅  and ( )′′′⋅  denote 
the second and third partial derivatives with respect to x.

Similar to strain gradient elastic bending (Lam et al. 2003), we can then derive the 

constitutive equations for the beam bending in terms of the curvature and the curvature 

gradients. For the simple viscoelastic model as defined in Eqs. (5)-(8), the Laplace 

transform of the constitutive relations are 

(31) ˆ ˆ ˆˆ ˆ( , ) ( , ) ( , ) 2 ( , ) ( , )ij mm ij ijs s s s s s sσ λ ε δ µ ε= +x x x x x
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1 1
ˆˆ ˆ2 ( , ) ( , )ijk ijkl s s sτ µ η= x x

(34)  
2

2 2
ˆˆ ˆ2 ( , ) ( , )ij ijm l s s sµ χ= x x

where ˆ( )  denotes the Laplace transform of the associated quantity. For beam bending, 

we can show that 

(35)  
0

ˆ ˆ ˆ( , ) ( , ) ( , )M x s D x s w x s′′= − ; 0( , ) ( , ) ( , )h hM x s D x s w x s′′′= − ,

where the bending rigidities are 
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in which 3
µ µ= .  In the above equations, bh and δ are the higher-order bending 

parameters, which characterize the thickness dependence of beam bending and D3

becomes the conventional bending rigidity when Q3 is a constant equal to the shear 

modulus µ. The boundary conditions are  

0 0                   orQ Q w w= = ,

(41)0 0        or
kM

M M w w
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0 0                 orh hM M w w′′ ′′= = .

The displacement boundary conditions at the fixed end are 

(42)0 0 0 0 0 0, ,w w w w w w′ ′ ′′ ′′= = =
,

at a simply supported end are 
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and at a free end are 

(44)
2

2
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h h
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x x x

∂ ∂ ∂= − = − = =
∂ ∂ ∂

.

After solving the bending problems, the stresses and higher-order stresses can be 

obtained from constitutive relations, except for σ13 and σ33, which are determined by 

integrating equilibrium equation. 

Cantilever Beam with Prescribed Deflection or Force 

Consider a uniform viscoelastic cantilever beam clamped at x = 0 and subjected to forced 

(45)  

2 62 3

0 0

2 3 2 6

ˆ ˆ ˆ ˆ( , ) ( , )ˆ ˆ( ) ( ) 0hw x s w x sM M
D s D s

x x x x

∂ ∂∂ ∂− = − + =
∂ ∂ ∂ ∂

.

displacements at x = l. Neglecting the inertia effect, from Eq. (24) we have 

258          L.H. Keung, D.C.C. Lam and P. Tong 



Nanoindentations and Theory of Strain Gradient Viscoelasticity

The solution for 0
ˆ ( , )w x s  is quite complicated. We will the case that all the length 

scaled parameters are of order micron-scale or smaller and that the term associated with 
ˆ ( , )hD x s  in Eq. (45) can be neglected. In this case, based on the correspondence 

 (46) 03

ˆ6 ( )ˆ ˆ( ) ( , )
D s

P s w l s
l

= .

Bending Relaxation Modulus 

For the relaxation test with  

(47) 
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(49) 0
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w
w l s

s
=

Then 

(50)
3

3
( ) ( )

(1 )

h w
P t Y t

l ν
=

−

where Y(t) is called the normalized bending relaxation modulus that 

(51)
2

0

2

ˆ ( )
ˆ( ) ( )(1 )

ˆ ( )

hb s
Y t s

h s

µµ
µ

= +

which exhibits an inverse squared dependence on the beam’s thickness.  The symbol 

denotes the inverse Laplace transform of the referred function. 

Creep Compliance

Consider a creep test by an applied load ( ) ( )P t P H t= . Then 

(52)
23

10
0 3 2

ˆˆ ( )(1 ) ( )
ˆ ( , ) [1 ]

ˆ ˆ6 ( ) ( )

hb sl P P s
w l s

h h s s

µν
µ µ

−−= +

principle, the force and deflection relation in the thickness direction at x = l is simply 
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or

(53)
3

0 3

(1 )
( , ) ( )

6

l P
w l t J t

h

ν−=

where 

(54)  
2

10

2 2

ˆ ( ) 1
( ) [1 ]

ˆ ˆ( ) ( )

hb s
J t

h s s s

µ
µ µ

−= +

is called the normalized creep compliance. 

