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ABSTRACT 
A method is proposed to design arbitrary shaped two 

dimensional (2D) isotropic-inertia acoustic cloaks without 
singularity. The method is based on the deformation view of the 
transformation method, where the transformation tensor A is 
identified as the deformation gradient tensor and the 
transformed material parameters can be expressed by the 
principal stretches in the principal system of the deformation. 
The infinite material parameters of a perfect 2D cloak is 
induced by an infinite principal stretch in one direction while 
the other two remains finite at the inner boundary during the 
transformation. To circumvent this difficulty, for a 2D cloak we 
can choose the principal stretch perpendicular to the cloak 
plane to be also infinite but in the same order as the infinite 
principal stretch in the cloak plane during the transformation, 
so the transformed material parameters may keep finite. To 
illustrate this idea, the analytical expressions of nonsingular 
material parameters for a cylindrical acoustic cloak are given. 
For the acoustic cloaks with irregular shapes, the numerical 
method is proposed to evaluate the principal stretches and in 
turn the nonsingular material parameters. The designed 2D 
cloaks are validated by numerical simulation. 

INTRODUCTION 
 There has recently been a growing interest in use of 
coordinate transformation method [1-3] to design devices that 
control electromagnetic fields in prescribed ways. The most 
interesting application of this method might be the invisible 
cloak [2,4], which can make itself and the cloaked region 
transparent to electromagnetic waves. Parallel to the 
electromagnetic case, with acoustic metamaterials [5], acoustic 
cloaks can also be designed with the coordinate transformation 
method. The material parameters for realizing a two 

dimensional (2D) cylindrical acoustic cloak is proposed by 
Cummer et al. [6] based on 2D acoustic equations. Chen et al. 
[7] derive the general expressions of transformed acoustic 
material parameters by using the invariant property of the 
acoustic equation for scalar pressure under transformation, and 
the derived parameters for a three dimensional (3D) spherical 
cloak are the same as that proposed by Cummer et al. [8] by 
scattering theory. All the proposed ideal acoustic cloak implies 
an infinite mass at the inner boundary of the cloak. To remedy 
this, Norris [9] suggests an imperfect acoustic cloak which 
inner boundary is expended from a finite area instead of a 
point. Chen et al. [10] propose a reduced 2D cylindrical 
acoustic cloak with finite mass by keeping its principal 
refractive indexes unchanged, which is similar to the case of 
the reduced electromagnetic cloak [4]. Norris [9] also shows 
that for a given transformation the material composition of an 
acoustic cloak is not uniquely defined, thus a perfect isotropic-
inertia acoustic cloak can be constructed with finite mass. 
Unfortunately, one component of the anisotropic modulus of 
such isotropic-inertia acoustic cloak becomes infinite at the 
inner boundary; this singularity can also limit the application of 
the acoustic cloak. The nonsingular acoustic cloak is important 
for real engineering applications, however, as far as we know 
there is no general method that can design nonsingular 2D 
acoustic cloak with arbitrary shape. Recently, Hu et al. [11] 
propose a method to remove the singularity of an arbitrary 2D 
electromagnetic cloak completely within the frame of 
coordinate transformations, so the theory can be extended to 
acoustic case. In this paper, we will employ this idea to design 
nonsingular acoustic cloak with arbitrary shape. The paper will 
be arranged as follows: the design method will be explained in 
Section 2 with help of design for a nonsingular cylindrical 
acoustic cloak; the method to design a nonsingular arbitrary 
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shaped acoustic cloak will be presented in Section 3, followed 
by discussion and conclusion.      

DESIGN METHOD OF NONSINGULAR ACOUSTIC 
CLOAK 

The proposed method for nonsingular acoustic cloak is 
based on the deformation view of the acoustic transformation 
method recently established by Hu et al. [12]. The 
transformation material parameters are given by [7] 

1 1' /T− −=ρ Aρ A Adet ' detκ κ= A, . (1) 
where A is the Jacobian transformation tensor with components 

' /ij i jA x x= ∂ ∂

Ω

, characterizing the mapping from the original 
space  to the transformed space . Since A can be 
considered as the deformation gradient tensor for this spatial 
transformation, Hu et al [12] have shown that if the material 
parameters in the original space are homogeneous and isotropic 
(for the simplicity, we let them equal to 1), then the 
transformed material parameters can be expressed in a clear 
way as [12]  

'Ω

2 3 3 1 1 2

1 2 3

' diag[ , , ]
λ λ λ λ λ λ
λ λ λ

=ρ , . (2) 1 2 3'κ λ λ λ=

where iλ (i=1,2,3) are the principal stretches of the 
deformation and the anisotropic mass density  is expressed 
in the principal system of the deformation. In order to make a 
perfect cloak, its outer boundary needs to be fixed, i.e. 

