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Preface
 

Both micromechanics and nanomechanics study mechanical 

responses of materials with microstructures. The main difference 

between the two is that a microstructure is considered continuous 

in the former but atomistic or discrete in the latter. 

Micromechanics provides principles and methods for describing 

the behaviors of materials with heterogeneous microstructures, and 

it has extensive applications in composite materials and material 

failure prediction. Conventional micromechanics research reached 

its peak at the end of the 1990s, when nanomechanics was just in 

the beginning stage. The rapid development of nanomechanics in the 

past decade has been fueled by the fast growth of nanotechnology 

and its engineering applications. An emerging modeling paradigm 

is multiscale simulation, whose ultimate goal is to bridge the 

scales and to make seamless transitions from nanomechanics (or 

even quantum mechanics)-based calculations to micromechanical 

analyses in order to gain insights to accelerate the development 

of new materials. One of the objectives of this book is to explore 

the connection between micromechanics and nanomechanics by 

investigating the underlying scientific principles and mechanisms. 

Another trend in the recent development of micromechanics and 

nanomechanics has been to establish a broad theoretical basis for a 

new era of material innovations, such as material genome initiative. 

The second objective of the book is to reflect this broadening 

scope of micromechanics and nanomechanics. Specifically, several 

chapters have been compiled to focus on some important topics 

in micromechanics and nanomechanics, which include (1) micro-

mechanics of metamaterials, (2) micromechanics of ferroelectric 

and piezoelectric materials, (3) micromechanics of interface and 

interphase effects, (4) micromechanics of enhanced continuum 
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media based on strain gradient and micromorphic theories, (5) the 

recently developed archetype-blending continuum (ABC) theory, (6) 

atomistic-based multiscale theories and simulations, and (7) recent 

developments in homogenization theories, among others. 

Except for a few invited experts who are well known in the field, 

most of the contributors of the book chapters are in their early- or 

mid-career years. This is a feature that is worth noting. By bringing 

different thoughts and new ideas together in a single volume, we 

hope to promote both the development of and interaction between 

micromechanics and nanomechanics. 

Shaofan Li 
Xin-Lin Gao 

February 2013 
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Chapter 1 

Microdynamics of Phononic Materials 

Mahmoud I. Hussein,a Michael J. Frazier,a 

and Mohammad H. Abedinnasabb 

aDepartment of Aerospace Engineering Sciences, University of Colorado Boulder,
 
Boulder, CO 80309-0429, USA
 
bDepartment of Mechanical Engineering, Sharif University of Technology,
 
Tehran, 11365-9567, Iran
 
mih@colorado.edu 

1.1 Introduction 

The fields of micromechanics and nanomechanics are concerned 

with the fine-scale mechanical behavior of materials. A micro-

or nanoscale point of view allows for a more refined treatment 

of the material constituent behavior compared with traditional 

macroscale approaches. In this chapter, we will focus on a special 

type of materials, referred to as phononic materials, whereby the 
microdynamical behavior (or similarly, the nanodynamical behavior) 
can be tailored with remarkable precision. In doing so, we are 

able to alter the constitutive material behavior not only under 

static loading conditions as in other branches of micro- (and nano-) 

mechanics but also under low- and high-frequency dynamic loading 

conditions. This direct exposure, and access, to the inherent 
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dynamical properties of materials has vigorously chartered a new 

direction in the entire field of mechanics, at a multitude of scales, 

and has already begun to impact numerous applications ranging 

from vibration control [1, 2], through subwavelength sound focusing 

[3, 4] and cloaking [5, 6], to reducing the thermal conductivity of 

semiconductors [7, 8] (a discussion of applications and references is 

provided in Refs. [9] and [10], and a recent special journal issue on 

the topic assembles some of the latest advances in the field [11].) 

In this chapter, we present the basic theory of wave propagation 

in phononic materials focusing, for ease of exposition, on one-

dimensional (1D) layered rod models. First we provide a back

ground on the topic followed by an overview of the transfer matrix 

method, in conjunction with Bloch’s theorem, for the exact analytical 
treatment of simple 1D phononic materials. In Section 1.2, we 

limit our attention to linear, conservative elastic media and an 

analysis based on the assumption of infinitesimal deformation. We 

then provide a detailed treatment of damping (Section 1.3) and 

geometric nonlinearity, i.e., finite deformation (Section 1.4). For each 

case, we start by examining the wave propagation characteristics 

in a homogenous medium (which is later used to represent the 

motion characteristics in a single layer of a periodically layered 1D 

phononic material), and then we extend our analysis to the overall 

1D phononic material. As in the undamped problem, the treatment 

we present for the inclusion of damping is based on an exact 

analytical derivation. For the more complex nonlinear problem, 

however, we present a linearized approximate solution. Upon 

completing the derivations for each of the damped and nonlinear 

cases, we investigate the effects of damping and nonlinearity on the 

wave motion characteristics as a function of, respectively, damping 

intensity and amplitude of motion. 

1.2 Wave Propagation in 1D Phononic Materials 

1.2.1 Background 

Phononic materials are elastic materials with prescribed phonon 
wave propagation properties. While the term “phonon” is formally 
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used in the physical sciences to describe vibration states in 

condensed matter at the atomic scale, in the present context, we 

use it to broadly describe elastic wave propagation modes. Like 

other types of materials, a phononic material has local intrinsic 

properties and is therefore mathematically treated as a medium 

that is spatially extended to infinity. At the most basic level, such a 

medium can be homogeneous and geometrically uniform. However, 

in order to realize rich and unique dynamical properties, some form 

of non-homogeneity and/or non-uniformity is needed and may be 

introduced in an ordered or disordered manner. In this chapter, 

we will focus on the former case, where phononic materials are 

constructed from a repeated array of identical unit cells. 
There are two types of phononic materials of interest to us: 

phononic crystals and periodic acoustic metamaterials. Phononic 
crystals [1, 2, 3, 7, 8, 11, 12, 13] utilize elastic wave scattering at 

the unit cell interfaces to enable a mechanism of Bragg scattering 

where coherent interferences shape the overall wave propagation 

characteristics. Periodic acoustic (or elastic) metamaterials [4–6, 

14], on the other hand, exhibit local resonances that directly alter 

the overall wave propagation characteristics from the baseline 

behavior pertaining to periodicity (a phenomenon often referred to 

as hybridization). 

Bloch’s theorem [15] provides the underlying mathematical 

framework for obtaining the fundamental wave propagation charac

teristics in phononic materials. Through this theorem, it is possible 

to obtain a relationship between frequency and wavenumber (or 

wave vector) whose graphical representation is referred to as the 

frequency band structure. An important feature of the frequency 

band structure in phononic materials, regardless of type, is the 

possibility of the existence of band gaps. A band gap is a frequency 
range in which no wave propagation is effectively permitted (see 

for example Refs. 16 and 17 for a discussion on the nature of 

band-gap opening mechanisms). In engineering applications, both 

band gaps and bands (frequency ranges where wave propagation 

is permitted) are widely utilized (see for example Refs. 18 and 

19 on the utilization of band features for sound collimation and 

phase control, respectively). In a phononic crystal, a band gap can 

open only at frequencies corresponding to wavelengths on the order 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 14:3 PSP Book - 9in x 6in 01-Shaofan-Li-c01

4 Microdynamics of Phononic Materials 

of the size of the unit cell. In periodic acoustic metamaterials, 

however, a band gapmay appear at lower frequencies, i.e., in the sub

wavelength regime. This is particularly useful as it significantly eases 

design restrictions on unit cell size. With careful size scaling and 

choice of the constituent material phases and their relative spatial 

distribution within the periodic unit cell, phononic materials can be 

designed and optimized for maximum band-gap width to midgap 

frequency ratio [20, 21] or for target dispersion band characteristics. 

1.2.2 Transfer Matrix Method 

We begin our dynamic analysis of a phononic material with the 

statement of the equation of motion. As mentioned earlier, we 

restrict ourselves to a 1Dmodel, e.g., a rod, for which the equation of 

motion is 

σ,x + f = ρu,tt , (1.1) 

where σ = σ (x, t), f = f (x, t), ρ  = ρ(x), and u = u(x, t) 
denote the stress, external body force (per unit length), material 

density, and displacement, respectively. As indicated, the value of 

each of these quantities is dependent upon the position x within the 
1D medium and, with the exception of the material density, time t. 
Differentiation with respect to position and/or time is denoted by 

the appropriate subscript following a quantity. For example, (·),x 

indicates differentiationwith respect to positionwhile (·),tt signifies 

double differentiationwith respect to time. In Eq. (1.1), we set f = 0 
(external body forces are absent for free wave motion) and assume 

a linearly elastic material for which 

σ = E u,x , (1.2) 

where E = E (x) is the material Young’s modulus. Using Eq. (1.2), 
Eq. (1.1) in the absence of body forces becomes 

E u,xx  = ρu,tt . (1.3) 

We may use Eq. (1.3) to study the propagation of waves in various 

1D media. In particular, if we have a homogeneous, linearly elastic 

1D rod of infinite extent (having no boundaries at which waves may 

reflect), then we may apply a plane wave solution of the form 

i(κx−ωt)u(x, t) = Ae , (1.4) 
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a 

d(j) 

x1 x1/x2 x2/x3 xR 
n-1/xL 

n xR 
nxL 

n-1 x j-1/x jx j-1 xR 
j/xL 

j+1 xR 
j+1 

L R L R L L R L E (j),ρ(j) 

Figure 1.1 Continuous model of a two-phased 1D phononic crystal 

(periodic rod). 

where A is the wave amplitude, κ is the wavenumber, ω is the √ 
temporal frequency of the traveling wave, and i= −1. Substituting 
Eq. (1.4) into Eq. (1.3) provides the linear dispersion relation 

E κ2 = ρω2 . (1.5) 

This approach may also be applied to heterogeneous media 

provided the heterogeneity is periodic. In this case, we refer to Eq. 

(1.4) as Bloch’s theorem, and it suffices to analyze only a single unit 

cell representing the unique segment that is repeated to generate 

the periodic medium and to apply periodic boundary conditions 

to this portion. In Fig. 1.1, we present a simple bi-material model 

of a 1D phononic crystal in the form of a layered periodic rod 

(where the unit cell is enclosed in a red dashed box). We denote the 

spatial lattice spacing of the 1D phononic crystal by the constant 

a. In order to analyze wave propagation in this periodic rod, we 
may choose from several techniques, including the finite difference, 

finite element, and transfer matrix methods. However, of these 

techniques, only the transfer matrix method offers an exact solution; 

the finite difference and finite element methods provide numerical 

approximations. Due to this advantage, we choose in this chapter to 

study the dynamical characteristics of 1D phononic crystals using 

the transfer matrix method, which we describe below (for more 

details, see Hussein et al. [21]). We note that our analysis can also 
be applied to a periodic acoustic metamaterial. 

For a periodic medium composed of two or more material layers, 

the transfer matrix method uses the continuity conditions that exist 

between layers to relate displacement and stress values from one 

layer to the next. If the displacement and stress states at the bound

ary of one layer are known, then the corresponding states at the 
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opposite boundary (shared by the current and subsequent layers) 

can be derived from a simple matrix operation. The product of the 

repeated application ofmatrix operations for each layer across a unit 

cell yields a systemmatrix that relates the states at opposite ends of 

the entire unit cell. This systemmatrix is then utilized in conjunction 

with Bloch’s theorem to obtain an eigenvalue problem whose 

solution generates the dispersion curves of the 1D phononic crystal. 

The mathematical derivation of this method is provided below. 

For an arbitrary homogeneous layer j in the unit cell, the 
associated material properties, which are constant, are denoted as 

c( j)E ( j) and ρ( j). The longitudinal velocity in layer j is therefore = 
E ( j)/ρ( j). The layer is bordered by layer j − 1 on the left and layer 

j +1 on the right. Given the thickness of an arbitrary layer of the unit  n
cell is d( j ), the cell length is a = j=1 d

( j) for a unit cell with n layers. 
Following this notation, the solution to Eq. (1.3) is formed from the 

superposition of forward (transmitted) and backward (reflected) 

traveling waves with a harmonic time dependence, 

iκ( j )x −iκ( j)xu(x, t) = [A( j)
e + A( j )

e ]e−iωt , (1.6)+ − 

where κ ( j ) = ω/c( j) is the layer wavenumber. We can write the 

spatial components of Eqs. (1.2) and (1.6) in compact form as 

A( j ) iκ( j)x A( j) iκ( j )xu(x) 1 1 + e + e = = B j ,
iZ ( j ) −iZ ( j) A( j) −iκ( j )x A( j ) −iκ( j )xσ (x) − e − e

(1.7) 

where Z ( j ) = E ( j)κ ( j ). As mentioned earlier, there are two 

conditions that must be satisfied at the layer interfaces: (1) the 

continuity of displacement and (2) the continuity of stress. This 
( j) ( j) ( j )

allows us to substitute the relation x = x + d( j ) (where x andR L R 
( j)x denote the position of the right and left boundary, respectively, L 

of layer j) into Eq. (1.7) and thus relate the displacement and stress 
( j) ( j)

at x to those at x ,L R ⎡ ⎤ 
( j) ( j )u x iκ( j )d( j ) 

A( j) iκ( j )xLR e 0 + e⎣ ⎦ � � = B j −iκ( j)d( j ) −iκ( j )x ( j)( j) e A( j ) 
L0σ x − eR � 

( j )
A( j ) iκ( j)xLe+ = B j D j ( j ) . (1.8)

A( j) −iκ( j )x− e L 
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( j )
By setting x = x in Eq. (1.7), we may rewrite Eq. (1.8) asL ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ 

( j) ( j) ( j )u x u x u xR L L ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ = B j D j B−
j 
1 = T j , (1.9)

( j ) ( j ) ( j)
σ x σ x σ xR L L 

where T j , the transfer matrix for layer j , has the expanded form 

cos(κ ( j)d( j ))  (1/Z ( j)) sin(κ ( j)d( j))
T j = . (1.10) 

−Z ( j) sin(κ ( j)d( j ))  cos(κ ( j)d( j )) 

As previously stated, Eq. (1.9) relates the displacement and stress 
( j ) ( j)

at xL to those at xR of the same layer  j . However, since the 
( j)

construction of the transfer matrix is valid for any layer and x ≡L 
( j−1)x , the result in Eq. (1.9) can be extended recursively across R 

several layers. In the interest of brevity, let y(·) = [u(·) σ (·)]T, thus, 
1 1 2y(xR ) = T1y(xL ) = y(xL ), 
2 2 1 3y(xR ) = T2y(xL ) = T2T1y(xL ) = y(xL ), 
3 3 1 4y(xR ) = T3y(xL ) = T3T2T1y(xL ) = y(xL ), 

. . . 

n 1 1y(xR ) = TnTn−1 · · · T1y(xL ) = Ty(xL ). (1.11) 

Ultimately, the displacement and stress at the left end of the first 

layer (x = xL 
1) in a unit cell are related to those at the right boundary 

of the nth layer (x = xR
n ) by the cumulative transfer matrix, T. 

Now we turn to Bloch’s theorem, which states that the time

harmonic response at a given point in a unit cell is the same as that 

of the corresponding point in an adjacent unit cell except for a phase 

difference of eiκa , where κ is the wavenumber corresponding to the 
overall wave propagation across the periodic 1D phononic crystal. 

This relation is given by f (x + a) = eiκa f (x), which when applied to 
the states of displacement and stress across a unit cell gives 

n iκa 1y(xR ) = e y(xL ). (1.12) 

Combining Eqs. (1.11) and (1.12) yields the eigenvalue problem 

1[T − Iγ ]y(xL ) = 0, (1.13) 

where γ = eiκa . The solution of Eq. (1.13), which appears in complex

conjugate pairs, provides the dispersion relations κ(ω) for  the 1D  

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 14:3 PSP Book - 9in x 6in 01-Shaofan-Li-c01

� �

� �

8 Microdynamics of Phononic Materials 

phononic crystal. Real-valued wavenumbers, calculated from γ us
ing Eq. (1.14), support propagating wavemodes, whereas imaginary 

wavenumbers, extracted from γ using Eq. (1.15), represent those 
modes which decay in space: 

1 1 
κR = Re ln γ , (1.14) 

a i 

1 1 
κl = 

a 
Im 

i 
ln γ . (1.15) 

1.3 Treatment of Damping 

Damping is an innate property of materials and structures. Its 

consideration in the study of wave propagation is important because 

of its association with energy dissipation. We can concisely classify 

the sources of damping in phononic materials into three categories, 

depending on the type and configuration of the unit cell. These 

are: (1) bulk material-level dissipation stemming from deformation 

processes (e.g., dissipation due to friction between internal crystal 

planes that slip past each other during deformation); (2) dissipation 

arising from the presence of interfaces or joints between different 

components (e.g., lattice structures consisting of interconnected 

beam elements [1, 23]); and (3) dissipation associated with the 

presence of a fluid within the periodic structure or in contact with it. 

In general, the mechanical deformations that take place at the bulk 

material level, or similarly at interfaces or joints, involvemicroscopic 

processes that are not thermodynamically reversible [24]. These 

processes account for the dissipation of the oscillation energy in 

a manner that fundamentally alters the macroscopic dynamical 

characteristics including the shape of the frequency band structure. 

Similar yet qualitatively different effects occur due to viscous 

dissipation in the presence of a fluid. While the representation of the 

inertia and elastic properties of a vibrating structure is adequately 

accounted for, finding an appropriate damping model to describe 

observed experimental behavior can be a daunting task. This is 

primarily due to the difficulty in identifying the state variables 

upon which the damping forces depend and in formulating the best 
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functional representation once a set of state variables is determined 

[25]. A review of established approaches for the treatment of 

damping in linear systems is available in Refs. [25] and [26]. As 

for wave propagation in damped phononic materials, the reader is 

referred to Refs. [27] and [28] and references therein. 

1.3.1 Viscously Damped Waves in 1D Homogeneous Media 

In Section 1.2.2, we introduced the transfer matrix method as a 

means to analyze wave propagation in the disparate layers of a 1D 

phononic crystal. These layers were assumed to be linearly elastic 

and conservative, that is, no energy is lost as waves propagate within 

the layers and through the layer interfaces. On this basis, the relation 

κ ( j ) = ω/c( j ) holds in layer j . However, in actual material systems, 
energy is dissipated by a variety of mechanisms as stated above. 

It is therefore useful to consider the effects of energy dissipation 

(damping) in the underlying transfer matrix formulation. 

Due to the diversity and complexity of dissipative mechanisms, 

the development of a universal damping model stands as a major 

challenge. A rather simple model proposed by Rayleigh [29], one 

which we will consider, is the viscous damping model in which the 
instantaneous generalized velocity, u,t , is the only relevant state 

variable in the determination of the damping force fd [26]. The 

consequences for a homogeneous 1D medium, e.g., a rod, is that the 

stress is not only related to the strain, u,x , following Hooke’s law, but 

also a function of the strain rate, u,xt , involving a constant, η (which, 
in essence, represents the viscosity). The constitutive relationship 
then becomes 

σ = E u,x +ηu,xt  . (1.16) 

Substitution of Eq. (1.16) into Eq. (1.1) (recall f = 0) yields 
the general equation for wave propagation in a viscously damped 

homogeneous rod, 

E u,xx  +ηu,xxt  = ρu,tt . (1.17) 

This naturally leads to a different relationship between κ and ω 
than was stated in Eq. (1.5). To see this, we generalize the temporal 

component of Eq. (1.4) to eλt to allow for dissipation in time in 
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10 Microdynamics of Phononic Materials 

addition to space [27, 28, 30, 31], that is, 

iκx+λtu(x, t) = Ae . (1.18) 

Substituting Eq. (1.18) into Eq. (1.17) yields the characteristic 

equation 

−Eκ2 − ληκ2 = λ2ρ,  (1.19) 

which, following Cady [30], has the solutions    2
ηκ2 E ηκ 

λ = −  ± iκ − . (1.20)
2ρ ρ 2ρ

The association of Eq. (1.5) with Eq. (1.20) is easily verified in the 

absence of dissipation (η = 0) where λ = −iω. In the presence of 
dissipation, however, λ is complex and reflects the form suggested 
by Hussein [27] and Hussein and Frazier [28] 

λ = −ξω  ± iωd, (1.21) 

where ωd and ξ are the wavenumber-dependent damped wave 
frequency and associated damping ratio, respectively. 

At present, the value of the viscosity η is undefined. In principle, 
any value guaranteeing a positive rate of dissipation is acceptable. 

For our treatment of viscously damped homogeneousmedia, wewill 

adopt a model considered by Rayleigh [29], and define the viscosity 

to be proportional to the elasticity, η = q E , where q is a constant of 
proportionality. Thus, Eq. (1.20) becomes    2q Eκ2 E q Eκ 

λ = − ± iκ −
2ρ ρ 2ρ 
qcκ qcκ 2 

= −  cκ ± icκ 1− , (1.22)
2 2√ 

where c = E/ρ. Using Eq. (1.21) and with the previously stated 
relationω = cκ , the dampedwave frequency and damping ratiomay 
be extracted from Eq. (1.22) as  

qcκ 2 

ωd(κ ; q) = cκ 1− (1.23)
2 

and 
qcκ 

ξ = . (1.24)
2 

In this section, we considered a homogeneous medium (a rod) 

in which κ is the global wavenumber. In the following section, in 
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which we consider a heterogeneous, periodically layered rod – a 1D 

phononic crystal – we will see the return of the layer wavenumber, 

κ ( j). 

1.3.2 Viscously Damped Waves in 1D Phononic Materials 

As presented, the transfer matrix method is prepared for either 

the absence or presence of dissipation; the distinction is made in 

κ ( j)the definition of Z ( j) and . In general, Z ( j) = κ ( j)(E ( j) + η( j)λ); 

Z ( j)however, specific to our earlier prescription for η, = κ ( j)E ( j)(1+ 
qλ). Note that this form collapses to the earlier definition of Z ( j) 

for the undamped case where η (or q) is set equal to zero. In the 
condition of undamped wave propagation, the relationship between 

the wavenumber and the frequency has already been presented: 

κ ( j) = ω/c( j). A similar relationship between the wavenumber and 

the damped wave frequency for layer j can be developed from Eq. 
(1.23). Given the quadratic form of Eq. (1.23), 

q2[c( j)]4 
[κ( j) ( j)]2[κ ( j)]2]4 − [c + ω2 = 0, (1.25)d4 

we can formulate two complex-conjugate solutions for [κ ( j)]2, from  

which we develop the explicit relation 

1 
κ ( j) = ±  2 1± 1− q2ω2 (1.26)d . 

qc( j) 

Given the placement of q in the denominator of Eq. (1.26), it is 
apparent that the equation is only valid if q has a nonzero value. 
Alternatively, q can be set to the zero value (or any positive value) 

κ ( j)in Eq. (1.25) without difficulty, and then = ωd/c( j) (ωd ≡ ω in 
an undamped system) is readily recovered. 

Now we will use Eq. (1.26) and the transfer matrix method to 

obtain the dispersion curves of a viscously damped 1D phononic 

crystal, in particular, the periodic bi-material rod in Fig. 1.1 (a 

similar analysis can be applied to a periodic acoustic metamaterial). 

d(1) d(2)We consider a unit cell with n = 2 and  = . A specific set 

of material parameters listed in Table 1.1 provide a reference for 

our exposition; these two material phases comprise our example 

phononic crystal. We offer a suite of numerical case studies to 

illustrate the effects of dissipation. In each case, the damping 
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Table 1.1 Phononic crystal properties 

ρ(1) E (1)ABS polymer = 1040 kg/m3 = 2.4GPa 

ρ(2) E (2)Aluminum = 2700 kg/m3 = 68.9GPa 

intensity q is varied to give a good representation of the dissipative 
effects. In Fig. 1.2, we show the frequency (non-dimensional) 

and damping ratio band structures for this model. Each plot is 

divided into positive and negative wavenumber (non-dimensional) 

domains representing the propagating and evanescent waves, 

respectively. The evanescent wavenumbers are not negative; rather, 

they are indicated as such to emphasize their attenuating nature 

(which arises from the multiplication of the imaginary part of the 

wavenumber with a unit imaginary number). 

We observe in Fig. 1.2 that as the damping intensity q increases, 
the optical branches drop rapidly while the acoustic branch 

experiences relatively little change – the result is a reduction in 

the size of the band gap. This behavior is readily explained by the 

corresponding band structure of the damping ratio diagram. Higher 

branches in the diagram indicate a greater damping ratio and so 

the rate at which a mode descends is correlated to its position. 

The damping ratio curves evolve in a synchronous manner with the 

dissipation intensity; ascending the band diagram accordingly. As 

q increases, higher branches in the damping ratio band diagram 
meet/exceed unity in part or in entirety (not shown). In these 

instances, similar to structural dynamics of finite systems, we assert 

that these branches are critically damped or over-damped and that 

no propagation is permitted (i.e., the frequency band has collapsed 

to zero). It should be noted that for identical levels of prescribed 

damping, the band diagrams would appear radically different if the 

temporal component of the solution u(x, t) had been prescribed as 
e −iωt rather than eλt . In fact, with the assumption λ = −iω, the damp
ing ratio band diagram would not be defined. As such, Eq. (1.18) in 

the context of periodic media may be referred to as the generalized 
Bloch’s theorem. Employment of this form allows us to obtain the dis

persion relation for damped free wave propagation. Should we have 

adopted the standard form of the theorem, in which the frequencies 

are assumed to be real, we would have obtained a solution for the 

propagation of damped waves with prescribed frequencies. 
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Figure 1.2 Frequency (a) and damping ratio (b) band structure for a 

viscously damped 1D phononic crystal consisting of two layers in the unit 

cell. For comparison, the dispersion curves for the undamped problem are 

included. Also, corresponding dispersion curves for a statically equivalent 

homogenous rod are overlaid. See also Color Insert. 
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1.4 Treatment of Nonlinearity 

The majority of investigations of wave motion in elastic solids 

are based on linear analysis, that is, linear constitutive laws 

and linear strain–displacement relationships are assumed (see 

Refs. 32 and 33, and references therein). The incorporation of 

nonlinear effects has nevertheless been considered and is receiving 

increasing attention because, as in damping, it allows for a more 

accurate description of the underlying motion and facilitates the 

study of complex dynamical phenomena [34–41]. Also similar to 

damping, the effects of nonlinearity on the dispersion of waves 

in waveguides could be utilized to enrich the design of materials 

and structural components in numerous engineering applications. 

Current applications for nonlinear elastic wave propagation studies 

include nonlinear vibration analysis [42], dislocation and crack 

dynamics analysis [43, 44], geophysical and seismic motion analysis 

[45], material characterization and nondestructive evaluation [46, 

47] and biomedical imaging [48]. 

Finite amplitude wave propagation in elastic solids is a subset 

among the broader class of nonlinear wave propagation problems. 

From a mathematical perspective, a formal treatment of finite 

deformation requires the incorporation of an exact nonlinear strain 

tensor in setting up the governing equations of motion. As a result, 

the emerging analysis permits large and finite strain fields as 

opposed to small and infinitesimal strain fields. A large portion 

of research on finite amplitude waves considers initially strained 

materials (see, for example, the early studies by Truesdell [34] 

and Green [35], and Ogden [39] for an extensive discussion on the 

topic). Furthermore, analysis of finite-amplitude waves in solids 

often involve small parameters or asymptotic expansions (see 

Norris [40] for a review). Among the relatively recent works that 

focused on finite-amplitude plane waves in materials subjected to 

a large static finite deformation include those of Boulanger and 

Hayes [49], Boulanger et al. [50] and Destrade and Saccomandi 
[51]. Focusing on rods, modeled in one dimension or higher, 

many studies considered small but finite amplitude waves for 

both incompressible and compressible materials (e.g., [52–56]). Of 

particular relevance is a recent study by Zhang and Liu [57] in 
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which an exact equation of motion for a rod and an approximate 

equation of motion for an Euler-Bernoulli beam were derived 

under the condition of finite deformation. In all these studies, 

and others in the literature concerned with finite-strain wave 

motion in homogeneous media, generally the interest has been in 

obtaining spatial/temporal solutions, or solutions at certain physical 

limits, rather than complete dispersion relations. In the context of 

nonlinear phononic materials, there are several studies that follow 

the premise of Bloch analysis. These include investigations utilizing 

themethod ofmultiple scales [58, 59], perturbation analysis [60, 61] 

and the harmonic balance method [62, 63]. In Ref. [64], nonlinear 

wave phenomena in periodic granular chains were examined by 

experiments. 

In this section, we provide a theoretical treatment of finite-

strain dispersion; first we present an exact analysis for a 1D 

homogenous medium (e.g., a homogeneous rod), and we follow 

with an approximate analysis of a 1D phononic crystal (e.g., a 

periodic rod). In both problems, our approach is not limited by the 

amplitude of the traveling wave. Starting with Hamilton’s principle, 

we consider axial deformation to represent longitudinal motion. We 

derive the equation of motion and the implicit dispersion relation 

from which we obtain the explicit frequency versus wavenumber 

solution for each of the homogeneous and periodic cases. 

1.4.1 Finite-Strain Waves in 1D Homogenous Media 

In this section, we derive the equation of motion and the dispersion 

relation for elastic wave motion in a homogeneous rod (assuming 

slender cross section) as an example of a 1D homogeneous medium. 

In our derivation, all terms in the nonlinear strain tensor are 

retained and no high order terms emerging from the differentiations 

are subsequently neglected. To verify our theoretical approach, we 

examinewave propagation in a corresponding finite rod bymeans of 

a standard finite-strain numerical simulation (using finite element 

analysis) and compare the response with our derived dispersion 

relation. The formulations we develop allow us to examine the effect 

of finite deformation on the frequency dispersion curves in rods, or 

in the context of 1D plane wave motion in a bulk medium without 
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consideration of lateral effects. Further details on nonlinear analysis 

of homogeneous media are available in Ref. [65]. 

1.4.1.1 Equation of motion 

Introducing , as the elastic displacement, the exact complete 
Green–Lagrange strain field in a rod is given by 

2
∂,  1 ∂,

E = + , (1.27)
∂s 2 ∂s 

where the first and second terms on the RHS represent the 

linear and nonlinear parts, respectively, and s is the Lagrangian 
longitudinal coordinate. The elastic displacement field for the rod, 

,, is equal to axial displacement, u, 

, = u. (1.28) 

Using Hamilton’s principle, we write the equation of motion for a 

rod under uniaxial stress as f t 

+ δW nc(δT − δU e )dt = 0, (1.29) 
0 

where T, U e, and  Wnc denote kinetic energy, elastic potential 

energy and the work done by external nonconservative forces and 

moments, respectively, and t denotes time. Neglecting the effects of 
lateral inertia and using integration by parts, the variation of elastic 

potential energy is f fl 

δU e = (σδE)dA ds, (1.30) 
0 A 

where σ and E are the axial stress and axial strain, respectively, 
and l denotes the length of a portion of the rod. We chose to base 
our analysis on the Cauchy stress. The stress–strain relationship is 

modeled following Hooke’s law, 

σ = E E, (1.31) 

where E is the Young’s modulus. Using Eq. (1.30), and with the aid 
of integration by parts, we can now write the variation of elastic 

potential energy as f l { }
1 /δU e = E Ah(h2 − 1)δu ds, (1.32)
20 
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where u/ = du/ds = u,s and h is an agent variable defined as 

/h = 1+ u . (1.33) 

The variation of non-conservative forces and moments is given in 

terms of the variation of axial deformation, u, and the distributed 
external axial load qu , f l 

δWnc = (quδu)ds. (1.34) 
0 

The variation of kinetic energy is also obtained using integration by 

parts and is given as f l 

δT = −ρ A (u,tt δu)ds. (1.35) 
0 

Substitution of Eqs. (1.32), (1.34), and (1.35) into Eq. (1.29) 

produces the equation of motion and the companion boundary 

conditions given in Eqs. (1.36) and (1.37), respectively: f {f }t l 
s=l 

(A1δu)ds + (B1δu + B1δu/)� dt = 0, (1.36)s=0
0 0 

/(B1 = 0 or u = 0) and (B1 = 0 or u = 0). (1.37) 

We can now write an exact nonlinear equation of motion of a 1D 

rod under finite deformation as 

A1 = 0 :  ρ Au,tt = 1 
2 

E A(3h2 − 1)u// + qu. (1.38) 

The section load, namely the axial force, is 

B1 = 1 
2 

E Ah(h2 − 1) (1.39a) 

B1 = 0. (1.39b) 

If the axial deformation is infinitesimal, then u/ is small and from Eq. 

(1.33), h ≈ 1. Substitution of h = 1 into Eq. (1.38) leads to 
A1 = 0 :  ρ Au,tt = E Au// + qu, (1.40) 

which is the equation of motion describing infinitesimal axial 

deformation. 
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1.4.1.2 Dispersion relation 

Using Eq. (1.33), we rewrite Eq. (1.38) as
 

1
2 // 2 / 2 /u,tt −c u = [3c (u )2 + c (u )3]/, (1.41)
2

Equation (1.41) is integrable despite it being nonlinear. Differentiat

ing Eq. (1.41) once with respect to s gives 

12 (3) 2 / 2 / ]//(u,tt )
/ − c u = [3c (u )2 + c (u )3 . (1.42)

2

Defining u = u/ and τ = ωfint, where ωfin is the frequency of a 

traveling wave, Eq. (1.42) becomes 

2 // 2 2 ]//ω2 u = 1[3c (u)2 + c (u)3 . (1.43)finu,ττ  −c
2

Defining z = |κ|s + τ , where  κ is the wavenumber of a harmonic 
wave, we rewrite Eq. (1.43) as 

2 2 2ω2 κ2
1 

κ2[3c (u)2 + c (u)3 (1.44) finu,zz −c u,zz = ],zz 
2 

where now the explicit dependency on s and τ has been eliminated. 
Integrating Eq. (1.44) twice leads to 

2 2 2ω2 u − c κ2u = 1 κ2[3c (u)2 + c (u)3], (1.45)fin 2
 

or
 

c2κ2 2 2 3(ω2 κ2fin − c )u − [3u + u ] = 0. (1.46)
2 

We note that in our integration of Eq. (1.44) we get nonzero 

constants of integration in the form of polynomials in z. Since these 
represent secular terms we have set them all equal to zero in light of 

our interest in the dispersion relation. Selecting the positive root of 

Eq. (1.46) we get 

−3+ 1+ 8ω2 /c2κ2 fin
u(z) = . (1.47)

2 

Since u = u,s , we recognize that u = |κ|u,z and therefore 

Eq. (1.47) represents a first-order nonlinear ordinary differential 

equation with z and u as the independent and dependent variables, 
respectively. 
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Now we return to Eq. (1.41) and consider for initial conditions 

a sinusoidal displacement field, with amplitude B and a zero phase 
in time, and a zero velocity field. Following the change of variables 

we have introduced, these initial conditions essentially correspond 

to the following restrictions on the u(z) function given in Eq. (1.47): 

u(0) = |κ|B, u,z (0) = 0. (1.48) 

We note that since z describes a space-time wave phase, the 
restrictions given in Eq. (1.48) represent initial conditions on the 

wave phase. The importance of these initial conditions is that they 

incorporate the effect of the wave amplitude, B , into the finite 
deformation dispersion relation. Applying Eq. (1.48) to Eq. (1.47) 

allows us to use the latter to solve for ωfin for a given value  of  κ at 
z = 0. Thus we obtain an exact dispersion relation for wave motion 

in a rod under finite deformation, which is 

2+ 3B|κ| + (Bκ)2 
ωfin(κ ; B) = ω, (1.49)

2 

where ω is the frequency based on infinitesimal deformation, 

ω(κ) = c|κ|. (1.50) 

By taking the limit, limB→0 ωfin(κ ; B), in Eq. (1.49) we recover Eq. 
(1.50) which is the standard linear dispersion relation for a rod, as 

shown by Billingham and King [66]. 

For demonstration, two amplitude-dependent finite deformation 

dispersion curves for an infinite rod based on Eq. (1.49) are 

plotted in Fig. 1.3. These dispersion curves provide an exact 

fundamental description of how an elastic harmonic wave lo

cally, and instantaneously, disperses in an infinite rod under 

the dynamic condition of amplitude-dependent finite deformation. 

Superimposed in the same figure is the dispersion curve based 

on infinitesimal deformation, i.e., Eq. (1.50). We observe that the 

deviation between a finite deformation curve and the infinitesimal 

deformation curve increases with wavenumber, and the effect of 

the wave amplitude on this deviation appears to be steady (in the 

wavenumber range considered) as B is increased. 
In addition, the results from standard finite element simulations 

of a finite version of the rod with length L are presented. A 
prescribed sinusoidal displacementwith frequency ω̂ and amplitude 
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Figure 1.3 Frequency dispersion curves for a homogeneous rod [65]. The 

finite-strain dispersion relation is based on Eq. (1.49); the infinitesimal 

strain dispersion relation is based on Eq. (1.50). 

B̂ , i.e., u(L , t) = B̂ sin(ω̂t), was applied to the tip of the rod with 
free-free boundary conditions. The finite-deformation finite element 

model consisted of 60 piecewise linear elements with equal lengths, 

and each node consisted of two degrees of freedom, u and u/. Equal  
time steps of 10−4 [s] were considered in the numerical integration, 
which was implemented using MATLAB’s ode113 solver [67]. The 
wavenumber has been recorded by observing the wavelength 

after one period of temporal oscillation of the tip (i.e., excitation 

point) of the rod, and plotted as a function of frequency ω̂ for 
two given amplitudes. This recording is meaningful because the 

wave’s harmonic form is effectively still maintained during the 

first oscillation cycle in the vicinity of the excitation point. The 

data points from this simulation (of a finite rod) match very well 

with the analytically derived exact dispersion curve (corresponding 

to an infinite rod). While the wave considered at the tip of the 

excited rod will evolve, under finite strain, into a complex form as 
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it propagates into the rod, this correlation provides a validation that 

a given harmonic wave will locally and instantaneously disperse in 

a manner exactly as described by Eq. (1.49). The other simulation 

data shown in the figure correspond to the response due to initial 

sinusoidal displacements at a prescribed wavenumber (applied 

when the rod is in a state of rest). Here we measure the frequency 

of the oscillations as the wave propagates within the first temporal 

cycle. The simulation parameters are the same to those in the initial 

end-point prescribed displacement runs. As illustrated in the figure, 

this simulation further validates the analytical dispersion relation 

given by Eq. (1.49). 

1.4.2 Finite-Strain Waves in 1D Phononic Materials 

The transfer matrix method presented in Section 1.2.2 can be used 

to obtain an approximate dispersion relation for a 1D phononic 

crystal under finite deformation. The approximation arises in the 

construction of the transfer matrix which is based on a linear strain

displacement relationship [see Eqs. (1.2) and (1.7)]. The application 

of the technique for this problem is similar to its application to the 

damped 1D phononic crystal problem presented in Section 1.3.2, 

with the only differences being the definition of the Z ( j) function (for 

which we now use the undamped form) and the κ( j)(ω∝) function 
(where ∝ = d in the damping problem and ∝ = fin in the finite 

deformation problem). For a 1D damped phononic material, the 

former function is given in Eq. (1.26). Nowwe seek a similar function 

for wave motion under finite deformation in layer j . 
First we rewrite Eq. (1.49) explicitly for layer j , 

2+ 3Bκ ( j) + [Bκ ( j)]2 ( j)κ ( j )ωfin = c , (1.51)
2 

whichmay be cast as the following 4th order characteristic equation: 

fin[κ ( j )]2(1+ Bκ ( j))(2+ Bκ ( j ))− 2[ω2 ]2 = 0. (1.52) 
c( j)

Solving Eq. (1.52) gives 

1( j)
9+ P ( j ) ∓ Q ( j ) − R( j)κ1,2 = − , (1.53a)

12B 
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1 
κ3
(
,
j 
4
) = −  9+ P ( j) ± Q ( j) + R( j) , (1.53b)

12B 

where   [ ]2 [ ]2 2   33c( j )A( j) + 12 − 24B2ω2 + 4 c( j) + A( j)
fin 

P ( j ) = , 
c( j)A( j) 

(1.54a) [ ]2 [ ]2 c( j )66c( j)A( j) − 48 −6B2ω2 + − 12 A( j)
fin 

Q ( j) = , 
c( j)A( j) 

(1.54b) 
√ 

R( j ) 54 3=   
( j) [ ]2 [ ]2  A( j) + 4 − c( j ) A( j )11c 24B2ω2 + 4 + 0 fin 

c( j )A( j) 

(1.54c) 

and  [ r3 
A( j) ω2 ( j ) ( j)= − 99B2 c + 8 cfin

 1/3 [ ]2 [ ]4+3Bωfin 1536B2 + 321 fin − 48 .c( j) B2ω4 c( j)

(1.54d) 

Now we will use Eq. (1.53) and the transfer matrix method to 

obtain an approximation of the finite strain dispersion curves of a 

1D phononic crystal that has the same geometric features as the 

periodic bi-material rod in Fig. 1.1 and the following ratio ofmaterial 

properties: c(2)/c(1) = 2 and  ρ(2)/ρ(1) = 3. As in the damped 
1D phononic crystal example, we consider a bi-layered unit cell in 

d(1) = d(2)which . In Fig. 1.4, we show these results for a value 

of wave amplitude of B = 0.125. Superimposed, for comparison, 
are the dispersion curves on the basis of infinitesimal deformation 

and the corresponding dispersion curves for an equivalent statically 

homogenizedmedium (for which the elastic properties are obtained 

by the standard rule of mixtures). We observe in the figure 

that the finite-strain dispersion curves asymptotically converge 

to the infinitesimal and homogenized curves at long wavelengths 
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Figure 1.4 Approximate frequency band structure for a 1D phononic 

crystal under finite deformation [obtained using Eq. (1.53)]. The results 

shown are for B = 0.125. For comparison, the dispersion curves for 
infinitesimal deformation are included. Also, corresponding dispersion 

curves for a statically equivalent homogenous rod are overlaid. 

as expected. We also note that the finite deformation causes 

the dispersion branches to rise and the band gaps to increase 

significantly — an attractive trait for many applications involving 

sound and vibration control. 
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This chapter presents the basic principles of design, characteriza

tion, and applications of elastic metamaterials. Metamaterials are 

artificial materials engineered to have properties that may not be 

found in nature. Elastic metamaterials gain unusual properties from 

their subwavelength microstructures, through local resonances to 

create negative values of effective mass, effective bulk or shear 

modulus. Although the content is not able to include all the advances 

in such interdisciplinary field, it provides readers a comprehensive 

overview on wave characteristics of elastic metamaterials. 

