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Abstract Polymeric materials usually present some viscoelastic behavior. To improve
the mechanical behavior of these materials, ceramics materials are often filled into the
polymeric materials in form of fiber or particle. A micromechanical model was proposed
to estimate the overall viscoelastic behavior for particulate polymer composites, espe-
cially for high volume concentration of filled particles. The method is based on Laplace
transform technique and an elastic model including two-particle interaction. The effective
creep compliance and the stress and strain relation at a constant loading rate are ana-
lyzed. The results show that the proposed method predicts a significant stiffer response
than those based on Mori-Tanaka’s method at high volume concentration of particles.
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Introduction

Mechanical property of polymer composites depends intimately on their microstructure and
local phase property. Due to viscoelastic property of the polymeric matrix, polymer composite
often presents an overall viscoelastic behavior, especially for particulate composite, such as glass
sphere reinforced polymer, plastic binder explosives (PBX)[l’g]. There is an intense study in the
past decade to characterize viscoelastic property for polymer composites, particularly to predict
the overall viscoelastic behavior from local microstructure and material information of the
composite. Based on the correspondence principle between elasticity and linear viscoelasticity!,
Wang and Weng® have extended Mori-Tanaka’s micromechanical method® into the Laplace
domain and analyzed the influence of inclusion’s shape on the overall viscoelastic behavior of
composites. Brinson and Linl”! further compared the predictions by Mori-Tanaka’s method and
by finite element computation, and concluded that Mori-Tanaka method can capture the major
characteristic for the composite up to a moderate concentration of inclusion. Usually as a rule
of thumb, Mori-Tanaka’s micromechanical method only gives a good prediction up to 30%/% 9.
However, there are some polymer composites, whose inclusion concentrations can reach a high
value. These composites include polymer foams'%), PBX or particulate composite with a high
volume concentration. So it is interesting to propose an analytical method, which can predict
the overall viscoelastic behavior for polymer composites at high volume concentration, this is
the objective of this paper.
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Since the linear viscoelasticity is solved by a corresponding elastic problem through the cor-
respondence principle, so the key point is to choose an elastic micromechanical model, which
can account for high volume concentration of inclusion phase. There are many micromechanical
models available for predicting the overall elastic property for composite materials, for example
the above-mentioned Mori-Tanaka’s method. Self-consistent method'! and generalized self-
consistent method*? are also popular methods. Other more recent methods incorporate the
phase distribution information in their formulations, these methods include Ponte Castaneda
and Willis” method!*3 (or its equivalent method Kuster-Toksoz modell'* %)), double inclu-
sion method*®! and IDD method!”). Their interconnection is discussed recently by Hu and
Weng!'® 191 However, all these methods choose one single pattern (ellipsoidal inclusion or el-
lipsoidal inclusion with an another ellipsoidal cell of the matrix) and put this single pattern
into a reference material to build localization relation2!, the direct short interaction between
inclusion phase is only considered in an average sense.

Another approach aims at considering directly two-particle interaction, for example, Moli-
nari and Mouden(®!) proposed to solve approximately a multi-particle problem and obtained
the corresponding localization relation. Ju and Chen!®! solved approximately two particle in-
teraction problem and obtained the localization relation by introducing statistical probability
distribution function. Ma, et al.l’! proposed a generalized Kuster-Toksoz model by considering
many pattern interactions. These methods keep the analytical expression and can be applied
to a relatively high volume concentration of particles.

In this paper, we will follow the elastic micromechanical method proposed by Ma, et all%!,
and utilize the ensemble average method proposed by Ju and Chen®. We will propose a
method which can predict the overall viscoelastic behavior for particulate polymer composites
at high volume concentration. The paper will be arranged as follows: In Section 1, theoretical
formulations will be given. First we will give the solution of two-particle interaction in Laplace
transformed domain. Then based on this solution, the effective property for composite will be
derived in Laplace transformed domain. In Section 2, we will give some numerical examples to
illustrate the rate-dependence behavior for particulate polymer composites. Creep curves and
stress-strain curves at constant strain rate for glass-bead /EDG resin composite will be evaluated.
The conclusion will be given in Section 3.

1 Theoretical formulation

1.1 Constitutive equation in Laplace transformed domain

In this paper the considered composites are composed of a linear viscoelastic matrix and
elastic particles. The matrix and particles are both isotropic materials and the particles are
spherical in shape and randomly dispersed in the matrix. So the composite as a whole is also
isotropic. In the following discussion, the matrix is referred as the phase 0 and the particle as
the phase 1.