'ρ

′ =x x  
[9]. This condition naturally constraints the stretches to unity 
(without deformation) in the tangential directions at the outer 
boundary. 

Equation (2) gives a clear explanation on how the 
singularity is formed during the construction of an acoustic 
cloak. Since the inner boundary of a perfect acoustic cloak is 
enlarged by a point, one (for 2D case) or two (for 3D case) of 
the principal stretches will become infinite there. Taking a 2D 
cylindrical cloak and a 3D spherical cloak as examples, the 

linear transformation of a cylindrical cloak is ' b ar a r
b
−

= + , 

'θ θ= ,  and the cloak is bordered by 'z = z ( ),r a b′∈ , the 
principal stretches of each point within the cloak are given by   

' ,

' ' ' ,
'

' 1.

r

z

dr b a
dr b
r d r b a
rd r a b

dz
dz

θ

λ

θλ
θ

λ

−
= =

−
= =

−

= =

   (3) 

At the inner boundary  of the cloak, it can be seen from 
Eq. (3) that 

r a′ =

θλ →∞ , while rλ  and zλ  are kept finite. Due 
to the infinite stretch θλ  in the azimuthal direction, some 
components in mass density tensors and the modulus will 
approach infinite values near the inner boundary, as can be 
seen in the following 
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The linear transformation of the spherical cloak is 

' b ar a r
b
−

= + , 'θ θ= , 'φ φ= , the corresponding principal 

stretches are 
' ,

' ' ' ,
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   (5) 

At the inner boundary r , both a′ = θλ  and φλ  tend to 
infinite, according to Eq. (2), some components of mass density 
and the modulus will also become infinite, as explained in the 
following 
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This 3D singularity does not exist in an electromagnetic cloak, 
which has the transformed material parameters as [13]  

31 2

2 3 3 1 1 2

' ' diag[ , , ]
λλ λ

λ λ λ λ λ λ
= =ε μ .  (7) 

where two infinite principal stretches with the same order will 
never produce infinite material parameters. In order to remove 
the singularity of acoustic cloak, we should firstly use the other 
set of the transformed material parameters firstly obtained by 
Norris [9] that the mass density is isotropic and the modulus is 
anisotropic, i.e., 

31 2

2 3 3 1 1 2

' diag[ , , ]
λλ λ

λ λ λ λ λ λ
=κ ,

1 2 3

1'ρ
λ λ λ

= . (8) 

Obviously, the mass density has no singularity, and the 
modulus has the same form as that of electromagnetic material 
parameters. The non-unique transformation of acoustic material 
parameters and fields is also discussed in Ref. [14]. This kind 
of 3D acoustic cloak has no singularity, just as the 3D 
electromagnetic cloak, however the 2D acoustic cloak will have 
singular modulus at the inner boundary. We can use the similar 
method as the electromagnetic cloak [11] to remove the 
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singularity of the 2D acoustic cloak. For the 2D cylindrical 
cloak, the stretch zλ  perpendicular to the cloaking plane is 
decoupled with the in-plane stretches rλ  and θλ , so the 
continuously variant stretch zλ  can be chosen freely except 
that 1zλ =  must be satisfied at the outer boundary in order to 
have the fixed outer boundary. Thus, we can set zλ = θλ , the 
ratios of the stretches in Eq. (8) are finite and 1zλ =  at the 
outer boundary. The resulting material parameters are obtained 
from Eq. (8) as 
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  (9) 

This set of material parameters has no singularity, i.e., infinite 
value.  