2.1 Introduction 

Responses of matters to elastic waves are characterized by effective 

mass and modulus, provided that the wavelength of perturbations 
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is sufficiently larger than the typical size of microstructures in the 

matter. By careful design of geometry and mechanical properties of 

microstructures, a class of materials with negative effective mass 

or modulus or anisotropic effective mass can be fabricated. These 

materials, usually termed metamaterials, offer an unprecedented 

way to manipulate wave propagation, such as acoustic cloaking and 

super resolution imaging. A material with simultaneous negative 

mass and modulus would have a negative refractive index, due 

to anti-parallel nature of phase and group velocities. The double

negative material is also called left-handed material, first imagined 

by Veselago [1] about 40 years ago for electromagnetic (EM) 

waves. It was not until the beginning of this century that Pendry 

[2, 3] and Smith [4, 5] made great contributions toward the 

realization of EM metamaterials, bringing the imagination into 

reality. Since then, metamaterials have gradually emerged as a new 

interdisciplinary field [6] attracting active researchers all around the 

world. 

Lamb [7] proposed the concept of negative group velocity in a 

mechanical system in 1904. A suspended chain system is conceived 

to possess such property [8]. In 2000, Liu et al. [9] proposed the 
first acoustic metamaterial, which consisted of lead particles coated 

with soft rubber layers embedded in an epoxymatrix. A stopband for 

acoustic wave appeared, which has been attributed to the negative 

effective mass of the composite material. Later Fang et al. [10] 
proposed the use of Helmholtz resonators to generate negative ef

fective modulus. The negative index material has also been designed 

with two populations of coated inclusions [11], so that negative 

mass and modulus dominated by dipolar and monopole resonances 

are engineered to be present at the overlapped frequencies. Liu 

et al. [12] proposed a compact design of negative index materials 
for elastic waves by use of the chirality of the microstructure, in 

which the rotational resonance of the particles induces a negative 

effective bulk modulus, while translational resonance is used to 

realize negative effective mass. Negative effective shear modulus 

is related with quadruple resonances [13]. A planar metamaterial 

with negative effective shear modulus has been conceived by the 

enhancement of the quadruple resonance [14]. Due to the resonant 
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effect, negative effective material parameters are often available in a 

limited bandwidth. To broaden the frequency range, Lee et al. [15] 
found that a membrane with a fixed boundary can be considered a 

metamaterial with negative effectivemass below a cut-off frequency. 

A continuum material model was further developed by Yao et al. 
[16], which is very promising for low-frequency noise isolation. In 

order to clearly illustrate the mechanism of local resonance and its 

effect on themacroscopic property, mass–spring systems are usually 

used as model systems [17, 18]; for example, the dipolar resonance 

of a coated inclusion can be well represented by a mass-in-mass 

system. Much work has been devoted to examine the transmission 

property ofmass–spring systems in the presence of local resonances 

[19, 20] and to study the active control of the resonances 

[21, 22]. 

Metamaterials greatly enlarge the space for material selection, 

so they can be patterned in the space to control acoustic and 

elastic waves. The relation between the functionality of a device 

and the material pattern in the space can be established by 

the transformation method [23, 24]. Due to the form invariance 

of Helmholtz’s equation for acoustic waves, the geometry and 

material distribution are equivalent. It has been proved that the 

space transformation can be manipulated to define a device with 

targeted functionality, e.g., acoustic cloaking [25, 26]. For elastic 

waves, Navier’s equation does not retain the form invariance [27]; 

so the exact controlling for elastic waves is not available yet. 

However under some constraint conditions, the elastic wave can 

still be controlled by patterning the microstructure of composites 

[28, 29]. 

In this chapter, mass–spring systems are first examined to clearly 

illustrate the mechanism of negative effective mass and modulus, 

and then their interplay with macroscopic property is discussed. 

The continuum versions of the corresponding mass–spring systems 

are explained in the second section, and their effective material 

properties will be derived based on dynamic homogenization 

techniques. The applications of elastic metamateials to cloaking and 

superlensing are discussed in the last section. 
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(a) (b) 

Figure 2.1 (a) The mass–spring structure with negative effective mass; (b) 

a one-dimensional lattice system composed of the mass–spring structure. 

2.2 Discrete Mass–Spring Model of Metamaterials 

2.2.1 Negative Effective Mass 

Consider a mass–spring structure shown in Fig. 2.1(a), where an 

outer mass of weight m0 is connected to an inner mass of weight 

m1 by two massless springs of equal spring constant G . In the  

time harmonic case, let x1 and x0 denote, respectively, the complex 
amplitudes of displacements of the inner and outer mass. From the 

equilibrium equation of the inner mass, the following is obtained 

[18]: 

ω2x1 1 = (2.1) 
ω2x0 − ω2 
1 √ 

where ω1 = 2G /m1 is the resonant frequency. When the force of 

complex amplitude F is acting on the outer mass, the equilibrium 
equation of the outer mass is written as 

F + 2G (x1 − x0) = −m0ω
2x0 (2.2) 

Substitute (2.1) into (2.2) to obtain   
m1ω

2 
1 ω2F = − m0 − x0 (2.3) 

ω2 − ω2 
1

The inner mass is hidden inside the outer mass; then it is possible to 

assign an effective dynamic mass meff to the seemingly solid mass. 

The definition of effective dynamic mass can be given under the 

assumption that the equivalent solidmass follows the same dynamic 

equation as Eq. (2.3). This means 

F = −meffω
2x0 (2.4) 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 14:25 PSP Book - 9in x 6in 02-Shaofan-Li-c02

  

� � � � � 
� 

� 

33 Discrete Mass–Spring Model of Metamaterials 

where meff is given by 

m1ω
2 
1meff = m0 − (2.5) 

ω2 − ω2 
1 

Equation (2.5) shows that meff will become negative at frequencies √ 
ranging fromω1 toω1 (m1 + m0)/m0. As seen in Eq. (2.1), the inner 

mass moves in out-of-phase with respect to the out mass beyond 

the resonant frequency ω1. The negative value of meff is due to the 

negative momentum of the inner mass with the amplitude larger 

than that of the outermasswith the positive velocity.When the inner 

mass is fixed, effective dynamic mass in Eq. (2.5) becomes 

ω2 
0meff = m0 1− (2.6)

ω2 

In such case, meff is negative below a cut-off frequency ω0 = √ 
2G /m0. The corresponding continuum material model will be 

described below. Usually, the “dynamic” term in the effective 

dynamic mass is omitted. However, it should be understood that 

the effective mass of metamaterials is a dynamic parameter, 

characterizing the inertia effect and is very distinct from the static 

gravitational mass. 

Wave characteristics of metamaterials with negative effective 

mass can be envisioned in a lattice system composed of the mass– 

spring structures connected with the springs of the spring constant 

K , as shown in Fig. 2.1(b). By imposing the Bloch’s periodic 
condition, the dispersion relation for an infinite lattice system with 

the lattice distance L is derived to be 
qL  

meffω
2 = 4K sin2 (2.7)

2 
where q is the Bloch wave vector. At frequencies of meff < 0, it is 

found in Eq. (2.7) that the wave vector q takes purely imaginary 
values and the waves are forbidden in this frequency band. 

In a finite-period lattice system shown in Fig. 2.2(a), the 

transmission properties of disturbances across the system can be 

evaluated to verify the blocking effects at frequencies of negative 

effective mass. The transmission coefficient T = |X N /X 0| is derived 
as [19] � N � 

T = � Tn� (2.8) 

n=1 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 14:25 PSP Book - 9in x 6in 02-Shaofan-Li-c02

34 Micromechanics of Elastic Metamaterials 

Figure 2.2 (a) Finite-period lattice system; (b) the scheme of the 

experimental setup. 

with 

K
Tn = ; n = 1,2, . . . , N (2.9)

K (2− Tn+1)− meffω2

and TN+1 = 1. 
An experimental setup has been constructed according to the 

theoretical model, and the scheme is shown in Fig. 2.2(b). The 

samples of inner and outer masses are placed horizontally in an 

air track. Each unit is made of three blocks of length 30 mm, the 

first and last blocks are fixed together and the middle one is free 

to move. The three blocks are connected to each other by two soft 

springs with the same spring constant 37 N/m. The weights of the 

inner and outermasses are 46.47 g and 101.10 g, respectively. Figure 

2.3(a) shows the effective mass meff (solid line) and dispersion 

curve qL  (dashed line) as the function of frequency in the case 
of the free inner mass. It is seen that waves are forbidden in the 

frequencies of negative effectivemass due to the decaying wave field 

amplitudes. Note that the resonance introduces not only negative 

effectivemass but also extremely largemass just belowω1. The large 

mass could result in strong spatial oscillation of wave fields within 

the periodic structures, giving rise to the Bragg gap. Notice that 

this low-frequency Bragg gap might be different from the common 

one in the sense that the Bragg resonance is occurring in the sub
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Figure 2.3 The effective mass and dispersion curve in the case of the free 

inner mass (a) and the fixed inner mass (b). 

wavelength scale of metamaterials. When the inner mass is fixed, 

Fig. 2.3(b) shows that negative effective mass occurs below the cut

off frequency 4.3 Hz and opens a large gap region in the dispersion 

curve. Figures 2.4(a) and (b) present the experimental results of the 

transmission T of the lattice system comprising seven units in the 
case of free and fixed inner mass respectively. As a comparison, the 

transmission predicted in theory by Eq. (2.8) is also depicted. Both 

theoretical and experimental results demonstrate the transmission 

drop at frequencies of negative effective mass. 

With help of the mass–spring model shown in Fig. 2.1(a) with 

either free or fixed inner mass, one is well equipped to understand 

the underlying physics of the negative effective mass exhibited in 

existingmetamaterials. For example, metamaterials proposed by Liu 

et al. [9] consist of lead particles with the coating of the soft rubber 
embedded in an epoxy matrix. The lead particle, the rubber coating, 

and the epoxy matrix behave in the similar manner to the inner 

massm1, the spring G , and the outer massm0 in the discrete system. 

The membrane-type metamaterials [30] consist of a circular elastic 

membrane with a small weight attached in the center and the outer 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 14:25 PSP Book - 9in x 6in 02-Shaofan-Li-c02

36 Micromechanics of Elastic Metamaterials 

Figure 2.4 Transmission coefficients given by theory and experiment in the 

case of the free inner mass (a) and the fixed inner mass (b). 

boundary being fixed. The small weight, the elastic membrane, and 

the ambient fluid respond to sound waves as the inner mass m1, the  

spring G , and the outer mass m0, respectively. 

Lee et al. [15] propose that a stretched rubber membrane with 
the fixed outer boundary can be homogenized as an acoustic meta

material with negative effective mass below a critical frequency. 

The physics can be understood by the mass–spring model with 

the fixed inner mass. In this case, the lattice system equivalent 

to Fig. 2.1(b) with the fixed inner mass is depicted in Fig. 2.5. 

It has been discovered that a rectangular solid waveguide with 

clamped boundary conditions may have dispersion characteristics 

similar to that of the lattice system, and the mass density, Young’s 

modulus, and shear modulus of the solid material can realize 

m, K , and  G of the lattice system, respectively [16]. As a simple 
demonstration, consider a two-dimensional waveguide filled by 

an elastic material and infinitely extended in the out-of-plane 

direction. When the waveguide has clamped boundary conditions, 

the dispersion relations are expressed as 
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Figure 2.5 The lattice system corresponding to Fig. 2.1(b) in the case of the 

fixed inner mass. 

2ω2/ωd 
2 = m + ζ 2 , m = 1,2, . . .  (2.10a) 

for P waves and 

2ω2/ω2 = n + ζ 2 , n = 1,2, . . .  (2.10b)s 

for SV waves, where ζ = qh/π , ωd = πvd/h, ωs = πvs/h, 
h is the width of the waveguide, vd and vs are respectively 

the wave velocities of longitudinal and shear waves, and q is 
the propagation constant along the wave-guiding direction. For 

conventional elastic materials, the shear wave velocity is always 

less than longitudinal wave velocity, which means that ωs < ωd . 

Therefore the dispersion relation (2.10) gives a lowest cut-off 

frequency ωs for such waveguide, below which both P and SV waves 

are not allowed since the non-dimensional propagation constant ζ 

will be purely imaginary. Consider the general dispersion relation 

(q/ω)2 = ρeff/μ, whereμ is the shearmodulus of the fillingmaterial. 

Let n be equal to 1 in Eq. (2.10b), the effective mass density ρeff for 

the waveguide with the clamped boundary condition is derived as 

ω2 
sρeff = ρ 1− (2.11)

ω2 

where ρ is themass density of the fillingmaterial. It is found that the 

bandgap effect below the cut-off frequency ωs can be attributed to 

negative effective mass. Detailed analyses on negative effective mass 

below a cut-off frequency can be found in Ref. [16]. From Eq. (2.11), 

the cut-off frequency is related to the shear property of the solid 

material. Since the elastic membrane used in Lee’s model does not 

resist shear deformations, it is the prestress applied on the stretched 

membrane that plays the role of the effective “shear” resistance. 
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Figure 2.6 The mass–spring model of describing negative effective 

stiffness. 

2.2.2 Negative Effective Modulus 

The negative effective bulk modulus was first demonstrated in a 

hollowwaveguide attached by an array of subwavelength Helmholtz 

resonators [10]. The negative effective modulus of elastic metama

terials is distinct from the negative static stiffness observed in the 

buckling state of compressed structures [31]; the former is induced 

by the locally resonant effects and can be stable without constraint. 

The effective compliance of Helmholtz resonators, i.e., the inverse 

of effective modulus, is found to have the Lorentz-type expression, 

showing an interesting correlation with the effective permeability of 

magnetic resonators [3]. This analogy enables one to understand the 

negative modulus from a simple inductor–capacitor circuit. Here a 

mass–spring model [32] is used to explore the underlying physics of 

negative effective stiffness, as shown in Fig. 2.6. In the model, three 

massless springs with spring coefficients k and K are connected, 
and a rigid sphere of weight m is attached to the middle spring by 

two massless rigid bars with the slope angle α. All joints are free of 

friction and the springs are confined in the horizontal direction. 

Suppose that the time harmonic force F (t) is applied symmet
rically to the left and right boundaries of the model, and x0, x1, 
and y denote the offset of the end, middle joint and mass from the 

equilibrium position. From the equilibrium equation of the mass m, 
the following is obtained: 

2(F − 2K x1) tanα = −mω2y (2.12) 

where F = k(x0 − x1). In the case of infinitesimal deformation, 
the geometrical relation x1 = y tanα exists. The effective stiffness 
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Figure 2.7 The mass–spring model of explaining negative effective modu

lus due to rotational resonances. 

is defined to be K eff = F /(2x0). From Eq. (2.12), the following is 
obtained: 

ω21 2 0 = 1− (2.13)
ω2 − ω2K eff k 1 

√ √ 
where ω1 = 2 tanα K /m and ω0 = tanα 2k/m. Equation 
(2.13) follows a typical Lorentz expression and predicts the negative  
effective stiffness to be between ω1 and ω2 + ω02. From Eq. (2.13), 1 

the negative effective modulus arises from the resonance between 

the mass m and spring K . The vertical oscillation of the sphere 
produces the additional inertial force in the horizontal vibration of 

the system. When the mass resonates, the system would have an 

expansion displacement under a compressive force, and vice versa. 

The Helmholtz cavities play the role of such mass–spring resonator. 

That is why the effective modulus of the waveguide with Helmholtz 

cavities could be negative. A solid continuum version of this mass– 

spring model has been recently proposed [33]. 

Based on the rotational resonance, chiral elastic metamaterials 

could exhibit the negative effective bulk modulus [12, 34]. The 

corresponding mass–spring model is proposed in Fig. 2.7. In the 

model, four massless springs and a rigid disk with rotational 

inertia I and radius R are pin-connected. Two springs with spring 
coefficients k2 are tangential to the disk with an angle α. The pin 
joints A, B and C are kept in the horizontal axis. In the case of 

infinitesimal deformation, the force in the spring k2 is F2 = k2(Rθ − 
x cosα) when the system is symmetrically loaded by an equal force 

F. The equilibrium equation of the disk is written as 2F2R = I ω2θ . 

The balance of forces at the pin joint A gives F = k1x − F2 cosα. 

From above expressions, effective dynamic stiffness K eff = F /(2x) 

© 2013 by Taylor & Francis Group, LLC

http:�02.FromEq.(2.13


March 6, 2013 14:25 PSP Book - 9in x 6in 02-Shaofan-Li-c02

  

 

  I 

40 Micromechanics of Elastic Metamaterials 

is derived to be
 

k1 k2(cosα)2 ω2
 
0K eff = + 1− (2.14)

2 2 ω0
2 − ω2 

√ 
where ω0 = R 2k2/I . From Eq. (2.14), effective stiffness becomes 

negative in the frequency range between ω0 k1/(k1 + k2 cos2 α) 
and ω0. The corresponding continuum material model and the 

dynamic behaviors of chiral metamaterials will be discussed in the 

following section. 

2.3 Continuum Material Model of Metamaterials 

2.3.1 Composites with Coated Sphere Inclusions 

Consider the propagation of elastic waves in composites of coated 

spheres embedded in a matrix. It has been found that negative 

effective mass arises from the dipolar resonance in composites with 

rubber-coated lead spheres suspended in the epoxy matrix. The 

negative effective bulk modulus is realized due to the monopolar 

resonance of bubble-contained-water spheres in an epoxy host. 

The negative effective shear modulus is designed when particles 

undergo the quadrapolar resonance. The physical reasons of 

negative effective parameters will be addressed here. 

The analyzed model [13] is a coated sphere placed in an infinite 

matrix, as shown in Fig. 2.8. The building unit of the particulate 

composite is a doubly coated sphere with the outer radius given by √ 
r3 = r2/ 3 φ, where  φ is the filling fraction of the coated spheres. 

Each region of the doubly coated sphere is assumed to be elastic 

material characterized by mass density ρi , Lamé coefficients λi 

and μi , and volume fractions φi with the subscript i = 1, 2, 3 
representing separately the sphere, the coating, and the matrix. 

Note that φ = φ1 + φ2. Let  r1 denote the radius of the uncoated 
sphere and r2 the radius of the coated sphere. A plane harmonic 
compressional wave propagates along the positive direction of the 

z axis. The general expressions of the scattering displacement and 
stress fields are [13] 

ur = ur (r)Pn(cos θ) (2.15a) 
n 
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Figure 2.8 The analyzed model: a coated sphere placed in an infinite 

matrix. 

 d Pn(cos θ) 
uθ = uθ 

I (r) (2.15b)
dθ 

n 

 2 
σ Iσrr = (r)Pn(cos θ) (2.16a) 

r2 rr

n
 

 2 d Pn(cos θ)
σrθ = σr

I 
θ (r) (2.16b) 

r2 dθ 
n 

where Pn(x) is the Legendre polynomial. 
For a spherical volume V with the surface S and the radius R , the  

net force and total momentum are, respectively, given by  
FM = dMs · σ̃ (2.17) 

S  
PM = Mpdv (2.18) 

V 

where ̃σ is the stress tensor and Mp is the momentum. Consider the 
expression (2.16) of the scattering stress fields, the net force is not 

zero only in the incident direction FM = FzMz. In addition, the net  I
moment MM = dsM × σ̃ is zero. Then the equilibrium equation of s 
the sphere is expressed as 

Fz = −iωpz (2.19) 
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The net force is given by    
Fz(R) = 4π σrr(R)ln + σrθ (R)mn (2.20) 

n

where 

1 

ln = Pn(z)P1(z)dz (2.21a) 
−1 

1 

mn = P 1(z)P 1(z)dz (2.21b)n 1 
−1 

Since the Legendre polynomials P m(z) are orthogonal functions, n 

the only nonzero values in Eq. (2.21) are l1 = 2/3 and  m1 = 
4/3. The result means that only first-order (dipole) scattering fields 

contribute to the rigid-bodymotion of the sphere. Extend the results 

of Eqs. (2.19) and (2.20) to a doubly coated sphere, the total 
imomentum p of each phase can be computed: z 

1Fz(r1) = −iωp (2.22a)z 

3Fz(r2)− Fz(r1) = −iωp (2.22b)z 

3Fz(r3)− Fz(r2) = −iωp (2.22c)z 

According to the homogenization method, effective mass ρeff can be 

defined as the total momentum of the doubly coated sphere divided 

by the velocity of the host material. It is then obtained that 

ρeff = φ3ρ3Fz(r3)/[Fz(r3)− Fz(r2)] (2.23) 

It can be demonstrated that above definition coincides with that 

suggested by Eq. (2.4). In the long-wavelength limit, Eq. (2.23)  
reduces to the volume-averaged effective mass ρeff = φi ρi . 

The averaged constitutive relation in a volume V is given by 

(σ̃ ) = 3λ(εb) Ĩ + 2μ(ε̃) (2.24) 

where the averaging field (r) is defined as (r) = (1/V ) V rdv , εb = 
trε̃/3 is the bulk strain and Ĩ is the second-order identity tensor. The 
strain tensor ε̃ is related to the displacement field uM by 

1 
εb = ∇ · Mu (2.25)

3 

I 
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1 
ε̃ = (∇Mu + Mu∇) (2.26)

2

In each phase of the doubly coated sphere, the averaged bulk 

strain (εb)i is derived as 

2π 2 I(εb)1 = r u (r1)sn (2.27a)1 r3V1 n 

2π 2 I 2 I(εb)2 = [r u (r2)− r u (r1)]sn (2.27b)2 r 1 r3V2 n 

2π 2 I 2 I(εb)3 = [r u (r3)− r u (r2)]sn (2.27c)3 r 2 r3V3 n 

where 

1 

sn = Pn(z)P0(z)dz (2.28) 
−1 

The only nonzero value in Eq. (2.28) is s0 = 2, which reveals that 
the bulk deformation is dominated by the zero-order (monopole) 

scattering mode. The averaged bulk stress (σb) = (trσ̃ )/3 in the i 
th region can be calculated by 

(σb)i = 3κi (εb)i (2.29) 

where κi = λi + 2μi /3 is the bulk modulus. According to the 

homogenization method, effective bulk modulus can be defined as 

the averaged bulk stress versus the averaged bulk strain in the 

doubly coated sphere 

κeff = (φi κi (εb)i ) / (φi (εb)i ) (2.30) 

In the long-wavelength limit, Eq. (2.30) reduces to the static effective 

bulk modulus [31] for a doubly coated sphere assemblage. 

In Eq. (2.24), the deviatoric part (ε̃I)i of the averaging strain (ε̃)i 

can be expressed as 

εII(ε̃I)i = i diag[−1, −1, 2] (2.31) 

where 

πII 2 I Iε = r [2u (r1)pn + u (r1)qn] (2.32a)1 1 r θ3V1 n 
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π � � 
εII 2 I I 2 I I= r [2u (r2)pn + u (r2)qn]− r [2u (r1)pn + u (r1)qn]2 2 r θ 1 r θ3V2 n 

(2.32b) 

εII π � 
2 I I= r [2u (r3)pn + u (r3)qn]3 3 r θ3V3 n 

2 I I−r [2u (r2)pn + u (r2)qn] (2.32c)2 r θ 

with 

1 

pn = Pn(z)P2(z)dz (2.33a) 
−1 

1 

qn = P 1(z)P 1(z)dz (2.33b)n z 
−1 

In Eq. (2.33), the non-vanishing values are p2 = 2/5 and  q2 = 
12/5. The result means that the shear deformation corresponds 

to the second-order (quadrapole) scattering mode. The averaged 

deviatoric stress (σ̃ I) is related to the deviatoric strain through the 
shear modulus 

(σ̃ I)i = 2μi (ε̃I)i (2.34) 

or equivalently, 

(τ )i = 2μi (e)i (2.35) 

where the averaged (maximum) shear strain (e)i is defined as (e)i = 
3εi 

II/2, and (τ )i is the corresponding averaged (maximum) shear 

stress. The effective shear modulus can be defined as the averaged 

shear stress versus the averaged shear strain 

μeff = (φi μi (e)i )/(φi (e)i ) (2.36) 

In the long-wavelength limit, Eq. (2.36) reduces to the static effective 

shear modulus [31] of a doubly coated sphere assemblage. So far, 

we have derived the effective mass density, bulk and shear modulus 

of a composite with coated particles embedded in a host material. 

In the following, we will discover by numerical results the physical 

mechanisms for the negative effective material parameters. 

Consider the composite consisting of rubber-coated lead spheres 

embedded in an epoxy matrix. By use of Eqs. (2.22) and (2.23), 

Figs. 2.9(a) and 2.9(b) give effective mass density normalized 
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Figure 2.9 (a) Effectivemass density, (b) the ratio of averagedmomentums, 

and the schematic view of the displacement for a doubly coated sphere at 

frequencies associated with (c) the first and (d) the second negative-mass 

bands. 

to the static one ρeff/ρ
s and the momentum ratios P 1/P 3 andeff 

P 2/P 3 between constituents. It is seen that there are two resonant 
negative-mass bands, with the lower and higher frequency bands 

induced respectively by the out-of-phase motions of the lead sphere 

and rubber coating with respect to the epoxy matrix, as shown 

schematically in Figs. 2.9(c) and 2.9(d). The physics disclosed here 

coincides with that discovered by a mass–spring structure. 

For the composite of bubble-contained-water spheres embedded 

in an epoxy matrix Figures 2.10(a) and 2.10(b) give effective bulk 

modulus normalized to the static one κeff/κ
s , and the averaged  eff

bulk strains εi = φi (εb)i of each constituents versus the total bulk 

strain εtotal = εi . In Fig. 2.10(a), the composite exhibits a negative 

effective bulk modulus near the resonant frequency. To explore the 

physics for the negative bulkmodulus, Fig. 2.10(c) shows the scheme 

of deformation profiles of the doubly coated sphere at the frequency 

of εtotal > 0, εtotal < 0, and εtotal = 0. The doubly coated sphere 
in the initial state without deformations is shown in the dashed line. 

When the composite sphere is in an expanded state, the inner core is 

expanded more due to the resonant effect so that the cover material 
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Figure 2.10 (a) Effective bulk modulus, (b) the averaged bulk strains of 

each constituent versus the total bulk strain, and (c) the schematic view of 

the deformation for a doubly coated sphere being in the expanded state. 

(The arrows indicate the directions of forces loading on the outermost 

surface of the composite sphere.) 

is compressed and undergoing a compressive stress. Since the bulk 

modulus of water is much larger than that of air, the loading state of 

the composite sphere is governed by the water coating. This means 

that the composite sphere undergoes an expanding deformation 

under an external compressive stress. So the negative effective bulk 

modulus is defined to describe the out-of-phase volume deformation 

of local constituents with respect to the external triaxial loading. 

Consider rubber-coated epoxy spheres embedded in a matrix of 

polyethylene foam. The effective shear modulus of the composite 

predicted by Eq. (2.36) is shown in Fig. 2.11(a). The method 

predicts a negative effective shearmodulus in two narrow frequency 

bands. To understand the mechanism of the negative effective shear 

modulus, Fig. 2.11(b) plots the averaged shear strains ei = φ(e)i 

of each constituent versus the total shear strain etotal = ei 

as a function of frequency. The averaged shear strain of the 

matrix could become negative, in correspondence with the negative 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 14:25 PSP Book - 9in x 6in 02-Shaofan-Li-c02

 

 

 
 
 

 

 

 

47 Continuum Material Model of Metamaterials 

s 
e/

e 
R

e(
 μ

 /μ
 ) 

i 
to

ta
l 

ef
f

ef
f

3 

2 

1 

0 

-1 

2 

(a) 

(b) 
0 400 800 1200 1600 

e /e1 total 

e /e2 total 

e /e3 total 

(c) 

z 

1 
Zero shear strain 

0 Positive shear strain 

Negative shear strain -1 

Frequency (Hz) 

Figure 2.11 (a) Effective shear modulus, (b) the averaged shear strains 

of each constituent versus the total shear strain, and (c) the schematic 

view of the deformation for a doubly coated sphere with the prolate-shape 

deformation. (The arrows indicate the directions of forces loading on the 

outermost surface of the composite sphere.) 

effective shear modulus. We simply assume that a sphere will 

become a prolate or oblate spheroid of the constant volume by 

the shear deformation. Figure 2.11(c) shows a schematic picture of 

the deformation profile of a doubly coated sphere at frequency of 

negative effective shear modulus. When the composite sphere (the 

outermost surface) is deformed with the prolate shape, the coating 

material also has a prolate shape but with a larger aspect ratio, 

as seen in Fig. 2.11(b). The inner core has no shear deformation 

at any frequency. So the matrix cover is actually compressed 

in the z direction and pulled in the x–y plane, macroscopically 
behaving as the oblate-shape deformation. Since the Polyethylene 

foam is stiffer than the soft rubber, the composite sphere will be 

under the same loadings to the polyethylene foam, denoted by the 

arrows in Fig. 2.11(c). The out-of-phase phenomenon between the 

deformation and the applied stress is the origin of negative effective 

shear modulus. 

The above numerical results demonstrate that the out-of-phase 

effect induced by resonance is the origin of negative effective 
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material parameters. With help of the averaged physical fields, 

the analytic model provides a unified explanation for this unusual 

phenomenon. It is found that the first three scattering channels 

correspond, respectively to the rigid-body movement (n = 1), the 
volume (bulk) deformation (n = 0), and the axisymmetric (shear) 
deformation of a constant volume (n = 2). The negative effective 
mass is induced by the negative total momentum of the composite 

for a positive momentum excitation. The negative effective bulk 

modulus appears for composites with an increasing (decreasing) 

total volume under a compressive (tensile) stress. The negative 

effective shear modulus describes composites with axisymmetric 

deformation under an opposite axisymmetric loading. 

2.3.2 Chiral Metamaterials 

In Section 2.2.2, the mass–spring structure with rotational reso

nances has been demonstrated to exhibit negative effectivemodulus. 

The corresponding continuum material model is shown in Fig. 2.12, 

where the unit cell is composed of a heavy cylindrical core with 

soft coating embedded in a matrix, and a number of (ns ) slots 

with width ts are cut out from the coating material. The slots are 

equi-spaced in azimuth and oriented at an angle θs with respect 

to the radial direction. Due to the fact that the slots in the coating 

are not oriented toward the center, the unit cell lacks in any 

planes of mirror symmetry, leading to the macroscopic chirality 

of metamaterials [12, 34]. For the three-component metamaterial 

without the slots, the negative effectivemass can be produced due to 

the translational resonance of the core, and the rotational resonance 

can never happen. However, by introducing a chiral microstructure, 

the rotational resonance may be coupled to the overall dilatation of 

the unit cell and result in negative effective bulk modulus. With an 

appropriate design of the unit cell, it is anticipated to achieve both 

types of resonance in an overlapped frequency range, and hence the 

double negativity is achieved. 

To evaluate the effective dynamic properties of the chiral 

metamaterial, the global stress L, strain  E , resultant force F , and  
acceleration Ü are averaged on the external boundary of the unit 
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Figure 2.12 The chiral metamaterial. 

cell [12]: 

1 1   
Lαβ = σαγ xβdsγ Eαβ = uαdsβ + uβdsαV 2V 

∂V ∂V

1 1
¨Fα = σαβ dsβ Uα = üαds (2.37)

V S 
∂V ∂V 

where α, β, γ = 1, 2, σαβ , uα and üα are the local stress, 

displacement and acceleration fields, respectively, dsα = nαds with 
nα denoting the unit vector normal to the boundary, xα is the position 

vector, V and ∂V denote the volume and external boundary of the 
unit cell, respectively. When the unit cell is periodically arranged in 

the triangular lattice with the lattice constant α, the metamaterials 

are isotropic near the r point in the wave vector space [35]. In 

such case, the effective bulk, shear modulus and mass density can 

be defined as 

= = LI /E I = Fα/ ̈ (2.38)K eff 

1 
Lαα/Eαα μeff 

1 
αβ αβ ρeff Uα 

2 2 

where LI and αβ are the deviatoric parts of the global stress andE I 
αβ 

strain, respectively. 

As an example, Fig. 2.13 shows effective mass, effective modulus, 

and the dispersion curves along rK direction of the chiral 
metamaterial. In Fig. 2.13(a), it is seen that negative effectivemass is 

realized, which arises from the translational resonance between the 

inner particle and soft coating. In addition, effective bulk modulus 

also becomes negative due to the rotational resonance, as shown in 

Fig. 2.13(b). To clearly illustrate the mechanism of negative effective 

bulk modulus, the deformation profiles of the unit cell are plotted 
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Figure 2.13 (a) Effective mass, (b) bulk modulus, and (c) band structure of 

the chiral elastic metamaterial. 

in Fig. 2.14, for three typical values of K eff as marked in Fig. 2.13(b) 
by black circles. In the figures, the undeformed shapes are shown 

in the dashed lines, and the boundary tractions are depicted by 

arrows. In the quasi-static frequency (Fig. 2.14(a)), K eff > 0 

and the unit cell is expanded by the tensile stress. Figure 2.14(b) 

shows the result of K eff < 0, where the inner core rotates in-

phase with the overall deformation so that a very large clockwise 

Figure 2.14 The deformation profile of the unit cell in three cases as 

highlighted in Fig. 2.13(b) by black circles: (a) quasi-static frequency; (b) 

K eff < 0: (c) K eff > 0. See also Color Insert. 
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rotation is generated in conjunction with an expanded unit cell. The 

compressive stress needs to be produced in the matrix to balance 

the pressure exerted by such a rotation, as the result of negative 

effective bulk modulus. Above the rotational resonance frequency 

where K eff > 0, Fig. 2.14(c) shows that the anti-clockwise rotation of 

the core produces the tensile stress in the matrix and, consequently 

a positive effective modulus is defined. 

The dispersion curves alongrK direction in the triangular lattice 
system are shown in Fig. 2.13(c). It is seen that at the frequencies 

where only effective mass is negative, the dispersion curve shows a 

bandgap. Among the gap region, a pass band with negative phase 

velocity is produced when effective longitudinal modulus Eeff = 
K eff + μeff also becomes negative. Metamaterials with simultaneous 

negative values of effective mass and effective modulus are often 

termed as double-negative or left-handed metamaterials [36]. 

The “left-handed” is termed because of their electromagnetic 

(EM) counterpart with negative effective permittivity and negative 

effective permeability, for which the electric field, the magnetic field 

and the wave vector would follow the left-handed rule [1], instead 

of the right-handed one for conventional materials. The double

negative metamaterials have negative refractive index, meaning that 

the transmitted wave will be refracted toward the same side of the 

incident wave. Figure 2.15 shows the result of negative refraction 

by a double-negative chiral metamaterial [12]. The wedged sample 

with the slope angle 30◦ consists of 546 unit cells with a triangular 
array and is immersed in water. A Gaussian acoustic pressure beam 

is launched from the bottom side of the sample. Figure 2.15(a) 

shows the contour plot of acoustic pressure fields at the designed 

frequency 14.53 kHz, where effective bulk, shear modulus and 

mass density of the metamaterial are evaluated to be −1.58 GPa, 
0.42 GPa, and –1481 kg/m3 respectively. It can be clearly seen 

that the energy flux of the refraction wave outside of the sample 

travels on the negative refraction side of the surface normal. Figure 

2.15(b) shows the result in a left-sloped wedge with the same 

microstructural chirality at the same frequency. It is interesting to 

find almost the same negative refraction phenomenon in spite of the 

chirality. 
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Figure 2.15 Simulation results of negative refraction. (a) The incident beam 

is negatively refracted in the right-sloped wedge at frequency 14.53 kHz. 

(b) The incident beam is negatively refracted in the left-sloped wedge at 

frequency 14.53 kHz. See also Color Insert. 

2.4 Applications of Elastic Metamaterials 

The metamaterials offer a great choice on material selection for 

wave manipulations. One of the most interesting applications of 

metamaterials is the “invisibility cloaking” for electromagnetic or 

elastic waves. The cloak can render an object undetectable by 

waves, which may find important applications in stealth technology. 

There are two techniques for metamaterials to render an object 

undetectable: the first one is based onwave cancellationmechanism 

[37–40] and the other is relying on the transformation method [41– 

43], by which waves are guided to go around an object without 

scatterings. Both methods will be discussed in the following two 

subsections. Application of metamaterials to acoustic superlens will 

be presented in the third subsection. 

2.4.1 Cloaking in Quasi-Static Approximation 

The cancellation mechanism for electromagnetic waves is proposed 

by Alu and Engheta [37], who utilize a plasmonic or metamaterial 

coating to cover a spherical or cylindrical dielectric core. By 

adjusting the material and geometrical parameters, they found 

that at certain configuration, the total scattering cross section of 

this coated sphere can be extremely low. Zhou and Hu [38] have 

extended the transparency phenomenon to multilayered sphere, 
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coated spheroids and two-phase composites by introducing the 

“neutral inclusion” concept. Afterwards the idea is further extended 

to the regime of acoustic [39] and elastic [40] waves. Consider 

an inclusion of random shape is put into an infinite matrix. The 

inclusion is characterized by the bulkmodulus κ∗, shearmodulusμ∗, 
mass density ρ∗, and the infinite matrix has the material parameters 
κ0, ρ0, and ρ0. The inclusion can be made of either a homogeneous 

medium or a heterogeneous material. For the latter, κ∗, μ∗, and  ρ∗ 
then denote the effective material parameters of the heterogeneous 

material (i.e., the inclusion). When the material properties of the 

inclusion are the same as those of the background medium, the 

wave fields outside of this inclusion will not be disturbed. In other 

word, the inclusion will not be “seen” by an outside observer 

and become undetectable. This is the basic idea of the “neutral 

inclusion” concept. When the region is made of a homogeneous 

material, this is a trivial case. However, if the region is made of 

a heterogeneous material, there are many design possibilities for 

equating its effective material property to that of the background 

medium. According to the neutral inclusion concept, the key point to 

achieve transparency is to determine the effective parameters of the 

(heterogeneous) inclusion, or to find an equivalent homogeneous 

medium for the inclusion. 

In the quasi-static approximation, heterogeneous materials 

can be described by equivalent homogeneous ones based on 

the homogenization technique. In this approximation, a neutral 

inclusion can be a simple pattern (coated sphere, coated spheroid, 

etc.). When a neutral inclusion is embedded in a material made of 

assemblages of such pattern with gradual sizes (in order to fill the 

whole space), it will not perturb the static stress fields outside of 

this inclusion [44]. Although the neutral inclusion is defined in the 

quasi-static case, it can still help to realize transparency in the full

wave scattering case when the wavelength becomes comparable to 

the size of the inclusion [45]. The elasticwave transparency of a solid 

sphere coated with metamaterials will be exemplified here, and the 

neutral inclusion concept is explained by analyzing the scattering of 

a coated sphere. 

Consider a coated sphere immersed in a matrix. Material 

parameters are bulk modulus κi , shear modulus μi , and mass 
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density ρi , with the subscript i = 1, 2, 3 representing separately the 

sphere, the coating, and the host medium. Let r1 denote the radius 
of the uncoated sphere and r2 the radius of the coated sphere. A 
plane harmonic compressive wave is incident on the coated sphere. 

The total scattering cross section Q sca of the coated sphere can be 
expressed as [40] 

∞ � � 
1 2 α3 2Q sca = λ2 |an| + n(n + 1) |bn| (2.39) 3 (2n + 1)π β3n=0 

where α3 and β3 are propagating constants of longitudinal and 

transverse waves, respectively. λ3 = 2π/α3 is the wavelength 

of the compressive wave in the host medium, αn and bn are the 

unknown scattering coefficients of scattered waves. In the Rayleigh 

approximation, the first three scattering coefficients are given below 

for different configurations classified by the solid and fluid nature of 

materials. 

Case I: Solid coating and solid host materials 

κHS ρM− κ3 − ρ3eff effa0 = i (α3r2)3 , a1 = (α3r2)3 
3κHS eff + 4μ3 3ρ3 

20iμ3(μ
HS − μ3)/3effa2 = −  (α3r2)3 

6μHS 
eff(κ3 + 2μ3)+ μ3(9κ3 + 8μ3)

ρM − ρ3eff 3b1 = −  α3β
2r2 , 3ρ3
3

10iμ3(μ
HS − μ3)/3effb2 = (β3r2)3 (2.40)

6μHS 
eff(κ3 + 2μ3)+ μ3(9κ3 + 8μ3)

Case II: Fluid coating and solid host materials 

κHS ρB− κ3 − ρ3eff effa0 = i (α3r2)3 , a1 = (α3r2)3 , 
3κHS 3ρ3eff + 4μ3 

20iμ3 a2 = (α3r2)3 , 
3(9κ3 + 8μ3)

ρB − ρ3 10iμ3eff 3 2b1 = −  α3β
2r2 , b2 = −  (β3r )3 (2.41)

3ρ3 
3 3(9κ3 + 8μ3)

Case III: Solid coating and fluid host materials 

κHS ρM− κ3 − ρ3eff effa0 = i (α3r2)3 , a1 = (α3r2)3 (2.42)
3κHS 2ρM + ρ3eff eff 
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Case IV: Fluid coating and fluid host materials 

κHS ρB− κ3 − ρ3eff effa0 = i (α3r2)3 , a1 = (α3r2)3 (2.43)
3κHS 2ρB + ρ3eff eff 

In every case, the parameter b0 is not important and thus not 
κHS μHSgiven here. In Eqs. (2.40)∼(2.43), the parameters , ρM andeff eff , eff 

ρB eff have been used, which are
 

c1(κ1 − κ2)

κHS eff /κ2 = 1+ (2.44)

κ2 + (1− c1)p(κ1 − κ2) 

c1(μ1 − μ2)
μHS 
eff/μ2 = 1+ (2.45)

μ2 + (1− c1)q(μ1 − μ2) 

3κ2 6 κ2+2μ2with p = and q = ,
3κ2+4μ2 5 3κ2+4μ2 

ρ1 − ρ2Mρ /ρ2 (2.46)eff = 1+ c1 
ρ2 

3c1(ρ1 − ρ2)Bρeff/ρ2 = +  (2.47)
3ρ2 + 2(1− c1)(ρ1 − ρ2) 

where c1 = (r1/r2)3. For a composite filled with coated spheres that 
are randomly distributed in the host medium and have gradual sizes 

κHS μHSin order to fill the whole space, and denote effective bulkeff eff 

modulus and effective shear modulus of the composite calculated 

with the Hashin–Shtrikman (HS) bound. eff is the effective massρM 

density obtained by the volume averaged method, whereas ρB eff 
is the effective mass density calculated with Berryman’s formula. 