5. Discussion and Conclusions 

In this paper, we showed that dynamic nanoindentation results indicated that the storage 

and loss moduli become size dependent at small indent, indicating strain gradient 

dependence. With this observation, we extended the strain gradient elasticity theory to 

visco-elasticity. From the strain gradient viscoelasticity theory, a viscoelastic bending 

theory for thin plane-strain beams was developed based on a simple viscoelasticity 

model. In the constitutive relations for beams, similar to that of elastic case, both the 

normalized creep compliance and the normalized regular bending relaxation modulus 

and the normalized higher-order complex bending rigidity 3
ˆ ˆ( , ) / ( , )D x s D x s , and 

0
ˆ ˆ( , ) / ( , )hD x s D x s  depend on the material length scale parameters. Only the 

normalized creep compliance and the normalized higher-order complex bending rigidity 

depends on the beam thickness that D/D3 is a function of the inverse square of the 

thickness. On the basis of the higher order separability, the normalized higher-order 

bending complex bending rigidity is expected to be on the micron-scale. 
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26. M.A. González-Palacios and J. Angeles: Cam Synthesis. 1993 ISBN 0-7923-2536-2
27. W.S. Hall: The Boundary Element Method. 1993 ISBN 0-7923-2580-X
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42. J. Menčik: Mechanics of Components with Treated or Coated Surfaces. 1996

ISBN 0-7923-3700-X
43. D. Bestle and W. Schiehlen (eds.): IUTAM Symposium on Optimization of Mechanical Systems.

Proceedings of the IUTAM Symposium held in Stuttgart, Germany. 1996
ISBN 0-7923-3830-8

44. D.A. Hills, P.A. Kelly, D.N. Dai and A.M. Korsunsky: Solution of Crack Problems. The
Distributed Dislocation Technique. 1996 ISBN 0-7923-3848-0

45. V.A. Squire, R.J. Hosking, A.D. Kerr and P.J. Langhorne: Moving Loads on Ice Plates. 1996
ISBN 0-7923-3953-3

46. A. Pineau and A. Zaoui (eds.): IUTAM Symposium on Micromechanics of Plasticity and
Damage of Multiphase Materials. Proceedings of the IUTAM Symposium held in Sèvres,
Paris, France. 1996 ISBN 0-7923-4188-0

47. A. Naess and S. Krenk (eds.): IUTAM Symposium on Advances in Nonlinear Stochastic
Mechanics. Proceedings of the IUTAM Symposium held in Trondheim, Norway. 1996

ISBN 0-7923-4193-7
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coplasticity, Damage, Fracture and Contact Mechanics. 1998 ISBN 0-7923-4895-8
59. L.T. Tenek and J. Argyris: Finite Element Analysis for Composite Structures. 1998

ISBN 0-7923-4899-0
60. Y.A. Bahei-El-Din and G.J. Dvorak (eds.): IUTAM Symposium on Transformation Problems

in Composite and Active Materials. Proceedings of the IUTAM Symposium held in Cairo,
Egypt. 1998 ISBN 0-7923-5122-3

61. I.G. Goryacheva: Contact Mechanics in Tribology. 1998 ISBN 0-7923-5257-2
62. O.T. Bruhns and E. Stein (eds.): IUTAM Symposium on Micro- and Macrostructural Aspects

of Thermoplasticity. Proceedings of the IUTAM Symposium held in Bochum, Germany. 1999
ISBN 0-7923-5265-3

63. F.C. Moon: IUTAM Symposium on New Applications of Nonlinear and Chaotic Dynamics in
Mechanics. Proceedings of the IUTAM Symposium held in Ithaca, NY, USA. 1998

ISBN 0-7923-5276-9
64. R. Wang: IUTAM Symposium on Rheology of Bodies with Defects. Proceedings of the IUTAM

Symposium held in Beijing, China. 1999 ISBN 0-7923-5297-1
65. Yu.I. Dimitrienko: Thermomechanics of Composites under High Temperatures. 1999