For the matrix, the constitutive relation in an integral form can be written as

t de9 t d@? T
agk = / 3Ko(t — 7)7621“7_(7) dr, S?j = / 2Go(t — 1) j; ) dr, (la)
or,
t 0 t 0
Ig(t — 1) do}, (T Ho(t — 1) dsj;(7)
o= [ B g [ R DER@

where 07, s; are respectively deviatoric and spherical parts of the stress of;; Ko(t), Go(t) are
the bulk and shear relaxation moduli, respectively; Egk, e?j are deviatoric and spherical parts
of strain ¢!

2> respectively; Io(t), Ho(t) are the bulk and shear creep compliances.
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The Laplace transformation of a function f(¢) is noted by f(s), which is defined by

F(s) = / " ft)et dr. @)

Application of Laplace transformation to Eq.(1) leads to

Huls) = B Ro(IEu (o), 50(5) = 25G(5)e0 (s), (39)
Do) = 050 (), ey = T ). (3b)

By defining the corresponding bulk and shear moduli of the matrix in the Laplace transformed
domain (TD) sgP(s), ugP(s), Eq.(3) can be rewritten asl®!

Gk(s) = kg ()ERk(s),  805(s) = 2u0 " (5)E5;(s), (4)

and the corresponding bulk and shear moduli in the Laplace transformed domain (TD) arel®]

ID(g) = sKo(s) = L TDs:s~s:—1
W8P = sRals) = =0 () = 5Guls) = )

The corresponding Young’s modulus and Poisson’s ratio in transformed domain are defined as:
EfP = 9P ud® /(3xEP + udP), viP = (3xEP —2udP) /(6k¢P +2uEP). Application of Laplace
transformation to the constitutive equation of elastic particle gives

T (s) = Br1Erg(s),  555(s) = 2p1855(), (6)

where k1, p1 are bulk and shear moduli of the particles. So the corresponding bulk and shear
moduli in the transformed domain are

k1D =Ky, pi° = . (7)

With above preparation, we can determine the effective modulus of the composite in the Laplace
transformed domain in the following.
1.2 Approximate solutions of two-particle interaction problem in Laplace trans-
formed domain

In this section, we will solve approximately the following problem: two identical spherical
particles are embedded into an infinite isotropic matrix. The particles are isotropic elastic
materials and the matrix is linear viscoelastic material. The whole is under a remote uniform
strain €° , as shown in Fig.1. All the analysis will be performed in the Laplace transformed
domain.

Fig.1 Two-particle interaction problem
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According to the method proposed by Zeller and Dederichs!??], the strain in the particle (1)
is

aw@:a+/

'@ —a'): dL™ : W () da’ + / '™z —2'): dL™ : @ (') da’,
(951

Q2
(8)
where T'TP is the corresponding tensor of T' tensor in transformed domain. For isotropic mate-
rials,

—1
TD _ TD TD
= 16mudP (1 — viP)rs F(=15,315 73,3, =11 = 257, ©)

F(B,,) is a four-rank tensor which depends on (By, By, B3, By, Bs, Bs)!®!, and

Fijii(Bm) =Biningngng + Ba(0injng + dynjng + dxning + dming)
+ B36;jngng + Badmning + Bs6ijr + Be(dindjn + 6idjn), (10)

dL™ = LTP —LIP r = |z—2'|,n = “"Tml LIP, LTP are moduli of the matrix and inclusions
respectively.
If we neglect direct particle interaction, according to Eshelby?3], the strain in particles, &9,

can be expressed as
g)=&"—P"™:dL"™ : &), (11)
where PTP is the corresponding tensor of P tensor in transformed domain and PTP =

- le I'™P(x — 2')dx’. For isotropic materials, P™ can be expressed by

1 4 — 5pTD

Pro 030kt +

Kl = 7 39,TD(1 — ,TD) Sirbit + 6:1051). 192
ijkl SOMED(l_VOTD) TD)( k jl+ l]k) ( )

30udP(1 — 1

Subtracting (11) from (8), the strain disturbance in the particle (1) caused by particle (2)
can be expressed by

dV(x) :(/ '™z —2'): dL™ da') : &9 + / 'z —2'): dL™ : dV(2') da’
Qz Q1
+ / Pz —a'): dL™ : d?(z') da’, (13)
Q3

where the strain disturbance is defined as d (z) = €@ (x) — &9, i = 1,2. Performing volume

average in particle (1) to Eq.(13) leads to
= 1
%”:—K/!/]ﬂWw—xWMU@:dﬂD:Q
Q Q1 J Q0
+/ / Iz —a'): dL™ : dV(2') d'dx
Q140