In order to validate the acoustic cloak given by Eq. (9), we 
use the PDE mode  (Helmholtz equation) of 
commercial software COMSOL Multiphysics to validate of the 
cloaking effect of the designed acoustic cloak. This equation 
has the same form of acoustic wave for scalar displacement u 
[14]. Figure 1 shows the computational domain for a 
horizontally incident wave. To verify the effect of the cloak, in 
the PDE mode of Helmholtz equation, we let a plane acoustic 
wave be incident on this cloak, so the incident boundary of the 
computation domain is set to be Dirichlet condition 

 where 

( )u au∇⋅ ∇ + =c

2 /kexp( )u i= − π ι=  is the wave number and ι  
is the wavelength. The other boundaries of the computation 
domain are set to be Neumann boundary conditions 0u⋅∇ =n , 
in order to avoid disturbance for the wave propagation. In the 
following simulation, the background medium is water 

,  in SI units and the wavelength of 
the incident wave is 

31 10ρ = × κ 918 10×
0.35

2.=
ι =

inc

m. The material parameters 
within the cloaked area are ρ ρ=  and 1000κ κinc = , 
respectively. Figure 2 shows the displacement field of the 
object with the designed cloak layer. It is clearly seen from the 
Fig. 2 that the designed cloak does not disturb the outside field 
and shield the obstacle inside of the cloak from detection for 
acoustic wave. The necessary material parameters for the cloak 
retrieved from the calculation are shown in figures 3(a), 3(b), 
3(c), and 3(d) for 'xxκ ', xyκ 'yyκ,  and the mass density 'ρ , 
respectively. As shown in these figures, the cloaking effect can 
indeed be achieved by the finite material parameters.  

 

0u⋅∇ =n

0u⋅∇ =n

0u⋅∇ =n

,ρ κ

,inc incρ κ

', 'ρ κ

 
Figure 1. Computational domain and simulation for a left-incident 

cylindrical acoustic cloak based on Helmholtz equation. 
  
 

 
Figure 2. Simulation of the acoustic wave with the designed cloak 

layer 
 
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 3. Values of the non-vanishing components of the bulk 
modulus tensors of the designed cloak, (a) 'xxκ , (b) 'xyκ , (c) 'yyκ , 

and (d) mass density 'ρ . 
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NONSINGULAR ARBITRARY SHAPED ACOUSTIC 
CLOAK 

To generalize the above idea to 2D acoustic cloaks of 
arbitrary shape, we observe that the in-plane ( 1x , 2x ) and out-
of-plane ( 3x ) deformations are decoupled, thus the out-of-plane 
stretch 3λ  is a principal one and can be chosen freely, with the 
restriction that it must equal to unity at the outer boundary. In 
order to make 3λ  tend to infinite with the same order as the 
in-plane infinite stretch near the inner boundary, we should 
firstly obtain the in-plane principal stretches. According to Hu 
et al [11], the in-plane deformation can be solved from the 2D 
Laplace’s equation with proper boundary conditions 

2 2

1 22 2
1 2

0,   1, 2,;  ( ' , ' ) ,
' '

( ) 0, ( ) ( ).

i ix x
i x x

x x

− + +

∂ ∂ ′+ = = ∈Ω
∂ ∂

′ ′ ′ ′∂Ω = ∂Ω = ∂Ωx x x
 (10) 

where  and  are the outer and inner boundaries of 
the 2D cloak respectively, and the inner boundary is enlarged 
by the point located at (0,0). For the out-of-plane stretch, 

+′∂Ω

3

−′∂Ω

3x x′ =  is assumed. The deformation gradient tensor ′= ∇A x  
can be inversely obtained from Eq. (10), as well as the left 
Cauchy-Green deformation tensor . In Cartesian 
coordinate system, we have 

T=B AA

11 12 11 12

21 22 12 22

0 0
0 ,  0

0 0 1 0 0 1

A A B B
A A B B
⎡ ⎤ ⎡
⎢ ⎥ ⎢= =⎢ ⎥ ⎢
⎢ ⎥ ⎢⎣ ⎦ ⎣

A B
⎤
⎥
⎥
⎥⎦

. (11) 

The in-plane principal stretches can be calculated directly 
from B as 

2 2
11 22 11 11 22 22 12

1,2

2 4
2

B B B B B B B
λ

+ − + +
=

∓ 2

. 