ISBN 0-7923-4899-0
66. P. Argoul, M. Frémond and Q.S. Nguyen (eds.): IUTAM Symposium on Variations of Domains

and Free-Boundary Problems in Solid Mechanics. Proceedings of the IUTAM Symposium
held in Paris, France. 1999 ISBN 0-7923-5450-8

67. F.J. Fahy and W.G. Price (eds.): IUTAM Symposium on Statistical Energy Analysis. Proceedings
of the IUTAM Symposium held in Southampton, U.K. 1999 ISBN 0-7923-5457-5

68. H.A. Mang and F.G. Rammerstorfer (eds.): IUTAM Symposium on Discretization Methods in
Structural Mechanics. Proceedings of the IUTAM Symposium held in Vienna, Austria. 1999

ISBN 0-7923-5591-1
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69. P. Pedersen and M.P. Bendsøe (eds.): IUTAM Symposium on Synthesis in Bio Solid Mechanics.
Proceedings of the IUTAM Symposium held in Copenhagen, Denmark. 1999

ISBN 0-7923-5615-2
70. S.K. Agrawal and B.C. Fabien: Optimization of Dynamic Systems. 1999

ISBN 0-7923-5681-0
71. A. Carpinteri: Nonlinear Crack Models for Nonmetallic Materials. 1999

ISBN 0-7923-5750-7
72. F. Pfeifer (ed.): IUTAM Symposium on Unilateral Multibody Contacts. Proceedings of the

IUTAM Symposium held in Munich, Germany. 1999 ISBN 0-7923-6030-3
73. E. Lavendelis and M. Zakrzhevsky (eds.): IUTAM/IFToMM Symposium on Synthesis of Non-

linear Dynamical Systems. Proceedings of the IUTAM/IFToMM Symposium held in Riga,
Latvia. 2000 ISBN 0-7923-6106-7

74. J.-P. Merlet: Parallel Robots. 2000 ISBN 0-7923-6308-6
75. J.T. Pindera: Techniques of Tomographic Isodyne Stress Analysis. 2000 ISBN 0-7923-6388-4
76. G.A. Maugin, R. Drouot and F. Sidoroff (eds.): Continuum Thermomechanics. The Art and

Science of Modelling Material Behaviour. 2000 ISBN 0-7923-6407-4
77. N. Van Dao and E.J. Kreuzer (eds.): IUTAM Symposium on Recent Developments in Non-linear

Oscillations of Mechanical Systems. 2000 ISBN 0-7923-6470-8
78. S.D. Akbarov and A.N. Guz: Mechanics of Curved Composites. 2000 ISBN 0-7923-6477-5
79. M.B. Rubin: Cosserat Theories: Shells, Rods and Points. 2000 ISBN 0-7923-6489-9
80. S. Pellegrino and S.D. Guest (eds.): IUTAM-IASS Symposium on Deployable Structures: Theory

and Applications. Proceedings of the IUTAM-IASS Symposium held in Cambridge, U.K., 6–9
September 1998. 2000 ISBN 0-7923-6516-X

81. A.D. Rosato and D.L. Blackmore (eds.): IUTAM Symposium on Segregation in Granular
Flows. Proceedings of the IUTAM Symposium held in Cape May, NJ, U.S.A., June 5–10,
1999. 2000 ISBN 0-7923-6547-X

82. A. Lagarde (ed.): IUTAM Symposium on Advanced Optical Methods and Applications in Solid
Mechanics. Proceedings of the IUTAM Symposium held in Futuroscope, Poitiers, France,
August 31–September 4, 1998. 2000 ISBN 0-7923-6604-2

83. D. Weichert and G. Maier (eds.): Inelastic Analysis of Structures under Variable Loads. Theory
and Engineering Applications. 2000 ISBN 0-7923-6645-X

84. T.-J. Chuang and J.W. Rudnicki (eds.): Multiscale Deformation and Fracture in Materials and
Structures. The James R. Rice 60th Anniversary Volume. 2001 ISBN 0-7923-6718-9

85. S. Narayanan and R.N. Iyengar (eds.): IUTAM Symposium on Nonlinearity and Stochastic
Structural Dynamics. Proceedings of the IUTAM Symposium held in Madras, Chennai, India,
4–8 January 1999 ISBN 0-7923-6733-2