+ﬁ/,/ ™ (& — 2} : dL™ : d®(2') da’da], (14
0Q1JQ9

where d® is the average strain disturbance. It is defined by d = % fQ cz(i)(a:) dx. Assuming
the strain in a particle is uniform, it has

dV ~ —PJP . dL™ : &% — pT0 . g™ . gV — PP . L0 . 42, (15)

1 1
P (g, — :__// I'™(z — o) da'de = ————(p°H° + 2°H?), (16
5 (L1 — T2) Q Jo, Jo, (x — o) da'de GOMOTD(l_VgD)(p +2p°H"), (16)
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H%xy — z3) = 5F(-15,3v4P,3,3,-1,1 — 21,fP), H%*(zy — z2) = 3F(35,—5,—5,—5,1,1),
p = %, ro = |1 — ®2|, x; is the central point of §;, a is radius of the particle and Q is its
volume. _ B _

By applying the same method for the particle (2), we can get dV =d® =d;. Soit can
be followed that

di = —[I+P™ :dL™ + PfP :dL™] ' : PfP . dL™ : &
=L (Lf° + P™ . LIP . dL™) . R7Y PSP - dL™P 1 &9, (17)

and R = (I + PSP : LIP : Q), Q = dL™ : (LP + P™ : LIP : dL™)7!. Let Q =
F{0,0,0,0,«, 8}, then,

oo 3(1—vf®)(1 - 5pdP)de™du™ + 15(1 — vdP)2(de™ pdP — du™Pr{P) (18a)
= 0T o)™ + 301 — 7P g PT5( — 7 ) + 204~ 5P|

15(1 — v P)au™

= 5 18b
b 30(1 — vaP)ud® + 4(4 — 5v3P)du™ (18b)

and dx™P = kTP — k{P, du™ = uTP — uP. The Taylor expansion of R~ in regard of p =0
can be written as

R'=T+p°M+---, (19)
B TD ™, 31 +15°)e
M — =—— —{-15,3 3, 3(1—2 -
(2’131 5132) 3(1 —Z/OTD){ yOlVy 9, ( Yy ) 6 )
1 TD
—1+2VOTD+W, 1— 2P} (20)

The formulations of F~1 and F(A,,) : F(B,,) can be found in appendix of Ref.[8].
With the help of expressions of R~ and P,/ P, the average strain disturbance can be rewritten

as
d(z) — x2) = L (Lg° + P™P : LgP :dL™)7' 1 A:dL™ : &), (21
60p6 (1 — v °) ’
A= (pPH +20°H?) + p°M : H° + 0(p®) = (p®*H® + 2p°H?) + p° M : H®. (22)

1.3 Ensemble-average solution

For a many-particle problem, according to the ensemble-average method proposed by Ju
and Chenl®l the strain disturbance in particle (1) caused by all other particles can be solved
by integrating d, over all possible position of other particles when particle (1) is fitted at ;.
It can be expressed asl®!

() (1) = /V B dy (1 — 2) P21 ) s, (23)

where (d;) is ensemble-average strain disturbance , and the angled bracket means the ensemble-
average. P(x2/x1) is conditional probability distribution function, which means the probability
of finding the second particle centered at xs for a given particle centered at x;. If we further
assume that P(xo/x1) is statistically isotropic, we have

Bg(r), r>2a

P(xa/m1) = { (24)

0, otherwise,
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where N/V is the number density of particles in the composite.

In this paper, two isotropic distribution functions are considered: uniform distribution func-
tion (g(r) = 1) and Percus-Yevick (PY) radial distribution function>* 25, For composites with
randomly dispersed non-overlapping spheres, PY distribution function is considered to be the

most reliable function. Figure 2 shows PY radial distribution function for volume fractions,
¢ = 0.05,0.25,0.5.

5_ ]
L 5 ----¢=0.50
4l . 0=025
I . — ¢=0.05
=3
st "
2+ i\
I :."l. -
1+ e et
0 1 1 1 1 1 1
0 2 4 6 8 10 12

Fig.2 PY radial distribution function
With help of Egs.(21) and (24), Eq.(23) can be rewritten as

= N LD _ -
(di)(m1) = _Vm D(LgP + PP LGP dLTP) T A dLTP g, (25)
0 0

A :/200 p3g(r)/EH0(n)dEdr+2/2:O p5g(r)/EH2(n)dEdr
+ /2 = () /: M : H(n)dZdr, (26)

a

where Z denotes spherical surface of radius r, and n is normal vector of a point on =.
It can be easily proved that the following identities are validl®):

_ 42 . Adqr?
/Hnmj d= = T(Sij, / nmjnkm d= = 1—5(5ij5kl + 5ik5jl + 5il5jk)-

Then we can obtain equation:

/_ Fint (Byn) dZ = 4m 815650 + 12(Gus00 + 6a8,0)]r2,

where i = 72 + 554 4+ By, mp = 82+ 22 + Be.
Thus we can also get that,

/ H%= =0, / H%d= =0.