With help of above effective parameters, Equations (2.40)∼(2.43) 
represent also the solutions of a single sphere having the material 

parameters κHS,μM (or ρB ) embedded in the hostmaterial. This eff eff, ρ
M 

effeff 

implies that in the Rayleigh limit a coated sphere can be equivalent 

to a homogeneous effective sphere, and the coated sphere and its 

effective sphere has almost the same scattering fields in the host 

medium. 

Based on Eqs. (2.40)∼(2.43), the transparency phenomenon of 
a coated sphere can be investigated systematically by reducing the 

κHSscattering coefficients. If the effective parameters satisfy =eff κ3, 

μHS = μ, and  ρM = ρ3 for a solid coating or ρ
B = ρ3 for eff eff eff 

a fluid coating, the scattering coefficients of the first three orders 
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are greatly minimized in the Rayleigh limit. In this case, an outside 

observer can hardly detect the coated sphere from the scattered 

waves it receives. Physically, the above transparency conditions can 

be directly obtained by the neutral inclusion concept. A coated 

sphere can be represented by its effective sphere in the long 

wavelength approximation, then the transparency conditions are 

obtained by equating the effective parameters of the coated sphere 

to those of the surrounding medium. This is exactly the physical 

meaning of the neutral inclusion concept. 

As an example, a fluid cover can be designed to cloak an 

aluminum sphere of radius r1 = λ3/5 immersed in water. According 
to the transparency conditions, the cloaking material should have 

material parameters κ2 = 0.58κ3 and ρ2 = 0.55ρ3. However, the  
effectiveness of this cover lies within the Rayleigh limit. For the 

case of r1 = λ3/5, the parameters for a minimized value of the 

scattering may be further tuned to the desirable values of κ2 = 
0.47κ3 and ρ2 = 0.4ρ3 by varying κ2 and ρ2 around the target values 

of κ2 = 0.58κ3 and ρ2 = 0.55ρ3. Materials with these optimized 
parameter combinations are not readily available in nature, but 

can be purposely fabricated with an acoustic metamaterial. Figures 

2.16(a) and 2.16(b) present the near field contour plots of the radial 

component of the scattered displacement fields for an uncoated 

aluminum sphere and that with an optimized cloak, respectively. 

It can be seen that the uncoated sphere produces strong and 

Figure 2.16 Contour plots of radial component of scattered displacement 

field for (a) uncoated aluminum sphere, and (b) the same sphere with the 

cloak. See also Color Insert. 
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nonuniform scattering field in the matrix, especially in the region 

adjacent to the sphere. However, when the cloaking material covers 

the sphere, the scattering is dramatically reduced whilst the field 

strengthwithin the cloak is large. In the both cases, the displacement 

field inside the aluminum sphere is negligibly small due to its 

large modulus. It is thus demonstrated that, with the cloaking 

material, the impenetrable sphere can indeed achieve acoustic 

transparency. This property of the composite system can lead to 

potential applications in underwater stealth technology. 

2.4.2 Transformation Acoustics and Elasticity 

In contrast to the wave cancellation mechanism, the method to 

render an object undetectable by guiding waves around an object 

without scatterings is based on the coordinate transformation, and 

has been termed as transformation optics, acoustics or elasticity, 

applying respectively to electromagnetic, acoustic, or elastic waves. 

Transformation method solves an inverse problem, and derives 

spatial distributions of material parameters from desired wave 

propagation. The basic idea of transformation methods generalized 

by Greenleaf et al. [43], Pendry et al. [42] and Leonhardt [41] is 
based on the form-invariance of Maxwell or Helmholtz equations 

under a general coordinate transformation, and such a topological 

effect in spatial mapping can be mimicked by spatial distribution of 

materials. To proceed, the general expression of Helmholtz equation 

involving anisotropic mass is written as 

ω2 
−1(ρ pi ) j = −  p (2.48)i j  

κ 

where p is the sound pressure, κ is the bulk modulus, ρi j  is the mass 

tensor. Consider a mapping from an initial space to a curvilinear 

space x → x I. In the new space (xI), Eq. (2.48) is transformed to 

ω2 

A j I −1Ai I 
i (ρi j  i pi I) j I = −  

κ 
p (2.49) 

Ai I 
where = ∂xi

II/∂xi is the Jacobin matrix describing the coordinate i 
Itransformation from x to x . Introduce the Jacobian J = det(A) and  

consider the relation ( J −1A jj 
I 
) j = 0 [46], Eq. (2.49) can be further 
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expressed as 

2ωI−1(ρi I j I pj I ) j I = −  p (2.50)Iκ

with 

I−1 j−1Ai I −1 Iρ = i A j
j I 
ρ κ = J κ (2.51)i I j I i j  

It is found that Eq. (2.50) has the same form to Eq. (2.48), meaning 

that the topological change under the mapping can be mimicked 

by the changed materials parameters ρi
II j I and κ I . From Eq. (2.51), 

material parameters can be uniquely determined for a specific space 

mapping. As an example, the space mapping for a cylindrical cloak 

that guides waves around an object is written as 

I Ir = a + r(a − b)/b, θ = θ (2.52) 

where r and θ are polar coordinates, and a and b are, respectively, 
the inner and outer radii of the cloak. From Eq. (2.51), the mass 

density and modulus of the acoustic cloak are 

2r I r I − a b − a r I 
I I Iρ = ρ , ρ = ρ , κ = κ (2.53)r θr I − a r I b r I − a 

Figure 2.17 shows the contour plot of pressure fields of a plane 

wave incident leftwards on a rigid cylinder without and with the 

cloak. It is seen that a shadow is left behind the uncloaked cylinder 

(Fig. 2.17(a)), while the cloak could guide the incomingwave around 

the object with any scatterings, as if there is nothing there (Fig. 

2.17(b)). The mass density and modulus of the cloak are very 

difficult to be realized by conventional materials. Metamaterials 

with designable material parameters offer us a good candidate 

serving for transformation materials. A prototype of acoustic cloak 

made of Helmholtz resonators has been designed and validated by 

experiments [47]. 

In reality, the cloaks or other transformation devices may have 

irregular geometries and the space mapping is difficult to construct 

analytically. To circumvent this difficulty, much effort has been 

made to derive material parameters for various kinds of irregular 

cloaks. As a general approach, Hu et al. [48] develop a deformation
based method to design transformation materials with arbitrary 

geometries. In this method, the Jacobin matrix Ã represents the 
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Figure 2.17 Contour plots of pressure field distributions of a plane wave 

incident on a rigid cylinder (a) without and (b) with the cloak. (a = 0.2 m, 

b = 0.6 m, ρ = κ = 1 for the background material.) See also Color Insert. 

displacement gradient and can be locally decomposed into a rigid

body rotation R̃ and a stretch operation Ṽ , i.e., Ã = R̃ Ṽ . Consider 
R̃ R̃T = Ĩ and Ṽ = diag[λ1, λ2, λ3], J = det( Ã) = λ1, λ2, λ3 where λ 

is the principle stretch of the deformation tensor. Equation (2.51) is 

rewritten as 

I λ2λ3 λ1λ3 λ1λ2 Iρ̃ = ρdiag , , , κ = κλ1λ2λ3 (2.54)
λ1 λ2 λ3 

The mapping x I(x) can be derived by solving the deformation 
field in a boundary value problem governed by the Laplace’s 

equation !x x I = 0. The boundary conditions are defined according 

to the functionality of the device. As an example of a cloak bounded 

by inner and out boundaries a and b, the boundary conditions are 
written as 

I Ix (0) = a, x (b) = b (2.55) 

With help of a numerical solver, the material parameters of 

irregular cloaks can be easily obtained by solving the Laplace’s 

equation with appropriate boundary conditions. 

At the inner boundary r I = a of a two-dimensional cloak, 
material parameters are often singular, for example ρ I → ∞, ρ I →r θ 

0, and κ I → ∞ of the cylindrical cloak. These singular parameters 

are not readily realized in practice, therefore it is necessary to find 

a mapping without these singular points. In Eq. (2.54), the out-of

plane principal stretch λ3 is a free parameter and can be used to 
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offset the infinite or near-zero in-plane principal stretch (λ1 or λ2), 

then singularmaterial parameters can be removed [49]. Themethod 

can also be useful for other transformation materials to adjust the 

range of material parameters, and greatly reduce the difficulty of 

metamaterial fabrication. 

The further study made by Chang et al. [50] shows that the 
inverse Laplace’s equation !x I x = 0 with sliding boundary 

conditions (i.e., Neumann boundary conditions) will solve a quasi

conformal mapping as the result of minimizing the Winslow 

functional 

I 1 g11 + g22FW(x ) = √ dx  (2.56)
2 1 g 

where g = det(gi j ), and gi j  = [Ṽ Ṽ T ]i j . By use of the principle 

stretch λ1, Eq. (2.56) is rewritten as 

I 1 λ1 λ2FW(x ) = + dx  (2.57)
2 1 λ2 λ1 

So the inverse Laplace’s equation results in the quasi-conformal 

mapping λ1 ≈ λ2. Since the dilatational and shear deformations 

determine respectively the magnitude and anisotropy of the 

transformation material, quasi-conformal mapping will give nearly 

isotropic material parameters by keeping the grids as iso-volume as 

possible. It is due to the quasi-conformal mapping that the carpet 

cloaks [51, 52] have nearly isotropic parameters and are easier to 

fabricate compared to the cylindrical cloaks. 

For elastic waves, Navier’s equation in linear-elastic dynamics is 

written as 

∂σi j  ∂2ui ∂uk = ρ , σi j  = C i jkl  (2.58)
∂x j ∂t2 ∂xl 

Under a general coordinate transformation, Navier’s equation 

will be transformed into Willis’ one [27]. Otherwise the form 

invariance is maintained only when the stiffness tensor C i jkl  losses 

the minor symmetry [53], and leading to the following asymmetric 

transformation relation 

1 1
A j I 

C I = j Al
l 
I 
C i jkl , ρ

I = ρ (2.59)i jkl  J J 
It is necessary to find a symmetric transformation relation to 

facilitate the design of transformation elastic materials. Regarding 
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this issue, the deformation-based transformation method suggested 

by Hu et al. [48] is further developed. In the local principal 
coordinate ei 

I of Ṽ , where the principal stretch is λi , the governing 

equation in the transformed space is 

∂σi j  
I

= ρ I ∂
2uI 

i ∂uI 
k, σ I = C I (2.60)i j  i jkl  ∂x I ∂t2 ∂x I 

j l 

where the physical fields and material parameters can be written as 

[28, 54] 

I I Iσi j  = aI aJ σi j , u i jkl  = cI cJ cK cL C i jkl , ρi = bl ui , C I 
i j  = dI δi j ρ (2.61) 

where ai , bi , ci , and di are scaling factors remained to be determined, 

δi j  is the Kronecker delta, and the capital letter in the index means 

the same value as its corresponding lowercase letter but without the 

summation. Equations (2.58) and (2.60) are related by the operator 

∂/∂xi 
I = ∂/λi ∂xi in the approximation of local affine transformation. 

By the comparison between Eqs. (2.58) and (2.60), the following 

constraint relations are obtained for the scaling factors 

aI aJ bK = dI bI , aI aJ = cI cJ cK cL (2.62)
λ J λI 

Consider the conservation of energy during the coordinate 

transformation at each element 

∂uI 
i ∂uI 

j 1 ∂ui 
I ∂uI 

j
σi j  

I + = σi j  + (2.63a)
∂x I 

j ∂xi 
I J ∂x I 

j ∂xi 
I 

ρ I ∂
2ui 

I 1 ∂2ui = ρ (2.63b)
∂t2 J ∂t2 

where the Jacobian J represents the volume change of the 

infinitesimal element in the local point x I. From Eq. (2.63), two  

additional constraint relations can be obtained 

λi 1 
aI aJ bI = , dI bI = (2.64)

J J 

Combine Eqs. (2.62) and (2.64) to find the unique solution for 

elastic waves 

λi 1 λi λ2 = √ = , ci = √ , di = i (2.65)ai , bi 4J λi J J 
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Finally, the transformation relations are 

1
Ai I 1

Ai I
C I = i A j

j I Ak
k 

I 
Al

l 
I 
C i jkl  , ρ

I = i A j
j 
I 
δi j  ρ (2.66)i jkl  J J 

Note that transformation materials with the parameters (2.66) 

are within the framework of linear-elastic dynamics and potentially 

realizable bymetamaterial technology. To derive Eq. (2.66), the local 

affine transformation is assumed to retain locally the form invari

ance of Navier’s equation. Such approximation is pertinent when 

the deformation gradient is small or the size of the transformation 

material is sufficiently larger than the operating wavelength. It is 

also shown that the transformation relations Eq. (2.66) keep the 

eikonal equation invariant. i.e., the wave path can be controlled 

exactly, but leave the amplitude of the wave to be controlled 

approximately [28]. Based on the theory of transformation elasticity 

and elastic metamaterial technology, it is possible to control elastic 

waves, and many engineering applications could be anticipated. 

2.4.3 Acoustic Imaging beyond the Diffraction Limit 

Metamaterials could serve as acoustic lenses that create images 

with the spatial resolution beyond the diffraction limit. Acoustic 

images are obtained from the scattering fields of the objects 

under wave excitations. Among the scattered fields, evanescent 

wave components with large spatial frequency carry the object’s 

subwavelength features. Due to the decaying nature in conventional 

materials, evanescent waves are permanently lost in the image 

region, resulting in the limited resolution of the imaging system. This 

is the well known diffraction limit [55], which defines the spatial 

resolution not smaller than half of the operating wavelength. To 

overcome the diffraction limit, it is necessary for the imaging system 

to interact with evanescent waves as the result of their amplitudes 

being enhanced or preserved. 

For EM waves, Pendry [56] proposed the idea of using metama

terials with negative refractive index to overcome the diffraction 

limit by exciting surface waves. Since then, much efforts have 

been made to achieve the super-resolution imaging based on the 

metamaterial concept [57]. Ambati et al. [58] found that negative 
mass of metamaterials is the necessary condition to support surface 
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resonant states for acoustic waves. Consider a flat slab material of 

mass density ρ, modulus κ , and thickness h sandwiched between 
two semi-infinite fluid material of mass density ρ0 and modulus 

κ0. The surface resonant states represent the perturbations with 

pressures maximum at the interface and exponentially decaying in 

the direction perpendicular to the interface. By use of continuous 

conditions of pressure and normal velocity fields at the two 

interfaces, the conditions for surface states can be derived as 

2ikx h(ρ0kx + ρk0x)
2 = (ρ0kx − ρk0x)

2e (2.67) 

where k2 + k2 = ω2ρ/κ and k2 + k2 = ω2ρ0/κ0. For evanescent x y 0x y √ 
waves with spatial frequency ky > ω ρ0/κ0, kx takes purely 

imaginary values. When h → ∞, e2ikx h → 0. Equation (2.67) then 

reduces to the surface resonant condition at the interface of two 

semi-infinite fluid medium 
kx k0x + = 0 (2.68)
ρ ρ0 

In Eq. (2.68), it is found that negative mass ρ <  0 is the  

necessary condition of the surface resonant states. To proceed, the 

transmission coefficient of a flat slab for different ky is expressed as 

ikx h4ρ0ρk0x kx e
T (ky) = (2.69)

(ρ0kx + ρk0x)2 − (ρ0kx − ρk0x)2e2ikx h 

The surface state condition (2.67) exactly ensures the denomi

nator of the transmission coefficient vanishing, so that evanescent 

waves can be efficiently coupled to the surface state and their 

amplitudes are resonantly enhanced. Notice that the coupling effect 

between the surface modes and evanescent waves will result in 

the non-uniform enhancement for evanescent waves of different 

spatial frequencies, therefore the created image may be distorted. 

The evanescent wave enhancement by negative-massmetamaterials 

has been validated by numerical simulation [59] and experiment 

[60]. 

Acoustic metamaterials with anisotropic mass provide an alter

native approach to overcome the diffraction limit [61, 62]. Suppose a 

flat slab with a mass tensor ρ̃ = diag[ρ⊥, ρ�], the dispersion relation 
is written as [63] 

k2 k2 ω2 
x + y = (2.70)

ρ⊥ ρ� κ 
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where kx and ky are respectively the wave vectors perpendicular 

and parallel to the slab surface. When ρ� → ∞, and  ρ⊥ is 
around the mass density of the background material, evanescent 

waves could be converted to propagating waves with the same √ 
wave vector kx = ω ρ⊥/κ . In this case, all evanescent wave 

components will be transferred to the output side of the slab lens 

to form super-resolution images. In practice, the infinite mass can 

be realized in steel or brass slabs by the extremely large impedance 

mismatch between the metal slab and surrounding air [64, 65]. 

For either propagating or evanescent waves incident on a flat 

slab of anisotropic mass, the general expressions of transmission 

coefficients are the same to Eq. (2.69), but with the dispersion 

relation (2.70) used for the slab material and ρ = ρ⊥. For complete 
transmission of evanescent waves through the slabs, the Fabry– 

P´ = = 1,2, . . .) should be erot resonant condition kx h nπ(n 
satisfied [65, 66]. Experiments based on such mechanism have been 

performed by Zhu et al. [65] and the spatial resolution λ/50 of deep 

subwavelength is achieved. Since evanescent waves with different ky 

are transmitted with the unity modulus, the created image will not 

be distorted. 

There is the other possibility coming from the impedance match

ing condition ρ0/k0x = ρ⊥/kx to efficiently transfer evanescent 

waves, from Eq. (2.69) it is obtained that [67] 

ρ2 1 10 k2 ω2ρ2 

ρ⊥ρ� ρ0κ0 ρ⊥κ 
1− y = 0 − (2.71) 

If the impedances are matched for arbitrary ky , the following two 

relations should be satisfied 

ρ2 0 = ρ⊥ρ� ρ0κ0 = ρ⊥κ (2.72) 

Since ρ� = ∞ is necessary, Eq. (2.72) suggests ρ⊥ → 0. Taking 

the limit ρ⊥ → 0 and  ρ� → ∞ in Eq. (2.69), the transmission 

coefficient becomes 

1 
t = (2.73)iπh/(αλ0 )1− √ 

1−ky 
2/k0

2 

where α = κ/κ0 and λ0 is the wavelength in the background 

material. In order for the high transmission of evanescent waves, it 

is necessary that h/(αλ0) << 1. One possibility for this condition 
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Figure 2.18 The model of a metamaterial superlens. 

being satisfied is to increase α, and  when  α is sufficiently large, 

the second requirement in Eq. (2.72) for the impedance matching 

will be fulfilled, leading to the total transmission. The other choice 

is to decrease the relative thickness h/λ0 of the slab. This process 

aims to make the lens as acoustically thin as possible and high 

transmission can be explained by themass law, which states that the 

transmittance is inversely proportional to the material thickness. It 

is then demonstrated that a slab material of anisotropic mass ρ⊥ → 
0 and ρ� → ∞ can enable efficient transmission of both propagating 

and evanescent waves as long as the condition h/(αλ0) << 1 is  

satisfied. The operating frequency of such lens will depend on the 

way how zero effective mass is realized. Based on the metamaterial 

technology, a lens with zero effective mass has been designed with 

the operating frequency invariant to the material thickness [67], in 

contrast to the lens based on ´ resonance [65].the Fabry–Perot

The designed lens consists of solid slabs with a periodic array of 

slits partially filled by elastic layers, as shown in Fig. 2.18. When the 

microstructure sizes are much less than the operating wavelength, 

the dynamic property of the slab lens can be well characterized by 

effective medium theory. The solid slabs are all fixed, so that infinite 

effective mass of the lens in the vertical direction is strictly satisfied. 

In the horizontal direction, the clamped elastic layers inside the 

slits undergo resonances at their lowest eigenfrequency. It has been 

shown in Section 2.2.1 that the resonant vibration of clamped layers 

will result in effective mass following the Drude-form expression 

ρ⊥ = ρ(1 − ω2/ω2). Zero effective mass can be realized at the0

cutoff frequency ω0. To verify the imaging effect, two monopole line 

sources separated by around λ0/9 are placed in front of the designed 

lens and the image plane is taken closely behind the lens. Figure 2.19 
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Figure 2.19 Contour plot of pressure amplitude distributions in the image 

plane taken closely behind the slab lens around the designed frequency 

1898 Hz for two monopole line sources separated by about one ninth of the 

wavelength and placed in front of the lens. See also Color Insert. 

shows the contour plots of pressure amplitude distributions in the 

image plane around the designed frequency 1898 Hz. It can be seen 

that the distance between two sources, which is less than the half 

wavelength, can be clearly distinguished from the images. These 

results demonstrate that the metamaterial superlens can create the 

images with spatial resolution beyond the diffraction limit. 

2.5 Conclusions 

In this chapter, we have introduced the fundamental properties 

of elastic metamaterials and several topics selected among their 

applications. We have shown the underlying mechanism how wave 

interactions with elastic metamaterials lead to negative values of 

effective dynamic mass, bulk or shear modulus. The understanding 

on these mechanisms will be helpful in developing different types 

of elastic metamaterials. Salient characteristics of metamaterials are 

demonstrated through different examples. Cloaking and superlens

ing effects of metamaterials are introduced as two examples of their 

interesting applications, and the principle and design methods are 

explained in details. It is expected that many more applications will 

be discovered in the near future. 
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Ferroelectric crystals possess several distinct characteristics that 

make it a unique class of functional materials. Most important 

of all are the existence of polarization domains and their ability 

to reorient under an external electric field and/or mechanical 

stress. In this chapter, we introduce the fundamental principles 

of phase field approach and micromechanics that could describe 

these characteristics on the nano- and micro scales, respectively. In 

the former case we provide an introduction to the fundamentals 

of Landau theory that has been widely adopted to investigate 

the nanoscaled structures. In the latter, we give the essential 

features of amicromechanics approach thatWeng and his associates 

have developed over the past decade. As a bridge between 

molecular dynamics and micromechanics, the Landau-type phase 

field approach can provide a rich description of both equilibrium 

and non-equilibrium processes in nanoscales. The micromechanics 
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approach also considers the domain patterns and evolution of 

new domains; it is particularly fitted for the determination of 

overall properties without excessive computational efforts. It will 

be shown that the two approaches are complementary, but one has 

the advantage of providing the detailed distribution of polarization 

vectors while the other has the advantage of providing results that 

can be compared with experiments. We shall demonstrate some of 

the domain patterns in single/poly crystals, nano thin films, and 

nano dots calculated by the first approach, and several fundamental 

properties of ferroelectrics, such as the shift of Curie temperature, 

single, double, and triple hysteresis, temperature and electric field 

dependence of dielectric constants, and enhanced electrostriction of 

single crystals by compression, by the second one. 

3.1 Introduction 

In micromechanics-based models for ferroelectric crystals, the 

size of the crystal or each grain is assumed to range from tens 

to hundreds of microns. Each grain might have finite number 

of crystallographic variants representing possible directions of 

polarization distribution. The thickness of domain wall between 

neighboring domains and the grain boundaries are assumed to be 

zero. The kinematic configuration of each grain is controlled by the 

volume fraction ratio of each domain variants. Such assumptions 

in micromechanics models are sufficiently accurate in predicting 

the overall behaviors of ferroelectrics due to their microscopic 

domain configurations if the nature of the structures in smaller 

size scale, say nanoscale, is not dominating in such system. But 

in cases when the grain size is approaching to nanoscale [1–3] 

the local domain configuration and dynamics within such length 

need to be carefully studied for it will have significant effects 

over microscopic level and consequently affecting the macroscopic 

characteristics of the material [4–7]. Besides the need of knowledge 

in microstructures of nanocrystalline ferroelectrics, there are other 

occasions that the nanoscopic phenomena need to be investigated. 

In the studies on dynamics of domain walls, the thickness of domain 

walls is usually within several nanometers and the mobility is 
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highly dependent on the local interactions between polarizations 

and material defects. During the theoretical investigation of brittle 

fracture within ferroelectric single crystals, the detailed information 

of electromechanical state around the crack tip is needed in the 

determination of crack propagation. The studies on the polarization 

distribution are also essential to the prediction of ferroelectric 

characteristics of low-dimensional ferroelectric nanostructures, 

such as nano-thin films, nanorods, nanowires, and nanoparticles. 

The first-principles approach and molecular dynamics simula

tion can certainly serve the purpose to study nanoscopic ferroelec

tric behaviors. But their applications in evaluating the properties 

of ferroelectric crystals are always challenged by the huge demand 

for computing powers [8]. Originating from strictly macroscopic 

phenomenological theory [9, 10], the Landau type phase field 

method can fill the gap between the analysis of nanomechanics 

and micromechanics. Strictly speaking the Landau type phase field 

method is still a macroscopic phenomenological approach that 

originates from symmetry-based analysis of equilibrium behavior 

near a phase transition [11]. The phase field approach alone cannot 

predict the physics in either nanoscopic or microscopic ferroelectric 

analysis. What phase field approach can do is to link measurable 

thermodynamic parameters to a mechanics model that can do 

straightforward phenomenological analysis. Those thermodynamic 

parameters must be measurable by experimental comparisons or 

first-principles computations. 

In this part of the chapter, we are going to present how the phase 

field approach can link the nanoscopic thermodynamic parameters 

to themechanicsmodel and serve as an efficient tool for the purpose 

of microstructural analysis of ferroelectric crystals. 

3.2 The Fundamentals of Phase Field Approach 

The original Landau theory characterizes phase transition in terms 

of an order parameter, a physical entity that is zero in the high 

symmetry phase, and changes continuously to a finite value once 

the symmetry is lowered. For the case of ferroelectric transition, 

the order parameter can be taken as the three components of 
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electrical polarization vector P for each unit cell of the crystal. The 
electrical polarization P must vanish for a loading free paraelectric 

Pspunit cell, and it needs to reach the polled value once the unit 

cell changes to a lowered symmetry, e.g., tetragonal symmetry. With 

the assumption of Landau theory, the free energy of the whole 

system can be represented by a series expansion of the order 

parameters in the vicinity of the transition. Since the polarization 

P can be naturally correlated to the state of each unit cell of the 
crystal, the Landau type phase field approach can also describe 

the domain evolution due to polarization reorientation under 

isothermal condition. There have been comprehensive reviews [11– 

16] available in literatures introducing how the Landau theory is 

implemented to study the equilibrium morphology and kinetics of 

the microstructures due to phase transformation. But most of them 

are from physics point of view, and it might bemore helpful to have a 

specific discussion on phase field modeling of ferroelectric crystals. 

In the following sections, we provide a description of the phase 

field approach, which is mainly from a combination of physics and 

mechanics point of view, and we hope readers from the mechanics 

field may benefit more from it. Examples of applications of phase 

field simulation in ferroelectrics are provided at the end of this 

section. 

3.2.1 Free Energy and the Constitutive Relations 

The nature of ferroelectricity in crystals has been a topic of 

extensive studies in physics and material science. Some terms and 

traditionally used symbols may differ from those in the convention 

of mechanics. Since the phase field approaches in ferroelectrics are 

first employed in physics andmaterial science, it is helpful to discuss 

the correlations among these terms. In order to do that, we first 

look at the ferroelectric constitutive equations. In micromechanics 

the constitutive relations of a ferroelectric crystal is conventionally 

given by 

E= c εmn − εspσi j  i jmn  mn − emi j Em 

km Em + P spDk εmn − εsp + κε , (3.1)= ekmn mn k 
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or alternatively 

spEεi j  = si jmnσmn + dmi j Em + εi j  

Dk = dkmnσmn + κkm
σ Em + P sp 

, (i, j, k = 1, 2, 3), (3.2)k 

where σi j , εi j , Di , and  Ei are the components of the Cauchy stress, 

total mechanical strain, electric displacement and electric field, 

respectively. The material coefficients in Eqs. (3.1) and (3.2), i.e., 

ci jkl(si jkl), ei jk(di jk), and κi j , denote the elastic moduli (compliances), 

piezoelectric stress (strain) constants, and the absolute dielectric 

permittivity, respectively. The superscripts E, ε and σ indicate that 
the coefficients aremeasured at zero or constant electric field (short 

circuit), mechanical strain (clamped), and mechanical stress (load 

free), respectively. In both of the equations, the nonlinear quantities, 

P sp sp
and ε are representing the components of the spontaneousi i j  , 

polarizationPsp and the accompanying spontaneous strain εsp due to 

the temperature change under loading free condition. The repeated 

indices imply summing over 1, 2, and 3. Here the spontaneous 

polarization Psp is attributed from the relative displacement of 
the centers of the positively and negatively charged ions, and 

εspthe strain tensor represents the accompanying shape change, 

e.g., elongation, shortening, shearing, etc. These two quantities 

contribute to the nonlinearity of the electromechanical behavior, 

and they are also the cause of inhomogeneity (domain patterns) 

in the ferroelectric crystals. These two quantities can be treated 

as eigenfields in micromechanics models, and one has to employ 

energy-based criteria to explicitly determine the local states of these 

quantities and their orientations. After that one can do homogeniza

tion over the entire material properties through micromechanics

based theories. The spontaneous polarization and strain therefore 

completely represent the local state of ferroelectricity in the crystal. 

If they are both gone, it ends up with pure piezoelectricity, which 

means the shift of the centers of the positive and negative ions is only 

activated by the applied electric field or mechanical deformation, 

and such shift is reversible by removing the applied fields. 

In another words, inmicromechanics the electric displacementD 
in ferroelectric crystals originates from the relative displacement of 

positive and negative ions contributed by two parts: the linear part 

caused by applied fields and the nonlinear part to be determined 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 14:28 PSP Book - 9in x 6in 03-Shaofan-Li-c03

78 Phase Field Approach and Micromechanics in Ferroelectric Crystals 

by energy-based criteria. From the physics point of view, however, it 

does not make such difference on the cause of repositioning of the 

positive and negative ions, and the total effect is simply represented 

by the total electrical polarization vector P. For instance, the electric 
displacement D is related to P by 

Di = κ0Ei + Pi , (3.3) 

where κ0 is the dielectric permittivity of free space. Here we did not 

use the conventional symbol “ε0” for dielectric permittivity simply 

to avoid possible confusions with mechanical strain. By comparing 

to Eq. (3.2), it is easy to recognize the polarization in Eq. (3.3) as 

Pspa function of E, σ and . If we consider dielectric effect only, the 

polarization is only a linear function of the electric field with a 

multiplier of κ0χi j , and Eq. (3.3) turns to the well-known form as 

Di = κ0(δi j  + χi j )E j = κ0κi j  
r E j = κi j E j , (3.4) 

where χi j  are the components of the electric susceptibility, and 

κi j  
r the components for the relative permittivity of the material. In 

Eq. (3.4), we leave out the superscript for the absolute dielectric 

permittivity andwill do the same to the other coefficients for the rest 

of this chapter by keeping inmind that these constants aremeasured 

under certain conditions. If we add in the piezoelectric effect, then 

the polarization is also a linear function of the stress such that Eq. 

(3.3) turns to 

Di = κ0(δi j  + χi j )E j + di jkσ jk  

= κi j E j + di jkσ jk. (3.5) 

Finally if we consider ferroelectric effect, the relation in Eq. (3.3) 

turns to the same form in Eq. (3.2) as 

Di = κ0(δi j  + χi j )E j + di jkσ jk  + Pi 
sp 

= κij E j + dijkσ jk  + Pi 
sp 

. (3.6) 

In summary, the total electrical polarization used in physics 

convention can generally include the following terms based on 

mechanics convention as 

Pi = κ0χi j E j + di jkσ jk  + Pi 
sp 

, (3.7) 

noting that the spontaneous polarization Psp is still the source of 
nonlinearity of this problem. 
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In many cases, the electromechanical coupling leads to the 

correlation between the stress-free strain and the polynomials of 

electrical polarization as 

∗ ¯̄εi j  = Q̄ i jkl  Pk Pl + Q i jklmn Pk Pl Pm Pn + · · ·, (3.8) 

¯where Q̄ i jkl  and Q̄ i jklmn  . . .  are the electrostrictive coefficient 
tensors that make ε ∗ equal to εsp when the electrical polarization 

Pspvector reaches . The nature of symmetry requires that the only 

non-vanishing terms are the even-ranked tensors. Equation (3.8) 

implies that the spontaneous strain is nonlinearly dependent on the 

εspelectrical polarization such that ε ∗ grows from zero to  as the 

electrical polarization changes from zero to the spontaneous state. 

In the mechanics point of view, the stress-free strain can serve as an 

eigenstrain such that the total stress due to elastic deformation can 

be obtained by 

∗ σ e = ci jkl(εkl − ε (3.9)i j  kl). 

Notice that the elastic moduli of the crystal ci jkl  are actually 

changing from the form of higher symmetry to lower one as the 

electrical polarization evolves from zero to the spontaneous state, 

one may construct the elastic moduli of the crystal by 

H bci jkl  = ci jkl  + ci jkl(P), (3.10) 

where cb a function of even-ranked polynomials of the electrical i jkl  is

polarization with the following properties: 
cb = 0, when P = 0i jkl  

(3.11) 
cb = cL i jkl , when P = Psp,i jkl  i jkl  − cH 

such that ci jkl  remains of higher-symmetry-form cH with zero i jkl  

polarization and turns to the lower-symmetry-form cL at the i jkl  

spontaneous state. As a result, the total stress in a crystal unit cell 

can be given by 

H bσi j  = ci jklεkl + ci jkl(P)εkl + ζi j (P), (3.12) 

where ζi j (P) is a function of even-ranked polynomials of the 
electrical polarization, and the coefficients of the polynomials can 

be determined by fitting themeasured piezoelectric constants at the 

spontaneous state. 
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After reviewing the difference between the conventions in 

mechanics and physics we can now look at the free energy density of 

ferroelectric crystals. As it has been mentioned, a key assumption of 

Landau theory is that the free energy density, ψ , can be represented 

by a series of power expansion of the state variables or order 

parameters φn, n = 1,2,3 . . . .  For ferroelectrics, the three com
ponents of the electrical polarization vector P are naturally taken 
as the order parameters since they can completely represent the 

microstructural characteristics in ferroelectric crystals, e.g., the local 

spontaneous state, the domain patterns, and domain wall dynamics. 

Since the free energy density is constructed of polynomials of the 

components of electrical polarization, there can be infinite ways 

to define the energy form. For instance, one simple expression of 

Landau–Devonshire-type energy density [11] for a one-dimensional 

homogeneous ferroelectric single crystal can be given by 

1 1 1 1 1¯¯ ¯ψ(D , P ) = aP 2+ aP¯ 4+ aP¯ 6+ aP¯ 8+ (D − P )2¯ ¯ ¯ ¯ , (3.13)
2 4 6 8 2κ0 

which implies a simplified case that does not include electrostrictive 

coupling effect. From now on the electrical polarization will be 

viewed as state variables that characterize the evolution of the 

crystallographic structures of ferroelectrics. One does not need to 

distinguish the different causes of the value’s change. Based on Eq. 

(3.13) the electric field can be obtained by 

∂ψ  1
E = = (D − P ). (3.14)

∂ D κ0 

By taking the derivative of Eq. (3.13)with respect to the electrical 

polarization, one obtains the following expression: 

¯̄∂ψ  
aP 3 ¯̄ aP 7 − 1 (3.15)= aP¯ + ¯̄ + aP¯ 5 + ¯̄ (D − P ). 

∂ P κ0 

For an equilibrium state, the left hand side of Eq. (3.15) must 

vanish to achieve energy minimum, and it yields 

¯̄E = aP¯ + ¯̄ + ¯̄ + ¯ .aP 3 ¯ ¯ (3.16)aP 5 aP 7 

With assumed linear dielectric effect, based on Eq. (3.4), the 

electric field is linearly related to the polarization by a factor of 

1/κ0χ , and one can obtain the value of the parameters in Eq. (3.16) 

by 

1 ¯¯ ¯ā = , and ā̄ = ā̄ = ā̄ = 0. (3.17)
κ0χ 
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Figure 3.1 The phase field energy landscape of (a) one-dimensional 

ferroelectric crystal; and (b) two-dimensional ferroelectric problem [17]. 

Similarly, all the coefficients for the polynomials in Eq. (3.13) 

can be experimentally determined with corresponding assumptions 

of specific material properties. For occasions, when experimental 

investigations are hard to conduct, the coefficients might be 

obtained with the help of first-principles calculations. To minimize 

the free energy at the two spontaneous states, the first four terms in 

Eq. (3.13)must be constructed such that the energy landscape forms 

twominima at the corresponding spontaneous states with a loading 

free condition, as depicted in Fig. 3.1(a). For two-dimensional 

problems, the load free energy landscape forms four energy wells 

to represent the four possible orientations of the spontaneous 

polarization as shown in Fig. 3.1(b). 

Until now we only discussed Landau–Devonshire theory that 

only considers a mono-domain ferroelectric crystal, in which 

the electrical polarization is orientated in the same direction 

everywhere. To be able to represent the spatially non-uniform 

configuration of polarization in multi-domain crystals, one needs 

to consider additional contribution from polarization gradient in 

the free energy density. That means it will cost additional amount 

of energy, which is called the gradient energy or interfacial free 

energy, to possess spatial variations of polarizations near the 

domain boundaries. According to Ginzburg–Landau theory the 

estimate of the energy, caused by the dipole–dipole interactions 

due to spatial non-uniformity, is proportional to the square of the 
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components of polarization gradients [18]. For instance, the one-

dimensional problem described in Eq. (3.13) can be rewritten by 
2adding additional gradient energy term of |∇ P | as 

1 1 1 1 1 ¯2 ¯ ¯ψ(D , P , ∇ P ) = a |∇ P | + aP 2 + aP¯ 4 + aP¯ 6 + aP¯ 8¯ ¯ ¯ ¯
2 2 4 6 8 

+ 1 (D − P )2 , (3.18)
2κ0 

where a is the material parameter called exchange energy density 
or domain wall energy density. Since this coefficient can numerically 

determine the amount of energy needed to maintain spatially 

varying polarizations at the domain boundary area, and its value 

does not affect the fitting of other coefficients to the measured 

material properties, one can use it to control the thickness of domain 

walls during analysis. A greater value of a penalizes more gradient 
energy, and therefore requires a thicker domain wall area for a 

smoother spatial reorientation of polarization. 

To add in the strain coupling effect to the theory, we can include 

the strain energy and the electromechanical coupling energy in to 

Eq. (3.18) as 
1 1 1 1 1 ¯2 ¯ ¯¯ ¯ ¯
2 2 4 6 8 
1 c f 

ψ(ε, D , P , ∇ P ) = a |∇ P | + aP 2 + ¯ + aP 6 + ¯¯ aP 4 ¯ aP 8 

+ (D − P )2 + ε2 + ε2P 2 

2κ0 2 2 

b g+ εP 2 + εP 4 , (3.19)
2 4 

where ε and c represent the uniaxial strain and elastic modulus, 
and the constants f , b, and  g are the corresponding coefficients 
determined in Eq. (3.12). Given the form of free energy density in 

Eq. (3.19), the system will reach equilibrium with the profile of 

the electrical polarization, P = P 0(x), which minimizes the total  
free energy of the system, F = ψdx . For this one-dimensional 
problem, the variation of the total free energy is given by  

δψ 
δF = δP dx, (3.20)

δP 
where the functional derivative δψ/δP is commonly referred 
to as the thermodynamic driving force, and its complete three

dimensional form is mathematically defined by   
δψ ∂ψ ∂ψ  = − + , (i = 1, 2, 3), (3.21)
δPi ∂ Pi, j , j ∂ Pi 
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where the Einstein summation is implied. In the discussed one

dimensional problem, for the total free energy to be minimized by 

P = P 0(x), δF must vanish for any arbitrary variation of the 
polarization. This generally implies a zero thermodynamic driving 

force, i.e., δψ/δP = 0. By substituting the free energy density of 
Eq. (3.19) into the thermodynamic driving force, and noting that the 

constitutive relations are given by 

∂ψ  ∂ψ  
σ = , E = , (3.22)

∂ε  ∂ D
one canwrite out the stress and electric field at the equilibrium state 

as 
g

σ = (c + f P 2)ε + b P 2 + P 4 ,
2 4 

¯̄¯ ¯¯ ¯E = (ā + bε + f ε2)P + (ā + gε)P 3 + aP¯ 5 + aP¯ 7 − a∇2P , 
(3.23) 

and keep in mind that the constitutive relation described in Eq. (3.3) 

still holds between E and D . 
The arguments from Eq. (3.13) to Eq. (3.23) only show a 

special case for one-dimensional problem. For a more general and 

realistic form of the free energy density that considers dielectric 

and piezoelectric effects, temperature effect, and spatial gradient of 

polarization, Su and Landis [19] provide 

ψ(εi j , Di , Pi , Pi, j ) = 1 ai jkl Pi, j Pk,l + 1 
āi j  Pi P j

2 2 

¯¯ ¯+ 1 āi jkl Pi P j Pk Pl + 1 āi jklmn Pi P j Pk Pl Pm Pn 
4 6 

¯̄+ 1 ā̄i jklmnrs Pi P j Pk Pl Pm Pn Pr Ps 
8 

cH+ bi jklεi j  Pk Pl + 1 i jklεi j εkl + fi jklmnεi j εkl Pm Pn2

+ gi jklmnεi j  Pk Pl Pm Pn 

1 + (Di − Pi ) (Di − Pi ) , (3.24)
2κ0 

where ai jkl  could be a function of temperature. The constitutive 

relations are then given by 

∂ψ  ∂ψ  
σi j  = , Ei = . (3.25)

∂εi j  ∂ Di 
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Note that each of the material tensors must contain the 

symmetry of the high-temperature material phase, which for most 

ferroelectrics of interest is cubic. The first term of the free energy 

penalizes large gradients of polarization and gives domain walls 

thickness within the model. The next four terms are used to 

create the non-convex energy landscape of the free energy with 

minima located at the spontaneous polarization states as described 

in Fig. 3.1. The succeeding four terms are then used to fit the 

material’s spontaneous strain along with the dielectric, elastic, and 

piezoelectric properties about the spontaneous state. Note that the 

elastic, dielectric, and piezoelectric properties are non-linear, and 

therefore the tensor components are fit to the tangent material 

properties at the spontaneously polarized state. The final term 

represents the energy stored within the free space occupied by the 

material. The eighth rank term on the third line was introduced by 

Zhang and Bhattacharya [17] in order to allow for adjustments of 

the dielectric properties and the energy barriers for 90◦ switching. 
The sixth rank terms on the forth line allow for the fit to the elastic, 

piezoelectric, and dielectric properties of the low symmetry phase 

in the spontaneous state. Without these terms the elastic properties 

of the material arise only from the ci jkl  tensor, which must have the 

symmetry of the high-temperature phase. By introducing the f and 
g tensors, this general form of the free energy will be able to fit the 

magnitudes of the spontaneous polarization and strain components 

and the elastic, piezoelectric and dielectric constants near the 

spontaneous state. This allows for an accurate representation and 

comparison of the behaviors of different material compositions. 