86. S. Murakami and N. Ohno (eds.): IUTAM Symposium on Creep in Structures. Proceedings of
the IUTAM Symposium held in Nagoya, Japan, 3-7 April 2000. 2001 ISBN 0-7923-6737-5

87. W. Ehlers (ed.): IUTAM Symposium on Theoretical and Numerical Methods in Continuum
Mechanics of Porous Materials. Proceedings of the IUTAM Symposium held at the University
of Stuttgart, Germany, September 5-10, 1999. 2001 ISBN 0-7923-6766-9

88. D. Durban, D. Givoli and J.G. Simmonds (eds.): Advances in the Mechanis of Plates and Shells
The Avinoam Libai Anniversary Volume. 2001 ISBN 0-7923-6785-5

89. U. Gabbert and H.-S. Tzou (eds.): IUTAM Symposium on Smart Structures and Structonic Sys-
tems. Proceedings of the IUTAM Symposium held in Magdeburg, Germany, 26–29 September
2000. 2001 ISBN 0-7923-6968-8
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90. Y. Ivanov, V. Cheshkov and M. Natova: Polymer Composite Materials – Interface Phenomena
& Processes. 2001 ISBN 0-7923-7008-2

91. R.C. McPhedran, L.C. Botten and N.A. Nicorovici (eds.): IUTAM Symposium on Mechanical
and Electromagnetic Waves in Structured Media. Proceedings of the IUTAM Symposium held
in Sydney, NSW, Australia, 18-22 Januari 1999. 2001 ISBN 0-7923-7038-4

92. D.A. Sotiropoulos (ed.): IUTAM Symposium on Mechanical Waves for Composite Structures
Characterization. Proceedings of the IUTAM Symposium held in Chania, Crete, Greece, June
14-17, 2000. 2001 ISBN 0-7923-7164-X

93. V.M. Alexandrov and D.A. Pozharskii: Three-Dimensional Contact Problems. 2001
ISBN 0-7923-7165-8

94. J.P. Dempsey and H.H. Shen (eds.): IUTAM Symposium on Scaling Laws in Ice Mechanics
and Ice Dynamics. Proceedings of the IUTAM Symposium held in Fairbanks, Alaska, U.S.A.,
13-16 June 2000. 2001 ISBN 1-4020-0171-1

95. U. Kirsch: Design-Oriented Analysis of Structures. A Unified Approach. 2002
ISBN 1-4020-0443-5

96. A. Preumont: Vibration Control of Active Structures. An Introduction (2nd Edition). 2002
ISBN 1-4020-0496-6

97. B.L. Karihaloo (ed.): IUTAM Symposium on Analytical and Computational Fracture Mechan-
ics of Non-Homogeneous Materials. Proceedings of the IUTAM Symposium held in Cardiff,
U.K., 18-22 June 2001. 2002 ISBN 1-4020-0510-5

98. S.M. Han and H. Benaroya: Nonlinear and Stochastic Dynamics of Compliant Offshore Struc-
tures. 2002 ISBN 1-4020-0573-3

99. A.M. Linkov: Boundary Integral Equations in Elasticity Theory. 2002
ISBN 1-4020-0574-1

100. L.P. Lebedev, I.I. Vorovich and G.M.L. Gladwell: Functional Analysis. Applications in Me-
chanics and Inverse Problems (2nd Edition). 2002

ISBN 1-4020-0667-5; Pb: 1-4020-0756-6
101. Q.P. Sun (ed.): IUTAM Symposium on Mechanics of Martensitic Phase Transformation in

Solids. Proceedings of the IUTAM Symposium held in Hong Kong, China, 11-15 June 2001.
2002 ISBN 1-4020-0741-8

102. M.L. Munjal (ed.): IUTAM Symposium on Designing for Quietness. Proceedings of the IUTAM
Symposium held in Bangkok, India, 12-14 December 2000. 2002 ISBN 1-4020-0765-5

103. J.A.C. Martins and M.D.P. Monteiro Marques (eds.): Contact Mechanics. Proceedings of the
3rd Contact Mechanics International Symposium, Praia da Consolação, Peniche, Portugal,
17-21 June 2001. 2002 ISBN 1-4020-0811-2