Therefore A1 can be simplified as

A= /200 pﬁg(r)/EM . HO(n)d=dr. (27)

a

It can be observed that A; has the form of F(0,0, 0,0, By, Bs). So the following identity is valid,
A; :dL™ =dL"™ : A;. Then the ensemble-average strain disturbance can be simplified as
= N P
d = 0 .Q:A:&%. 28
< 1>(2131) Vv GONED(]- — V()TD) Q 1:€1 ( )
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Finally the ensemble-average strain disturbance can be written as

(di) (1) = Y(9)W : &Y, (29)

and

[e'S) a3 1/2
Y(g) = / r—49(7“)d7“ = / pg(p)dp,  Wijk = &16i50k + E2(0ikdji + 6adjn),
2 0

a

= 15(%%]3)2{804[1 — TP — 22 — 4B[2 — 2070 + 5P}, (30a)
2B

m{304[1 — vy P = 2(yy )P + 2811 — 11y ° + 51 °)?]}, (30b)
]

&=
where ¢ is volume fraction of particles.
According to definition of the disturbance strain, the ensemble-average strain in particles

can be expressed as
) =T +Y(9W): &} = K : &, (31)

and K;?El = 710450k + 72(0irbj1 + 6adjk), 1 = 1Y (9), 72 = 1/2 + &Y (g).
1.4 Effective modulus of composite in Laplace transformed domain

In order to build the effective modulus for the composite
material, we will follow the idea proposed by Kuster and Tog- T T Tg()
soz (see Ref.[9] for more details). The idea can be explained
as follows: we put a composite particle into the matrix mate- Matrix
rial under the same remote load €° as previously (see Fig.3).

The form of the composite particle characterizes the informa- Q

tion of particle distribution. In this paper it is assumed to be
spherical in order to characterize the isotropic distribution.
Assuming that the composite is also an isotropic linear
viscoelastic material, so its constitutive equation in Laplace
transformed domain (TD) can be also written as
() = 3P ()eRele), 55(9) = 2P ()85 (), (32) oy e

1j ij

Composite inclusion

[A3)

where “c” is referred as composite. According to Eshelby
the strain in the composite particle can be expressed by

[23], Fig.3 Kuster-Togsoz model
€. =[I+P™:(L° —L§")": & (33)

where LD is the composite modulus in Laplace transformed domain.
With help of Egs.(11), (31) and (33), the localization relation can be finally written as

) =K™:(I+P"™:dL"™)": [T+ P™ : (L° - Lg")] : é.. (34)
So the final effective modulus of the composite in Laplace transformed domain is given by
1P = L [T+ (K™ @)™ — oP™ : L3P) 7] (33)
Then, the corresponding effective bulk modulus and shear modulus can be evaluated as

RIP 31— 1ig) + 20(1 — 20°) (371 + 272) (3o + 26) (36a)
ro” 31 =15 °) — (1 + 15 P)(3m +292)(Ba +26)
pe®  15(1 —vg®) + 4(7 — 59 °) B

peP  15(1— g P) — 8p(4 — 51 P)Bre”
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The relaxation moduli and creep compliances of the composite can be obtained by applying the
inverse of Laplace transformation, that is,

K =1 (BEE) = pot (B2, (31)

S S

where L~1! is the inverse of the Laplace transformation.
2 Numerical application
In this section, we will consider ED-6 resin-matrix composite with randomly dispersed glass

beads. Wang and Wengl® used four-parameter model to approach creep experimental data of
ED-6 resin obtained by Skudra and Auzukalns®®! and determined the four constants of the

creep compliance J(t) = ﬁ + nLM + (1= ef%t) as follows:

Ey =327 GPa, E, = 1.8 GPa,
nv = 8000 GPa-h, 7, =300 GPa-h. (38)

The fitting curve is illustrated in Fig.4.

0.08

01,=63.97 MPa

0.06 Ey
v

0.02¢ oy, =14.80 MPa

0.00

1 1 1 ]
1000 1500 2000

t/h

1 1
0 500

Fig.4 Creep curves of ED-6 resin by four-parameter model

In this paper we assume Poisson’s ratio of the matrix is a constant, namely v1 P = v = 0.38.
The bulk and shear creep compliance of the matrix can be obtained by the following equa-
tions: 1(t) = 3(1—2wg)J(t), H(t) = 2(1 4 vg)J(t). With the help of Eq.(5), the corresponding
bulk and shear moduli of the matrix in transformed domain can be expressed as

E (Ey + nys)s
TD MM (L v
Koy (s) = , 39a
0 (s) 3(1 = 2v)(EmEy + s(Evnym + Evny + Evma) + s2numy) (392)
Exim(Ey + 1y8)s
1 + VO)(EMEV + S(EMnM + Ean + EvnM) + 5277an) .