With the above setup of the free energy density and all the 

determined coefficients, one can solve any boundary value problems 

for the equilibrium state of the polarization within ferroelectric 

crystals. 

3.2.2 The Kinetics of Non-Equilibrium Process 

In last section we introduced the approach to characterize the 

equilibrium state of the ferroelectrics by assuming that the 

polarization is a continuous function of position only. If one 

needs to understand the non-equilibrium process during the phase 
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transition or domain evolution, the electrical polarization must be 

considered as a function of both position and time, i.e., P(r,t). To 
obtain the time history of the polarization, one needs to refer to 

the Ginzburg–Landau-Type kinetic equation that is considered the 

simplest governing equation to reproduce the linear kinetics of 

solid-liquid interfacial velocity in metallurgical studies [20, 21] 

∂ Pi δψ = −L i j  , (3.26)
∂t δP j 

where t stands for time, and L i j  are the components of the kinetic 

coefficient tensor, which is positive definite. Equation (3.26) implies 

a proportional relation between the time derivative of the order 

parameters and the thermodynamic driving force. It provides a 

fundamental means of describing the kinetics of the polarization as 

a function of the thermodynamic driving force. By considering the 

time derivative of the total free energy of the system, one arrives at 

dF δψ ∂ Pi δψ δψ = dV = −L i j  dV < 0, (3.27)
dt δPi ∂t δPi δP j 

which implies that the kinetic relation in Eq. (3.26) minimizes 

the total free energy isothermally. Therefore the total free energy 

reduces along the evolution of domain microstructure from a non

equilibrium state toward an equilibrium state [22]. 

With the free energy density defined in Eq. (3.24) ready, 

a straightforward approach is to solve the partial differential 

equations described in Eq. (3.26) for the temporal evolution of the 

electrical polarization in ferroelectric crystals. There have been a 

number of developed computational techniques available in litera

tures [14, 23, 24] to do this job. For instance, the studied domain can 

be discretized into small cubes with uniform spacing, and the simple 

second-order finite-difference method on such uniform spatial grid 

can be implemented with explicit time-stepping. Small time steps 

are usually required for stable solutions to the problem. If one is 

only interested in a problem of ferroelectric domain with crystal 

boundaries infinitely far away, periodic boundary conditions can 

be applied to the investigated volume. With periodic boundary 

conditions, one can adopt the fast Fourier transform method to re

form the integral-differential equations, whether in finite difference 

form or not, to algebraic equations in the Fourier space [25, 26]. In 
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such a way, the problem is ready to be solved in the Fourier space, 

and the solutions can be re-stated in the real space. A more efficient 

and accurate semi-implicit Fourier-spectral method has also been 

adopted to solve the phase field equations for ferroelectric single 

crystals to obtain the macroscopic ferroelectric behaviors [27]. 

Although the fast Fourier transform method is an efficient way 

to solve periodic boundary problems, its application is limited to 

the investigation of ferroelectric domains without boundary or 

surface effects. If the studied problem has finite size in one or more 

dimensions, e.g., ferroelectric thin films, nanowires, nanodots, etc., 

periodic boundary conditions may not be assumed. Other examples 

that are not suitable for the assumption of periodic boundary 

condition include the simulation of local states near a crack tip 

in ferroelectric crystal, the crack propagating, and finitely sized 

geometric inhomogeneity and loading conditions. To deal with such 

problems, one may refer to the finite element implementation 

of the phase field method, developed by Su and Landis [19]. In 

their finite element implementation, the nodal degrees of freedom 

include the mechanical displacements, the electric potential, and 

the electrical polarization. The Helmholtz free energy density of the 

system, ψ , is defined to depend on strain, electric displacement, 

electrical polarization and its gradient, eventually leading to the 

same set of independent variables as described in Eq. (3.24). 

The work-conjugates of these variables are stress, electric field, 

and newly introduced micro-forces (configurational forces) [28– 

30], respectively. Within the theory of linear piezoelectricity, the 

mechanical and electrical quantities of above-mentioned terms 

should satisfy the fundamental balance laws, i.e., balances of 

linear and angular momentum, the quasi-static forms of Maxwell’s 

equations, balances ofmicro-forces, and the kinematic relationships. 

Under a thermodynamically consistent framework, one can derive 

the constitutive relationships, partly described in Eq. (3.25), that 

relate the parameters of the free energy function to their work-

conjugates by analyzing the second law of thermodynamics, and 

they are given by 

∂ψ  ∂ψ ∂ψ  ∂ψ  
σi j  = , Ei = , ηi = , and ξ j i  = , (3.28)

∂εi j  ∂ Di ∂ Pi ∂ Pi, j 
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where ηi and ξi j  (the micro-force tensor) are the work-conjugates 

to the polarization and its gradient, respectively. The balance of 

the newly introduced configurational forces leads to the differential 

balance law 

ξ j i, j + πi + γi = 0,	 (3.29) 

where the internal micro-force vector πi is defined as πi = −ηi 

−βi j Ṗ j , and  γi is the external micro-force vector. The inverse 

mobility tensor βi j  is positive definite material parameter. 

It shows that, if we take the external micro-force as zero, Eq. 

(3.29) directly yields the generalized time-dependent Ginzburg– 

Landau equation in Eq. (3.26) with electrical polarization as the 

order parameters. It implies that the kinetics of the polarization, 

which is linearly related to the thermodynamic driving force, can be 

incorporated in the fundamental balance laws of such framework. 

As a result, just like dealing with any multi-physics phenomenon, 

the mechanical and electrical equilibrium equations as well as 

the generalized time-dependent Ginzburg–Landau equation are 

expressed in a virtual work statement as 

βi j Ṗ j δPi dV  + ρüδui dV  
V V 

+	 (σ j i δεi j  − Di δEi + ηi δPi + ξ j i δPi, j )dV  
V 

= (bi δui − qδϕ + γi δPi )dV 
  
V
 

+	 (ti δui − ωδϕ + ξ j i n j δPi )dS, (3.30) 
S 

where bi , ti , ui , and ρ are the body force, surface traction,mechanical 
displacement, and mass density, respectively, q, ω, and φ the volume 
charge density, the surface charge density, and the electric potential, 

respectively, and finally ni the components of unit vector normal 

to element surface. The electric field enters the formulation by the 

electrical enthalpy h, which is obtained by Legendre transformation 

h(εi j , Ei , Pi , Pi, j ) = ψ − Ei Di , (3.31) 

with 

∂h ∂h ∂h ∂h 
σi j  = , Di = −  , ηi = , and ξ j i  = . (3.32)

∂εi j  ∂ Ei ∂ Pi ∂ Pi, j 
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Equation (3.30) can serve as a foundation for the derivation 

of the finite element formulation, and then the nodal degrees of 

freedom (displacement, electric potential, and polarization) can be 

solved. Even though the polarization gradients appear in the free 

energy, C 0 continuous elements are suitable for the solution. A 
standard Newton–Raphsonmethod can be applied to solve the finite 

element problem, and first-order accurate forward/backward Euler 

method or second-order accurate Crank–Nicolson method can be 

adopted to discretize the polarization rate. 

With this finite element implementation of phase field model, 

one is able to solve the temporal evolution of polarization in real 

space for finite-sized problems. It can overcome the difficulty in 

resolving extremely sharp interfaces that are hard to handle by 

spatially uniform grids. It is also worth of noticing that although the 

fore-mentioned approach falls into the category of existing phase 

fieldmethod, it differs from traditional phase field theory in that, the 

kinetic equation for evolution is derived from a thermodynamically 

consistent framework that distinguishes the fundamental balances 

laws that are universal, i.e., mechanical equilibrium, Gauss’ law, and a 

newmicro-force balance, from the constitutive laws, which describe 

the behavior of a specific material. Mechanics-related scientists 

might be more acquainted with such derivation. This approach and 

a number of similar methods have been employed in phase field 

simulation of the microstructural evolution in ferroelectric crystals 

[31–34]. 

3.3 Applications of Phase Field Approach 

The phase field approach has been widely used to simulate the 

process of non-equilibrium transformation of electrical polarization 

in both single and polycrystals. The transformation can be of phase 

transition from higher symmetry state to a lower one upon the 

drop of temperature. It can also be an isothermal process during 

which the lower symmetry phase undergoes reorientation due to 

externally applied field. Sometimes temperature change and exter

nal loads are studied together by phase field approach. Since this 

approach is able to investigate the local dipole–dipole interactions 
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in a smaller scale and in more details than micromechanics-based 

models, it has been extensively adopted to study the temporal and 

spatial evolution of the microstructures, the dynamics of domain 

walls, and the transition of ferroelectric crystal morphologies. For 

some cases the target of phase field simulation is to obtain the final 

equilibrium thermodynamic state. For that purpose, one needs to 

set sufficient number of time steps to assure that a stable state 

can be reached from the computation. Otherwise one can assume a 

zero dynamic driving force to directly calculate the final equilibrium 

state. In the following, we are going to present some recent works 

of numerical investigations on ferroelectric crystals through phase 

field modeling. 

3.3.1 Applications in Ferroelectric Bulk Single Crystals 

The phase field approach can be employed to simulate the 

microstructural evolution within ferroelectric bulk single crystals. 

The domain structures are obtained by solving the phase field 

kinetic equations. If the size of thematerial is sufficiently larger than 

the characteristic size of the microstructure, one can apply periodic 

boundary conditions to the problem. One typical application of 

phase field method is to simulate the domain nucleation and 

evolution of ferroelectric single crystal due to polarization switch 

upon externally applied electric field or mechanical stress. New 

domain with polarizations in opposite direction of the parent 

domain may nucleate within the crystal upon an externally applied 

electric field in opposite direction of the alignment of polarization 

in the parent domain. The increase of the electric field can drive the 

new domain to grow and form a 180◦ domain stripe configuration. 
The advantage of using phase field simulation lies in that one 

does not need to set prior assumptions on the domain structures 

that might form [22]. The approach can naturally reproduce the 

180◦ and 90◦ domain forming procedures as a function of time. 
By averaging the polarization over the entire bulk single crystal, 

one can also plot the hysteresis loop and butterfly loop of the 

process. Figure 3.2 shows the evolution of polarization switching in 

a two-dimensional representative ferroelectric unit with perovskite 

single crystal structure by Wang et al. [27], and Fig. 3.3 shows 
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(a) (b) 

(c) (d) 

Figure 3.2 Temporal evolution of polarization switching in ferroelectric 

single crystal under an externally applied electric field (to the right): (a) 

initial state; (b) 70 steps; (c) 140 steps and (d) 200 steps (Wang et al. [27]). 

(a) (b) 

Figure 3.3 The computed (a) hysteresis loop and (b) butterfly loop of a 

ferroelectric single crystal (Wang et al. [27]). 

the computed overall hysteresis and butterfly loops of the same 

ferroelectric. 

In the phase field model presented above, periodic boundary 

condition is applied, and the time dependent Ginzburg–Landau 

equation with integral form of the total free energy is rewritten 

in the Fourier space by fast Fourier transform. The semi-implicit 
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Fourier-spectral method was employed to solve the partial differen

tial equation. For phase field studies on ferroelectric single crystals, 

there is some recent work done to provide direct finite element 

solution in the real time and spatial space by Su and Landis [19]. 

In their work the generalized time dependent Ginzburg–Landau 

equation was derived from the balance of configurational force, 

which is considered a part of the fundamental balance laws of 

a continuum thermodynamics framework. A principle of virtual 

work was then specified and implemented to devise the finite 

element formulation with degrees of freedom including mechanical 

displacement, electric potential, and the electrical polarization. The 

finite element procedure of phase fieldmodel has been used to study 

the domain wall dynamics in BaTiO3 single crystals. The motion 

of both 180◦ and 90◦ domain walls in a two-dimensional problem 
is captured upon the externally applied electric field. The electro

mechanical pinning strength of an array of line charges (oxygen 

vacancies) on the domain walls has been numerically determined. 

The results show that the line charges can noticeably increase the 

electric coercive field during domain switching. Figure 3.4 shows 

the computational result from their phase field simulations. Similar 

phenomena have also been discussed in a continuum phase field 

model for BaTiO3 single crystal [35], where, instead of polarization 

gradient, the quadruple polarization is adopted. In this alternative 

phase field model, the spontaneous polarization, mechanical strain, 

electric field and electric field gradient (energetically conjugated 

to the quadruple polarization tensor) are used as the constitutive 

variables. 

Another example of the phase field modeling, which is based on 

the concept of configurational forces, is from thework ofMuller et al. 
[36]. This model takes the spontaneous polarization as the order 

parameter, and the concept of evolving inhomogeneities (configu

rational forces) is used due to the fact that the spatial distribution 

of the spontaneous polarization describes the inhomogeneity of 

the system. The evolution of the inhomogeneities is found to be 

in agreement with the second law of thermodynamics, leading 

to the time dependent Ginzburg–Landau equation. Finally their 

finite element scheme for such phase field approach was employed 

to simulate the self-organizing process of an initially randomly 
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Figure 3.4 The pining of 180◦ domain wall (top) and 90◦ domain wall 
(bottom) of BaTiO3 when driven by a vertical electric field passing through 

point defects (Su and Landis [19]). See also Color Insert. 

distributed polarization state in a ferroelectric single crystal, and the 

results are shown in Fig. 3.5. It shows that the phase field model is 

able to reproduce the time history of the relaxation process, during 

which the randomly distributed polarization state evolves to final 

equilibrium state of a double-vortex configuration. Such double-

vortex configuration of polarization as the final equilibrium state 

has also been numerically obtained and reported by Su and Du [37] 

through phase field simulation. 

With the aid of phase-field-based finite element solution, one 

is not only able to reproduce the temporal evolution of the entire 

domain configurations, but also to simulate the local electromechan

ical state near the crack tip of a ferroelectric single crystal [38] as 

well as the crack propagation driven by externally applied loads. 

For instance, Fig. 3.6 shows the numerically obtained evolution 

for both microstructure and fracture in barium titanate single 
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Figure 3.5 The evolution of randomly distributed polarization configura

tion (a) to the final equilibrium state (d) (Muller et al. [36]). 

Figure 3.6 The evolution of the microstructure (left) along with the 

propagation of a permeable crack (right) in a BaTiO3 single crystal 

(Abdollahi and Arias [39]). See also Color Insert. 

crystals by Abdollahi and Arias [39]. In their work, a phase field 

model is proposed for the coupled simulation of ferroelectric single 

crystal: the formation and evolution of thematerial’s microstructure 

and the nucleation and propagation of the cracks in the same 
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time. The main idea of this work lies in that the phase field 

model includes two primary order parameters: a scalar field v 
that provides a diffuse representation of the fracture zone and 

the polarization components that characterize the formation and 

evolution of the microstructure. The coupling of these two primary 

state variables is incorporated to the total electromechanical 

enthalpy of the system, which include the enthalpy of a possibly 

fractured ferroelectric material and the surface energy in Griffith’s 

fracture theory. As a result, this model can naturally couple two 

existing energetic phase-field approaches for brittle fracture and 

ferroelectric domain formation and evolution. This model assumed 

traction-free, electrically permeable (or impermeable), and free-

polarization boundary conditions at the crack surfaces. Figure 3.6 

shows a plane-strain permeable crack problemwith uniaxial vertical 

tension. The simulated microstructure of the material along the 

crack surfaces and the evolution of the microstructure along with 

the propagation of the crack are demonstrated in the figure. 

3.3.2 Applications in Ferroelectric Bulk Polycrystals 

Although grain growth has already been able to bemodeled by phase 

field approach, it is not very common to see phase field simulation 

on ferroelectric polycrystals probably because of the huge demand 

for computing power. Choudhury et al. [40] conducted phased field 
modeling for lead titanate polycrystals. Figure 3.7 shows an example 

of their phase field mode that can conduct simulation on lead 

titanate polycrystal with averaged grain length from 88 nm down 

to 11 nm. The grain morphology of the ferroelectric polycrystal is 

first obtained through the grain growth phase field computation, and 

the domain structure and polarization switch are then simulated 

with the ferroelectric phase field model. The role of the grain 

boundary and grain orientation is investigated during the study 

of the grain size effect on the ferroelectric properties. According 

to their numerical computation for the relaxation process in a 

PZT polycrystal, the simulation with larger averaged grain size will 

lead to higher total number of tetragonal variants present in each 

grain, and the decrease of averaged grain size will result in less 

number of tetragonal variants present in each grain. Most of the 
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Figure 3.7 Phase field simulation of (a) the grain and domain structure of 

lead titanate polycrystal and (b) the grain size effect on the coercive electric 

field with different averaged grain size (Choudhury et al. [40]). See also 
Color Insert. 

grains became single domains once the averaged grain length is 

decreased to 11 nm (see Fig. 3.7). For the phase field investigation 

on domain switching in PZT polycrystals, it is observed that the 

grain boundaries act as sources for the nucleation of new domains 

during switching. As a result, a polycrystal with smaller averaged 

grain size can provide more nucleation sites for new domains, 

and therefore yielding a lower coercive electric field. However, the 

authors pointed out that the available experimental work reported 
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an increase of coercive electric fieldwith smaller averaged grain size. 

It is discussed that the disagreement between the numerical results 

and the experimental observations is partly because the considered 

grain sizes (of the order of tens of nanometers) are much smaller 

than those in the experiments, which are in the order of microns, 

and therefore the present phase field model with the considered 

grain size range might not be able to explain the experimental 

observations. Although it is hard to draw a conclusion on the grain 

size effect on coercive field based on the numerical results in this 

work, the overall approach developed here provides an insightful 

example in phase field modeling of polycrystalline ferroelectrics. 

3.3.3 Applications in Ferroelectric Thin Films 

An important category for nanoscale investigation is the study of 

ferroelectric thin films. A thin-film system usually includes a top 

layer of ferroelectric crystals grown on a rigid substrate. A nanoscale 

ferroelectric layer is usually consisted of single crystal with uniform 

lattice structure, and the thicknessmay range from several to several 

hundred nanometers. The phase field approach has been employed 

to study the domain structure and the thickness dependence of 

ferroelectric properties in thin films. The primary reasons for the 

wide applications of phase field approach lie in that thin films are 

mostly consisted of single crystal with finite size in the thickness 

direction and their geometries are suitable for periodic boundary 

condition assumption in the in-plane dimensions. Therefore one 

can “cut off” a segment of the thin film and take the advantage 

of phase field method to study the detailed microstructures and 

their evolution within the finite size in the thickness direction. 

The advantage of phase field modeling in ferroelectric thin films 

becomes more apparent once the film thickness is reduced to 

nanoscale, where the local state of microstructures is more 

significantly affecting the overall properties. 

There have been many numerical observations reported on the 

phase field studies of domain evolution in thin films. Although the 

approach is very similar to that employed in ferroelectric bulk 

single crystals, there are some unique conditions applied to thin 

films modeling. Although the in-plane dimension can be treated 
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as infinite, the out-of-plane dimension must be considered with 

finite depth. There is free surface on the top of the thin film and 

constraint from the interface between the substrate and the bottom 

of the thin film. Such unique boundary effects will cause different 

domain patterns near both top surface and bottom interface within 

ferroelectric thin films. Moreover, there can be surface effect, 

e.g., intrinsic surface stress, effect from the extrapolation length, 

and surface screening, and epitaxial strain effect on the domain 

formation and evolution. In the following, we are presenting some 

recent advances in phase field modeling of ferroelectric thin films. 

Figure 3.8 shows the phase field results by Hong et al. [41] for the 
thickness effect on the remnant polarization and coercive electric 

field of PbTiO3 nano-thin films. In this work, a two-dimensional 

phase field model is developed for a ferroelectric thin film deposited 

on an electrode substrate with a much larger thickness than that of 

the film. The kinetics of the domain structure is solved by Fourier 

method with specified boundary conditions. The interior of the 

film possesses the same energy and material parameters as the 

PbTiO3 bulk single crystal, while the surface and film/substrate 

interface layers take adjusted parameters to introduce new domain 

nucleation and polarization depression, which are expected to occur 

due to fabrication imperfections near the boundaries. This model 

makes distinction between the externally applied electric field and 

the depolarization field, which can be approximately calculated from 

mean polarization in the thickness direction with specific screening 

length and dielectric constant of the electrode substrate. The model 

also considers the effect from extrapolation length and misfit strain. 

The computed results indicate both decreased remnant polarization 

and coercive field with decreasing film thickness. 

The thickness effect in nano-thin films is generally considered 

as a result of several combined factors, such as the significantly 

enlarged depolarization field, interface effects, and lattice mismatch 

strain, etc. In addition, it has been suggested that intrinsic surface 

stress along the free surfaces of nanostructures may also cause 

considerable size dependence of the properties such as the stability 

of ferroelectricity, change of transition temperature, polarization 

distribution, dielectric constants, and surface dissipation. It is well 

known that nanoscale materials possess higher energy at the free 
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Figure 3.8 The thickness dependence on ferroelectric properties of PbTiO3 
nano-thin films (Hong et al. [41]). 
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Figure 3.9 The computed hysteresis loop of free-standing BaTiO3 nano

thin film (Su et al. [42]). 

surfaces leading to surface tension. The material under the free 

surfaces must sustain an equal amount of resultant forces to 

maintain themechanical balance. Therefore, study of a free-standing 

nano-thin film allows us to isolate the effect of surface tension from 

other factors and it could bring new insights into its size-dependent 

properties. Figures 3.9–3.11 show the phase field results obtained 

by Su et al. [42] on intrinsic surface stress effect on free-standing 
BaTiO3 nano-thin films. In their phase field model the intrinsic 

surface stress is introduced to the 1 nm-thick-layer at the very top 

and bottom surfaces of the free-standing thin film by prescribed 

surface strains. The considered film thickness ranges from 100 nm 

down to 4 nm. The computed hysteresis loops for film thickness of 

10 nm and 20 nm with different levels of pretensioning are plotted 

in Fig. 3.9. It is evident that, within this range of surface tension, 

both remnant polarization and coercive field tend to decrease with 

decreasing film thickness and increasing surface tension. Figure 3.10 

gives a detailed picture on how the polarizations redistribute during 

the hysteresis loop computation. The plots (a–e) are corresponding 

to the data (A–E) in Fig. 3.9. The obtained 180◦ stripe domain in Fig. 
3.10(a) is very similar to the results obtained by the first-principles 
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Figure 3.10 The evolution of the microstructure of free-standing BaTiO3 
nano-thin film (half thickness shown) corresponding to the hysteresis loop 

in Fig. 3.9 (Su et al. [42]). 

calculation for lead zirconate titanate, and now it is demonstrated 

that barium titanate can have similar domain structure. In all 

the figures shown in Fig. 3.10, a distinct domain layer near the 

surface is visible due to the action of surface tension. The effects of 

surface tension and the resultant thickness dependence of remnant 

polarization and coercive electric field are summarized in Fig. 3.11. 

In comparison with aforementioned examples, phase field 

approach has also been employed to investigate domain structures 

in ferroelectric thin films with oriented crystallographic lattice or 

with strain anisotropy due to substrate miscut. For instance, Fig. 

3.12 shows the phase field results for polarization near the free 

surface of a ferroelectric thin film with 45◦ oriented lattice direction 
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Figure 3.11 The effect of surface tension (left) and the thickness 

dependence of remnant polarization and coercive field (right) for the free

standing BaTiO3 nano-thin film (Su et al. [42]). 

[43]; Fig. 3.13 shows the results for domain pattern ofmiscut BiFeO3 
thin film under different substrate strains [44], and it is shown 

that the substrate strain anisotropy due to the miscut can largely 

determine the domain variant selection and domain configurations. 

3.3.4	 Applications in Ferroelectric Low Dimensional 
Structures 

With the advances in fabrication technologies, low-dimensional 

ferroelectric structures, e.g., ferroelectric nanorods, nanowires, 

nano-tubes and nanodots, have shown promising potentials in 
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Figure 3.12 Simulated domain structure of polarization in the absence of 

applied far-field stress and electric field with a 45◦ orientation of lattice 
direction [43]. 

Figure 3.13 Simulated domain patterns of miscut BiFeO3 thin film under 

different substrate strains [44]. See also Color Insert. 

engineering applications. With finite size in two ormore dimensions 

the domain configurations of ferroelectric low-dimensional struc

tures will highly depend on the size scale and boundary effects. 

Observations of the disappearance of ferroelectricity have been 

reported as the size of ferroelectrics is reduced to nanoscale. Instead 

of ferroelectric domains, recent experimental and theoretical 
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investigations [45, 46] suggest the existence of toroidmoment order 

in ferroelectric nanostructures. The bistable polarization moment 

due to the toroidal structure could be used to represent binary 

signals for ultrahigh density data storage devices, and therefore the 

formation of single or multiple vortex structures of polarization in 

low-dimensional ferroelectric structures need to be investigated. 

Usually with such small size scale there will be no consideration 

on defects within low-dimensional structures. Therefore the size 

and surface effects are the most significant factors affecting the 

local state of polarization. Although the polarization state in a 

nanostructure can be obtained by first-principles calculation, phase 

field simulation has been proved to be very successful on this topic 

due to the computing efficiency. Phase field modeling has been done 

for ferroelectric nanostructures to investigate the size and surface 

effects [37, 47], the stability of vortex structures [48], the effects 

from applied far-field perturbations [49, 50], and etc. By conducting 

phase field computation, Munch and Huber [34] summarized the 

possible forms of vortex structures presenting in cuboidal nanodot 

and constructed the plot of free energy versus aspect ratio as 

shown in Fig. 3.14. Another important work is done by Hong 

Figure 3.14 Normalized free energy vs. aspect ratio for cuboidal nanodots 

(Munch and Huber [34]). 
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Figure 3.15 PTO epitaxial nanodot with isotropic mismatch strain: (a) the 

schematic diagram of the model; (b) the computed domain pattern with 

different mismatch strain magnitudes (Hong and Soh [51]). See also Color 

Insert. 

and Soh [51]. Instead of free-standing ferroelectric nanostructures, 

they conducted three-dimensional phase field simulation on PTO 

epitaxial nanodot with isotropic mismatch strain. The domain 

patterns with different mismatch strain magnitudes are obtained in 

Fig. 3.15. 

3.4 The Fundamentals of Micromechanics Approach 

There is a substantial body of literature on the behavior of 

ferroelectric crystals and ceramics. Some of these have been 

summarized in the books of Jona and Shirane [52], Fatuzo and 

Merz [53], Jaffe et al. [54], Lines and Glass [55], Damjanovic [56], 
and Strukov and Levanyuk [57], among others. In addition to 

the basic physical phenomena and thermodynamics principle, the 

widely used phenomenological theories of Landau [58], Ginzburg 

[59], and Devonshire [60] are also covered in most of these 

books. Micromechanics approach, on the other hand, began to 

take its shape only very recently. The advantage of using the 

micromechanics approach to study ferroelectric phenomena was 

probably first recognized by Hwang et al. [61]. Subsequently Chen 
et al. [62], Hwang et al. [63], Chen and Lynch [64], Huber et al. 
[65], Li and Weng [66–69], Kessler and Balke [70], Huber and Flick 

[71], Li [72], Su and Weng [73–76], Zhang et al. [77], and Zhao 
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and Li [78], among others, have made further contributions to this 

line of study. Some of these studies have been summarized in the 

review articles of Landis [79] and Huber [80], where additional 

references can also be found. The energy minimization approach 

of Shu and Bhattacharya [81], Bhattacharya and Ravichandran [82], 

Li and Liu [83], Li et al. [84], Shu et al. [85], Tang et al. [86], and 
Yen et al. [87], have added a different dimension to our current 
understanding on the subject. In a more recent work, Weng and 

Wong [88] have tried to combine the micromechanics approach 

with the energy minimization condition to establish the rank-1 and 

rank-2 laminated microstructures whose electrical and mechanical 

compatibility are shown to lead to the minimization of Gibbs free 

energy during the domain switch process. This approach can also 

provide a micromechanics basis for the enhanced electrostriction of 

ferroelectric crystals with a superimposed compression as observed 

by Burcsu et al. [89]. 
We now describe the basic framework of a micromechanics 

approach that has been developed by Weng and his associates over 

the past decade. It will be shown that this approach has wide 

applicability to many fundamental ferroelectric characteristics that 

have been reported experimentally. 

3.4.1 Constitutive Relations 

There are four different ways to describe the linear piezoelectric 

constitutive relations through the pairing of electromechanical 

fields. The paring in Eqs. (3.1) and (3.2) will give rise to the electric 

Gibbs energy and Gibbs free energy, respectively. Another two — 

by choosing σ and E as the pair on the left, or ε and E as the 
pair on the left — will give rise to the Helmholz free energy and 

elastic Gibbs energy, respectively (Ikeda [90]). The choice of pairing 

largely depends on the problem to be investigated. For instance, to 

study the fracture mechanics, one would like to take advantage that 

both σ and D are divergence free in the absence of body force and 
free charge, while ε and E both can be derived from the gradient 
of mechanical displacement and electric potential. In that case Eq. 

(3.1) — or its inverse — is the preferred choice. For the study of 

ferroelectric response under mechanical stress and electric field, 
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however, Eq. (3.2) is the most appropriate one and this leads to the 

formulation of Gibbs free energy. 

Rewriting Eq. (3.2) and its inverse in tensorial form, we have 

= sσ + dTE + εsp σ = c(ε − εsp)− hT(D − P sp),ε 
, and ,(3.33)

D = dσ + kE  + P sp E = −h(ε − εsp)+ β(D − P sp)

where the superscript T stands for the transpose, and the super

scripts E and σ are omitted for brevity. 
For a perovskite-type crystal such as BaTiO3, there exist six 

potential orientations in the tetragonal state. Taking the cubic 

phase as reference, the components of spontaneous strain and 

spontaneous polarization for the 0◦ domain (pointing toward the 3
axis) are 

εsp = [(a − a0)/a0, (a − a0)/a0, (c − a0)/a0,0,0,0] , 

P sp = [0,0, P s] , (3.34) 

where a0 is the lattice constant of the cubic phase, a and c are those 
of the tetragonal one, and Ps is the spontaneous polarization. The 

180◦ domain has identical strain but opposite polarization, while 
those of the four 90◦ orientations can be written in a similar fashion 
along the poled directions. For BaTiO3, the lattice constants are: a = 
3.992 A, c = 4.036 A, and polarization is: Ps = 0.26 C/m2 for the 

tetragonal phase, and for the cubic phase a0 = 4 A (Jona and Shirane 

[52]). 

For computation and conciseness, we now recast the coupled Eq. 

(3.33) in a unified notation, by choosing X as the load and Y as the 
response, so that 

X = (σ, E ), and Y = (ε, D ), (3.35) 

and 

Y = M X  + Y sp , or Yi = Mi j X j + Yi 
sp 

, i, j = 1, . . . ,  9, 

L(Y − Y spX = ), or X i = L i j (Y j − Yi 
sp
), i, j = 1, . . . ,  9, (3.36) 

where L and M , with L = M −1, are tensors of the linear 
electromechanical moduli and compliances, respectively, of the 

individual domain. While these values are all the same in their 

respective local oriented axes, they differ from each other when 
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expressed in a common parent coordinate system. In Nye’s [91] 

contracted notations, we have 

X = (σ1, σ2, σ3, σ4, σ5, σ6, E1, E2, E3), 

Y = (ε1, ε2, ε3, ε4, ε5, ε6, D1, D2, D3), 

Y sp sp sp sp sp sp
6
sp 

, P1
sp 

, P2
sp 

, P sp= (ε , ε , ε , ε , ε , ε ), (3.37)1 2 3 4 5 3 

= (εspwhere Y sp , P sp) for each domain. 
A tetragonal domain carries the 4 mm symmetry, but its 

components usually can be well represented by one with the 6 mm 

symmetry as ⎡ ⎤ 
s11 s12 s13 0 0 0 0  0  d31 ⎢ ⎥ ⎢ s12 s11 s13 0 0 0 0  0  d31 ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ s13 s13 s33 0 0 0 0  0  d33 ⎥ ⎢ ⎥ ⎢ ⎥0 0 0  s44 0 0 0  d15 0 ⎢ ⎥ ⎢ ⎥ 

M = ⎢ 0 0 0 0  s44 0 d15 0 0  ⎥ . (3.38) ⎢ ⎥ ⎢ ⎥ ⎢ 0 0 0 0 0  s66 0 0 0  ⎥ ⎢ ⎥ ⎢ ⎥0 0 0 0  k11 0 0  ⎢ d15 0 ⎥ ⎢ ⎥ ⎢ 0 0 0  d15 0 0 0  k11 0 ⎥ ⎣ ⎦ 
d31 d31 d33 0 0 0 0  0  k33 

For BaTiO3 these constants are listed in Table 3.1. 

For the study of domain switch, the change in the eigenfield 

follows from the difference of the spontaneous fields between the 

parent and the product domains, such that 

Y ds = Y sp − Y sp εds 
sp sp = P sp − P sp 0 , or = ε − ε and P ds 0 , (3.39)1 1 0 1 

where the subscripts 0 and 1 stand for the parent and product 

phases, respectively. We further write the difference in their moduli 

Table 3.1 The elastic, piezoelectric, and dielectric constants of a tetragonal 

BaTiO3 crystal 

Constants s11 s33 s12 s13 s44 s66 k11/k0 k33/k0 d33 d31 d15
 
Values 7.4 13.1 −1.4 −4.4 16.4 7.6 4,400 129 90.0 −33.4  564 
  

Note: sin 10–12 m2/N, k0= 8.85× 10–12 F/m, d in 10–12 C/N. 
Source: Adapted from Zgonik et al. [92]. 

© 2013 by Taylor & Francis Group, LLC

http:sin10�12m2/N,k0=8.85


March 6, 2013 14:28 PSP Book - 9in x 6in 03-Shaofan-Li-c03

108 Phase Field Approach and Micromechanics in Ferroelectric Crystals 

and compliances as 

bL = L 1 − L0; bM = M1 − M0. (3.40) 

These terms are not zero when measured in the common 

external axes. Both will appear in the Gibbs free energy and 

thermodynamics forcing force in both phase transition and domain 

reorientation. 

3.4.2	 Gibbs Free Energy for Phase Transition and Domain 
Switch 

There are two fundamental processes that are of particular interest: 

(i) phase transition from one crystal structure to another, and 

(ii) domain switch (or domain reorientation) of an already poled 

domain. Both are irreversible thermodynamics processes involving 

microstructural changes. The simplest process of phase transition 

in ferroelectric crystals is the transition of a perovskite crystal such 

as BaTiO3 from the cubic to tetragonal state at the Curie point 

during the cooling process. On the other hand the most commonly 

observed phenomenon involving domain switch is the hysteresis 

loop between the electric displacement and applied electric field 

during the reorientation of 0◦ domain to the 180◦ domain under a 
reversed electric field. 

From the micromechanics perspective, Gibbs free energy of a 

general dual-phase ferroelectric crystal that consists of a parent 

phase and a product phase can be best described through the 

concept of two-phase composite. This applies to phase transition 

as well as to domain switch, that covers the second-order phase 

transition, first-order phase transition close to second-order tran

sition, and first-order transition with an instant attainment of the 

product phase at Curie temperature. The dominant microstructural 

parameter in both processes is c1, the volume concentration of phase 
1, the product phase. Volume concentration of the parent phase, c0, 
follows automatically from c0 + c1 = 1. 

Gibbs free energy for phase transition under a given applied 

stress and electric field, X̄ = (σ̄ , Ē ), and at a temperature T , 
can be considered to consist of two components: change in the 

electromechanical Gibbs free energybG em at the electromechanical 
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load X̄ = (σ̄ , Ē ), and change in the chemical free energy bG ch at 

temperature T . It can be written as 

¯ ¯bG (T, X , c1) = bG em(X , c1)+ bG ch(T, c1), (3.41) 

where the over-bar in X̄ = (σ̄ , Ē ) signifies that the externally 
applied load is also the macroscopic quantity for the entire crystal, 

averaged over the parent and product phases. 

Under the boundary tractions F̄i giving rise to a uniform overall 

stress σ̄i j  and boundary potential φ giving rise to a uniform electric¯

field Ē i , Gibbs free energy (also called electromechanical potential 

energy) of the dual-phase crystal can be evaluated from the integral 

(Stratton [93], Eshelby [94]) � � 1 1sp Ei (Di − P sp¯G em σ̄i j , Ei , c1 = σi j (εi j  − εi j  )dV  + i )dV  
2 2 

V V 

¯ ¯− Fi ui dS  + φDi ni dS, (3.42) 

S S 

¯ ¯

the surface, where the eigenfields, (εsp, P sp), are non-zero only in the 

product phase. 

The Gibbs free energy of the parent domain without undergoing 

phase transition is given by 

where Fi = σ̄i j n j , φ = −Ē i xi , and ni is the outward unit normal on 

1 1
G 0 (σ̄i j , Ē i ) = −  σ̄i j ε

0 Ē i Di 
0 , (3.43)em 2 i j  − 

2 

where strain εi j  
0 and electric displacement D 0 correspond to thosei 

of the parent phase under the same applied field but without phase 

transformation, that is Y 0 = M0X . ¯

It is the difference,bG em = G em − G 0 , that defines the relevant em

change of energy state for phase transition (or later, domain switch). 

Evaluation of this quantity will require consideration of microstruc

tures in the dual-phase system. With aligned ellipsoidal inclusions, 

we can extend the Mori–Tanaka [95] method developed by Weng 

[96, 97] to the electromechanical state, with the elastic tensors L1 

and L0 there interpreted as the coupled electromechanical tensors 

L1 and L0 here, and Eshelby’s elastic tensor S there replaced by the 
corresponding electromechanical S-tensor here. After making use 
of the concept developed in Lu and Weng [98] for the martensitic 
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transformation in shape-memory alloys, and considerable steps of 

simplification, this quantity can now be written as [66, 68, 88] 

+ Y dsTC Y  spbG em(X̄ , c1) = −  1 c1(X̄ TA X̄ + X̄ TBY  sp ), (3.44)
2
 

where
 

A = (M1 − M0)B1Q ,
 

B = I − c0(M1 − M0)B1Q L  0(I − S)+ (B1Q )T ,
 

C = −c0B1Q L0(I − S), (3.45)
 

with tensors B1 and Q 1 given by 

B1 = [I + L0(I − S)(M1 − M0)]
−1 , Q 1 = (c1B1 + c0 I )−1 . (3.46) 

Evaluation of the Eshelby electromechanical S-tensor has been a 
considerable challenge in the past. It has been considered by Deeg 

[99], Wang [100], Chen [101], Dunn [102], and Dunn and Wienecke 

[103]. The approaches usually take σ and D as a pair and ε and 
E as another; so the results need to be converted to the (σ, E ) 
and (ε, D ) pairs for application of Gibbs free energy. A conversion 
procedure has been formulated by Li and Dunn [104]. But a direct 

derivation using the (σ, E ) and (ε, D ) pairs for a laminar structure 
in a transversely isotropic medium has been made by Li [105]; the 

results are explicit and have wide applicability for the laminated 

domain patterns depicted in Fig. 3.16. 

To determine the change of chemical free energy bG ch(T, c1) 
during transition at temperature T , we first note that the change  
of chemical free energy density of a phase during a temperature 

change dT is given by bG ch = −s(T)dT, where s(T ) is the entropy 
at T . Under an isobaric condition, ∂s/∂T | = cp / T  in  terms  of  p 

the specific heat cp. Thus s(T) = s(Tc) + cp ln(T/Tc). Substituting 
it intobG ch and carrying out the integration, we have the change of 
chemical free energy density of a phase from Tc to T [106, 107]     

T 
bG ch(Tc → T ) = − s(Tc) · (T − Tc)+ cp T · ln − (T − Tc) .

Tc 
(3.47) 

During phase transition, say for the cubic-to-tetragonal phase 

transition at T , the change of chemical free energy density then 
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Figure 3.16 (a–c) Micromechanics-conceived rank-1 and rank-2 domain 

patterns [88], and (d) observed rank-2 pattern [109]. 

becomes 

bG C →T (T ) = −  bs(Tc) · (T − Tc)+ bcp T · ln 
T
T 

c 

− (T − Tc) ,ch 

(3.48) 

where bs(Tc) = sT (Tc) − sC (Tc), representing the difference of 
entropy of the tetragonal and the cubic phase at Tc, and bcp is the 
difference of their specific heat. Then at a generic state at c1 and T , 
the change of chemical free energy that is needed in Eq. (3.41) can 

be obtained as 

T 
bG ch(T, c1)=−c1 bs(Tc) · (T −Tc)+ bcp[T · ln − (T − Tc)] .

Tc 
(3.49) 

For the study of domain switch from an already poled domain 

with a spontaneous strain and polarization, (εsp, P sp), we note that 
Y sp in Eq. (3.42) essentially represents the eigenfield in the parent 
domain due to phase transition, and thus it can be readily identified 

as the eigenfield associated with the domain-switch, Y ds. But due 
to the existence of the already polarized state, the surface integral 

should also take into account the contribution of spontaneous 

mechanical displacement and surface polarization, such that this 

integral should now be written in the form (Srivastava and Weng 
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[108]) 

� � 1 1 
Ei (Di − P ds¯G em σ̄i j , Ei , c1 = σi j (εi j  − εi j  

ds)dV  + i )dV  
2 2 

V V 

sp 
φ(Di + P sp¯ ¯− Fi (ui + u )dS  + )ni dS,i(0o) i(0o)

S S 

(3.50) 

where for clarity the subscript 0◦ has been added to the parent, 
poled domain (as in the 0◦ to 180◦ or 90◦ domain switch). 

The potential energy of the 0◦ domain at the same level of 
external load without switching is given by 

G 0 ¯ ¯ X Y sp
( ¯ Ei ) = −  1 X Y 0 − ¯ (3.51)em σi j , 

2 (0o), 

¯where Y 0 X . The  difference,  − G 0 , can  be  = M0 bG em = G em em

similarly evaluated. It turns out that the final expression remains 

unchanged from Eq. (3.44), just with Y sp replaced by Y ds as 

+ Y dsTC Y dsbG em(X̄ , c1) = −  1 c1(X̄ TA X̄ + X̄ TBY ds ). (3.52)
2 

Of course, there is no change in the chemical free energy as both 

the parent and the product domains have the same entropy density 

and specific heat, and thus it does not contribute to the change of the 

energy state. 