(12) 
2λ  is always greater than 1λ  and it will tend to infinite near 

the inner boundary. To avoid the singularity, we let 3λ  tend to 
infinity with the same order as 2λ  at the inner boundary and 

3 1λ =  at the outer boundary. For an arbitrary 2D cloak, we 
cannot simply set 3 2λ λ= , since there may be 2 1λ ≠  at the 
outer boundary, which means the principle stretch may not be 
tangential to the outer boundary. For this reason, we choose the 
out-of-plane stretch 3λ  as 

1 1 2 2
3 0 2

1 2

' '
(

' '
x x x x

C
x x

λ λ
− + −

= +
+

� ) 1.  (13) 

where  is a constant value that can be used to adjust the 
material parameters. Then Eq. (11) can be rewritten as 

0C

11 12 11 12

21 22 12 22
2

3 3

0 0
0 ,  0

0 0 0 0

A A B B
A A B B

λ λ

⎡ ⎤ ⎡
⎢ ⎥ ⎢= =⎢ ⎥ ⎢
⎢ ⎥ ⎢⎣ ⎦ ⎣

A B� �
� �

Thus for an arbitrary 2D acoustic cloak, the nonsingular 
material parameters in the transformed space are finally given 
by Eq. (8), or  

⎤
⎥
⎥
⎥⎦

,

. (14) 

' / det

' 1 / det .ρ

=

=

κ B A

A

��
�     (15) 

To illustrate the idea, an arbitrary cloak illuminated by a plane 
harmonic wave is examined, the computational domain is 
shown in Fig. 4, while the background medium and material 
parameters within the cloaked area are as same as the above 
cylindrical cloak, and the wavelength is also 0.35m. Fig. 5 
shows the left incident acoustic wave without the cloak layer. 
The strong scattered displacement fields can be observed. The 
simulation results of an arbitrary shaped 2D cloak designed by 
the proposed method are given in Fig. 6, where 0 1C =  is 
taken in Eq. (13). The corresponding material parameters are 
shown in Fig. 7. It can be seen that the cloaking effect can 
really be achieved by finite material parameters.  
 

0u⋅∇ =n

0u⋅∇ =n

0u⋅∇ =n

,ρ κ

', 'ρ κ

,inc incρ κ

 
Figure 4. Computational domain and simulation for a left-incident 

arbitrary shaped acoustic cloak based on Helmholtz equation. 
 

Figure 5. Simulation of a left incident acoustic wave without the cloak 
layer. 
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Figure 6. Simulation of a left incident acoustic wave with the designed 
cloak layer. 

 
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 7. Values of the non-vanishing components of the bulk modulus 
mass density tensors of the designed cloak, (a) 'xxκ , (b) 'xyκ , (c) 'yyκ , 

and (d) mass density 'ρ .  

 

DISCUSSION AND CONCLUSION 
With help of deformation view on the transformation 

method, we show that by adjusting the principle stretch out of 
the cloaking plane, 2D acoustic cloaks of arbitrary shapes 
without singularity can be constructed. Since the conventional 
isotropic-modulus acoustic cloaks will have material 
singularity, thus, we suggest to construct nonsingular acoustic 
cloak with isotropic-inertia transformation material parameters, 
which is originally proposed by Norris [9]. For this type of 
acoustic cloak, the expressions for the transformed material 
parameters are the same as the counterpart of the 
electromagnetic case, so the method proposed for a nonsingular 
2D electromagnetic cloak can be applied directly. 

The material parameters proposed here for the nonsingular 
2D acoustic cloak require anisotropic modulus, which is 
different from conventional fluids. However, as pointed out in 

Ref. [9], pentamode materials can be used to satisfy the 
condition required for the cloak. A transversely isotropic 
pentamode material has two independent elastic moduli, which 
can be identified as the two principal components of the 
anisotropic modulus . The physical implementation of such 
materials is in principle feasible, and the microstructure 
required for the pentamode material has been described in Ref. 
[15].     

'κ

It is also worth to mention that the proposed method 
cannot remove the zero-value material parameters in the 
transformation media, which may be tackled with help of non-
Euclidean cloaking theory [16]. 

In conclusion, we have proposed a method to design 
arbitrary shaped 2D isotropic-inertia acoustic cloaks without 
singularity. Examples of cylindrical acoustic cloak and arbitrary 
shaped acoustic cloak are given. The proposed method is based 
on the spatial transformation without any other additional 
assumptions, it can be directly extended to other problem, such 
as thermal conduction designed based on coordinate 
transformations method.    
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