104. H.R. Drew and S. Pellegrino (eds.): New Approaches to Structural Mechanics, Shells and
Biological Structures. 2002 ISBN 1-4020-0862-7

105. J.R. Vinson and R.L. Sierakowski: The Behavior of Structures Composed of Composite Ma-
terials. Second Edition. 2002 ISBN 1-4020-0904-6

106. Not yet published.
107. J.R. Barber: Elasticity. Second Edition. 2002 ISBN Hb 1-4020-0964-X; Pb 1-4020-0966-6
108. C. Miehe (ed.): IUTAM Symposium on Computational Mechanics of Solid Materials at Large

Strains. Proceedings of the IUTAM Symposium held in Stuttgart, Germany, 20-24 August
2001. 2003 ISBN 1-4020-1170-9
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109. P. Ståhle and K.G. Sundin (eds.): IUTAM Symposium on Field Analyses for Determination
of Material Parameters – Experimental and Numerical Aspects. Proceedings of the IUTAM
Symposium held in Abisko National Park, Kiruna, Sweden, July 31 – August 4, 2000. 2003

ISBN 1-4020-1283-7
110. N. Sri Namachchivaya and Y.K. Lin (eds.): IUTAM Symposium on Nonlinear Stochastic

Dynamics. Proceedings of the IUTAM Symposium held in Monticello, IL, USA, 26 – 30
August, 2000. 2003 ISBN 1-4020-1471-6

111. H. Sobieckzky (ed.): IUTAM Symposium Transsonicum IV. Proceedings of the IUTAM Sym-
posium held in Göttingen, Germany, 2–6 September 2002, 2003 ISBN 1-4020-1608-5

112. J.-C. Samin and P. Fisette: Symbolic Modeling of Multibody Systems. 2003
ISBN 1-4020-1629-8

113. A.B. Movchan (ed.): IUTAM Symposium on Asymptotics, Singularities and Homogenisation
in Problems of Mechanics. Proceedings of the IUTAM Symposium held in Liverpool, United
Kingdom, 8-11 July 2002. 2003 ISBN 1-4020-1780-4

114. S. Ahzi, M. Cherkaoui, M.A. Khaleel, H.M. Zbib, M.A. Zikry and B. LaMatina (eds.): IUTAM
Symposium on Multiscale Modeling and Characterization of Elastic-Inelastic Behavior of
Engineering Materials. Proceedings of the IUTAM Symposium held in Marrakech, Morocco,
20-25 October 2002. 2004 ISBN 1-4020-1861-4

115. H. Kitagawa and Y. Shibutani (eds.): IUTAM Symposium on Mesoscopic Dynamics of Fracture
Process and Materials Strength. Proceedings of the IUTAM Symposium held in Osaka, Japan,
6-11 July 2003. Volume in celebration of Professor Kitagawa’s retirement. 2004

ISBN 1-4020-2037-6
116. E.H. Dowell, R.L. Clark, D. Cox, H.C. Curtiss, Jr., K.C. Hall, D.A. Peters, R.H. Scanlan, E.

Simiu, F. Sisto and D. Tang: A Modern Course in Aeroelasticity. 4th Edition, 2004
ISBN 1-4020-2039-2

117. T. Burczyński and A. Osyczka (eds.): IUTAM Symposium on Evolutionary Methods in Mechan-
ics. Proceedings of the IUTAM Symposium held in Cracow, Poland, 24-27 September 2002.
2004 ISBN 1-4020-2266-2

118. D. Ieşan: Thermoelastic Models of Continua. 2004 ISBN 1-4020-2309-X
119. G.M.L. Gladwell: Inverse Problems in Vibration. Second Edition. 2004 ISBN 1-4020-2670-6
120. J.R. Vinson: Plate and Panel Structures of Isotropic, Composite and Piezoelectric Materials,

Including Sandwich Construction. 2005 ISBN 1-4020-3110-6
121. Forthcoming
122. G. Rega and F. Vestroni (eds.): IUTAM Symposium on Chaotic Dynamics and Control of