3.4.3 Thermodynamic Driving Force 

Following the principle of irreversible thermodynamics, the ther

modynamic driving force for the evolution of product phase can be 

evaluated from 

∂bG � ∂
fdriv = −  = −  (bG em + bG ch) . (3.53)

∂c1 (T,X̄ ) ∂c1 

For phase transition, this leads to 

1 
X TB f Y sp + Y spTC fY sp¯ ¯fdriv = (X TAfX + ¯ )

2
T +bs(Tc) · (T − Tc)+ bcp T · ln − (T − Tc) , (3.54)
Tc 
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and for domain switch, the result is 

1 
X TB f Y ds + Y dsTC fY ds¯ ¯


2


where 

fdriv = (X TAfX + ¯ ), (3.55) 

Af = A − c1(M1 − M0)B1Q (B1 − I )Q , 

Bf = B + c1 − [B1Q (B1 − I )Q ]T 

+(M1 − M0)B1Q [I + c0(B1 − I )Q ]L0(I − S)] , 

C f = C + c1B1Q [(I + c0(B1 − I )Q ]L0(I − S), (3.56) 

all in contracted notations. 

Equations (3.44) and (3.52), and Eqs. (3.54) and (3.55) imply 

that there are three distinct contributions to the change of Gibbs 

free energy and to the thermodynamic driving force: the first term 

involving A is due to the difference, M1–M0, between the product 

and parent domains, the second one involving B comes from the 
electromechanical work, and the last term with C represents the 
self-energy of the dual-phase system due to the distribution of 

Y dseigenfield, Y sp or . In the simple case of M1 = M0, one  finds  

A = 0, B = 2I , and  C = −c0L0(I − S). The distribution of the 
eigenfield results in the depolarization field 1 in the product phase X̄ d 

¯and it contributes to its average field X 1 as 

X̄ d = −c0B1Q L0(I − S)Y sp , X̄ 1 = B1Q X̄ + X̄ 1
d . (3.57)1 

0L0(I − S)Y spWith M1 = M0, these reduce to X̄ d = −c , X̄ 1 = 1 

X̄ + X̄ 1
d, respectively. The depolarization field can be quite large if 

the parent and product domains do not form a compatible pattern, 

for the magnitude of Y sp is in general greater than the linear 

mechanical strain and electric displacement. But it will disappear 

with a compatible domain pattern, such as the rank-1 and rank

2 laminated patterns shown in Fig. 3.17(a–c). Compatible domain 

patterns give rise to theminimum energy level; it is the energetically 

preferred state. Indeed a rank-2 pattern has long been observed in 

BaTiO3 by Hooton and Merz [109], as reproduced in Fig. 3.17(d). 

With a compatible domain pattern, the C -term makes no 
contribution to either the energy or the driving force, and with 

M1 = M0, we find  

X TY sp X TY sp¯ ¯ ¯bG em(X , c1) = −c1 , fdriv = , (3.58) 
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Figure 3.17 (a) Nonlinear stress–strain and (b) depolarization curves of a 

poled PZT under compression and unloading (Experiment, Gao and Evan 

[119]; theory, Li and Weng [66]). 
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for phase transition, or similarly for domain switch. The driving 

force in this case becomes the familiar expression of Patel and Cohen 

[110], long introduced in the study of phase transformation in steels. 

However, it must be kept in mind that M1  = M0 even in domain 

switch. But with a compatible domain pattern the contribution from 

the A-term is substantially lower than that from the B-term, and 
Eq. (3.58) can serve as a reasonable approximation. 

3.4.4 Kinetic Equations 

Unlike the Gibbs free energy or thermodynamic driving force, which 

can be derived with the aid of micromechanics principle, the kinetic 

equation can only be described phenomenologically. The specific 

choice of a kinetic equation depends largely on the loading condition 

and the intrinsic microstructural change and measured data. For 

instance, for a fully poled crystal under compression, the 0◦ domain 
will switch to 90◦ and it will result in the change of both axial strain 
and electric polarization. Under a purely reversed electric field, on 

the other hand, the 0◦ domain will reorient it into the 180◦ one and 
it will produce little axial strain but the electric hysteresis loop is 

significant. Apparently the kinetic equations associated with these 

two types of loading for a fully poled crystal cannot be the same. 

Here we outline three different approaches that can be used. 

(i) The energy criterion 

The energy criterion makes direct use of the derived reduction 

of Gibbs free energy, −bG . The process of phase transition or 
domain switch in this approach is characterized by the equilibrium 

condition that −bG is equal to the resistance energy, G res, which  
represents the sum of all energy barriers that the transition process 

encounters. This quantity in general also increases with c1. This 
idea was adopted by Bhattacharyya and Weng [111] in the study of 

martensitic transformation in a ductile system such as TRIP steels. In 

particular, with a plate structure for the martensite, this energy can 

be taken as the sum of the interface energy, 2c1γ s /t, and the energy 
barrier at the martensitic transition temperature c1[G ch(Ms) −M

G ch A (Ms)] at c1. Here  γ s and t are the interface energy density 
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and martensite plate thickness, respectively, Ms is the martensitic 

start temperature, and subscripts A and M stand for the austenite 
(parent) and martensite (product) phase, respectively. Extending 

this concept to ferroelectric transition, one can write it as 

¯ ¯−bG em(X , c1)− bG ch(X , T, c1) = G res, (3.59) 

with 

/t + c1[G ch )− G chG res = G 0 + 2c1γs (Tc (Tc)], (3.60)T C 

where G 0 represents the initial energy obstacle that must be 
overcome to initiate the phase transition, and subscripts T and C in 
the last terms stand for the tetragonal (product) and cubic (parent) 

phases, respectively. Through the kinetic equation, the value of c1 
then increases with increasing applied stress and electric field and 

decreasing temperature. 

(ii) Driving force approach in equilibrium thermodynamics 

In this approach, the derived thermodynamic driving force, fdriv, is 
used. Then following the concept of equilibrium thermodynamics, 

the kinetic equation is set up by equating it to a resistance force, fres, 
as 

fdriv = fres. (3.61) 

The specific form of fres depends on the transition process and 
the loading type. In fact it represents the derivative of the resistance 

energy, G res, with respect to c1, as  fres = ∂G res/∂c1. 
For instance, Li and Weng [66] have adopted this approach to 

study the depolarization process of an already poled domain under 

axial compression, and Su andWeng [107] have also used it to study 

the second-order as well as the second-order close to first-order 

phase transitions. Both considered the contribution of interface 

surface energy and an exponential function for energy dissipation 

as the source of resistance energy, as  

G res = γsA1 + h(ebc1 − 1), or fdriv = 2γs/t + hbebc1 , (3.62) 

where A1 and volume V1 are the total interface area and volume of 
the product phase, such that γsA1 = c1γs(A1/V1) = 2c1γs/t, for a  
lamellar domain pattern. 
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On the other hand, in order to study the well-known hysteresis 

loops and the butterfly-shaped axial strain versus the electric field 
relation under ac loading, a double-exponential function of the type 

G res = γsA1 + h(eb0c1 + e−b1c1 − 2), or 
fdriv = 2γs /t + h(b0eb0c1 − b1eb1c1 ), (3.63) 

was suggested in Li and Weng [67]. 

This type of equilibrium thermodynamic approach was probably 

first applied by Sun et al. [112] and Sun and Hwang [113, 114] in the 
study of martensitic transformation in shape-memory alloys, and by 

Chen et al. [62] in ferroelectric crystals. Both assumed the simple 
linear function of c1 for the resistance energy and thus the resistance 
force remains constant in the course of phase transition or domain 

switch. 

(iii) Driving force approach in non-equilibrium thermodynamics 

In non-equilibrium thermodynamics, the growth rate of an internal 

variable is usually written as a function of its driving force. This 

approach is implicit in Landau-Ginsburg’s kinetic equation. In 

continuum mechanics, it has also been suggested by Rice [115], 

Abeyaratne and Knowles [116], Levitas [117], and Patoor et al. [118] 
in the study of plasticity and thermoelastic phase transition. 

In this approach, the time-rate of c1 is written as 

ċ1 = f ( fdriv, c1). (3.64) 

Alternatively, since the applied field is a function of t, it can also 
be written by by-passing the parameter t and express the growth 
rate with respect to the driving force. In this spirit, Weng and Wong 

[88] recently considered the evolution of 180◦ domain from the 0◦ 

domain as well as the growth of the 90◦ domain from the 0◦ one in 
both rank-1 and rank-2 laminated domain patterns depicted in Fig. 

3.16, and they suggested the following kinetic equations for the two 

processes: 

dc180 η dc90 ηc 

d fdriv 
= 
[1− ( fdriv/λ1)]2 + ( fdriv/λ2)2

, 
d fdriv 

= 
1+ ( fdriv/λc) 

, 

(3.65) 

where λ1 and λ2 are material constants associated with the 

180◦ switch under an ac field with or without a superimposed 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 14:28 PSP Book - 9in x 6in 03-Shaofan-Li-c03

118 Phase Field Approach and Micromechanics in Ferroelectric Crystals 

compression, and λc is a material constant associated with the 90
◦ 

reorientation under compression. This set of kinetic equations has 

been successfully implemented into the growth of both rank-1 and 

rank-2 domain patterns to study the influence of a compression on 

the evolution and associated ferroelectric characteristics under an 

ac field. 

3.4.5 The Overall Electromechanical Response 

Once the volume concentration of the new domain, c1, has been 
obtained from the kinetic equation, the overall response of the 

ferroelectric crystals under combined electromechanical loading 

can be calculated as [66, 108] 

X + c1(Y ds )+ Y sp¯ ¯Y = M0 + Y ∗ 
0 , (3.66) 

or in terms of the mechanical strain and electrical displacement, as 

sp ∗ sp(0)¯ε̄i j  = si jkl  σ̄kl + dni j En + c1(εi j  + εi j  )+ εi j  , 

En + c1(P sp )+ P sp(0)D̄m = dmkl σ̄kl + kmn ¯ m + Pm
∗ 

m , (3.67) 

where s, d, and k are the electromechanical compliance of the parent 

0
sp 

, P spphase, and (ε 0 ) are its spontaneous strain and polarization. 

The Y ∗ = (ε ∗ , P ∗ ) term is Eshelby’s equivalent eigenfield introduced 

into the regions of the homogeneous comparison parent phase 

occupied by the product phase so that the average field remains 

unchanged. Its magnitude is directly related to the average field of 

the product phase X 1 given in Eq. (3.57), through  ¯

Y ∗ = (M1 − M0)X̄ 1. (3.68) 

In the elastic context, detailed derivation of Eq. (3.68) can be 

found in [96, 97], but it remains valid even with phase transition or 

domain switch. 

3.5 Applications of Micromechanics Approach 

The outlined micromechanics approach can have wide applicability 

in the study of phase transition, domain switch, and other ferroelec

tric characteristics. In this section we presented some results that 

have been so obtained. 
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3.5.1	 Nonlinear Stress–Strain and Stress–Depolarization 
Relations of a Poled PZT under Compression 

By using the thermodynamic driving force in Eq. (3.55), the kinetic 

equation in Eq. (3.62), and the overall relation in Eq. (3.67), the 

nonlinear electromechanical properties of a poled lead zirconate 

titanate (PZT) under compression has been calculated by Li and 

Weng [66]. For this and other cases to be presented next, a complete 

list of the linear elastic, piezoelectric, dielectric, and other constants 

of the investigated problems can be found in the original articles. 

But for this poled PZT, the domain switch strain was 0.67%, and 

domain switch polarization was 0.35 C/m2. The calculated stress– 

strain curve and depolarization curve under compressive loading 

and unloading are shown in Fig. 3.17(a) and (b), respectively, where 

the indicated experimental data were taken from Gao and Evans 

[119]. 

3.5.2	 The Shift of Curie Temperature under Hydrostatic 
Pressure 

Curie temperature of BaTiO3 is known to be at 120
◦C under a  

pure cooling process, but with a superimposed hydrostatic pressure, 

the transition temperature can change due to the combined 

contribution of electromechanical and chemical free energy to the 

thermodynamic driving force. Su and Weng [107] have used the 

driving force in Eq. (3.54) and the kinetic equation in Eq. (3.62) to 

study the influence of an applied hydrostatic pressure on the shift 

of the transition temperature for a BaTiO3 crystal. Their calculated 

results over the range of pressure from 0 to 400 MPa are shown in 

Fig. 3.18, along with the measured data of Merz [120]. Both results 

suggest that the transition temperature steadily decreases as the 

hydrostatic pressure increases. The primary reason for the decrease 

is due to the fact that the cubic-to-tetragonal phase transition of 

this crystal involves a volume strain increase (of about 0.5%), 

and thus during the cooling process a lower temperature than 

the Curie point is required to provide the additional driving force 

needed to trigger the phase transition. Both the calculated and 

the experimental results are fairly linear in accordance with the 
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Figure 3.18 Effect of hydrostatic pressure on the shift of Curie temperature 

of a BaTiO3 crystal (Experiment, Merz [120]; theory, Su and Weng [107]). 

Clausius–Clapeyron relation, except at the end state where scattered 

datawere attributed to the late application of pressure in those tests. 

3.5.3	 Hysteresis and Butterfly-Shaped Axial Strain vs. 
Electric Field Relations 

On the basis of the driving force in Eq. (3.55) and the double 

exponential function in Eq. (3.63), Li and Weng [67] have calculated 

the hysteresis curve between the electric displacement and applied 

electric field, and the butterfly shaped axial-strain versus the electric 
field relation of a PLZT. The obtained results are shown in Figs. 

3.19(a) and (b), respectively. The test data were taken from Hwang 

et al. [61]. The magnitudes of remnant polarization, coercive field, 
and axial strain, are seen to be well captured by the theory. The 

corresponding growth of volume concentration of the product 

domain, c1, is shown in Fig. 3.19(c); it reflects the continuous growth 
of the product domain in the nonlinear switching range but remains 

unaltered in the linear regime. 
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(a) (b) 

(c) 

Figure 3.19 (a) Calculated and experimental hysteresis loop, (b) butter-fly 

shaped relation and (c) evolution of the 180◦ domain of a PLZT (Experiment, 
Hwang et al. [61]; theory, Li and Weng [67]). 

3.5.4 Double Hysteresis of a Ferroelectric Crystal Above TC 

The kinetic equation (3.63)with the double exponential function has 

also been applied to study the double hysteresis loops of BaTiO3 
crystal at temperatures slightly above the Curie point. For the 

BaTiO3 crystal tested by Merz [121], the Curie temperature was 

found to be at 107.5◦C. An ac loading below this temperature will 
give rise to only a single hysteresis, but slightly above it, the influence 

of the applied electric field will cause the transition temperature to 

increase and thus phase transition can also take place. This problem 

was investigated in Srivastava and Weng [108]. The results of the 

single hysteresis and double hysteresis are illustrated in Fig. 3.20. 

The double loops are seen to appear at both ends, while in the 

middle the curve remains linear, governed by the dielectric constant 

of the cubic phase. The onset of phase transition in the double loop 
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Figure 3.20 (a) Single hysteresis at T = 107.1◦C, and (b) double hysteresis 
at T = 110.5◦C (Tc = 107.5◦C; Experiment, Merz [121]; theory, Srivastava 
andWeng [108]). 

depends on the test temperature that enters into the chemical free 

energy and the associated driving force. 

3.5.5	 Triple Hysteresis and the Associated Dielectric 
Constants of BaTiO3 Near 5◦C 

For BaTiO3, the cubic-to-tetragonal phase transition takes place 

around 120◦C. As the temperature further decreases down to 
near 5◦C, the tetragonal-to-orthorhombic phase transition will take 
place. This transition temperature can be altered by the applied 

field, and this could lead to the formation of triple loops. The 

occurrence of triple loops in BaTiO3 was first reported byHuibregtse  

and Young [122] at 0◦C. While double loops occur under an ac 
field at temperature slightly above the Curie point, triple loops 

can only develop at temperature slightly below the orthorhombic

to-tetragonal transition. The orthorhombic-to-tetragonal transition 

temperature was reported to be 7.02◦C for this crystal, and the 
rhombohedral specimen was oriented at 45◦ angle from the c-
axis. To ensure that double loops could develop at the end, the z-
component (direction of the applied electric field) of the electric 

polarization of the tetragonal phase must also be greater than 

that of the orthorhombic phase. While in the respective poling 

directions the value of the orthorhombic phase is actually higher 
2than that of the tetragonal phase, as Ps

(T) = 0.26C / m and 
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Figure 3.21 Triple hysteresis loops: (a) experiment by Huibregtse and 

Young [122] and (b) theory by Weng [123]. 

P (O) 2 
s = 0.294C / m , but when the orthorhombic specimen is 
oriented along the c-axis of the tetragonal phase, it only gives P (O) = s(z)√ 
P (O) 2 2 
s / 2 = 0.208C / m , resulting in a net increase of 0.052C / m . 
Such an increase—not decrease— is another essential requirement 

for the development of the additional end loops, with a jump of 

the said amount in the polarization curve. In order to elucidate the 

underlying micromechanics processes, Weng [123] recently applied 

the thermodynamic driving forces for phase transition and domain 

switch to study this problem. It was demonstrated that there are 

indeed triple loops. The middle loop was caused by the 0◦ to 180◦ 

domain switch in the orthorhombic phase, and the two end loops 

result from the orthorhombic-to-tetragonal phase transition, and 

their reversal. The experimental and calculated results are shown 

in Figs. 3.21(a) and (b). 

During the occurrence of the triple hysteresis, the dielectric 

permittivity of the crystal also changes as a function of the 

applied electric field at the test temperature. The permittivity is 

the slope of the electric displacement versus electric field curve, 
which is apparently E-dependent. In addition, it also depends on 

temperature. Figure 3.22(a) and (b) respectively represent the 
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Figure 3.22 Variation of dielectric permittivity during the triple hysteresis: 

(c) Experiment by Huibregtse and Young [122] and (b) theory by Weng 

[123]. 

measured and the calculated values at three temperatures −7.0◦C, 
3.6◦C, and −0.9◦C as the electric field cycles between 6 and −6 × 
10−4V/cm. It is seen that dielectric constants are strongly dependent 
on both temperature and applied field. 

3.5.6	 Development of Rank-1 and Rank-2 Domain Pattern, 
and Influence of a Compressive Stress in BaTiO3 

Finally we present the results calculated with the kinetic Eq. 

(3.65) to show the micromechanics predictions of domain evolution 

in the rank-1 and rank-2 laminated domain pattern of a poled 

BaTiO3 crystal. The results without a superimposed compression 

under a pure ac loading are shown in Fig. 3.23, and those with a 

superimposed compression of −1.78 MPa are shown in Fig. 3.24. 
Both were under an ac field between 10 kV/cm and −10 kV/cm. 
The top three figures provide the overall ferroelectric characteristics 

— the butterfly-shaped axial strain versus the electric field, the 
hysteresis electric displacement versus the electric field, and the 
well-shaped axial strain versus electric displacement relations. The 
middle three provide the evolution of volume concentration of 

the laminate II (i.e., the middle, horizontal region in Fig. 3.16(c), 

and laminate I region (i.e., the side, vertical ones in it), and the 

thermodynamic driving force on laminate II. The bottom three 

provide the evolution of volume concentration of the 180◦ domain 
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Figure 3.23 Evolution of axial strain, electric displacement, volume 

concentrations and thermodynamic driving force for a poled BaTiO3 under 

an ac field with σ3 = 0 [88]. 

and 0◦ domain as well as the driving force on the 180◦ domain 
growth. 

It is seen from Fig. 3.23 that, under a pure ac field, very little 

buttery-fly loop is developed due to the insignificant 90◦ domain 
formation (cII ≈ 0), but a small amount does appear as the driving 
force fII (shown in the last of the second row) is positive (in the 
middle part) after passing 0, and this driving force is also greater 

than the driving force for the 180◦ domain reorientation, f180 (in 
the last row). So strictly speaking, under a pure ac field the 90◦ 

domain could develop before the significant growth of the 180◦ 

domain that leads to the formation of rank-1, stripe domain pattern. 

This fact has often been overlooked in the literature. But without 

the help of a superimposed compression, this 0◦ to 90◦ domain 
reorientation could not generate much axial strain. On the other 

hand with a superimposed compression of −1.78 MPa, there is a 
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Figure 3.24 Same as in Fig. 3.23 but with a superimposed compression of 

1.78 MPa [88]. 

significant driving force for the formation of the 90◦ domain, and 
the subsequent laminate II sketched in Fig. 3.16. These features are 

shown in Fig. 3.24, where the volume concentration of laminate II 

is significant (cII >0) during the period when the driving force fII 
(as shown in the last of the second row) is positive. The difference 

between the maximum and the minimum strain in the butterfly 

loop signifies the total amount of electrostriction of a ferroelectric 

crystal; it is the figure of merit for its sensing and actuation 

applications. This amount is about 0.78% with the superimposed 

compression of 1.78 MPa, but close to zero without the aid of 

compression. 

But it must be recognized that, while increased compressive 

stress could enhance the net electrostriction, too much of it could 

hinder such a result, for under a strong compression the 90◦ domain 
is in an energetically favored state, so the ac field increases, this 

oriented domain may not fully reorient itself into the 180◦ domain 
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Figure 3.25 Calculated ε3 versus E3 curve, and evolution of cI I  for laminate 

II and cI for laminate I under an ac field. The net electrostriction is 0.61% 

[88]. 

or the 0◦ configuration at the maximum electric field. To illustrate 

such an effect, the results with a higher compression, at −3 MPa,  
are shown in Fig. 3.25, for the evolution of the axial strain, volume 

concentration of the 90◦ laminate II and that of the axial laminate 
I. The corresponding electrostrictive strain calculated from the 

difference between the maximum on the left of the red curve (or the 

right of the blue curve) and minimum is 0.61%, which is lower than 

the 0.78% attained at−1.87 MPa. Thus there is a critical magnitude 
of compression that gives rise to the optimal electrostriction. 

The influence of a superimposed compression on enhanced 

electrostriction as discussed in Figs. 3. 23 and 3. 24, and the issue of 

maximum attainable actuation strain, have been extensively investi

gated Burcsu et al. [89]. The obtained results by themicromechanics 
calculations are in agreement with their experimental observations. 

More details regarding a direct comparison between the theory and 

their experiment can be found in Weng andWong [88]. 

3.6 Concluding Remarks 

In this chapter, we introduced both Landau’s phase field ap

proach and the micromechanics approach developed by Weng 

and his associates to model the kinetics, resulting morphology 

of microstructures, and overall properties of ferroelectric crystals 

during phase transformation. It has been shown that phase field 

approach has the potential to bridge atomistic calculations and 

larger scale micromechanics and phenomenological results, and 

that micromechanics approach has the capability to bridge the 
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gap between phase field approach and the overall macroscopic 

properties. The two approaches are complementary; together they 

could provide amore comprehensive description of the ferroelectric 

phenomena crossing different length scales. For instance, with the 

phase field approach one can obtain detailed physics image of the 

microstructural information down to several nanometers within 

a ferroelectric domain, and such local state information can be 

analyzed to determine the microstructural variants employed in 

micromechanics models. It can also be employed to investigate 

phase transition and microstructural evolution in ferroelectric bulk 

single crystals, bulk polycrystals, and low-dimensional structures 

such as ferroelectric thin films and nanostructures. With the 

micromechanics approach, one can fully account for the effect 

of anisotropic elastic, piezoelectric, and dielectric constants, and 

derive exactly the energy state and thermodynamic driving force 

for compatible, multi-rank laminated domain patterns. This in turns 

provides an analytical expression for the development of strain and 

electric polarization of the crystal as the new domain continues to 

evolve. This approach can be applied under various combinations 

of external mechanical and electric load, and thus makes it possible 

to simulate the experimental data and predict some yet-unknown 

overall characteristics. 

At present a challenge in both approaches is the direct 

integration between the two, so that phase field approach could 

make use of the information derived from the computationally 

simpler micromechanics to facilitate its computational effort, and 

that micromechanics approach could directly make use of the 

results calculated from phase field simulations to implement more 

complex domain patterns. Individually both approaches also have 

their own challenges. Although phase field models have been 

successfully applied to the study of ferroelectric crystals, their 

future applications also depend on the solutions to other existing 

issues, such as the demands for computing powers, more efficient 

and accurate numerical algorithms, and more realistic nanoscaled 

material coefficients that need to be determined by fundamental 

atomic calculations or novel experimental measurements. Likewise, 

future development of the micromechanics approach will depend 

on the availability of simple solutions of non-ellipsoidal inclusions 
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with uniform and non-uniform eigenfield inside the product phase, 

with full electromechanical anisotropy. This is a challenging task for 

future mechanics research, but it can have far-reaching impact, as 

with Eshelby’s original solution of an elastic ellipsoidal inclusion. 
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Appendix: The Coefficients in Equation (3.24) 

The specific coefficients for the tensors in Eq. (3.24) have been 

provided in Ref [19]. We list them here again to correct some 

typos that were not noticed during publication. A specific three

dimensional form of the free energy can be given by 

1 � � 
ψ = a0 P 2 + P 2 + P 2 + P 2 + P 2 + P 2 + P 2 + P 2 + P 2 1,1 2,2 3,3 1,2 2,1 1,3 3,1 2,3 3,22
 

1 � � 1 � �
 
P 2 + P 2 + P 2 P 4 + P 4 + P 4+ a1 1 2 3 + a2 1 2 32 4 

1 � � + a3 P 2P 2 + P 2P 2 + P 2P 2 1 2 2 3 1 32 
1 � � � � � 

P 6 + P 6 + P 6 P 4 P 2 + P 2+ a4 1 2 3 + a6 1 2 36 � � � �� +P 4 P 2 + P 2 + P 4 P 2 + P 2 2 1 3 3 1 2 

1 � � 1 � � + 
4 

a5 P1
4P2

4 + P24P3
4 + P14P3

4 − 
2 

b1 ε11P1
2 + ε22P2

2 + ε33P3
2 

1 �� � � � � � �� 
P 2 P 2 P 2− b2 ε22 + ε33 1 + ε11 + ε33 2 + ε11 + ε22 32 �� � � � � � � −b3 ε12 + ε21 P1P2 + ε13 + ε31 P1P3 + ε23 + ε32 P2P3 
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1 � � � � 
ε2 + ε2 + ε2+ c1 11 22 33 + c2 ε11ε22 + ε11ε33 + ε22ε33 

2 
1 � � + c3 ε2 + ε2 + ε2 + ε2 + ε2 + ε2 12 21 13 31 23 322
 
1 1 � � � �
 + f1ε2 + f2 ε2 + ε2 + f3 ε11ε22 + ε11ε33 + f4ε22ε3311 22 332 2
 

1 � � 1 � �
 + f5 ε2 + ε2 + ε2 + ε2 + f6 ε2 + ε2 P 2 12 21 13 31 23 32 12 2
 

1 1 � � � �
 
f1ε2 ε2 + ε2+ 22 + f2 11 33 + f3 ε11ε22 + ε22ε33 + f4ε11ε33 

2 2 

1 � � 1 � � 1 + f5 ε2 + ε2 + ε2 + ε2 + f6 ε2 + ε2 P 2 + f1ε2 12 21 23 32 13 31 2 332 2 2 

1 � � � � 
ε2+ f2 + ε2 + f3 ε11ε33 + ε22ε33 + f4ε11ε2211 222 

1 � � 1 � � + f5 ε2 + ε2 + ε2 + ε2 + f6 ε2 + ε2 P 2 13 31 23 32 12 21 32 2
 

1 1 � �
 
P 4+ g1ε11 + g2 ε22 + ε33 14 4

1 1 � � 
P 4+ g1ε22 + g2 ε11 + ε33 24 4

1 1 � � 
P 4+ g1ε33 + g2 ε11 + ε22 34 4


1 � �� �
 + g3 ε12 + ε21 P1P2
3 + P2P 3 14

1 � �� � + g3 ε13 + ε31 P1P3
3 + P3P1

3 

4
1 � �� � + g3 ε23 + ε32 P2P3

3 + P3P 3 24

1 �� �2 � �2 � �2�
 + D1 − P1 + D2 − P2 + D3 − P3 , (A.3.1)
2κ0 

where the constants are given by 

10 2a0 = 1× 10− Vm3/C, P0 = 0.26C/m , 

ε0 = 0.0082, E0 = 2.1824× 107V/m, 

σ0 = E0P0/ε0,a1 = −0.668325E0/P0, a2 = −3.80653E0/P0
3 , 

a3 = 0.78922E0/P 3 , a4 = 12.4421E0/P0
5 ,0
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= 0.134226E0/P 5 ,a5 = 0, a6 0


b1 = 2.54138E0/ε0P0, b2 = 1.74267E0/ε0P0,
 

b3 = 0.399353E0/ε0P0,
 

c1 = 2.04999σ0/ε0, c2 = 0.971673σ0/ε0, c3 = 1.27976σ0/ε0,
 

f1 = 0.663581E0/ε
2P0, f2 = 0.841326E0/ε

2P0,
0 0


f3 = −0.170635E0/ε
2P0,
0


f4 = 0.687281E0/ε
2P0, f5 = 0.106647E0/ε

2P0,
0 0


f6 = 0.213294E0/ε
2P0,
0


g1 = −3.66149E0/ε0P 3 , g2 = 6.27423E0/ε0P 3 ,
0 0 

g3 = −1.21644E0/ε0P 3 . (A.3.2)0 
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4.1 Introduction 

Ferroelectrics are polar crystals whose spontaneous polarization 

vector can be switched by an applied electric field or an external 

mechanical stress. Thesematerials have awide range of applications 

such as ultrasound imaging, microelectromechanical systems, high 

strain actuators, electro-optical systems, photothermal imaging, and 

high density storage devices [1]. The phenomenon of ferroelectricity 

was discovered in 1921 [2] and since then has been the subject of 

many theoretical and experimental investigations. Ferroelectricity is 

a result of the fairly complicated competition between short-range 

repulsive forces that favour the paraelectric state (high symmetry 

cubic phase) and long-range Coulombic forces that favour the 

ferroelectric state (low symmetry phase) [3]. Recent applications 
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Figure 4.1 Domain walls in ABO3 perovskites: the solid red lines and 

dashed blue lines denote 180◦ and 90◦ domain walls, repectively. The 
arrows denote polarization. 

of ferroelectrics, especially MEMS applications, have attracted much 

attention in understanding the fundamentals of ferroelectrics. For 

recent reviews see [4–6]. 

It is known that many properties of ferroelectrics are controlled 

by domain walls, which are two-dimensional defects. This is not 

surprising as many of the interesting properties of solids, in general, 

are controlled by defects and their evolution. Macroscopically, a 

domain wall can be understood as a surface of discontinuity in 

polarization (polarization per unit volume) and deformation gradi

ent. However, they have an atomistic structure, which determines 

their energy and mobility, and therefore, understanding the atomic 

structure of ferroelectric domain walls is important. There are two 

types of domain walls in the tetragonal ABO3 perovskites: 90
◦ and 

180◦ domain walls. Examples are shown in Fig. 4.1 
Any fundamental understanding of ferroelectricity in perovskites 

requires a detailed understanding of domain walls in the nanoscale 

(see ref. [7] and references therein). Theoretical studies of domain 

walls have revealed many of their interesting features. From 

both theoretical calculations and experimental works, it has been 

observed that the thickness of domain walls can vary from thin 

walls, which consist of only a few atomic spaces to thick walls, which 

are in the order of a few micrometers. There have been studies 

using ab initio calculations [8–10] and anaharmonic lattice statics 
calculations [11] suggesting that ferroelectric domain walls are 

atomically sharp. Hlinka andMarton [12] analyzed 90◦ domainwalls 
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in BaTiO3-like crystals in the framework of the phenomenological 

Ginzburg–Landau–Devonshire (GLD) model and obtained domain 

wall thickness of 3.6 nm at room temperature. Chrosch and 

Salje [13] measured the domain wall thickness in LaAlO3 in the 

temperature range 295–900 K by x-ray diffraction. They observed 

that domain wall thickness increases from about 20 Å to 200 Å

and that the variation of domain wall thickness with temperature 

is linear at low temperatures. Using scanning probe microscopy, 

Iwata et al. [14] found complex 180◦ domain walls with thicknesses 
1−2 μm in PZN-20%PT. Lehnen et al. [15] investigated 180◦ domain 
walls in PbTiO3 using electrostatic force microscopy (EFM) and 

piezoelectric force microscopy (PFM) and observed thick 180◦ 

domain walls at room temperature with thickness of about 5 μm. 

Shilo et al. [16] studied the structure of 90◦ domain walls in PbTiO3 
bymeasuring the surface profile close to emerging domainwalls and 

then fitting it to the soliton-type solution of GLD theory. Using this 

technique they observed that the domain wall thickness is about 

1.5 nm but with a wide scatter. They suggested that the presence 

of point defects within the domain wall is responsible for such 

variations. It is known that the presence of point defects can have 

important effects on the properties of perovskites. For example, 

Bujakiewicz-Koronska and Natanzon [17] showed that point defects 

alter the elastic constants of Na1/2Bi1/2TiO3 significantly. Lee et al. 
[18] proposed a continuum model to investigate this proposal 

and reproduced the experimentally observed range of wall widths 

with their model. They mentioned that the interaction between 

the order parameter and point defects and interaction of point 

defects with each other are two important interactions that should 

be considered properly in such modelings. Angoshtari and Yavari 

[19] used lattice statics to investigate the effect of point defects on 

the domain wall thickness and observe that they can broaden the 

domain walls by about fifty percent. Jia et al. [20] investigated the 
cation-oxygen dipoles near 180◦ domain walls in PbZr0.2Ti0.8O3 thin 
films. Theymeasured the width and dipole distortion across domain 

walls using the negative spherical-aberration imaging technique 

in an aberration-corrected transmission electron microscope and 

observed a large difference in atomic details between charged and 

uncharged domain walls. 
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Another important property of domain walls is the behavior 

of the polarization profile near the domain wall. It is well known 

that 180◦ domain walls have an Ising-like nature. Using Monte 
Carlo simulation, Padilla et al. [9] showed the predominant Ising
like character of 180◦ domain walls in tetragonal BaTiO3 along 
the tetragonal axis. In 180◦ domain walls, polarization vector can 
either rotate in a plane parallel to the domain wall (Bloch type) 

or normal to the domain wall (Neel´ type) [21]. Subsequent works 

on the domain walls showed that domain walls can have mixed 

characters. Using density functional theory, Lee et al. [21] showed 
that while 180◦ domain walls in PbTiO3 are predominantly Ising
like, they have some ´ as well. Having the domain Neel characters 

walls parallel to the (100)-plane, we know that polarization is 

mainly along the (010)-direction. As Lee et al. [21] showed, close 
to the domain wall, polarization has normal components (normal 

to the domain wall) with magnitudes in the order of 1−2% of the 

bulk polarization. Angoshtari and Yavari [22] observed a similar 

behavior at finite temperatures for perfect 180◦ domain walls. They 
saw normal components in the order of 2% of the bulk polarization 

in their finite-temperature structure calculations. Recently, first

principle-based simulations have led to the prediction of vortex type 

polarization distribution in zero-dimensional ferroelectric nanodots 

[23, 24]. 

Strain. There are several works in the literature on the effect of 

strain on ferroelectric domain walls showing that strain can have 

important effects on domain walls. For example, both experiments 

by Shang and Tan [25] and ab initio calculations by Shimada 
et al. [26] show that shear stress applied to 90◦ domain walls in 
PbTiO3 develops polarization reorientation through a domain wall 

movement perpendicular to itself known as stress-induced domain 

switching. Using lattice statics calculations, Angoshtari and Yavari 

[19] observed that normal and shear strains affect the domain wall 

atomic structure but do not change the domain wall thickness. 

External electric field. An external electric field can cause the 

motion of ferroelectric domain walls if the magnitude of the field 

reaches the threshold field Eh for wall motion, i.e., the field at 
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which a domain wall begins to move after overcoming the intrinsic 

Peierls friction of the ferroelectric lattice [27]. It was observed that 

threshold fields that are predicted via thermodynamic calculations 

are usually much larger than the experimental values. For example, 

Bandyopadhyay and Ray [28] predicted an upper limit for Eh 

of LiNbO3 to be 30000 kV/cm but experimental observations 

show that the threshold field for wall motion can be less than 

15 kV/cm. Choudhury et al. [27] suggested that the reason for 
such large differences between theoretical and experimental values 

of Eh is broadening of domain walls. Using microscopic phase-

field modeling, they show that the threshold field for moving an 

antiparallel ferroelectric domain wall dramatically drops by two or 

three orders of magnitude if the wall was diffused by only about 

1–2 nm. Angoshtari and Yavari [29] obtained similar results using 

atomic calculations. Su and Landis [30] developed a continuum 

thermodynamics framework to model the evolution of ferroelectric 

domain structures and investigated the fields near 90◦ and 180◦ 

domain walls and the electromechanical pining strength of an array 

of line charges on these domain walls. 

Steps. It is believed that steps have an important role in do

main wall motion. Nettleton [31] proposed a model for sidewise 

displacement of a 180◦ domain wall in a single crystal barium 
titanate and suggested that the formation of an irregular pattern 

of steps of varying shapes and sizes results in the motion of the 

domain wall and the speed of the domain wall motion is determined 

by the rate of formation and disappearance of these steps. Shur 

et al. [32] considered steps on 180◦ domain walls and proposed 
a mechanism for domain wall motion in weak and strong fields. 

Shin et al. [33] used atomistic molecular dynamics and coarse-
grained Monte Carlo simulations to analyze the nucleation and 

growth mechanism of domain walls in PbTiO3 and BaTiO3. Using  

the method of anharmonic lattice statics, Angoshtari and Yavari [34] 

calculated the equilibrium structure of steps on 180◦ ferroelectric 
domain walls in PbTiO3. They observed that a step locally thickens 

the domain wall and also steps distort the polarization distribution 

in a mixed Bloch–Neel like way; the polarization rotates out of the´

domain wall plane near the steps. 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 14:30 PSP Book - 9in x 6in 04-Shaofan-Li-c04

146 Atomic Structure of Ferroelectric 180◦ Domain Walls in PbTiO3 

The link between defects and the macroscopic behavior of 

materials remains a challenging problem. Classical mechanics of 

defects that studies materials with microscale defects is based on 

continuum theories with phenomenological constitutive relations. 

In the nanoscale, the continuum quantities such as stress and strain 

become ill defined. In addition, due to size effects, to study defects 

in nano-structured materials, non-classical solutions of defect fields 

is necessary [35]. The application of continuummechanics to small

scale problems is problematic; atomistic numerical methods such as 

ab initio calculations [36, 37], Molecular dynamics (MD) simulations 
[38, 39] and Monte Carlo (MC) simulations [40, 41] can be used for 

nanoscale mechanical analyses. However, the application of these 

methods is largely restricted by the size limit and the periodicity 

requirements. Current ab initio techniques are unable of handling 
systems with more than a few hundred atoms. Molecular dynamics 

simulations can model larger systems. However, MD is based on 

equations of classical mechanics and thus cannot be used for low 

temperatures, where quantum effects are dominant. Engineering 

with very small structures requires the ability to solve inverse 

problems and this cannot be achieved through purely numerical 

methods. What is ideally needed is a systematic method of analysis 

of solids with defects that is capable of treating finite temperature 

effects. 

The only analytic/semi-analytic method for solving zero-

temperature defect problems in the lattice scale is the method 

of lattice statics. Lattice statics was introduced in refs. [42, 43]. 

This method has been used for point defects [44, 45], for cracks 

[46–48], and also for dislocations [47, 49–53]. More details and 

history can be found in refs. [44, 49, 52, 54–58] and references 

therein. Lattice statics is based on energy minimization and cannot 

be used at finite temperatures. The other restriction of most 

lattice statics calculations is the harmonic approximation, which 

can be too crude close to defects. Yavari et al. [59] developed a 
general theory of anharmonic lattice statics capable of semi-analytic 

modeling of different defective crystals governed by different 

types of interatomic Potentials (see also refs. [11, 60]). At finite 

temperatures, the use of quantummechanics-based lattice dynamics 

is necessary. Lattice dynamics has mostly been used for perfect 
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crystals and for understanding their thermodynamic properties [54, 

56, 61–65]. There is not much in the literature on corrections for 

anharmonic effects and systematic solution techniques for defective 

crystals. 

Finite temperatures. In order to accurately predict the mechanical 

properties of nanosize devices one would need to take into account 

the effect of finite temperatures. It should be mentioned that most 

of the existing multiscale methods have been formulated for T = 0 
calculations. An example is the quasi-continuum method [57, 66]. 

However, recently there have been several attempts in extending 

this method for finite temperatures [67–70]. As As Forsblom et al. 
[71]mentioned, very little is known about the vibrational properties 

of defects in crystalline solids. Sanati and Esetreicher [72] showed 

the importance of vibrational effects in semiconductors and the 

necessity of free energy calculations. Lattice dynamics [54, 64] 

has been ignored with the exception of some very recent works 

[73]. As examples of finite-temperature defect solutions, we can 

Mention Taylor, Allan et al. [74] and Taylor, Barrera et al., [75] who 
discuss quasiharmonic lattice dynamics for three-body interactions 

in bulk crystals. Taylor, Sims et al. [76] consider a slab, i.e., a system 
that is periodic only in two directions. They consider a supercell 

repeated in the plane periodically. As Allan, Barrera et al. [77] and 
Allan, Barron et al. [78] concluded, a combination of quasiharmonic 
lattice dynamics, molecular dynamics, Monte Carlo simulations 

and ab initio calculations should be used in real applications. We 
should mention that in many materials systems, lattice dynamics 

is a valid approximation up to two-thirds of the bulk melting 

temperature, but it turns out that harmonic approximation may 

not be adequate for free energy calculations of defects at high 

temperatures (see ref. [79] for discussions on Cu). Hansen et al. 
[80] showed that for Al surfaces above the Debye temperature, 

quasiharmonic lattice dynamic approximation starts to fail. Zhao 

et al. [81] showed that quasiharmonic lattice dynamics accurately 
predicts the thermodynamic properties of silicon for temperatures 

up to 800 K. 