TD
pdP(s) = o (39b)
Glass bead can be considered as an elastic material at room temperature and its elastic constants

are
KIP = k) = 39.43 GPa, puTP = pu; = 28.35 GPa. (40)

Having known the material constants of the components, we can evaluate the effective shear
and bulk moduli of the composite with Egs.(36)—(37). In this paper the computing results with
uniform distribution function (uniform d.f.) and PY radial distribution function (PY r.d.f.)
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are compared with those based on Mori-Tanaka’s method. Figures 5(a) and 5(b) show the
creep curves under hydrostatic and shear loading for ¢ = 0.5. We find that under a hydrostatic
loading the response predicted by the proposed method are very close to those predicted by MT
method. However under shear loading there is a significant difference between the two methods:
MT method predicts the softest response (largest compliance), and the proposed method with
PY distribution gives the stiffest one. This is due to the particle-interaction effect, considered
by the proposed method, and not considered by MT method. We can also seen that the
prediction on creep compliance with PY distribution is smaller than that predicted by uniform
distribution. This is because PY distribution function estimates a higher probability of the
second particle located in the neighbourhood of the first particle than the uniform distribution.
The same trend is also observed for ¢ = 0.25, which is shown in Fig.6. By comparing the results
shown in Fig.5 and Fig.6, it is found that responses predicted by the two methods tend to be
similar as the volume fraction decreases.

0.35
0.90
0.30
— _ 075}
£ 025} z
&5 & 060
\é? 0.20 + & 0.45
< g >
& 0.15 4 ——PY r.df. & 030 —*—PY r.df.
—o— Uniform d.f. 015 —o— Uniform d.f.
0.10 —A— MT ’ —&— MT
0 200 400 600 800 1000 1200 0.00 0 200 400 600 800 1000 1200
t/h t/h
(a) Hydrostatic loading (b) Shear loading
Fig.5 Creep compliance of the composite predicted with different methods (¢ = 0.5)
0.55 1.8
0.50 1.6+
;o]
s O. F <
== L
% 035 g/ 1.2
£ 030} £ 1.0f
e A i~
& 025 ——PY rdf. & 08
020 1T —e— Uniform d.f. 06l —e— Uniform d.f.
0 260 460 660 860 10.00 1260 04 260 460 660 860 IObO leO
t/h t/h

(a) Hydrostatic loading

(b) Shear loading

Fig.6 Creep compliance of the composite predicted with different methods (¢ = 0.25)

The stress-strain curves for the composite at a constant strain-rate are illustrated in Fig.7.
As expected, the proposed method with PY distribution predicts a stiffer response than those
based on Mori-Tanaka’s method, especially for high volume concentration.

The influence of strain rate on stress-strain curves is shown in Figs.8(a) and 8(b) for hy-
drostatic and shear loading, respectively. It can be seen that the strain rate has an important
influence on the overall stress and strain relation for viscoleastic composites.
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Fig.7 o-¢ curves at constant strain rate predicted by different methods (¢ = 0.5)

1.6 + E=0.25X104h"! 10t €;=0.5X1074h"!
1.4+
1.2 + 0.8 | 0.25X 107
o 0.125X 1074
e 10r S8 06k
© i oV 0.125X 1074
% 0.8 S
S 06} 0.5%107 “o04r
0.4
02}
0.2
0.0 L L . . . 0.0 . . . . .
0.00 0.05 0.10 0.15 020 0.25 0.00 0.05 0.10 0.15 020 025
Ekk e
(a) Hydrostatic loading (b) Shear loading

Fig.8 Influence of strain rate on o-¢ curves predicted by the present method with PY distribution
(¢ =0.5)

3 Conclusions

A new micromechanical method is proposed to predict effective viscoelastic property for
particulate polymer composites with finite concentration of particles. The method is based on a
generalized KT model and the approximate solution of two-particle interaction. By considering
the direct interaction between particles, the proposed method can be applied for composites
with high volume concentration. The numerical results show that:

(1) A significant difference is observed between the proposed method and Mori-Tanaka’s
method for high volume concentration of particles.

(2) Under hydrostatic loading the two methods predict similar response. However under
shear loading the proposed method predict a significantly stiffer response than that based on
MT method.
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