Systems and Processes in Mechanics. Proceedings of the IUTAM Symposium held in Rome,
Italy, 8–13 June 2003. 2005 ISBN 1-4020-3267-6

123. E.E. Gdoutos: Fracture Mechanics. An Introduction. 2nd edition. 2005 ISBN 1-4020-3267-6
124. M.D. Gilchrist (ed.): IUTAM Symposium on Impact Biomechanics from Fundamental Insights

to Applications. 2005 ISBN 1-4020-3795-3
125. J.M. Huyghe, P.A.C. Raats and S. C. Cowin (eds.): IUTAM Symposium on Physicochemical

and Electromechanical Interactions in Porous Media. 2005 ISBN 1-4020-3864-X
126. H. Ding, W. Chen and L. Zhang: Elasticity of Transversely Isotropic Materials. 2005

ISBN 1-4020-4033-4
127. W. Yang (ed): IUTAM Symposium on Mechanics and Reliability of Actuating Materials.

Proceedings of the IUTAM Symposium held in Beijing, China, 1–3 September 2004. 2005
ISBN 1-4020-4131-6
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128. J.-P. Merlet: Parallel Robots. 2006 ISBN 1-4020-4132-2
129. G.E.A. Meier and K.R. Sreenivasan (eds.): IUTAM Symposium on One Hundred Years of

Boundary Layer Research. Proceedings of the IUTAM Symposium held at DLR-Göttingen,
Germany, August 12–14, 2004. 2006 ISBN 1-4020-4149-7

130. H. Ulbrich and W. Günthner (eds.): IUTAM Symposium on Vibration Control of Nonlinear
Mechanisms and Structures. 2006 ISBN 1-4020-4160-8

131. L. Librescu and O. Song: Thin-Walled Composite Beams. Theory and Application. 2006
ISBN 1-4020-3457-1

132. G. Ben-Dor, A. Dubinsky and T. Elperin: Applied High-Speed Plate Penetration
Dynamics. 2006 ISBN 1-4020-3452-0

133. X. Markenscoff and A. Gupta (eds.): Collected Works of J. D. Eshelby. Mechanics and Defects
and Heterogeneities. 2006 ISBN 1-4020-4416-X

134. R.W. Snidle and H.P. Evans (eds.): IUTAM Symposium on Elastohydrodynamics and Microelas-
tohydrodynamics. Proceedings of the IUTAM Symposium held in Cardiff, UK, 1–3 September,
2004. 2006 ISBN 1-4020-4532-8

135. T. Sadowski (ed.): IUTAM Symposium on Multiscale Modelling of Damage and Fracture
Processes in Composite Materials. Proceedings of the IUTAM Symposium held in Kazimierz
Dolny, Poland, 23–27 May 2005. 2006 ISBN 1-4020-4565-4

136. A. Preumont: Mechatronics. Dynamics of Electromechanical and Piezoelectric Systems. 2006
ISBN 1-4020-4695-2

137. M.P. Bendsøe, N. Olhoff and O. Sigmund (eds.): IUTAM Symposium on Topological Design
Optimization of Structures, Machines and Materials. Status and Perspectives. 2006

ISBN 1-4020-4729-0
138. A. Klarbring: Models of Mechanics. 2006 ISBN 1-4020-4834-3
139. H.D. Bui: Fracture Mechanics. Inverse Problems and Solutions. 2006 ISBN 1-4020-4836-X
140. M. Pandey, W.-C. Xie and L. Xu (eds.): Advances in Engineering Structures, Mechanics

and Construction. Proceedings of an International Conference on Advances in Engineering
Structures, Mechanics & Construction, held in Waterloo, Ontario, Canada, May 14–17, 2006.
2006 ISBN 1-4020-4890-4

141. G.Q. Zhang, W.D. van Driel and X. J. Fan: Mechanics of Microelectronics. 2006
ISBN 1-4020-4934-X

142. Q.P. Sun and P. Tong (eds.): IUTAM Symposium on Size Effects on Material and Structural
Behavior at Micron- and Nano-Scales. Proceedings of the IUTAM Symposium held in Hong
Kong, China, 31 May–4 June, 2004. 2006 ISBN 1-4020-4945-5
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