In this chapter, following refs. [59] and [82], we discuss the 

theoretical framework of lattice statics and quasi-harmonic lattice 
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dynamics to address the mechanics of defects in crystaline solids 

at zero and finite temperatures. Then these methods are utilized to 

investigate the effects of strian, point defects, steps, external electric 

fields, and temperature on the atomic structure of 180◦ ferroelectric 
domian walls of PbTiO3. In the next section, we first explain the 

geometry of the perfect and defective 180◦ domain walls in PbTiO3. 

4.2 Geometry of 180◦ Domain Walls 

Due to the relative displacements between the center of the positive 

and negative charges, each unit cell of a ferroelectric crystal has a 

net polarization below its Curie temperature. Figure 4.2(a) shows 

Symmetry Reduction 

. . . -2 -1 0 1 2 . . .  

Figure 4.2 (a) The relaxed configuration of the unit cell of PbTiO3. a and 
c are the tetragonal lattice parameters. Note that O1, O2, and O3 refer 
to oxygen atoms located on (001), (100), and (010)-planes, respectively. 

δ denotes the y-displacements of the atoms from their centerosymmetric 
positions and arrows near each atom denote the direction of these 

displacements. (b) and (c) The geometry of a perfect Ti-centered 180◦ 

domain wall. See also Color Insert. 
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the relaxed unit cell of tetragonal PbTiO3. The lattice parameters (a 
and c in Fig. 4.2(a)) changewith temperature such that by increasing 
temperature, unit cells transform from the tetragonal phase with P4 
mm symmetry to the cubic phase with P m3̄m symmetry [83]. We 
consider 180◦ domain walls in PbTiO3 parallel to a (100)-plane. 

4.2.1 Perfect Domain Walls 

By perfect domain walls, we mean domain walls without any 

internal defects such as point defects or steps. These domain walls 

are two-dimensional defects and the direction of the polarization 

vector switches across them. There are two types of perfect 180◦ 

domain walls in PbTiO3: Pb-centered and Ti-centered domain walls. 

Figures 4.2(b) and (c) show the geometry of a Ti-centered domain 

wall. 

4.2.2 Domain Walls with Point Defects 

In addition to perfect domain walls, we also consider 180◦ domain 
walls with oxygen vacancies. It is known that oxygen vacancies tend 

to move toward domain walls and pin them [84–86]. Therefore, 

we study domain walls with oxygen vacancies sitting on them. 

In order to be able to obtain a solution, we need to consider 

periodically arranged vacancies on the domain wall. Although in 

reality oxygen vacancies have lower densities, our results with the 

current assumption can still provide important insights on the effect 

of vacancies on 180◦ domain walls. Depending on which oxygen in 
the PbTiO3 unit cell sits on the domain wall, there would be three 

types of defective domain wall: (i) O2-defective, (ii) O1-defective, 

and (iii) O3-defective. Figure 4.3 shows an O1-defective domainwall. 

Note that O1- and O3-defective domainwalls are Ti-centered but O2

defective domain wall is Pb-centered. It has been observed that O2

defective domain walls are not stable [19, 84], i.e., the lattice statics 

iterations do not converge. Thus, we consider O1- and O3-defective 

domain walls in the following. 

Let x, y, and z denote coordinates along the (100), (010), and  
(001)-directions, respectively. For both perfect domain walls and 
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Figure 4.3 The geometry of a O1-defective 180◦ domainwall. See also Color 
Insert. 

domain walls with point defects, we assume a 1-D symmetry reduc

tion, which means that all the atoms with the same x-coordinates 

have the same displacements (see Fig. 4.2(b)). Therefore, we �� �� 
partition the 3D lattice L as L = LI α , where  LI α and ZI α∈Z 

are 2-D equivalence classes parallel to the (100) plane and the set 

of integers, respectively. j = J β is the atom in the β-th equivalence 
class of the J -th sublattice. See refs. [59, 82] for more details on the 
symmetry reduction. 

4.2.3 Steps in Domain Walls  

Consider a domain wall parallel to a (100)-plane. By a step on 

the domain wall, we mean the region where the domain wall joins 

another domain wall parallel to the first wall with an offset in the 

(100)-direction (see Fig. 4.4). We consider three different steps: Ti– 
Ti, Pb–Pb, and Pb–Ti. Note that assuming that the step is limited to 

a single unit cell, i.e., if the two domain walls are one or half a lattice 

spacing apart, there would be more than one possibility for the step 

configuration. For example, we plot two possibilities for Pb–Pb step 

in Fig. 4.4(b). In this figure, Case I shows a Pb–Pb step in (001) 

PbO-plane while Case II shows another Pb–Pb step in (001) TiO2

plane. Note that there are still other possibilities for Pb–Pb steps. 

We should emphasize that the configurations shown in Fig. 4.4 are 

only the initial configurations that we use as the starting point for 

finding the final equilibrium configuration. We observe that as far 

as we confine the step to a single unit cell, the anharmonic lattice 

statics iterations converge to the same solution regardless of the 
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Figure 4.4 (a) Schematic profile of polarization close to a step. (b) Two 

different possibilities for a Pb–Pb step. See also Color Insert. 

initial configuration of the step. Therefore, the exact choice of the 

initial step configuration is not important in the final equilibrium 

structure. We should also emphasize that we are analyzing a single 

step on a single domain wall in an infinite crystal, i.e., no periodicity 

assumptions are made. Note that in Fig. 4.4, domain walls away 

from the step have polarization only along the (010)-direction, but 
near the domain wall, the polarization vectors change direction as 

we see in the sequel. Note also that we assume a 2-D symmetry 

reduction, which means that all the atoms with the same x- and 

z- coordinates (x, y, and z are coordinates along the (100), (010), 
and (001)-directions, respectively) have the same displacements. �� �� 
Therefore, we partition the 3-D lattice L as L = I α,β∈Z LI αβ , 

where LI αβ and Z are 1-D equivalence classes parallel to the (010)
direction and the set of integers, respectively. 
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4.3 Analytic Lattice Models 

In this section, we explain the methods of lattice statics and quasi

harmonic lattice dynamicsa. We need some notions from statistical 

mechanics. We use a shell potential to model the complicated 

interations between atoms of PbTiO3. We first review these 

perliminary concepts. 

4.3.1 The Ensemble Theories 

There are different ensemble theories for calculating the thermody

namical properties of systems from the statisticalmechanics point of 

view. We consider micro canonical and canonical ensemble theories 

and discuss the relation between them. In particular, wewill see that 

the free energyminimization discussed in the sequel is equivalent to 

finding the most probable energy at a given temperature. For more 

detailed discussions see [87]. 

4.3.1.1 Micro Canonical Ensemble Theory 

From thermodynamic considerations, it is known that by specifying 

the limited number of properties of a system, one can determine 

all the other properties. In principle, any physical system, i.e., any 

macro system, consists of many smaller subsystems. Therefore, 

we can consider properties of each macro system as macrostates 
specified by the properties of these subsystems called microstates. 
Note that by a microstate we mean a set of values associated to each 

subsystem of a system. For example, consider an isolated system 

with energy E and volume V that consists of N non-interacting 
particles with energies �i , i = 1,2, . . . , N . Now each n-tuple 
(�1, . . . , �i ) satisfying 

N 

�i = E , (4.1) 

i=1 
represents a microstate of this system. 

Obviously, several microstates may be associated to the same 

macrostate. Let �(E , N, V ) denote the number of microstates 

aReprinted from ref. [82] with permission from Elsevier. 
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associated with a given macrostate (E , N, V ). We assume that for 
an isolated system, (i) all microstate compatible with the given 

macrostates are equally probable, and (ii) equilibrium corresponds 

to the macrostate having the largest number of microstates. Let S 
and kB denote the entropy of a system and Boltzmann constant, 
respectively. Then one can show that the above two assumptions and 

setting 

S = kB ln(�), (4.2) 

leads to the equality of temperatures for systems that are in thermo

dynamical equilibrium. Note that Eq. (4.2) provides the fundamental 

relation between thermodynamics and statistical mechanics. Once 

S is obtained, the derivation of other thermodynamical quantities 
would be a straight forward task. 

4.3.1.2 Canonical Ensemble Theory 

In practice, we never have an isolated system and even if we 

have such a system, it is hard to measure the total energy of the 

system. This means that it is more convenient to develop a statistical 

mechanics formalism that does not use E as an independent 
variable. It is relatively easy to control the temperature of a system, 

i.e., we can always put the system in contact with a heat bath at 

temperature T . Thus, it is natural to choose T instead of E . 
Let a system be in equilibrium with a heat bath at temperature 

T a. In principle, the energy of the system at any instant of time can 

be equal to any energy level of the system. As a matter of fact, one 

can show that the probability of a system being in the energy level 

Er is equal to 

gr exp(−Er /kB T ) gr exp(−Er /kB T )
Pr = � = , (4.3) 

i gi exp(−Ei /kB T ) Q (T, ϒ) 

where we define the partition function of the system as 

Q (T, ϒ) = gi exp(−Ei /kB T ), (4.4) 

i 

andϒ denotes any other parameters that might govern the values of 
Er . Note that the summation goes over all energy levels of the system 

aWe assume systems can only exchange energy. 
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and gi denotes the degeneracy of the state Ei , i.e., the number of 

different states associated with the energy level Ei . Thus, one may 

write gi = �(Ei ), where � comes from the previous formulation. 
Assuming the total energy of the system to be an average energy of 

the different states, i.e. 

E = Pr Er , (4.5) 
r 

one can show that the Helmholtz free energy F can be written as 

F = −kB T ln Q . (4.6) 

Equation (4.6) provides the basic relation in the canonical ensemble 

theory. Once F is known, the other thermodynamic quantities can 
be easily obtained. 

Note that we have chosen the average energy to be the energy 

of the system in this theory. One can show that the total energy 

associated to the system on micro canonical ensemble theory 

corresponds to the most probable energy of the system, i.e., the 

energy level that maximizes Pr at a given temperature T . In practice, 
i.e., in the thermodynamic limit N −→ ∞, it can be shown that these 

energies are equal and thus these two smilingly different approaches 

are the same. 

Finally, note that 
gr exp(− Er /kB T ) exp[−(Er − kB T ln gr )/kB T ]

Pr = = 
Q (T, ϒ) Q (T, ϒ) 

exp(−Fr /kB T ) = , (4.7)
Q (T, ϒ) 

where we use S = kB ln�, which is justified by the equivalence of 

the two ensemble theories. Equation (4.7) shows that to maximize 

Pr at a fixed temperature, we need to minimize Fr over all 

admissible states r . To summarize, we have shown that minimizing 
the Helmholtz free energy at a temperature T (and constant volume) 
is equivalent to finding the most probable energy level, which is the 

total energy of the system. Note that this minimization should be 

done over all variables that determine the free energy. 

4.3.2 Shell Potentials 

Ferroelectric perovskites have a fairly complicated electronic 

structure and bonding, which include covalent bonds, but individual 
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atoms may also be ionized and polarized due to distortions in their 

electron orbitals. Therefore, ferroelectrics are often modelled using 

shell potentials originally introduced by Dick and Overhauser [88]. 

In shell models [89, 90], it is assumed that an atom is composed of 

a core, which consists of the nucleus and the inner electrons and 

a massless shell, which consists of the valence electrons. We use a 

shell potential for PbTiO3 introduced by [90] to model the atomic 

interactions. Let L denote the collection of cores and shells, i ∈ L {
i 
L

denote a core or a shell in L, and  x i∈L represents the current 

position of cores and shells. Then the total static energy can be 

written as ({ i L ) ({ i L ) ({ i L ) ({ i L )
E x i∈L =Eshort x i∈L +Elong x i∈L +Ecore–shell x i∈L . 

(4.8) ({
i 
L )

Eshort x denotes the short range energy which is assumedi∈L
to be only between Pb–O, Ti–O, and O–O shells. This short range 

energy is described by the Rydberg potential of the form (A + 
Br) exp(−r/C ), where A, B and C are potential parameters and ({

i 
L )

r is the distance between interacting elements. Elong x i∈L
denotes the Coulombic energy between the core and shell of each 

ion with the cores and shells of all of the other ions. Finally, ({
i 
L )

Ecore–shell x represents the energy of the interaction of core i∈L
and shell of an atom and is assumed to be an anharmonic spring of 

the form (1/2)k2r2 + (1/24)k4r4, where k2 and k4 are constants. For 
the absolute zero temperature, PbTiO3 has a tetragonal unit cell with 

lattice parameters a = A and  c = 1.08a. The value of3.843 ̊ the 

potential parameters are listed in Table 4.1 (see ref. [90] for more 

details). 

Contrary to the short range interactions, numerical calculation of 

the long range interactions Elong is not a straightforward task. The 
classical Madelung problem for calculating the classical Coulombic 

Table 4.1 The parameters of the shell potential [90]. 

Core charge Shell charge A B C k2 k4 
Atom (e) (e) (eV) (eV ̊A6) (Å) (eVÅ−2) (eVÅ−4) 

Pb +5.1464 −3.3506 Pb–O 6291.337 296.2822 0.265259 75.35 26896.59 

Ti +9.7297 −6.8449 Ti–O 1416.395 3.6840 0.290791 1937.88 961.16 

O +0.7057 −2.2659 O-O 283.410 −103.2676 0.520557 26.48 1324.55 
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potential and force [91] has an important role in atomic and 

molecular simulations involving electrostatic interactions. Consider 

an arbitrary lattice with a unit cell that is composed of N 
charges {q1, . . . , qN } and let linearly independent vectors e1, e2, e3 
∈ R3 denote the lattice vectors. We assume the charge neutrality 

N
condition for the unit cell, i.e., qi = 0. Then the Madelungi=1 
problem for calculation of the total electrostatic energy of the unit 

cell located at the origin can be expressed as 

N 
1 Elong = qi q j |Vn + ri j  |−1 , (4.9)
2

i, j =1 n∈Z3 

where V = [e1 e2 e3] ∈ R3×3 (the matrix with lattice vectors as its 
columns) and ri j  = ri − r j , where  ri denotes the atomic position 

within the unit cell. The prime on the summation emphasizes 

that we exclude self-energy, i.e., for n = 0 the term i = j is 
omitted. 

One method of calculating the above lattice sum is to use direct 

sums. However, it is awell-known fact that Eq. (4.9) is a conditionally 

convergent series, which means that Eq. (4.9) is meaningless unless 

the order of summation of the terms is specified. It is interesting to 

note that summation over regions that may seem to be natural can 

diverge. For example, for a 3-dimensional NaCl-type ionic crystal, it 

was shown that this lattice sum does not converge over expanding 

spheres [92], expanding ellipsoids, and some specific expanding 

polygons [93], but it converges for expanding cubes [92]. The 

direct summation method is not practical due to the slow rate of 

convergence. 

Another method for dealing with Eq. (4.9) is to find some 

analytic continuation for this expression over the complex plane and 

then to find some fast converging series to evaluate this analytic 

continuation. The celebrated Ewald method [94] uses this idea. 

Determining the relation between the above-mentioned two 

methods is not a straightforward task. Specifically, in what order one 

should sum the terms of the series (4.9) to obtain the Ewald’s result? 

Borwein, et al. [92] showed that for NaCl-type crystals, summing 
over cubes would yield the Ewald result. 

Aswementioned earlier, for NaCl-type crystals direct summation 

over expanding cubes converges while summation over expanding 
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spheres diverges. One may guess that what makes the expanding 

cubes converge is that, unlike expanding spheres, each cube is 

charge neutral, and thus it may be possible to obtain a converging 

sequence over spheres if one somehow converts the regular spheres 

to charge neutral ones. This is the main idea of the Wolf method 

[95] and the earlier work of Buhler and Crandall [96]. In particular, 

for a general lattice of charges, Wolf et al. [95] suggested that 
putting a mirror charge on the surface of sphere for each charge 

inside the sphere and neglecting the charges outside the sphere 

results in a sequence that converges to the result obtained via Ewald 

method. Buhler and Crandall [96] rigorously proved this statement 

for NaCl lattice with unit charges and later Angoshtari and Yavari 

[97] generalized their proof to arbitrary lattices. 

Usually the Wolf method converges very slowly and this makes 

it unfavorable in practice. To resolve this issue, Wolf et al. [95] 
modified their method and introduced the damped Wolf method. 

Although dampedmethod converges fast, it converges to values that 

depend on the damping parameter and crystal structure [11, 95]. 

It is interesting to note that the variation of the calculated energy 

versus the radius of the charge natural sphere depends on the crystal 

structure: it may have an oscillatory behavior as for NaCl crystal 

[95] or non-oscillatory behavior like PbTiO3 peroveskite [11]. We 

use the dampedWolf method for calculating the classical Coulombic 

potential and force. 

4.3.3 Lattice Statics 

Consider a collection of atoms L with the current configuration { L
ix i∈L ⊂ Rn . Assuming that there is a discrete field of body forces 

{Fi }i∈L, a necessary condition for the current position {xi }i∈L to be 

in static equilibrium is −
∂
∂

x
E 

i + Fi = 0, ∀ i ∈ L, where E is the total 
static energy and is a function of the atomic positions. These discrete 

governing equations are highly nonlinear. In order to obtain semi

analytical solutions, we first linearize the governing equations with 
irespect to a reference configuration B0 = {x }i∈L [59]. We leave the0

reference configuration unspecified; at this point it would be enough 

to know that we usually choose the reference configuration to be a 

nominal defect configuration. 
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Taylor expansion of the governing equations for an atom i about 
ithe reference configuration B0 = {x }i∈L reads 0

∂E ∂E ∂2E i− + Fi = −  (B0)− (B0) · (xi − x )0∂xi ∂xi ∂xi ∂xi � ∂2E − (B0) · (x j − x j )− . . . + Fi = 0.0∂x j ∂xi 
j∈L
 
j H=i
 

(4.10) 

j
Ignoring terms that are quadratic and higher in {x j − x }, we obtain  0

∂2E � ∂2E 
(B0) · (xi − xi ) + (B0) · (x j − x j 

)0 0∂xi ∂xi ∂x j ∂xi 
j ∈L 
j H=i 

= −  ∂E 
(B0)+ Fi ∀i ∈ L. (4.11)

∂xi { L − ∂EHere, (B0) is the discrete field of unbalanced forces. 
∂xi i∈L 

4.3.3.1 Defective Crystals and Symmetry Reduction 

In many defective crystals, one can simplify the calculations by 

exploiting symmetries. A defect, by definition, is anything that 

breaks the translation invariance symmetry of the crystal. However, 

it may happen that a given defect does not affect the translation 

invariance of the crystal in one or two directions. With this idea, 

one can classify defective crystals into three groups: (i) with 1

D symmetry reduction, (ii) with 2-D symmetry reduction and (iii) 

with no symmetry reduction. Examples of (i), (ii) and (iii) are free 

surfaces, dislocations, and point defects, respectively. Assume that 

the defective crystal L has a 1-D symmetry reduction, i.e., it can be 
partitioned into two-dimensional equivalence classes as follows: 

N 

L = SI α, (4.12) 

α∈Z I =1 

whereSI α is the equivalence class of all the atoms of type I and index 
α. Here, we assume that L is a multilattice of N simple lattices. For 
a free surface, for example, each equivalence class is a set of atoms 
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lying on a plane parallel to the free surface. Using this partitioning 

for i = I α, one can write  
N � � � ∂2E ��� � ∂2Ej J β

(B0)·(x j −x ) = (B0)· x J β − x ,0 0∂x j ∂xi ∂x j ∂xi 
j ∈L β∈Z J =1 j ∈S J β 
j H=i 

(4.13) 

where the prime on the first sum means that the term J β = I α 
is omitted. The linearized discrete governing equations are then 

written as [59] ⎛ ⎞ 
N N ��� ��� 

J β I α ⎠KI α J βu +⎝− KI α J β u = fI α, (4.14) 

β∈Z J =1 β∈Z J =1 
where � ∂2E


KI α J β = (B0),
 
∂x j ∂xI α 

j∈S J β 

∂E
fI α = −  (B0)+ FI α, 

∂xI α

J β J β − x J β ju = x = x j − x ∀ j ∈ S J β. (4.15)0 0 

The governing equations in terms of unit cell displacement vector ( )T u1 NUα = α, . . . , u can be written asα 

Aβ(α)Uα+β = Fα α ∈ Z, (4.16) 

β∈Z 

where Aβ(α) ∈ R3N ×3N , Uα, Fα ∈ R3N . This is a linear vector-valued 

ordinary difference equation with variable coefficient matrices. The 

unit cell force vectors and the unit cell stiffness matrices are defined 

as ⎛ ⎞
K1α1β K1α2β · · ·  K1αNβ ⎜ ⎟K2α1β K2α2β · · ·  K2αNβ ⎜ ⎟Aβ(α) = ⎜ . . . ⎟ α, β ∈ Z, ⎝ . . . ⎠ . . · · ·  . 

KNα1β KN α2β · · ·  KNαNβ ⎛ ⎞
F1α ⎜ . ⎟Fα = ⎝ . ⎠ . (4.17). 

FNα 

Note that, in general, Aβ need not be symmetric [59]. The resulting 

system of difference equations can be solved directly or using 

discrete Fourier transform [59]. 
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4.3.3.2 Hessian Matrix for the Bulk Crystal 

A bulk crystal is a defective crystal with a 0-D symmetry reduction. 

Governing equations for atom I in the unit cell n = 0 read −
∂
∂
x
E 

I + 
FI = 0, I = 1, . . . , N . Linearization about B0 = {XI } yields 

∂2E � ∂2E 
(B0) · (xI − XI ) + (B0) · (x j − X j )+ . . .  

∂xI ∂xI ∂xI ∂x j 
j∈L 
j H=I 

∂E = −  (B0)+ FI I = 1, . . . , N . (4.18)
∂xI 

Note that 
N � ∂2E �� ∂2E 

(B0) · (x j − X j ) = (B0) · (x j − X j )
∂xI ∂x j ∂xI ∂x j

j∈L J =1 j∈L J
 
j J H=I
H=I � ∂2E + (B0) · (x j − X j ). (4.19)

∂xI ∂x j 
j∈LI 
j H=I 

We also know that because of translation invariance of the potential 

∂2E � ∂2E 
(B0) = −  (B0). (4.20)

∂xI ∂xI ∂xI ∂x j
j∈L 
j H=I 

Therefore, the linearized governing equations can be written as   
N N 

KI J u J + − KI J uI = fI I = 1, . . . , N, (4.21) 

J =1 J =1 
J H=I J H=I 

where � ∂2E
KI J  = (B0), 

∂xI ∂x j
j∈L J 

fI = −  ∂E 
(B0)+ FI , 

∂xI 

Ju = x J − X J = x j − X j ∀ j ∈ L J . (4.22) 

The Hessian matrix of the bulk crystal is defined as ⎛ ⎞
K11 K12 . . .  K1N ⎜ ⎟K21 K22 . . .  K2N ⎜ ⎟H = ⎜ . . . ⎟ , (4.23). ⎝ . . . . ⎠.. . . 

KN1 KN2 . . .  KN N  
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where K J I  = KI J . Stability of the bulk crystal dictates H to be 
positive-semidefinite with three zero eigenvalues. In the case of a 

defective crystal, one can look at a sequence of sublattices containing 

the defect and calculate the corresponding sequence of Hessians. 

4.3.4 Quasi-Harmonic Lattice Dynamics 

At a finite temperature T (constant volume) thermodynamic 
stability is governed by Helmholtz free energy F = E − T S . In  
principle, F is well-defined in the setting of statistical mechanics. 
Quantum-mechanically calculated energy levels E (i) for different  
microscopic states can be used to obtain the partition function 

−E (i)
Q = exp , (4.24) 

i 
kB T 

where kB is Boltzmann constant. Finally, as was mentioned earlier, 

we have F = −kB T ln Q . However, one should note that the 
phase space is astronomically large even for a finite system. 

Usually, in practical problems, molecular dynamics and Monte Carlo 

simulations, coupled with thermodynamic integration techniques, 

reduce the complexity of the free energy calculations. For low 

to moderately high temperatures, quantum treatment of lattice 

vibrations in the harmonic approximation provides a reliable 

description of thermodynamic properties [56]. In the following, we 

review the classical formulation of lattice dynamics first for a finite 

collection of atoms and then for bulk crystals and defective crystals 

(see ref. [82]). 

4.3.4.1 Finite systems { L 
For a finite system of N atoms, suppose B = Xi is the static � i∈L 

∂E �equilibrium configuration, i.e., = 0, ∀ i ∈ L. Hamiltonian of 
∂xi xi =Xi 

this collection is written as 

i 2 iH 
({

x
L ) = 1

� 
mi |ẋi | + E 

({
x
L ) 

. (4.25)i∈L i∈L2 
i∈L 
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iNow denoting the thermal displacements by u = xi − Xi potential 

energy of the system is written as 

({ L ) ({ L ) 1 � ∂2Ei i T jE x = E Xi + u · (B)u + . . .  (4.26)i∈L i∈L 2 ∂xi ∂x j 
i, j ∈L 

Or
 

1
 T 2E(x) = E(X)+ u  u + o(|u| ), (4.27)
2 

where  is the matrix of force constants. The Hamiltonian is 

approximated by 

1 1 TM ̇H(x) = E(X)+ uT u + u̇ u, (4.28)
2 2 

where M is the diagonal mass matrix. Let us denote the matrix of 
eigenvectors of by U and write 

1 1 H(x) = E(X)+ qTAq + q̇TMq̇, (4.29)
2 2 

where q = UTu is the vector of normal displacements and A = 
diag(λ1, . . . , λ3N ) is the diagonal matrix of eigenvalues of  . This 

is now a set of 3N independent harmonic oscillators. Solving 
Schr ¨ rth oscillator ondinger’s equation gives the energy levels of the


as [56]
   
1

Enr = Er (X)+ n + fωr n = 0,1, . . . ,  r = 1, . . . ,3N, (4.30)
2({ L ) √ 

where ωr = ωr Xi = λr /mr . The free energy is then i∈L
written as [54] 

3N ∞  −Enr 
 ({ L ) � � ({ L )

F Xi , T = −kB T ln exp = E Xi 
i∈L kB T i∈L

r=1 n=0 
3N 3N �   � 

1 fωr + fωr + kB T ln 1− exp − . 
2 kB T

r=1 r=1 
(4.31) 

Here it should be noted that we have considered a time-

independent Hamiltonian, which can be regarded as a first-order 

approximation for some problems. Assume that Hamiltonian H of 
a system contains a time-dependent parameter f(t), say a time-
dependent external force. If the time variation of f (t) is slow and 
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163 Analytic Lattice Models 

does not cause a large variation of H in a time interval of the same 
order as the natural period of the system with constant f, then this 
approximation is valid [98], otherwise one should consider time-

dependent harmonic oscillator systems. This can be the case for 

various quantum mechanical systems [99–101]. In such situations 

one should obtain the solution of Schröndinger’s equation for a time

dependent forced harmonic oscillator and as a result, energy levels 

would depend on the forcing terms too. For example, Meyer [101] 

investigated energy propagation in a one-dimensional finite lattice 

with a time-dependent driving force by solving the corresponding 

forced Schrondinger’s equation. also the formula ¨ Note that above 

for the free energy is based on the quasiharmonic approximation. 

As temperature increases such an approximation may become 

invalid for some materials [102] and, therefore, one would need to 

consider anharmonic effects. To include anharmonic terms in the 

free energy relation, anharmonic perturbation theory can be used 

by choosing the quasiharmonic state as the unperturbed state and 

the perturbation is due to the terms higher than second order in 

the Taylor expansion of the potential energy [103]. This way, one 

accounts for anharmonic coupling of the vibrational modes. 

Aswe discussed earlier, to obtain the optimumpositions of atoms 

at a constant temperature T one should minimize the free energy { L 
with respect to all the geometrical variables Xi [76, 104]. Thus, i∈L 
the governing equations are 

3N 3N 
∂F ∂E f ∂ωr 1 ∂ωr = + + f � � = 0. (4.32)
∂Xi ∂Xi 2 ∂Xi �ωr ∂Xi 

r=1 r=1 exp − 1kB T 

To compute the derivatives of the eigenvalues, we use themethod 

developed by [105]. Consider the expansion of the elements of the 

dynamaical matrix = <αβ about a configuration B: 

({ L ) ({ L )i Xi<αβ x = <αβi∈L i∈L

+ ∂<αβ 
(B) · (xi − Xi )+ · · ·  α, β = 1, . . . ,3N . 

∂Xi 
i∈L 

(4.33) 
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If the eigenvectors of are normalized to unity, the perturbation 

expansion of eigenvalues would be [105] 

3N ({ L ) ({ L ) � � ∂<αβiλr x = λr Xi + U ∗ Uβr ·(xi −Xi )+· · ·  ,i∈L i∈L αr ∂Xi 
i∈L α,β=1 

(4.34) [ ]
where ∗ denotes conjugate transpose and U = Uαβ is the matrix 

of eigenvectors of = [<αβ ], which are normalized to unity. Since 

higher order terms in the above expansion contain (xi − Xi )n with 

n ∈ N ≥ 2, all of them vanish for calculating the first derivatives of 
ieigenvalues at x = Xi . Hence, we can write 

∂λr � ∂λr 
3N 

∂<αβ � = = U ∗ Uβr , (4.35)αr∂xi xi =Xi ∂Xi ∂Xi 
α,β=1 

and therefore 

∂ωr 1
3N 

∂<αβ = U ∗ Uβr . (4.36)αr∂Xi 2mr ωr ∂Xi 
α,β=1 

For minimizing the free energy, depending on the chosen 

numerical method, one may need the second derivatives of the 

eigenvalues as well. We can extend the above method and consider 

higher order terms to obtain higher order derivatives. The numerical 

method used in this chapter for minimizing the free energy will be 

discussed in detail in the sequel. 

4.3.4.2 Perfect crystals 

Let us reformulate the classical theory of lattice dynamics [54, 56, 

61] in our notation for a perfect crystal. Let us assume that we are ��N
given a multi-lattice L with N simple sublattices, i.e., L = I =1 LI . 

Let us denote the equilibrium position of i ∈ L by Xi , i.e.  

∂ �� E 
({x j } j∈L

) = 0 ∀i ∈ L. (4.37)
∂xi xi =Xi 

Atoms of the multi-lattice move from this equilibrium configuration 

due to thermal vibrations. Let us denote the dynamic position of 
iatom i ∈ L by x = xi (t). We now look for a wave-like solution of 

the following form for i ∈ LI 

1 Xi −ω(k)t)i �(k·u := xi − Xi = √ UI (k) e , (4.38) 
mI 
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√ 
where � = −1, ω(k) is the frequency at wave number k ∈ B, B is 
the first Brillouin zone of the sublattices, and UI is the polarization 

vector. Note that we are assuming that mI =H 0.a Note also that the 

displacements xi (t) are time dependent and are deviations from the 

average temperature-dependent configuration Xi = Xi (T ). 
Hamiltonian of this system has the following form: 

2H 
({xi }i∈L

) = 1
� 

mi |ẋi | + E 
({xi }i∈L

) 
. (4.39)

2 
i∈L 

Because of translation invariance of energy, it would be enough 

to look at the equations ofmotion for the unit cell 0 ∈ Z3. These read 

mI ẍI = −
∂
∂
x
E 

I , I = 1, . . . , N . Note that 
√ XI −ω(k)t)mI ẍI = −  mI UI (k)ω(k)2 e (k· . (4.40) 

The idea of harmonic lattice dynamics is to linearize the forcing 

term, i.e., to look at the following linearized equations of motion. � ∂2E 
mI ẍI = −  (B)u j 

∂x j ∂xI 
j∈L 

N �� ∂2E j= −  (B)u I = 1, . . . , N . (4.41)
∂x j ∂xI 

J =1 j∈L J 

Note that for j ∈ L J
 

1
j X j −ω(k)t)u = √ U J (k) e (k· . (4.42) 
mJ 

Therefore, equations of motion read 
N 

ω(k)2UI (k) = DI J (k)U J (k), (4.43) 

J =1 
where � ∂2E1 k·(X j −XI )DI J  = √ e (B), (4.44) 

mI mJ ∂x j ∂xI 
j∈L J 

are the sub-dynamical matrices. The case I = J should be treated 
carefully.We know that as a result of translation invariance of energy 

∂2E � ∂2E 
(B) = −  (B). (4.45)

∂xI ∂xI ∂x j ∂xI 
j∈L 
j H=I 

aFor shell potentials, for example, shells are massless and one obtains an effective 

dynamical matrix for cores as will be explained in the sequel. 
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166 Atomic Structure of Ferroelectric 180◦ Domain Walls in PbTiO3 

Thus � ∂2E � ∂2E1 1k·(X j −XI )DI I  = e (B)− (B). (4.46) 
mI ∂x j ∂xI mI ∂x j ∂xI 

j∈LI j∈L 
j H=I j H=I 

Finally, the dynamical matrix of the bulk crystal is defined as ⎛ ⎞
D11(k) D12(k) . . .  D1N (k) ⎜ ⎟D21(k) D22(k) . . .  D2N (k) ⎜ ⎟ ∈ R3N×3ND(k) = ⎜ . . . ⎟ . (4.47). ⎝ . . . . ⎠. 

DN1(k) DN2(k) . . .  DN N (k) 
Let us denote the 3N eigenvalues of D(k) by  λi (k), i = 

1, . . . ,3N . It is a well-known fact that the dynamical matrix is 
Hermitian and hence all its eigenvalues λi are real. The crystal is 

stable if and only if λi > 0 ∀ i . 
Free energy of the unit cell is now written as 

. . . 

3N ( ) ( ) �� 1 F {X j } j∈L, T = E {X j } j∈L + fωi (k)
2

k i=1 
3N 

fωi (k)+ kB T ln 1− exp − , (4.48)
kB T

k i=1√ 
where ωi = λi 

a and a finite sum over k-points is used to 
approximate the integral over the first Brillouin zone of the phonon 

density of states. The second term on the right-hand side is the zero

point energy and the last term is the vibrational entropy. For the {
X j
L 

optimum configuration at temperature T , we have  j∈L 
3N 

∂F ∂E f 1 1 ∂ωi 
2(k) 

∂X j ∂X j 2 �ωi (k) ∂X j 
k i=1 2ωi (k) exp − 1kB T 

= 0, j = 1, . . . , N . (4.49) 

Here using the same approach as in the pervious section, one can 

calculate the derivatives of the eigenvalues as follows: 
3N 

∂ D αβ (k)∂ωi 
2 (k) = Uα

∗ 
i (k) Uβi (k) , (4.50)

∂X j ∂X j 
α,β=1 [ ]

where U (k) = Uαβ (k) ∈ R3N×3N is the matrix of the eigenvectors [ ]
D αβ (k)of D(k) = , which are normalized to unity. 

aNote that this is consistent with Eq. (4.30) as we are using mass-reduced 

displacements. 
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Analytic Lattice Models 167 

4.3.4.3 Lattices with massless particles 

Let us next consider a lattice in which some particles are assumed 

to be massless. The best known model with this property is the 

so-called shell model [88]. Let us assume that the unit cell has N 
particles (ions), each composed of a core and a (massless) shell. The 

lattice L is partitioned as 

N � � 
L = Lc Ls = Lc

I Ls
I . (4.51) 

I =1 

Position vectors of core and shell of ion i are denoted by xi andc { L 
xs

i , respectively. Given a configuration xi , equations of motioni∈L
for the fundamental unit cell read 

∂E ∂E 
mI ẍI = −  , 0 = −  , I = 1, . . . , N . (4.52)c ∂xI ∂xI 

c s 

Assuming that cores and shells are at a static equilibrium 

configuration, equations of motion in the harmonic approximation 

read 

N N �� ∂2E �� ∂2EI j ju = −  − · umI ¨ c j · uc j s , 
∂xc ∂xI ∂xs ∂xI 

J =1 c J =1 j∈Ls cj∈Lc
J J 

I = 1, . . . , N, (4.53) 

N N �� ∂2E �� ∂2E
0 = −  · u j − · us

j ,j c j
∂xc ∂xI ∂xs ∂xI 

J =1 j∈Lc
J s J =1 j∈Ls

J s 

I = 1, . . . , N . (4.54) 

Note that for j ∈ L J we can write 

j 1 
U J k·Xc

j −ω(k)t u = (k) ec √ c , 
mJ 

j k·Xs
j −ω(k)t u = U J (k) e , k ∈ B, (4.55)s s 

where B is the first Brillouin zone ofLc
I (orLs

I ). Thus, Eqs. (4.53) and 

(4.54) can be simplified to read 

N N 

Dcc Dcs 
I J  Uc

J (k) + I J  Us
J (k) = ω2(k)Uc

I (k), I = 1, . . . , N,
 
J =1 J =1
 

(4.56) 
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168 Atomic Structure of Ferroelectric 180◦ Domain Walls in PbTiO3 

N N 

Dsc Dss 
I J  Uc

J (k) + I J  Us
J (k) = 0, I = 1, . . . , N, (4.57) 

J =1 J =1 
where 

Dcc 1 ∂2E k·(Xc
j −XI )c= √ e ,I J  jmI mJ ∂xc ∂xI 

j∈Lc
J c 

1 ∂2E
Dcs k·(Xs

j −XI )c= √ e ,I J  jmI ∂xs ∂xI 
j∈Ls

J c 

1 ∂2E
Dsc k·(Xc

j −XI )s= √ e ,I J  jmJ ∂xc ∂xI 
j∈Lc

J s � ∂2E
Dss k·(Xs

j −XI )= e s . (4.58)I J  j
∂xs ∂xI 

j∈Ls
J s 

Equations (4.56) and (4.57) can be rewritten as 

DccUc + Dcs Us = ω2Uc, 
1Us = −D− DscUc, (4.59)ss 

where ⎛ ⎞ ⎛ ⎞
U1 U1 

c s ⎜ . ⎟ ⎜ . ⎟Uc = ⎝ . ⎠ , Us = ⎝ . ⎠ , (4.60a). . 

UN UN 
c s ⎛ ⎞
Dcc 
11 . . .  Dcc 

1N ⎜ . . ⎟.Dcc = ⎝ . . . . ⎠ , (4.60b). . 

Dcc 
N1 . . .  Dcc 

N N  ⎛ ⎞
Dcs 
11 . . .  Dcs 

1N ⎜ . . ⎟.Dcs = ⎝ . . . . ⎠ , (4.60c). . 

Dcs 
N1 . . .  Dcs 

N N  ⎛ ⎞
Dsc 
11 . . .  Dsc 

1N ⎜ . . ⎟.Dsc = ⎝ .. . . .. ⎠ , (4.60d) 

Dsc 
N1 . . .  Dsc 

N N  ⎛ ⎞
Dss 
11 . . .  Dss 

1N ⎜ . . ⎟.Dss = ⎝ .. . . .. ⎠ . (4.60e) 

Dss 
N1 . . .  Dss 

N N  

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 14:30 PSP Book - 9in x 6in 04-Shaofan-Li-c04

�

�

�   �

  

  

� 

  

  

� � 
    

� � 
    

Analytic Lattice Models 169 

Finally, the effective dynamical problem for cores can be written 

as 

D(k)Uc(k) = ω(k)2Uc(k), (4.61) 

where 

D(k) = Dcc(k)− Dcs(k)D−1(k)Dsc(k), (4.62)ss 

is the effective dynamical matrix. Note that Dcs and Dsc are not 

Hermitian but Dcs D−1Dsc is.ss 

The diagonal submatrices of D, i.e.  Dcc and Dss should be I I  I I  

calculated considering the translation invariance of energy, namely 

1 ∂2E 1 � ∂2E
Dcc k·(Xc

j −XI 
c ) −= e , (4.63)I I  j ∂x j ∂xImI ∂xc ∂xI mI cj∈Lc

I c j∈L 
j H=I c  j H=I c  � ∂2E � ∂2E

Dss k·(Xs
j −XI )) −= e s . (4.64)I I  j

∂xs ∂xI ∂x j ∂xs
I 

j∈Ls
I s j∈L 

j H=I s  j H=I s  

Denoting the 3N eigenvalues of D(k) by λi (k) = ωi 
2(k), free energy 

of the unit cell is expressed as 
3N 

F 
({Xc

j , Xs
j } j∈L, T

) = E 
({Xc

j , Xs
j } j∈L

) + 
�� 1 

fωi (k)
2

k i=1 

fωi (k)+kB T ln 1− exp − . (4.65)
kB T { L 

Therefore, for the optimum configuration Xc
j , X j at tempers j∈L 

ature T we have 
∂F ∂E = 
∂X j ∂X j c c 

3N 
f 1 1 ∂ωi 

2(k)+ + � � = 0, 
2ωi (k) 2 �ωi (k) ∂X j k i=1 exp − 1 c

kB T 

(4.66) 

∂F ∂E = 
∂X j 

∂X j 
s s 

3N 
f 1 1 ∂ωi 

2(k)+ + � � = 0, 
2ωi (k) 2 �ωi (k) ∂X j 

exp − 1 sk i=1 kB T 

(4.67) 
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where the derivatives of eigenvalues are given by 

3N 
∂ωi 

2 (k) ∂ Dαβ (k) = Vα
∗ 
i (k) Vβi (k) , (4.68) 

∂X j ∂X j c cα,β=1 
3N 

∂ωi 
2 (k) ∂ Dαβ (k) = Vα

∗ 
i (k) Vβi (k) , (4.69) 

∂X j ∂X j s sα,β=1 [ ]
where V (k) = Vαβ (k) ∈ R3N×3N is the matrix of the eigenvectors [ ]
of D(k) = Dαβ (k) , which are normalized to unity. 

4.3.4.4 Defective Crystals 

Without loss of generality, let us consider a defective crystal with a 

1-D symmetry reduction [59], i.e. 

N 

L = L J β. (4.70) 

J =1 β∈Z 

Note that j = J β means that the atom j is in the βth equivalence 
class of the J th  sublattice. For this atom, the thermal displacement 
vector is assumed to have the following form: 

j 1 
U J β (k·X j −ω(k)t)u = √ (k) e , k ∈ B, (4.71) 

mJ 

where B is the first Brillouin zone of L J . Equations of motion in this 

case read 

N 

ω(k)2UI α(k) = DI α J β (k)U J β (k), (4.72) 

J =1 β∈Z 

where � ∂2E1 k·(X j −XI α )DI α J β = √ e (B), (4.73) 
mI mJ ∂xI α∂x j 

j ∈L J β 

are the dynamical sub-matrices. The sub-matrices DI α I α have the 

following simplified form 

� ∂2E1 k·(X j −XI α )DI α I α = e (B). (4.74) 
mI ∂xI α∂x j 

j∈LI α 
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Note that 

∂2E � ∂2E 
(B) = −  (B). (4.75)

∂xI α∂xI α ∂xI α∂x j 
j ∈L 
j H=I α 

Thus � ∂2E � ∂2E1 1k·(X j −XI α)DI α I α = e (B)− (B). 
mI mI∂xI α∂x j ∂xI α∂x j 

j∈LI α j∈L 
j H=I α j H=I α 

(4.76) 

It is seen that for a defective crystal the dynamical matrix is 

Infinite-dimensional. 

As an approximation, similar to that presented in ref. [106] as 

the local quasiharmonic approximation, one can assume that given 

a unit cell, only a finite number of neighboring equivalence classes 

interact with its thermal vibrations. One way of approximating 

the free energy would then be to consider vibrational effects in a 

finite region around the defect and study the convergence of the 

results as a function of the size of the finite region. For similar 

ideas, see refs. [107–109]. Here, we consider a finite number of 

equivalence classes, say−C ≤ α ≤ C , around the defect and assume 
the temperature-dependent bulk configuration outside this region. 

As another approximation, we assume that only a finite number 

of equivalence classes interact with a given equivalence class in 

calculating the dynamical matrix, i.e., we write 

m N 

Li = LI α, (4.77) 
α=−m I =1 

where Li is the neighboring set of atom i . Therefore, the linearized 
equations of motion read 

m N 

ω(k)2UI α(k) = DI α J β(k)U J β(k), α  = −C , . . . , C . 
β=−m J =1 

(4.78) 

Defining ⎛ ⎞
U1α ⎜ . ⎟Uα = ⎝ . ⎠ ∈ R3N , (4.79). 

UN α 
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we can write the equations of motion as follows: 
m 

ω(k)2Uα(k) = Aα(α+β)(k)U(α+β)(k), (4.80) 

β=−m 

where ⎛ ⎞
D1α1β . . .  D1αNβ ⎜ . . . ⎟ ∈ R3N×3NAαβ = ⎝ .. . . .. ⎠ . 

DNα1β . . .  DNαNβ 

(4.81) 

Now considering the finite classes around the defect, we can 

write the global equations of motion for the finite system as 

D(k)U(k) = ω(k)2U(k), (4.82) 

where ⎛ ⎞
U−C ⎜ . ⎟U(k) = ⎝ . ⎠ ∈ RM , (4.83). 

UC ⎛ ⎞ 
D(−C )(−C ) . . .  D(−C )C ⎜ . . . ⎟ ∈ RM×MD(k) = ⎝ . . . . ⎠ ,. . 

DC (−C ) . . .  DC C  

(4.84) 

M = 3N × (2C + 1), (4.85) 

and ⎧ ⎨ Aαβ |α − β| ≤  m, 
Dαβ = (4.86) ⎩ 

03N×3N |α − β| > m. 

It is easy to show thatAαβ(k) = A∗ (k), i.e., the dynamical matrix βα

D(k) is Hermitian and therefore has M real eigenvalues. Note that 
the defective crystal is stable if and only if ωi 

2 > 0 ∀ i . 
Now we can write the free energy of the defective crystal as 

M 

F 
({X j } j∈L, T

) = E 
({X j } j∈L

) + 
�� 1 

fωi (k)
2

k i=1 

fωi (k)+ kB T ln 1− exp − . (4.87)
kB T 
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{ L 
In the optimum configuration X j j ∈L at a finite temperature T , 

we have   
M 

∂F ∂E f 1 1 ∂ωi 
2(k) = + + � � =0, 

∂X j ∂X j 2ωi (k) 2 �ωi (k) ∂X j
k i=1 exp − 1kB T 

(4.88) 

where the derivatives of the eigenvalues are calculated as follows: 

∂ωi 
2 (k) M 

∂ Dαβ (k) = Uα
∗ 

i (k) Uβi (k) , (4.89)
∂X j ∂X j 

α,β=1 [ ]
where U (k) = Uαβ (k) ∈ RM ×M is the matrix of the eigenvectors [ ]
of D(k) = Dαβ (k) , which are normalized to unity. 

4.3.5 Quasi-Newton Method {
x�i 
}

In the static case, given a configuration B� = , one  can  0 0
i∈L 

calculate the energy and hence forces exactly, as the potential 

energy is calculated by some given empirical interatomic potentials. 

Suppose one starts with a reference configuration and solves for the 

following harmonic problem: � ∂2E ( ) ∂E ( )
B0� · (x j − x�

0
j 
) = −  B0� ∀ i ∈ L. (4.90)

∂xi ∂x j ∂xi 
j ∈L 

This reference configuration could be some nominal (unrelaxed) 

configuration. Then one can modify the reference configuration and 

bymodified Newton–Raphson iterations converge to an equilibrium { L 
configuration B0 = xi assuming that such a configuration 0 i∈L 

∂Eexists [59]. In this configuration, 
∂xi (B0) = 0, ∀ i ∈ L. B0 is now 

the starting configuration for lattice dynamics.a For a temperature 

T , the defective crystal is in thermal equilibrium if the free energy is 

minimized, i.e., if 

∂F 
(B) = 0, ∀ i ∈ L. (4.91)

∂Xi 

Solving this problem, one can modify the reference configuration 

and calculate the optimum configuration. This iteration would give 

aIf temperature is “large,” one can start with equilibrium configuration of a lower 

temperature. 
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a configuration that minimizes the harmonically calculated free 

energy. The next step then would be to correct for anharmonic 

effects in the vibrational frequencies. One way of doing this is to 

iteratively calculate the vibrational unbalanced forces using higher 

order terms in the Taylor expansion. 

There are many different optimization techniques to solve the 

unconstrained minimization problem (4.91). Here we only consider 

twomain methods that are usually more efficient, namely those that 

require only the gradient and those that require the gradient and 

the Hessian [110]. In problems in which the Hessian is available, 

the Newton method is usually the most powerful. It is based on the 

following quadratic approximation near the current configuration: 

( k) (
Bk) (

Bk) k 1 k T 
(
Bk) k 

(
2
)

F Bk + δ̃ = F +∇F · δ̃ + (δ̃ ) ·H · δ̃ +o |δ̃k| , 
2

(4.92) 

where δ̃k = Bk+1 − Bk . Now if we differentiate the above formula 

with respect to δ̃k , we obtain Newton method for determining the 
1 δk ˜

(
Bk
) (

Bk
)

next configurationBk+ = Bk + ˜ , where δk = −H−1 ·∇F . 

Here in order to converge to a local minimum, the Hessian must be 

positive definite. 

One can use a perturbation method to obtain the second 

derivatives of the free energy but as the dimension of a defective 

crystal increases, calculation of these higher order derivatives may 

become numerically inefficient [73] and so one may prefer to use 

those methods that do not require the second derivatives. One 

such method is the quasi-Newton method. The main idea behind 

this method is to start from a positive-definite approximation to 

the inverse Hessian and to modify this approximation in each 

iteration using the gradient vector of that step. Close to the local 

minimum, the approximate inverse Hessian approaches the true 

inverse Hessian and we would have the quadratic convergence of 

Newtonmethod [110]. There are different algorithms for generating 

the approximate inverse Hessian. One of the most well known is the 

Broyden–Fletcher–Goldfarb–Shanno (BFGS) algorithm [110]: 

δ̃k ⊗ δ̃k 
(

Ai ·�) ⊗ (Ai ·�) ( )
Ai+1 T = Ai + − + � · Ai ·� u ⊗ u, 

(δ̃k)T ·� �T · Ai ·� 
(4.93) 
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(
Hi 
)−1 

where Ai = ,� = ∇F i+1 − ∇F i , and  

δ̃k Ai · � 
u = − . (4.94) 

(δ̃k)T · � �T · Ai · � 

Calculating Ai+1, one then should use Ai+1 instead of H−1 to 
update the current configuration for the next configuration Bk+1 = 
Bk + δ̃k. If  Ai+1 is a poor approximation, then one may need to 
perform a linear search to refine Bk+1 before starting the next 
iteration [110]. As Taylor, et al. [73] mentioned, since the dynamical 
contributions to the Hessian are usually small, one can use only the 

static part of the free energy E to generate the first approximation to 
the Hessian of the free energy. 

4.4 Atomic Structure of 180◦ Domain Walls 

In this section, we use lattice statics and lattice dynamics methods 

together with the quasi-Newton method to obtain atomic structures 

of 180◦ domain walls of PbTiO3 under various effects. We follow ref. 

[36] to calculate polarization profiles. The polarization of unit cell i 
is calculated as 

e iPi = w j Z ∗ 
j u j , (4.95)

�c j 

where e is the electron charge, �c is the volume of the unit cell, Z ∗ 
j
iis the Born effective charge tensor of the cubic PbTiO3 bulk, and u j 

denotes the displacement of the j -th atom of the unit cell i from the 

ideal lattice site. w j denotes the weight for atom j . For example, for 
a Ti-centered unit cell we have wT i  = 1, wO = 1/2, and wP b  = 1/8. 

4.4.1 Normal and Shear Strains 

We follow ref. [19] and put both the perfect and defective 

domain walls under normal and shear strains.a We consider both 

compressive and tensile strains and also shear strains both along 

and opposite to the polarization directions. We apply strains to the 

defective lattice by imposing displacements in the proper directions 

aReprinted from ref. [19] with permission from Elsevier. 
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far enough from the domain wall (displacements are in x- and y

directions for normal and shear strains, respectively). Note that the 

defective lattice is translated rigidly on both sides of the domainwall 

outside the computational box. Applying strain to the lattice should 

be done gradually. For both perfect and defective domain walls, we 

start with the strain-free relaxed domain wall configurationB. Then,  
we apply proper boundary displacement to increase (or decrease) 

strain by the value�� to obtain the strained configuration B�� . Note 

that �� should be small enough such that B and B�� are close to 

each other. In the present work, �� = 0.001 for normal strains and 
�� = 0.0005 for shear strains. Next, we start with B�� and calculate 

B2�� . Repeating this procedure, one can apply large strains to the 

defective lattice and obtain its relaxed configuration B� for a given 

strain �. 

4.4.1.1 Perfect domain walls 

In our numerical examples, we show the anharmonic displacements 

with respect to the reference configuration. The first step is to 

calculate unbalanced forces. Our choice of reference configurations 

makes the unbalanced forces localized in the direction perpendic

ular to the domain wall. However, one should note that a domain 

wall is an extended defect and unbalanced forces are not localized 

in the tetragonal c-direction. We are able to handle this nonlocality 
issue using the symmetry reduction idea. Since core and shell 

displacements are close, we only report the core displacements. 

We assume 2N unit cells in the simulation box (see Fig. 4.5). Our 
numerical experiments show that N = 10 would be enough for 
calculating displacements as the structure does not changed by 

using larger values forN. 
Figure 4.6 shows the displacements of Pb and Ti cores in the a

and c-directions (ua and uc , respectively) for a perfect Ti-centered 

domain wall under axial strain �x . We plot the displacements for 

different values of the axial strain between −0.03 to 0.03. As 
expected, ua has a larger variation than uc under the axial strain. 

However, note that axial strain does not have a significant effect 

on domain wall thickness; it is seen that all the distortions occur 

within two lattice spacings on each side of the domain wall, i.e., 
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Figure 4.5 The simulation box for a 180◦ domain wall under normal and 
shear strains. a and N are lattice parameter and size of the simulation box, 
respectively. 

Figure 4.6 a- and  c-structure of a perfect Ti-centered 180◦ domain wall 
under axial strain �x . ua and uc are displacements along a-direction and the 
tetragonal c-direction, respectively. 
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Figure 4.7 a- and  c-structure of a perfect Ti-centered 180◦ domain wall 
under shear strain γxy . ua and uc are displacements along a-direction and 
the tetragonal c-direction, respectively. 

domain wall thickness is about 1.0 to 1.5 nm regardless of the 

value of the axial strain. Note that domain wall thickness cannot 

be defined uniquely very much like boundary layer thickness in 

fluid mechanics. Here, domain wall thickness is by definition the 

region that is affected by the domain wall, i.e., those layers that 

are distorted. Figure 4.7 shows displacements of the same domain 

wall under different values of shear strain γxy . The c-displacements 

are in the polarization direction for negative values of γxy  and are 

in the opposite direction for positive values of γxy . Hence, we do  

not see symmetric displacements with respect to the unstrained 

structure. Also, we observe that unlike axial strains, shear strains 

have a considerable effect on both ua and uc . Similar results 

for a perfect Pb-centered domain wall are shown in Figs. 4.8 

and 4.9 
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Figure 4.8 a- and  c-structure of a perfect Pb-centered 180◦ domain wall 
under axial strain �x . ua and uc are displacements along a-direction and the 
tetragonal c-direction, respectively. 

4.4.1.2 Domain Walls with Oxygen Vacancies 

We report the displacements of a Ti-centered 180◦ domainwall with 
oxygen vacancies under axial and shear strains. Since displacements 

of O1-defective and O3-defective walls are similar, here we only 

report the results for O1-defective walls. Figure 4.10 shows the 

displacements for an O1-defective domain wall under normal strain. 

O1 vacancies lie on the domain wall and because of symmetry 

have zero displacements, i.e., they will stay on the domain wall 

after deformation. For the strain-free configuration, all distortions 

parallel to the domain wall (c-displacements) occur within two 

lattice spacings on each side of the wall, i.e., thickness of the 

domain wall in c-direction is not affected by oxygen vacancies. 

However, it is seen that structure is significantly different from 

that of a perfect domain wall. It is also seen that unlike perfect 
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Figure 4.9 a- and c-structure of a perfect Pb-centered 180◦ domain wall under 
shear strain γxy  . ua and uc are displacements along a-direction and the tetragonal 
c-direction, respectively. 

domain walls, a-displacements have the same order of magnitude 
as the corresponding c-displacements. We observe that the a-
displacements are nonzero within three lattice spacings on each 

side of the wall. Thus, the thickness of an O1-defective domain wall 

is about 1.5 to 2.0 nm, i.e., oxygen vacancies increase the domain 

wall thickness by about fifty percent. Here similar to perfect domain 

walls, we see that normal strains do not have a significant effect on 

the thickness of the domain wall. 

Figure 4.11 shows the displacements of an O1-defective domain 

wall under shear strain. Again, we see that shear strain has a 

significant effect on the displacements of the domain wall. Also note 

that domainwall thickness increases in a-direction, but this increase 
is less than the increase observed for the perfect wall (see Fig. 4.7). 

The only restriction in our calculations is the high density of 

oxygen vacancies (similar to the existing ab initio calulations). The 
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Figure 4.10 a- and c-structure of an O1-defective 180◦ domain wall under 
axial strain �x . ua and uc are displacements along a-direction and the 
tetragonal c-direction, respectively. 

resulting stiffness coefficientmatrices become highly ill-conditioned 

by increasing the period of vacancies. Therefore, we did the 

calculations only for the three cases where all O1, O2, or O3 oxygen 

atoms are removed from the domain wall. In all the three cases 

unbalanced forces in the tetragonal c-direction are nonzero only in 
two unit cells on each side of the wall. We checked this for several 

lower density arrangements of oxygen vacancies and observed the 

same local property for unbalanced forces. In the case of perfect 

domain walls, unbalanced forces perpendicular to the wall are very 

small and nonzero only in two layers on each side of the wall. In 

the case of defective domain walls, these unbalanced forces are 

nonzero in three unit cells on each side of the wall. This was also 

the case for several other lower density arrangements of oxygen 

vacancies on the wall. Thus, we believe that the high density of 
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Figure 4.11 a- and c-structure of an O1-defective 180◦ domain wall under shear 
strain γxy . ua and uc are displacements along a-direction and the tetragonal c
direction, respectively. 

oxygen vacancies does not have a significant effect on the thickness 

of the defective domain wall, although it affects the structure. In 

other words, lowering the density of oxygen vacancies we expect to 

see changes in structure but no significant change in thickness. 

4.4.2 Steps in Domain Walls  

Now we use the lattice statics method to calculate the local 

equilibrium structure of steps in 180◦ ferroelectric domain walls in 
PbTiO3 (see ref. [34] for more details).

a 

As the initial configuration for each step we start with two 

half lattices with the proper offset in the x-direction. The atomic 

configuration of each half lattice is the same as the atomic 

aReprinted with permission from ref. [34]. Copyright 2010, American Institute of 

Physics. 
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configuration in a perfect 180◦ domain wall. To remove the rigid 
body translation of the lattice, we fix the core of an atom in our 

computational box and fully relax the other atoms. Hence, we have 

30W × (L − 3) variables in our calculations, where W and L are 
specified in Fig. 4.12. To consider the effect of the atoms outside 

the computational box, we impose rigid body translations to these 

atoms as the boundary conditions, i.e., we rigidly move the atoms 

outside the computational box such that they keep the perfect 180◦ 

domainwall configuration. To this end, we rigidlymove all the atoms 

outside the computational box in the positive (negative) z-axis with 

the displacements equal to the displacement of the first (last) atom 

of the first (last) row of the representative layer of atoms. This is 

marked with the red (blue) circle in Fig. 4.12(a). The displacements 

of the atoms outside the computational box in the positive (negative) 

x-axis are equal to the displacements of the atoms in the first (last) 

row of the computational box that is located on the same column. 

We choose W = 20 and L = 30 as we see larger values will not 
affect the results. In all our calculations we assume force tolerance 

of 0.05 eV/Å and observe that our solutions converge slowly after 

about 800 to 1000 iterations depending on the step type. Our 

calculations also show that using a smaller force tolerance of 0.005 

eV/Å would change the results by less than 0.1%. This justifies the 

above choice of the force tolerance. 

4.4.2.1 Pb–Pb steps 

The atomic configuration of Pb-cores in a Pb–Pb step are shown 

in Figs. 4.13(a) and (b). For a clearer presentation of the atomic 

configuration, we have plotted the y-coordinates of Pb-cores for 

different sections v-v and h-h (see Fig. 4.12). In Fig. 4.13, s and d 
denote the distances of the h-h and v-v sections from the reference 

planes, respectively. Note that as shown in Fig. 4.12, the reference 

plane for v-v sections (rv ) is parallel to the (001)-plane and the 

reference plane for h-h sections (rh) is parallel to the (100)-plane. 

As it can be seen, atomic distortions in the Pb–Pb step are localized, 

i.e, they are confined to a 8a × 20a box in the (010)-plane. Atomic 
distortions in the (001)-direction are less localized compared to 
those in the (100)-direction. We observe that the step thickens 
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_ 

_ 

_ _ 

Figure 4.12 A representative atomic layer for the initial configuration of 

the three steps: (a) Pb cores in Pb–Pb step, (b) Ti cores in Ti–Ti step, (c) 

Pb cores in Pb–Ti step, and (d) Ti cores in Pb–Ti step. Note that planes h-h 

and v-v are sections that are used for a better display of the variation of the 

distortion field in our numerical examples. s and d denote the distances of 
sections h-h and v-v from the reference planes rh and rv , respectively. rh and 

rv are parallel to (100) and (001)-planes, respectively. h-h and v-v sections 
¯ ¯in part (a) correspond to s = a and d = a and h-h and v̄-v̄ sections in 

part (b) correspond to s = 2a and d = 2a. The shaded regions denote 
the computational box, which contains W × L unit cells and different colors 
show the regions with opposite polarization inside the computational box. 

The symbol � in these figures denotes the origin of the coordinate system 
in each type of steps. The blue and red filled and hollow circles denote the 

atoms whose displacements are used as the displacements of the atoms 

located outside of the computational box. 
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Figure 4.13 The y-coordinates of atoms. (a) and (b) are Pb cores in a Pb–Pb 

step, (c) and (d) are Ti cores in a Ti–Ti step. Note that as it is shown in Fig. 

4.12, s and d denote the distances from the reference planes. 

the domain walls; the width of the domain wall near the step is 

about three times that of the prefect Pb-centered domain wall. Note 

that domain wall thickness cannot be defined uniquely. What is 

important here is that no matter what definition is chosen, domain 

wall “thickness” increases by the presence of steps. Note that due to 

the symmetry of the Pb–Pb step, atomic configuration for negative 

values of s and d will have the same behavior. Also note that the 
y-components of the atoms on the section s = a in Fig. 4.13(a) are 
not symmetric because of the way we define this section (see Fig. 

4.12). As the coordinates of cores and shells are close to each other, 

we only plot the results for cores. Also because other types of atoms 

display a similar behavior, we do not plot their coordinates here. 

We have plotted the polarization Pi of the rows of the unit cells 

on the section v-v with d = a (see Fig. 4.12) in a Pb–Pb step 
in Fig. 4.14(a), where Pi = Pi /|Pb|, with |Pb| denoting the norm 
of the polarization of the bulk. We obtain the bulk polarization of 
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Figure 4.14 The polarization vectors P = ( P̄x , P̄y , P̄z) for the row of unit 

cells on the section v-v with d = a for: (a) Pb–Pb step and (b) Ti–Ti step. 
Close to the step, polarization rotates out of the (001)-plane with the Bloch 

angle αB . The polarization also rotates inside the (001)-plane with the Neel´

angle αN . Note that the Bloch and Neel components of the polarization ´

correspond to the components in (001)-direction (Pz) and (100)-direction 
(Px ), respectively. 

80.1 μC cm−2, which is close to the published value 81.0 μ C cm−2 

[83] and 81.2 μ C cm−2 [36]. We observe that near the step, 
the domain wall has a ´mixed Bloch–Neel character. Denoting the 

¯ ¯ ¯ ¯polarization components by P = (Px , Py , Pz), where P̄x , Py , and  P̄z 

are polarization components in (100)-, (010)-, and (001)-directions, 
respectively, we observe that the polarization vector rotates out of ( )−1 ¯the (001)-plane with the Bloch angle αB = tan Pz/ P̄y (see Fig. 

4.14). The maximum rotation angle αB for Pb-centered domain wall 

is αB � 7.0◦ . Also the polarization rotates in the (001)-plane with ( )−1 ¯the Neel angle αN = tan Px / ¯ . The maximum value of αN for ´ Py

Pb-centeredwall is αN � 9.9◦ (compare this with αN = 1.43◦ for the 
perfect domain wall [21]). The maximum value of the polarization 

in the (100) and (001)-directions are about 13.9% and 12.2% of the 

bulk polarization, respectively. 
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Finally, we calculate the energy of the Pb–Pb step, EPb–Pb. Similar 

to the domain wall energy, we define the step energy to be the 

difference in energies of the unit cells inside the computational box 

that are located on the domain wall with the step and bulk energy of 

the same number of unit cells, divided by the total area of domain 

wall in the system. This way we obtain the Pb–Pb step energy to 

be 157 mJm−2, which is greater than the Pb-centered domain wall 
energy that is 132 mJm−2 [36]. 

4.4.2.2 Ti–Ti steps 

Figure 4.13(c) and (d) depict the y-coordinates of Ti cores in a Ti–Ti 

step for different sections v-v and h-h. Again because of symmetry, 

we plot the results only for positive values of s and d and also 
similar to the Pb–Pb step, by definition of the section s = a, the  
y-components of the atoms on this section in Fig. 4.13(c) are not 

symmetric. Similar to the Pb–Pb step, we observe that the Ti–Ti step 

is localized, i.e., atomic distortions are confined to a 9a × 18a box 
in the (010)-plane. Again we observe that the step thickens the Ti

centered domain wall; the thickness of the defective wall is about 

three times that of the perfect domain wall. 

As shown in Fig. 4.14(b), polarization has a mixed Bloch–Neel´

character near the step. For the Ti–Ti step, the maximum value of 

the Bloch and Neel angles αB � 9.5◦ and´ rotation are αN � 8.1◦ 

(compare this with αN = 1.0◦ in the perfect domain wall [21]), 
respectively. Themaximumvalue of the polarization in the (100) and 
(001)-directions are about 8.1% and 16.8% of the bulk polarization, 

respectively. The energy of the Ti–Ti step is ETi–Ti = 172 mJm−2, 
which is larger than the energy of the Pb–Pb step and the energy of 

the Ti-centered domain wall, which is 169 mJm−2 [36]. 
This result is consistent with the fact that Ti-centered 180◦ 

domain walls have a greater static energy than Pb-centered domain 

walls [22, 36]. 

4.4.2.3 Pb–Ti Steps 

We have plotted the y-coordinates of Pb cores in a Pb–Ti step in 

Fig. 4.15 for different v-v and h-h sections. Note that because Pb–Ti 
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Figure 4.15 The y-coordinates of Pb cores in a Pb–Ti step. Note that as it is 

shown in Fig. 4.12, s and d denote distances from the reference planes. 

steps are not symmetric, we have plotted the results for both positive 

and negative values of s and d. Also since other types of cores and 
shells have a similar behavior, we do not plot their coordinates 

here. We observe that similar to the other two steps, the Pb–Ti step 

causes local distortions that are confined to a 6a ×16a box in (010)
plane. The step broadens the domainwall; the defective domainwall 

thickness is twice that of the perfect domain wall. Note that the Pb

centered and Ti-centered domain walls for this step are half a lattice 

spacing apart and this may explain the weaker thickening effect of 

the Pb–Ti step. 

As shown in Fig. 4.16, polarization distribution has a mixed 

Bloch–Neel character near the Pb–Ti step, but the Bloch character ´

is more dominant. The Polarization profile is plotted for the row of 

unit cells on the section v-v with d = a, which is located in the Ti
centered part of the step. For the Pb–Ti step, the maximum value 

of the Bloch and N´ rotations are αB � 23.0◦ and αN ,eel � 5.9◦ 

respectively. Themaximumvalue of the polarization in the (100) and 
(001)-direction is about 5.3% and 20.5% of the bulk polarization, 

respectively. The energy of the Pb–Ti step is EPb–Ti = 165 mJm−2. It  
is seen that EPb–Pb < EPb–Ti < ETi–Ti. 

4.4.3 External Electric Fields 

We impose uniform electric fields both parallel and normal to 180◦ 

ferroelectric domain walls in PbTiO3 and obtain the equilibrium 

structures using the method of anharmonic lattice statics. In 
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¯ ¯ ¯Figure 4.16 The polarization vectors P = (Px , Py , Pz) for the row of unit 

cells on the section v-v with d = a for a Pb–Ti step. Close to the step, 
polarization rotates out of the (001)-plane with the Bloch angle αB . The  

polarization also rotates inside the (001)-planewith the N´ Note eel angle αN .

that the Bloch and N´ components of the polarization correspond toeel the 

components in (001)-direction (Pz) and (100)-direction (Px ), respectively. 

addition to Ti-centered and Pb-centered perfect domain walls, we 

also consider Ti-centered domain walls with oxygen vacancies, see 

ref. [29] for more details.a 

aReprinted with permission from ref. [29]. 
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Figure 4.17 Ti-cores under external electric field in a Ti-centered 180◦ 

domain wall. E x and E y are the normal and parallel electric fields, 

respectively. The shaded region denotes the region that is relaxed in each 

step. Note that M is the size of the computational box (CB) normal to the 
domainwall.We consider different CBswith the size of one, four, and sixteen 

unit cells in the domain wall plane. 

To obtain the equilibrium configuration under an external elec

tric field we need to start from an appropriate initial configuration. 

This initial configuration for perfect and defective domain walls 

is the equilibrium configuration of these domain walls under zero 

electric field. As we mentioned earlier, we assume a 1-D symmetry 

reduction for the lattice and hence as is shown in Fig. 4.17, our 

computational box (CB) consists of a row of unit cells perpendicular 

to the domain wall. In this figure, the shaded region is the 

computational box. Note that, in general, we need to relax all 

the atoms inside the CB. For removing the rigid body translation 

freedom of the atoms, one should fix the core of an atom and relax 

the other atoms. We fix Pb-core (Ti-core) of an atom located on 

the domain wall in Pb-centered (Ti-centered) domain walls. Thus, 

if there are M unit cells in the CB, we would have 30M − 3 variables 
in our calculations. We should mention that to investigate the effect 

of the size of CB in the domain wall plane, we consider CBs with one, 

four, and sixteen unit cells in the domain wall plane and therefore 

the number of the unit cells in CB in each case is M , 4M , and 16M , 
respectively. We observe that the final relaxed structure does not 
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depend on the size of CB in the domain wall plane. This suggests 

that the symmetry reduction that we use in our calculations is a 

reasonable assumption for this problem. 

Note that we consider a finite number of unit cells in the CB and 

do not assume any periodicity. This means that we need to impose 

some proper boundary conditions to take into account the effect of 

the atoms located outside of CB. To this end, we rigidlymove the unit 

cells outside of CB with displacements equal to those of the first or 

last unit cell of the CB (the unit cell on the boundary of the CB that is 

closer to the unit cell outside of the CB). This is a natural boundary 

condition as we expect the bulk configuration far from the domain 

wall. 

In our calculations we use M = 20 as larger values for M do not 
affect the results. Imposing an external electric field should be done 

step by step, i.e., one first needs to obtain the configuration for E = 
�E1 from the initial configuration and then use this configuration to 

obtain the equilibrium configuration for E = �E1 + �E2 and so on. 
We use the average step size of 20 kV/cm for electric field. Using this 

A−1step size and force tolerance of 0.005 eV ˚ , our solutions converge 

after about 30 to 40 iterations. 

4.4.3.1 Perfect domain walls 

We plot the y-coordinates of the Ti-cores under external electric 

field normal to the Ti-centered domain wall, E x , in Fig. 4.18(a). 

As expected, we see that increasing the electric field, the atomic 

structure loses its symmetry. We observe that there is an upper 

bound for E x , i.e., there exists a critical electric field E c such that for x 

E x > E c there is no local equilibrium structure. The critical value of x 

the normal electric field is about E c = 1400 kV/cm. The thickness x 

of the domain wall slightly increases as the normal electric field 

increases. For a Ti-centered domain wall, the domain wall thickness 

increases from 3 atomic spacings (1 nm) to about 5 atomic spacings 

(1.5 nm) for E x = E x
c . 

Figure 4.18(b) depicts the y-coordinates of Ti-cores under an 

external electric field E y parallel to a Ti-centered domain wall. It 

is observed that such electric fields do not alter the domain wall 

thickness. Note that similar to the atomic structure for normal fields, 
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Figure 4.18 The y-coordinates of cores under external electric field: Ti 

cores in a perfect Ti-centered domain wall under (a) E x and (b) E y ; Pb cores  

in a perfect Pb-centered domain wall under (c) E x and (d) E y . 

the atomic structure under parallel fields loses its symmetry as well. 

The critical value of the parallel electric field is about E y
c = 5900 

kV/cm, which is four times larger than that of the normal electric 

field. 

Figure 4.18(c) shows the y-coordinates of the Pb-cores of a Pb

centered domain wall under normal electric field E x . We observe 

that the critical electric field is about E c = 6300 kV/cm, which isx 

about 4.5 times greater than the critical normal field of Ti-centered 

walls. Also it is observed that domain wall thickness increases to 

about 11 atomic spacings (4 nm) under critical normal field. The y

coordinates of Pb-cores of a Pb-centered domain wall under parallel 

electric field E y are shown in Fig. 4.18(d). Similar to perfect Ti

centered domainwalls, we observe that parallel electric fields do not 

affect the domain wall thickness. The critical parallel electric field is 

about E cy = 6500 kV/cm. For Pb-centered domain walls we see that 
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¯ ¯Figure 4.19 The polarization profiles P = (Px , Py ) of domain walls under 

zero, normal critical field (E x
c ), and parallel critical field (E cy) for (a) Ti

centered, and (b) Pb-centered domain walls. 

unlike Ti-centered domain walls, the critical normal electric field is 

close to the critical parallel electric field. 

Figure 4.19 depicts the polarization profiles normal and parallel 

to the domain walls. As we mentioned earlier, for calculation of the 

cell-by-cell polarization, we follow [36]. We plot P = (Px , Py ) = ¯ ¯

P/|Pb|, where  P is the polarization and |Pb| = 80.1 μ C cm−2 is 
the norm of the bulk polarization [34]. Figure 4.19(a) shows Px and¯
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P̄y for a Ti-centered domain walls under zero and critical electric 

fields. In agreement with refs. [21, 22], it is observed that (100) 

Ti-centered domain walls have a ´mixed Ising–Neel character, i.e., 

polarization rotates normal to the (100)-plane near the domainwall. 

For E = 0, the maximum normal component of the polarization is 

about 2% of the bulk polarization. For E = E x
c , as can be expected, 

normal electric field causes the positive and negative charges to have 

normal displacements that create a polarization in the x-direction. 

This normal component of the polarization (Px ) reaches to about¯

13.5% of the bulk polarization at E x
c , but we observe that normal 

electric field E c does not have a remarkable effect on the parallel x 

component of polarization, P̄y . On the other hand, we observe that 

under E = E y
c , P̄x does not change considerably but P̄y has an 

unsymmetric profile with the maximum value of about 105% of the 

bulk polarization. 

Figure 4.19(b) presents similar results for Pb-centered domain 

walls. Similar to Ti-centered domain walls, we observe that Pb

centered domain walls have a mixed Ising–Neel´ character [21, 22] 

with P̄x about 2% of the bulk polarization for zero electric field. 

For E = E x
c , P̄x reaches to about 38% of the bulk polarization. 

Also we observe that E c has more impact on P̄y compared to Ti-x 

centered walls. Finally, it is observed that similar to Ti-centered 

domain walls, E cy does not have a significant effect on Px but makes ¯


¯
Py unsymmetric with maximum value of about 107% of the bulk 

polarization. 

4.4.3.2 Defective domain walls 

In this section, we report the structure of defective domain walls 

under normal and parallel external electric fields. Because the 

results for O1- and O3-defective domain walls are similar, we only 

report the results for O1-defectivewalls, which are Ti-centered. Note 

that as we mentioned earlier, O2-defective domain walls, which are 

Pb-centered domainwalls, are not stable. Our calculations show that 

they are not stable even under external electric fields.We had earlier 

shown that they are not stable under strain either [19]. 
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Figure 4.20(a) depicts the y-coordinates of Ti-cores in an O1

defective domain wall under normal external electric field E x . The  

critical normal field is about E c = 380 kV/cm. It is observed x 

that domain wall thickness increases up to about 16 atomic 

spacings (6 nm) under the critical normal electric field. Comparing 

O1-defective atomic structure with the structure of perfect Ti

centered domain wall under normal field (Fig. 4.18(a)), we observe 

that oxygen vacancies increase the thickness of the domain wall 

considerably. Also it is observed that critical normal field of defective 

Figure 4.20 The y-coordinates of Ti cores in an O1-defective domain wall 

under (a) normal (E x ), and (b) parallel (E y ) external electric fields. 
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domain walls is smaller than that of perfect Ti-centered wall. Figure 

4.20(b) shows the y-coordinates of Ti-cores in an O1-defective 

domainwalls under parallel electric field E y . The value of the critical 

field is about E y
c = 5100 kV/cm. Here we observe amajor difference 

between the atomic structure of perfect and defective domain walls; 

unlike perfect domain walls, parallel electric fields increase the 

thickness of defective domain walls up to about 13 atomic spacings 

(5 nm) under the critical parallel electric field. Also similar to normal 

electric fields, we observe that critical electric field of defective 

domain walls is smaller than that of perfect domain walls. 

Defective domain walls are thicker than perfect domain walls. 

The observation that the defective domainwalls have smaller critical 

electric fields is in agreement with the experimental observations 

of Choudhury et al. [27]. They observed that the threshold field 
for domain wall motion exponentially decreases as the wall width 

increases. 

Figure 4.21 shows the polarization profiles for O1-defective 

domain walls. It is observed that similar to perfect domain walls, 

defective domain walls have an ´ Px ofIsing–Neel character with ¯

about 2.5% of the bulk polarization for zero electrical field. For 

E = E x
c , P̄x reaches to about 55% of the bulk polarization, 

which is greater than the corresponding values for perfect domain 

walls, and P̄y shows more Ising-type character. As we mentioned 

earlier, for E = E cy we observe a difference between perfect and 

defective domain walls; unlike perfect walls, parallel electric fields 

have considerable effects on Px : it reaches to about 55% of the bulk ¯

polarization under E cy . Similar to perfect domain walls, P̄y has an 

unsymmetric distribution and reaches to about 106% of the bulk 

polarization. 

4.4.4 Temperature 

Finally, we study the structure of Pb and Ti-centered 180◦ domain 
walls in PbTiO3 as a function of temperature (see [22]

a).We optimize 

the structure of the domain wall up to T = 300 K. This temperature 
range is where quantum effects are important and hence molecular 

aReprinted with permission from ref. [22]. 
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(a) 

(b) 

(c) 

(d) 

Figure 4.21 The polarization profiles of O1-defective domain walls under 

(a) zero, (b) normal critical field (E x
c ), and (c) parallel critical field (E y

c ). (d) 

Components of the polarization vector P = (Px , Py ) of O1-defective domain¯ ¯

walls under zero, E x
c , and E y

c . 
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dynamics simulations cannot be used. This is also the temperature 

range where quasi-harmonic approximation is reasonable. 

For calculating a finite temperature configuration, we start with 

a nominal configuration, which is obtained by relaxing the bulk at 

temperature T = 0 K, and then using this bulk configuration with 
opposite directions of core-shell shifts on the two sides of the 180◦ 

domain wall. Then, we relax the nominal configuration and obtain 

the lattice statics solution. Next, using the lattice statics solution, 

we obtain the lattice configuration at zero temperature and then we 

use temperature steps of �T = 25 K, and obtain the optimized 
configuration at a given finite temperature. This way we observe 

that the quasi-Newton method converges relatively fast. Assuming 

force tolerance of 0.05 eV/A,˚ our solutions converged after about 20 

to 40 iterations depending on the temperature. Note that we only 

assume periodicity of unit cells in the y- and z-directions. In the x

direction, we assumeN unit cells in each side of the domain wall and 
use the temperature-dependent bulk configurations as the far field 

boundary conditions. Our numerical experiments show thatN = 12 
would be enough to capture the atomic structure near the domain 

walls up to T = 300 K as we do not see changes in the structure by  
choosing larger N. In our calculations, we used a 1 × 3 × 3 k-point 
Monkhorst–Pack mesh [111]. 

Because displacements of core and shell of the same atom 

are close, we only report the core displacements. Figure 4.22 

shows the y-coordinates (tetragonal coordinates) of the Pb and 

Ti cores relative to a Pb core on the Pb-centered domain wall. 

Figure 4.23 shows the y-coordinates of the Pb and Ti cores relative 

to a Ti core on the Ti-centered domain wall. In these figures 

ȳ = y − (c/2), where c is the temperature-dependent lattice 
parameter in the tetragonal direction. The lattice parameters change 

with temperature such that by increasing temperature, unit cells 

transform from tetragonal to cubic [83]. Here to calculate lattice 

parameters at a finite temperature, we separately optimized the bulk 

lattice at that temperature. Note that far from the domain wall, each 

half lattice approaches its corresponding temperature-dependent 

bulk configuration. 

In these figures, L S  denotes the lattice statics solution (static 
energy minimization). We observe that the lattice statics solution 
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Figure 4.22 The y-coordinates of Pb and Ti cores in the Pb-centered 180◦ 

domain wall as a function of temperature. L S  denotes the lattice statics 
solution. 

Figure 4.23 The y-coordinates of Pb and Ti cores in the Ti-centered 180◦ 

domain wall as a function of temperature. L S  denotes the lattice statics 
solution. 

and the configuration obtained by the free energy minimization at 

zero temperature although predicting nearly the same domain wall 

thicknesses, are different due to the zero-point motions; the lattice 

statics method ignores the quantum effects. It is known that zero

point motions can have significant effects in some systems [112]. 

Here we observe that zero-point motions affect the Ti-centered 

domain wall more than the Pb-centered domain wall; zero-point 

motions change the lattice statics solutions by about 15% in the Pb

centered domain wall and by about 50% in the Ti-centered domain 

wall. Since the atomic displacements normal to the domain wall 
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are small (they are of order A), we do not report them here. 10−2 ˚
However, we will comment on them in the sequel. 

Increasing the temperature from 0 to 300 K, we observe that 

the domain wall thickness increases from 1 nm to about 3 nm. 

This qualitatively agrees with experimental observations for 90◦ 

domain walls in PbTiO3 by [113] and domain walls in LaAlO3 
by [13] who observed that domain wall thickness increases with 

temperature. They measured an average domain wall thickness 

from room temperature up to the Curie temperature. It is worth 

mentioning that from Ginzburg–Landau–Devonshire theory, domain 

wall thickness is proportional to |T −Tc|−1 [13], where Tc is the Curie 

temperature. This means that for low temperatures domain wall 

thickness is linear in temperature. We observe this linear behavior 

in our numerical simulations. We should also mention that a similar 

trend was observed in a lattice of dipoles [82]. 

Recently, it has been observed that theremay be local normal and 

transverse polarizations near domainwalls. For example, Goncalves-

Ferreira et al. [114] observed local polarizations near the domain 
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Figure 4.24 Free energy of the domain walls as a function of temperature. 
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walls of CaTiO3 (nonpolar material) parallel and perpendicular to 

the wall plane. In our simulations, for both Pb and Ti-centered 

domain walls we observe that polarization in c-direction switches 

within a few lattice spacings in the vicinity of the domain wall 

and the polarization normal to the domain wall is about 2% 

of the polarization in the c-direction. In particular, we see that 

normal displacements are 5.0% and 8.0% of their corresponding c

displacements in the Pb and Ti-centered domain walls, respectively. 

This agrees with the results of Lee et al., [21] who observed non
zero displacements normal to the domain wall. In their calculations, 

polarization normal to the domain wall in the Pb and Ti-centered 

180◦ domain walls are 2.5% and 1.75%, respectively, of the bulk 
polarization. 

In Fig. 4.24, we have plotted the free energy per unit cell, F̄ = 
F /(N × a × c), whereN is the number of relaxed unit cells and a and 
c are temperature-dependent lattice parameters, for the two types 
of domain walls. In agreement with Meyer and Vanderbilt [36], we 

observe that Ti-centered domain walls have a higher static energy; 

however, we see that they have a lower free energy and hence are 

the preferred domain wall configuration at finite temperatures. 
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Heterogeneous composites containing chain-structured ferromag

netic particles are considered for their anisotropic microstructures 

and unique magneto-mechanical properties. Using Green’s function 

technique and Eshelby’s equivalent inclusion method, the interac

tion between particles under magnetic and mechanical loading is 

investigated. Considering a number of magnetic particles dispersed 

in alignment with the chain-structure, the strain caused by a 

magneto-mechanical coupling can be derived. With the homoge

nization of local fields over the representative volume element, one 
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can calculate the effective magnetostriction and field-dependent 

effective elastic moduli. Parametric analysis demonstrates that the 

chain-structured composites exhibit transversely isotropic effective 

material properties, which depend on the volume fraction of 

particles and particle-particle spacing. 

5.1 Introduction 

Due to their unique magneto-mechanical properties, magnetic 

particle-filled composites have attracted a good deal of atten

tion from engineers and researchers in the past few years [1– 

6]. Composites synthesized by brittle magnetic particles and a 

harder matrix make it feasible to retain the magnetic properties 

of the particles while tailoring overall mechanical performance. 

For instance, Terfenol-D particle filled composites, which can be 

designed not only for high tensile strength but also for high energy 

density, have beenmanufactured into actuators and sensors in smart 

structures at higher frequencies than monolithic materials, because 

the nonmagnetic matrix sharply reduces eddy-current losses and is 

readily processed into complex shapes [7]. Composites containing 

ferromagnetic particles and a soft matrix belong to another 

specific class of smart materials because mechanical properties 

can obviously be changed in different magnetic environments. 

Moreover, they can exhibit a large degree of magnetostriction, even 

though the particles themselves have a small magnetostriction. 

These composites have been applied to automotive components to 

diminish car noise, vibration, and harshness [8–10]. 

This work focuses on ferromagnetic particulate composites. Due 

to magneto-mechanical coupling, the magneto-mechanical behavior 

of magnetic particle-filled composites is much more complex than 

that of nonmagnetic composites. First, the action of the magnetic 

field may induce changes in the state of materials, such as 

magnetization and various constitutive magnetic and mechanical 

properties. Second, magnetic particles are magnetized under a 

magnetic field, act as sources, and subsequently change themagnetic 

field both internally and externally. Finally, the magnetic field exerts 

forces on the induced particles, and causes both the particles and the 
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matrix to deform; simultaneously, the deformation further changes 

the internal magnetic field. Because the magnetic force changes 

the mechanical loading conditions and the deformation changes the 

configuration of the microstructure of the composites, the effective 

elasticity of the composites will be dramatically affected. 

In ferromagnetic particle-filled composites, because the relative 

magnetic permeability of the particles can be 102 to 105 times 

higher than that of the matrix [11], the particles will be intensively 

magnetized and considerable magnetic forces between particles 

will be induced when an external magnetic field is applied. Thus 

magnetic forces play an important role in the magneto-mechanical 

behavior and cause the effective magnetostriction of these compos

ites. Fabricating composites under an appliedmagnetic field is found 

to form randomly dispersed magnetic particles into chains parallel 

to the direction of the applied field due to interactive magnetic 

forces [7, 12, 13]. Upon curing the matrix host, the magnetic 

field is removed and the chain structure is locked into place, so 

chain-structured composites can be obtained. Figure 5.1 shows the 

chained-structured nickel particles in the silicone elastomer matrix 

under magnetic field of 0.4 Tesla during curing solidification. 

When a magnetic field is subsequently applied, the magnetic 

forces between the particles in the chains will reinforce the 

composites and improve its mechanical performance. Because 

these forces can withstand some mechanical loading, the effective 

elasticity, strength, and yield surface of the composite can be tuned 

(a) (b) (c) 

Figure 5.1 Nickel particles are aligned in the silicone matrix under the 

magnetic field. (a) Magnetic coils; (b) nickel particles in chains; (c) SEM 

micrograph. See also Color Insert. 
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by the magnetic field. Moreover, because the microstructure is no 

longer isotropic, the effective magnetic and elastic properties of 

the composite in the direction of the chains are much improved as 

compared to composites containing randomly dispersed particles. 

On the other hand, magnetic forces will cause changes in the 

configuration of the microstructure for the composite. As a result, 

the local magnetic field and strain damping constants will evolve 

with the magnetic loading. Especially when the matrix exhibits 

soft elastic properties of such substances as silicone, rubbers, and 

elastomers, the composite may experience a large deformation even 

under comparatively small magnetic or mechanical loading [14–16]. 

Thus, the effective magnetic and elastic properties are very sensitive 

to external loading. Ginder et al. obtained controllable stiffness and 
damping by applying a magnetic field on a ferromagnetic particle 

filled elastomer composite [8, 17]. 

Microscopically, because rubber-like materials consist of long-

chain macromolecules with freely rotating links [18–20], the 

elastomer composite can be approximated as a network of particles 

connected by chains [21, 22]. Consequently, rubber or rubber-like 

materials have a high degree of nonlinear deformability under 

a small stress. Thus, ferromagnetic particle filled elastomers are 

also called magnetorheological (MR) elastomers [17, 23–25]. Under 

magnetic andmechanical loading, eventually some chains either tear 

loose from the particles or are broken, which causes irreparable 

deformation and permanent loss of stiffness. 

The objective of this work is to investigate effective magneto-

mechanical behavior of composites containing magnetic, elastic 

particles and provide a general approach to the constitutive 

modeling of chain-structured ferromagnetic particulate composites. 

Here, particles are assumed to be ideally soft magnetic materials, 

i.e. the residual magnetic field is always zero when the external 

magnetic field is removed. The particle interaction and magneto-

mechanical coupling are considered. Magnetic field and elastic 

field in a representative volume element (RVE) will be formulated 

and thus the overall material response to an external load can 

be calculated. Therefore, the effective elasticity, magnetostriction 

and magneto-mechanical coupling behavior can be obtained. The 

remainder of the chapter has been organized as follows. 
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Section 5.2 reviews Green’s functions for magnetic and elastic 

problems, and derives modified Green’s functions for the homoge

neous infinite medium including some inclusions with prescribed 

magnetization, body force, and strain. The pair-wise interaction 

between particles is considered. Section 5.3 investigates the 

magneto-mechanical behavior of chain-structured composites. For 

simplicity, it is assumed that applied magnetic and elastic loading is 

in the linear range. Using an RVEwith a chain of infinitely long/large 

particles, we can solve for the averaged magnetic field and elastic 

field over particles and thus calculate the effective elasticity and 

magnetostriction. Section 5.4 demonstrates the application of the 

proposed models with parametric analysis for chain- structured 

ferromagnetic composites. Finally, some concluding remarks are 

provided in Section 5.5. 

5.2 Fundamental Solution to Magneto-Elastic Problems 

For a material containing inhomogeneities under a macroscopically 

uniform loading, the local fields can be severely disturbed by the 

material mismatch. Green’s functions are widely used to solve 

this class of problems. A Green’s function is an integral kernel 

that can be used to solve an inhomogeneous differential equation 

with boundary conditions. Green’s function for the infinite domain 

is a scalar function for magnetic problem and a second-order 

tensor function for elastic problem [26], which are the so-called 

fundamental solution to magneto-elastic problems. 

Modified Green’s functions are defined as the derivatives of the 

conventional Green’s functions. Although Green’s functions have 

been one of the most powerful tools in the past century to solve 

temperature, electric, magnetic and elastic fields for a so-called 

infinite medium with some point discontinuities [27, 28], it was not 

widely used in material science until Eshelby obtained an explicit 

solution for an ellipsoidal inhomogeneity within an isotropic matrix 

[29–31]. Since then, Mura [27, 32], Kr ¨ [26, 33], and Mazilu oner 

[34] have done extensive work in this field. Kr ¨ [33], Willis [35], oner

Indenbom and Orlov [36], Mura and Kinoshita [37], and Pan and 

Chou [38] have extended Green’s functions to anisotropic materials. 
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Recently, Wang [39], Chen [40], Nan [41], Dunn [42], Akamatsu and 

Tanuma [43], Michelitsch [44], Huang et al. [45], Gao and Fan [46], 
Li [47, 48], Yin and Sun [49], Rojas [50], and Han [51] have obtained 

Green’s functions for piezomagnetic and piezoelectric solids. 

In this section, magnetic and elastic Green’s functions are 

reviewed, and modified Green’s functions are derived for three sit

uations: a magnetic field caused by a magnetization, a displacement 

field caused by a body force (magnetic force), and a displacement 

field caused by a prescribed inelastic strain (magnetostriction), 

which is also called eigenstrain. The integrals of modified Green’s 

functions over a spherical domain are explicitly derived. Then, local 

magnetic field, magnetic force between particles and elastic field 

are solved in explicit form by expanding the magnetization, body 

force, and eigenstrain in polynomial form for twomagnetic particles 

embedded in a nonmagnetic matrix under magnetic and mechanical 

loading. 

5.2.1 Modified Magnetic Green’s Functions 

For linear isotropic magnetic materials, the magnetic problem is 

reduced to finding a solution to the following Poisson’s equation 

with boundary conditions 

∂ Mk (r)∇2U (r) = (5.1)
∂rk 

where U is the scalar magnetic potential, and Mk is the mag

netization. For numerable magnetic particles filled in the infinite 

nonmagnetic domain,U can be written in terms of magnetic Green’s 
function as follows:  ( /) ∂ Mk (r/) /U (r) = − G r, r dr (5.2)

∂r / 
V k 

where Green’s function G (r, r/) describes the magnetic potential at 
point r due to the magnetization at point r/ in the infinite domain. It 
reads ( /) 1

G r, r = . (5.3)
4π |r− r/|

BecauseM (r) = 0 for r → ∞, (5.2) can be rewritten as  
∂G (r, r/) ( /)U (r) = − Mk r dr/ (5.4) 

V ∂rk 
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217 Fundamental Solution to Magneto-Elastic Problems 

where ∂G (r, r/) /∂rk
/ = −∂G (r, r/) /∂rk is used. 

The magnetic field is written as 

Hi = −U ,i (5.5) 

Then, the substitution of (5.4) into (5.5) yields ( /) ( /)�m /Hi (r) = ik  r, r Mk r dr (5.6) 
V 

where the modified Green’s function is ( /) ∂2G (r, r/)
�m r, r = (5.7)ik  ∂ri∂rk 

By considering one spherical magnetic particle � with radius a 
embedded in the infinite nonmagnetic domain V , we expand the  
magnetization of � in the form of polynomials of coordinates, such 

as ( )
0Mi (r) = M 0 + M 1 rk − r + · · ·  (5.8)i ik  k 

where r0 are the coordinates of the center of �. Outside � thek 

magnetization is zero. Then, the substitution of (5.8) into (5.6) yields ( ) ( )
0 0Hi (r) = D m r− r , a Mk 

0 + D m r− r , a Mkl 
1 + · · ·  (5.9)ik  ikl  

where ( ) ( /)D m 0 �m /r− r , a = r, r dr (5.10) ik  ik  

and ( ) ( /) ( )
D m 0 �m / 0 /r− r , a = r, r rl − r dr (5.11) ikl  ik l 

These integrals can be written in explicit form when � is 

ellipsoidal [27]. Here we obtain these integrals over the spherical 

domain as follows: 

− 1ρ3 ( ) � (
δi j  − 3ni n j

) 
for r > a 

D m 0 3r− r , a = (5.12)i j  − 1δi j  for r ≤ a
3( )

D m r− r0 , ai jk  

− 1ρ4a δi j nk + δikn j + δ jkni − 5ni n j nk for r > a
5

− 1 δi j  rk − rk 
0 + δik  r j − r0 j + δ jk  ri − r0 for r ≤ a


5 i 

(5.13) 
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  	 ( ) where r =  r− r0 , ρ  = a/r , and ni = ri − ri 
0 /r . For one linear 

μmisotropic magnetic particle with magnetic permeability 1 filled in 

the infinite nonmagnetic domain under a far field Hi 
0, we have  

μm − μm 
1 0Mi (r) = Hi (r) (5.14)
μm 
0 

where μm = 4π × 10−7N .s2/C 2 is the magnetic permeability in0 

vacuum. Here N, s, and C are units for force, time, and electric 
charge, respectively. From (5.9) and (5.14), it is clear that the 

particle’s magnetization should be uniform, as 

μm − μm 
1 0 H 0Mi = 3 i	 (5.15)

μm + 2μm 
1	 0 

and the magnetic field can be expressed in two parts: the far field 

and the perturbed field from the magnetization of the particle, i.e., ( )
0Hi (r) = H 0 + D m r− r , a M j (5.16)i i j  

which yields the same result as the variable separation method 

[52]. Substituting (5.12) and (5.15) into (5.16), we can find that the 

magnetic field on the interface satisfies the boundary condition: 

μm H − = μm 
0 H

+	 (5.17)1 n n 

where superscripts − and + denote the outside and inside surface 
on the interface of the particle and matrix, respectively, and 

subscripts n denote themagnetic field along normal direction on the 
interface. 

5.2.2	 Modified Elastic Green’s Functions Considering Body 
Force 

For linearly isotropic materials, the mechanical problem is reduced 

to finding a solution to the following equation with boundary 

conditions 

C i jkl uk,l j  (r)+ fi (r) = 0 (5.18) ( )
where C i jkl  = λδi j δkl + μe δikδ j l  + δi lδ jk is the isotropic stiffness 

tensor with the Lame constants λ and μe , uk (r) is the displacement 
field and fi (r) is the body force. We then use the elastic Green’s 
function tensor [27]   ( /)	 1 ∂2  r− r/ 1 δi jG i j  r, r = −	 (5.19)

4πμe |r− r/| 16πμe (1− v) ∂ri∂r j 
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219 Fundamental Solution to Magneto-Elastic Problems 

which satisfies ( /) ( /)C i jkl G kp,l j  r, r = −δi pδ r− r . (5.20) 

Here, v is Poisson’s ratio. δ(r − r) is the Dirac Delta function, 
which is different from the Kronecker Delta. We can find that the 

displacement for an infinite homogeneous isotropic domain with 

local body force is written as ( /) ( /) /ui = G i j  r, r f j r dr . (5.21) 
V 

Here, we use a boundary condition that the far field strains are zero. 

Based on the kinematic relation between strains and displace

ments, strains can be written as 

f ( /) ( /) /εi j  = � r, r fk r dr (5.22) i jk  
V 

where the modified Green’s function is 

f ( /) 1 � ( /) ( /)��i jk  r, r = G ik, j r, r + G jk,i r, r (5.23)
2 

In the infinite domain V with shear modulus μe and Poisson’s 

ratio v , there is only a spherical domain � with a body force in the 

form of polynomials of coordinates, such as ( )
0fi (r) = f 0 + f 1 rk − r + · · ·  (5.24)i ik  k

Then, the substitution of (5.24) into (5.22) yields ( ) ( )
D f 0 f 0 0 f 1εi j  (r) = r− r , a k + D f r− r , a kl + · · ·  (5.25)i jk  i jkl  

where 

D f ( 0 
) f ( /) /r− r , a = � r, r dr (5.26) i jk  i jk  

and ( ) ( /) ( )
0 f / 0 /D f r− r , a = � r, r r dr (5.27) i jkl  i jk  l − rl 

These integrals can also be written in explicit form. For example, 

Eq. (5.26) is written as follows: (
0 
)

D f r− r , ai j k  ⎧ ⎡ ( ) ( ) ⎤ ⎪ 5− 10v + 3ρ2⎪ δikn j + δ j kni⎪ ρ2a ⎨ ⎣ ⎦− ( ) ( ) for r > a
60μe(1−v) −5+ 3ρ2 1− ρ2= + δi j nk + 15 ni n j nk ⎪ ⎪ ⎪ � ( ) � ⎩ r− 
30μe(1−v) (4− 5v) δikn j + δ j kni − δi j nk for r ≤ a 

(5.28) 

© 2013 by Taylor & Francis Group, LLC

http:rrdr(5.27
http:rdr(5.26
http:rdr(5.22


March 6, 2013 14:31 PSP Book - 9in x 6in 05-Shaofan-Li-c05

 

 

 

�	 � 

( /) ( /)� 

220 Modeling of Chain-Structured Ferromagnetic Particulate Composites 

As a special case, if the body force is uniform, ( )
D f 0 f 0εi j  (r) = r− r , a k , (5.29)i jk  

then, we can find that the strain in � is linearly distributed. 

Substituting (5.28) into (5.29), we can find that the strain field on 

the interface satisfies continuity. 

5.2.3	 Modified Elastic Green’s Functions Considering 
Eigenstrain 

The concept of eigenstrain was first introduced by Eshelby [29] and 

was initially named by Mura [27] to describe local inelastic strain, 

such as thermal expansion, phase transformation, initial strains, 

plastic strains and misfit strains. Magnetostriction is also a kind 

of eigenstrain. At this section, Eshelby’s solution for a spherical 

inclusion with eigenstrain embedded in the infinite domain is 

reviewed. 

For linearly isotropic elastic material with local magnetostric

tion, the mechanical problem without body force is reduced to 

finding a solution to following equation with boundary conditions: 

∗C i jkl  uk,l j  (r)− εkl, j (r) = 0 (5.30) 

Using the same elastic Green’s function tensor (5.19), we can 

obtain the displacement field as ( /) ( /)∗	 /ui = −  C j lmnεmn r G i j,l r, r dr (5.31) 
V 

where a boundary condition is used that the far field strain and 

eigenstrain are zero. Using the minor symmetry of C i jmn  = C j imn, 

(5.31) can be rewritten as 

1 ( /) � ( /) ( /)� /ui = −  C j lmnεmn 
∗ r G i j,l r, r + G il, j r, r dr (5.32) 

2 V 

From the kinematic relation, strains can be written as ( /) ( /)�e	 /εi j  = −  i jmn  r, r C mnklε 
∗ r dr (5.33) kl 

V 

where the modified Green’s function is
 ( /) 1 � ( /) ( /)
�e 
i jmn  r, r = G im,nj r, r + G in,mj r, r

4 

+G jm,ni r, r + G jn,mi r, r (5.34) 
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¨

minor symmetry, we can find that this modified Green’s function has 

both minor and major symmetries, i.e. �e = �e = 

In contrast to Kroner’s [26] original definition but only having 

i jmn  (r, r
/) j imn  (r, r

/) 
�e 

mni j (r, r
/). As seen in the subsequent chapters, this change 

provides convenience in numerical operations as well as carrying a 

clear physical meaning. 

In the infinite domain V with shear modulus μe and Poisson’s 

ratio v , there is only a spherical domain� with an eigenstrain in the 

form of the polynomials of coordinates, written as 

( )
ε ∗0 0ε ∗ = + ε ∗1 rk − r + · · ·  (5.35)i j  (r) i j i jk  k 

The substitution of (5.35) into (5.33) yields 

( )
0εi j  (r) = −D e r− r , a C mnklε 

∗0 
i jmn  kl ( )

0−D e 
i jmnp  r− r , a C mnklεklp 

∗1 + · · ·  (5.36) 

where 

( ) ( /)D e 0 �e /r− r , a = r, r dr (5.37) i jkl  i jkl  

and 

( ) ( /) ( )
D e 0 �e / 0 /r− r , a = r, r r − r dr (5.38) i jklp  i jkl  p p

These integrals can also be written in explicit form over the 

spherical domains. For example, Eq. (5.37) can be rewritten as 

follows: 

( )
D e r− r0 , a = i jkl  ⎧ ⎡ ⎤ ( ) ( ) ( )⎪ 5− 3ρ2⎪ δi j δkl − 5− 10v + 3ρ2 δikδ j l  + δi lδ jk⎪ ⎪ ⎢ ⎥ ⎪ ⎪ ⎢ ( ) ( ) ⎥ ⎪ ⎪ ⎢ ⎥ ⎪ −15 1− ρ2 δi j nknl + δkl ni n j⎪ ⎢ ⎥ ⎪ ρ3 ⎪ ⎢ ⎥ ⎨ ( ) ( ) for r > a

60μe(1−v) ⎢ ⎥ ⎢ −15 v − ρ2 δikn j nl + δi l n j nk + δ jkni nl + δ j l ni nk ⎥ ⎢ ⎥ ⎪ 
⎪ ⎪ ⎣ ( ) ⎦ ⎪ ⎪ +15 5− 7ρ2 ni n j nknl ⎪ ⎪ ⎪ ⎪ ⎪ � ( )�⎪ 1 ⎪ ⎩ 30μe(1−v) δi j δkl − (4− 5v) δikδ j l  + δi lδ jk for r ≤ a 

(5.39) 
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5.2.4 Solutions for Two Spheres in the Infinite Medium 

There are three standard methods for solving problems of two 

spheres in the infinite medium. The first is in terms of bispherical 

(spherical bipolar) coordinates. Thismethodwas invented by Jeffery 

to solve electromagnetic fields related to Laplace’s equation [53]. 

Sternberg and Sadowsky [54] and Shelley and Yu [55] used it to 

calculate the elastic fields for two voids or rigid spheres. The second 

is the multipole expansion method. Miyamoto employed it to solve 

elastic fields for two voids [56, 57], and Tsuchida et al. [58] and 
Chen and Acrivos [59] extended it to general elastic spheres. Ross 

[60], Jeffery [61], and Klingenberg and Zukoski [62] formalized this 

method for the electromagnetic problem. Borcea and Bruno solved 

the problem of two identical rigid spheres with interaction forces 

and moments embedded in the infinite domain [63]. The last is 

based on the modified Green’s function, by which Moschovidis and 

Mura obtained elastic solutions for two elastic spheres [64]. The first 

method requires the numerical solution of a set of infinite linear 

equations for each separation distance between the spheres, the 

second requires the derivation of recurrence formulae for relating 

the coefficients of the spherical harmonics [59], and the last method 

involves two Taylor’s expansions of the eigenstrain and local strain. 

Although all of these methods could provide any desired degree 

of accuracy by retaining the appropriate number of terms, the 

last method appeared to be easier for analytically studying the 

interaction between particles. 

Figure 5.2 considers two identical spheres with radius a 
embedded in an infinite homogeneous matrix under the far field 

stress σ0 and the externalmagnetic fieldH0. The particles andmatrix 
have permeability μm , μm and stiffness C1 and C0, respectively. The1 0 

center–center distance of two particles is b. The magnetic field, 
interaction force and elastic field will be solved using the modified 

Green’s functions. 

5.2.4.1 Magnetostatic field 

As shown in Fig. 5.2, two local coordinates have been chosen with 

the origin at the centers of two particles. The relation between them 
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Figure 5.2 Two spherical particles embedded in the infinite medium [49]. 

is 

r̄i = ri − bi (5.40) 

where |b| > 2a. Assume that the localmagnetic fields of the particles 
are written in the polynomial form of the local coordinates as 

Hi (r) = A0 
i + A1 

i j r j + · · ·  (5.41) 

and 

H̄i (r̄) = Ā0 
i + Ā1 r j + · · ·  . (5.42)i j  ̄

For simplicity, in the following derivation, higher order terms are 

truncated. From the geometric symmetry of two particles, we can 

write 

Āi 
0 = Ai 

0; Ā1 i j  = −Ai j  
1 (5.43) 

For any point, the magnetic field comes from two sources: the 

far field and the perturbed field from the magnetization of the two 

particles. Thus, magnetic field in the first particle can be written as 

μm − μm 
1 0Ai 

0 + A0 
i j r j = Hi 

0 + 
μm
 
0
 

D m 
j + D m 

i j  (r, a) A0 i jk  (r, a) A1 jk× (5.44) 
+D m 

j − D m 
i j  (r− b, a) A0 i jk  (r− b, a) A1 jk  

By expanding the right side of the above equation in a Taylor 

series of r, and by comparing the coefficients of the terms of r up 
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to linear terms, the equations can be written as ⎧ 
D m 

j + D m ⎪⎪ μm−μm i j  (0, a) A0 i jk  (0, a) A1 jk
0
 ⎪ 0
 

⎪ A0 = H 0 1 ⎪ i i + 
μm ⎨ +D m 

j − D m 
i j  (−b, a) A0 i jk  (−b, a) A1 jk  ⎪ D m ⎪ k + D m ⎪ μm−μm ik, j (0, a) A0 ikl, j (0, a) A1 kl ⎪ A1 0 ⎪ = 1 ⎩ i j  μm 

0 +D m 
k − D m 

ik, j (−b, a) A0 ikl, j (−b, a) A1 kl 
(5.45) 

Solving the above equations, we obtain 

A0 = K 0 
j ; A1 = K 1 (5.46)i i j H 0 

i j  i jk Hk 
0 

where 

μm 
0 0 1 0K 0 ρ3 i j  = 3μm 

δi j  − 3(μm 
( − μ)m 

2

) 
˜
(
δi j  − 3ñi ñ j

)
μm + 2μm 

μm 
1 0 + 2μm 

1 0 ( )2 
0 1 0 

ρ6 ρ8

μm + 2μm 
+ 3μ(m μm − μ)m 

3
˜
(
δi j  + 3ñi ñ j

)+ O 
(
˜
) 

(5.47) 

1 0 

and ( )
μm15μm − μm 

0 1 0K 1 ( ) ( )i jk  = 
2μm + 3μm μm + 2μm 

1 0 1 0 

ρ̃4 ( )× δi j ñk + δikñ j + δ jkñi − 5ñi ñ j ñka ( )2 
μm15μm − μm 

0 1 0− ( ) ( )2 
2μm + 3μm μm + 2μm 

1 0 1 0 

ρ̃7 ( ) ( )
ρ8× −2δi j ñk + δikñ j + δ jkñi + 4ñi ñ j ñk + O ˜ (5.48) 

a 
−b ain which ̃n = and ̃ρ = Although the high order terms of|b| |b| . ( )

ρ8 K 0 K 1 

the numerical method, given b and a. 
We then obtain the local magnetic field in the particles by using 

(5.41), (5.42) and (5.46)–(5.48). In the matrix, we obtain the local 

magnetic field as 

O ˜ are truncated for i j  and i jk, they can be solved exactly by 

μm − μm D m 
j + D m 

i j  (r, a) A0 i jk  (r, a) A1 jk1 0Hi (r) = Hi 
0 +
 

μm 
0 +D m 

j − D m
 
i j  (r− b, a) A0 i jk  (r− b, a) A1 jk  

(5.49) 
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5.2.4.2 Magnetic force between particles 

For an infinitesimal spherical element�δ centered at rwith a radius 
δ → 0 in an inhomogeneous magnetic field, a magnetic force would 
act on the element [52, 65], as 

= μm Mk (r)H eFi 0 i,k (r) dr. (5.50) 
�δ 

where Mi (r) is the magnetization of the element and Hi
e (r) is 

the external field. Here, Hi
e (r) is different from the local magnetic 

field Hi (r). Because Hi (r) is a summation of the external magnetic 
field Hi

e (r) and the additional perturbed magnetic field from the 
magnetization of the element [66]. The following can then be 

written: 

( /) ( /) /Hi
e (r) = Hi (r)− �m r, r M j r dr . (5.51)i j  

�δ 

Shrinking�δ to one point, we get the local body force as 

fi (r) = μm Mk (r) Hi
e 
,k (r) . (5.52)0 

To solve the body force in the first particle, we should first derive 

the external magnetic field in (5.51). Because particles are linear 

isotropic magnetic as with (5.14), and the magnetic field in particles 

is truncated to linear terms, we canwrite themagnetization in (5.51) 

as 

( /) μm − μm � ( )�
1 0 /Mi r = 
μm Hi (r)+ Ai j  

1 r j − r j (5.53) 
0 

Substituting (5.53) into (5.51), we obtain 

μm − μm � �
1 0H e = Hi (r)− D m 

i (r) μm i j  (0, δ) H j (r)+ D m 
jki jk  (0, δ) A1 

0 
(5.54) 

By considering the magnetic field in the particle of (5.41) and by 

substituting (5.54) into (5.52), we obtain the body force on the first 
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particle as: ( ) ( )2 
3μm 11μm + 4μm μm − μm 

0 1 0 1 0
fi (r) = ( ) ( )2
 
2μm + 3μm μm + 2μm
 

1 0 1 0 

ρ̃4 ( )× δi j ñk + δikñ j + δ jkñi − 5ñi ñ j ñk H j 
0Hk 

0 

a ( ) ( )3 
μm3μm 11μm + 4μm − μm 

0 1 0 1 0+ ( ) ( )3 
2μm + 3μm μm + 2μm 

1 0 1 0 

ρ̃7 ( ) ( )× δi j ñk + δikñ j − 2δ jkñi − 8ñi ñ j ñk H j 
0Hk 

0 + O ρ̃8

a 
(5.55) ( )

Truncating the higher order terms O ρ̃8 , we can find that the 

magnetic force is constant over the particle, denoted for simplicity 

as fi . The body force in the second particle is − fi based on the 

symmetry of geometry and the external magnetic field. Because 

magnetization is zero, there is no body force in the matrix. 

The conventional dipole model assumes that the particles are so 

small that they can be treated as two dipoles with magnetization in 

(5.15). The external magnetic field in the first particle is from the 

uniformmagnetic loading Hi 
0 andmagnetic field induced by another 

particle Di j
m (r− b, a) M j as seen in (5.16). From (5.50), the body 

force on the first dipole can be written as ( )2 
9μm μm − μm 

0 1 0fi (0) = ( )2
 
μm + 2μm
 
1 0 

ρ̃4 ( )× δi j ñk + δikñ j + δ jkñi − 5ñi ñ j ñk H j 
0Hk 

0 (5.56) 
a 

If the center-to-center direction is the same as the external 

magnetic field, the resultant magnetic force can be written by 

integrating the body force over the first particle, as: 

μm 
(
μm − μm

)2 ( )22 0 1 0
ρ4 H 0

μm + 2μm 
F = 24πa ˜ ( )2 (5.57) 

1 0 

which is conventional dipole force. Starting from (5.55), we can also 

write the resultant interaction force as: ( ) ( )2 
μm + 4μm μm − μm11μm 

2 0 1 0 1 0
ρ4F = 8πa ˜ ( ) ( )2 

2μm + 3μm μm + 2μm 
1 0 1 0 

μm − μm ( )2 
ρ3 H 0× 1+ 4 ˜ 1 0 (5.58)

μm + 2μm 
1 0 
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5.2.4.3 Elastic field 

The elastic field for two particles embedded in the infinite medium 

is caused by far field stress σ0 and magnetic force between 

particles in (5.55). In general, ferromagnetic materials have very 

small magnetostriction, which is not considered. If the elasticity of 

particles is the same as that of the matrix, the strain field can be 

written as: 

εi j  
1 (r) = εi j  

0 + D f 
i jk  (r− b, a) fk (5.59)i jk  (r, a) fk − D f 

However, because particles have a different elasticity than the 

matrix, material inhomogeneities will also yield a perturbed elastic 

field. Eshelby offered an analytical solution through an equivalent 

inclusion method in which the total domain is assumed to be of the 

same material as the matrix [29], but an eigenstrain is introduced 

in the particle domain to represent inhomogeneity. This method has 

been widely applied in evaluating the effective elastic properties of 

composites [27, 67]. 

Based on Eshelby’s equivalent inclusion method, the original 

problem can be divided into two parts: homogeneous stiffness 

material under magnetic body force and magnetostriction in the 

particles and external far field stress, and homogenous stiffness 

material with an introduced eigenstrain εi j  
∗ in the particles. The first 

problem is solved in (5.59), and the second one can also be solved by 

the modified Green’s functions proposed in section as ( /) ( /)ε2 �e C 0 /r, r mn ri j  (r) = −  i jkl  jkmnε 
∗ dr

�1 ( /) ( /)�e C 0 /− i jkl  r, r jkmnε 
∗ r dr (5.60) mn 

�2 

where the eigenstrain of the particles should satisfy 

C 1 ε1 C 0 ε1 i jkl  kl (r)+ εkl 
2 (r) = i jkl  kl (r)+ εkl 

2 (r)− εkl 
∗ (r) (5.61) 

The eigenstrain field in two particles can be written in polyno

mial form of the local coordinates as 

∗ εi j  (r) = Bi j  
0 + Bi jk

1 rk + · · ·  (5.62) 

and 

ε̄∗ r) = B̄0 B1 rk + · · ·  (5.63)i j  ( ¯ i j  + ¯ i jk  ̄
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in which, from the geometric symmetry of two particles, we can 

write
 

B̄0 = B0 B̄1
 
i jk  = −B1 (5.64)i j  i j ; i jk 
  

Then, εi j  
2 (r) in (5.60) can be written as
 

εi j  
2 (r) = −D e 

mnkl B0 
i jmnp  (r, a) C 0 

klp i jmn  (r, a) C 0 
kl − D e 

mnkl B
1 

−D e 
i jmnp  (r− b, a) C 0 

klp i jmn  (r− b, a) C mnkl
0 Bkl 

0 + D e 
mnkl B1 

(5.65) 

Following the similar procedure for magnetostatic analysis, we 

can explicitly solve the parameters of Bi j  
0 and B1 Superposing the i jk.


strains of εi j  
1 (r) and εi j  

2 (r), we can obtain the strain field.
 

5.3 Magneto-Elastic Constitutive Modeling on
 
Chain-Structured Ferromagnetic Particulate
 
Composites
 

Consider a two-phase composite containing chain-structured ferro

magnetic particles in Fig. 5.1. The chains are randomly dispersed 

in the composite and have the same direction. Magnetic particles 

and the nonmagnetic matrix have magnetic permeability 1 andμm 

μm 
0 , isotropic stiffness C

1 and C0, respectively. To investigate the 
magneto-elastic constitutive properties, we use a representative 

volume element (RVE) containing a chain of many particles in 

Fig. 5.3. A uniform magnetic field H0 and uniform stress field σ0 

are applied on the boundary of the composite. Nonintersecting 

and perfect interfacial bonding of all particles is assumed. We will 

investigate the averaged magnetic and elastic field in the RVE and 

derive the constitutive properties. 

5.3.1 Magnetic Behavior of Magnetic Composites 

From Maxwell’s equations, the magnetostatic field in the composite 

satisfies 

Bi,i (r) = 0forr ∈ D (5.66) 

and 

Hi (r) = Hi 
0 for r ∈ ∂ D (5.67) 
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Figure 5.3 Chain structured composite under a uniform far field of H0 and 

σ0. (a) Overall microstructure; (b) RVE of the neighborhood of the material 
point X0 [71, 72]. 

Bi 
+ (r)− Bi 

− (r) li = 0 for r ∈ ∂�p (5.68) 

where superscripts + and − denote the outside and inside surface 
on the interface, l j is the outward unit normal vector, D is the overall 
domain of the composite, and �p is the domain of the pth particle 

(p = 1,2, . . . , n). Here n can be infinite. The magnetic field and flux 
density satisfy 

Bi (r) = μm (r) Hi (r) (5.69) 

where μm (r) = μm for r on particles and μm (r) = μm for r on the1 0 

matrix. Thus (5.69) can be rewritten as 

Bi (r) = μm 
0 Hi 

0 for r ∈ ∂ D (5.70) 

By using (5.66), the volume average of internal flux is written as

1 � �  Bi  D = ri B j (r) , j dr (5.71)
VD D 

Considering the boundary conditions in (5.68) and (5.70), the 

averaged internal flux can be rewritten as

= μm H 0 (5.72) Bi  D 0 i 
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230 Modeling of Chain-Structured Ferromagnetic Particulate Composites 

Otherwise, from the definition of volume average, we can write 

Bi D = φμm Hi � + (1− φ)μm Hi M (5.73)1 0 

and 

Hi D = φ Hi � + (1− φ) Hi M , (5.74) 

and then the following can be written by taking (5.72) into account: 

μm − μm 
1 0Hi D = Hi 

0 − φ
μm Hi � (5.75) 
0 

If a particle’s averaged field is solved, we can derive the overall 

averaged field. 

To solve a particle’s averaged field, an RVE is introduced similarly 

as in Fig. 5.3(b). Magnetic field is transported from the boundary to 

the RVE through the matrix just like a far field used as the matrix’ 

averaged field. Thus the magnetic field over the RVE is written in 

two parts: 

Hi (r) = Hi M + Hi
/ (r) (5.76) 

where the perturbed field H/ (r) is caused by magnetizationM (r) of 
particles, i.e., 

N 

H / �m /
i (r) = i j  r, r M j r dr (5.77) 

�pp=0 

in which N denotes the number of particles in the chain and can be 
infinite, and the magnetization is related to the local magnetic field 

as 

μm − μm 
1 0Mi (r) = Hi (r) (5.78)
μm 
0 

Because too many particles are in the same chain, the averaged 

field in each particle is assumed to be equal. Without any loss 

of generality, we use the averaged field on the 0th particle to 

represent a particle’s averaged field. By performing volume average 

of the above equation over the domain of the 0th particle and by 

considering the same averaged magnetization in each particle, the 

following equation is reached: 

μm μm1 − μm − μm ( )
1 0 1 0 ¯Hi � = Hi M − Hi � + Di j  H j (5.79)
μm μm �3 0 0 
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231 Magneto-Elastic Constitutive Modeling 

in which 

N 1 ( /)D̄i j  = �i j
m r, r dr/dr (5.80)

4/3πa3 �0 �Pp=1 

Considering the geometry of the microstructure, we can explic

itly write the above equation as: 

2.4042
D̄i j  = −  ρ3 (1− 3δI3) δi j  (5.81)03  ∞

Here the identity i=1 1/ i3 = 1.2021 is used. So (5.79) can be 

rephrased as ( ) 
Hi M = Ti j  H j (5.82) 

with 

μm + 2μm 2.4042 μm − μm 
1 0 1 0Ti j  = 
3μm δi j  + 

3μm (1− 3δI3) δi j ρ0
3
 

0 0
 

(5.83) 

Combining (5.74), (5.75) and (5.82) provides the averaged 

magnetic fields in the particles, matrix, and overall composite as � �−1
μm 
1 H 0Hi � = φ δi j  + (1− φ) Ti j  (5.84)jμm 
0 � �−1

μm 
1 T −1 H 0Hi M = φ

μm i j  + (1− φ) δi j  j (5.85) 
0 � �−1

μm − μm μm 
1 0 1Hi D = δi j  − φ φ δi j  + (1− φ) Ti j  H j 

0 (5.86)
μm μm 
0 0 

Given the material properties of the particles and matrix, the 

applied magnetic field, volume fraction, and ratio of a particle’s 

radius to its center–center distance, from the above four equations, 

we can explicitly solve B D , H �, H M and H D as seen in 

(5.72), (5.84), (5.85) and (5.86), respectively. The effective magnetic ( )
permeability is defined as Bi D = μ̄i j H j D . Combining (5.72) and 

(5.86) yields the effective permeability as [ ( r r−1 
μm μm μm 
1 − 0 1 

−1
μ̄i j  = μ0 

m δi j  − φ
μm φ

μm δi j  + (1− φ) Ti j
0 0 (5.87)( r

μm μm � �−1= μm 1 − 0 φδi j  + (1− φ) Ti j0 δi j  + φ
μm 
0 
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232 Modeling of Chain-Structured Ferromagnetic Particulate Composites 

Substituting (5.83) into (5.87), we can explicitly write the 

components of μ̄i j  as [49]: 

μ̄11 = μ̄22 

μm	 μm − μm ρ3+ (1− φ) + 2μm + 2.4042 03φμm 
1 1 0 1 0 = μm �( ) ( ) �

0 
3φμm + (1− φ) μm + 2μm + 2.4042 μm − μm ρ3 0 1 0 1 0 0 

3φμm + (1− φ) μm + 2μm − 4.8084 μm − μm ρ3 1 1 0 1 0 0
μ̄33 = μm �( ) ( ) �

0 
μm	 ρ33φμm + (1− φ) + 2μm − 4.8084 μm − μm 

0 1 0 1 0 0 

μ̄23 = μ̄32 = μ̄31 = μ̄13 = μ̄12 = μ̄21 = 0 (5.88) 

From (5.88) it is apparent that, though the permeability for the 

particles and for the matrix is isotropic, the effective permeability is 

no longer isotropic. The component in the direction of the chains μ̄33 

is larger than that vertical to the direction μ̄11 or μ̄22. The effective 

permeability depends on μm , μm , φ, and ρ0.0 1 

In (5.79), D̄ denotes the interaction from other particles. If we 

drop it, (5.87) is reduced to ( )
μm + 2μm3φμm 

1 + (1− φ) 1 0
μi j  0 δi j¯ = μm ( ) (5.89)

3φμm + (1− φ) μm + 2μm 
0 1 0 

which is the same isotropic tensor as the one given by Maxwell– 

Garnett’s model [68]. 

5.3.2	 Magneto-Elastic Behavior of Ferromagnetic
 
Composites
 

In a ferromagnetic composite, even though ferromagnetic particles 

have a small saturation magnetostriction, they may yield large 

magnetic forces under an applied magnetic field due to their high 

magnetic permeability. This is especially the case if the matrix 

is made of soft materials like elastomers or rubbers, where the 

magnetic forces will cause the rotation and translation of particles 

and obviously change the configuration and mechanical loading 

condition in the composite. Therefore, even disregarding a particle’s 

magnetostriction, we can obtain an effective magnetostriction for 

the overall composite. Moreover, because the magnetic forces 

can resist some mechanical loading, the effective elasticity of 

the composite will also change with the external loading. The 

next section investigates the effective magneto-elastic behavior of 
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two-phase chain-structured composites under the magnetic and 

mechanical loading. The effect of magnetic loading on the effective 

elasticity is studied. 

In Fig. 5.3, a chain-structured composite is subject to an external 

magnetic field H0 and stress field σ0, magnetic force will be exerted 

on particles as a body force. Then, the overall averaged stress can be 

expressed as: ( )
σi j D = σi j  

0 + σi j
m (5.90) 

where σi j
m = 1/VD D bi (r) r j dr is the stress caused by magnetic 

force, and bi (r) the local magnetic body force at r. In the matrix, it 
vanishes. In a particle, there is an interactionmagnetic force induced 

by any other particle. For any two particles, the magnetic interaction 

force can be simulated by two particles within the matrix’s averaged 

field as 

μm ( J ) 3μm 
(
11μm + 4μm

) ( − μm
)2 

I 0 1 0 1 0fi r , r = ( ) ( )2 
2μm + 3μm μm + 2μm 

1 0 1 0 

ρ̃4 ( ) ( )× δi j ñk + δikñ j + δ jkñi − 5ñi ñ j ñk H j M Hk M a ( ) ( )3 
μm3μm 11μm + 4μm − μm 

0 1 0 1 0+ ( ) ( )3 
2μm + 3μm μm + 2μm 

1 0 1 0 

ρ̃7 ( ) ( )× δi j ñk + δikñ j − 2δ jkñi − 8ñi ñ j ñk H j Hk MMa ( )
ρ10+O ˜ (5.91) (

J 
)

IHere fi r , r is the interaction force of the I th particle due to 

the J th particle, H M is thematrix’ averagedmagnetic field in (5.85), (
J 
)

ρ̃ = a/ rI − r J , and  ñ = rI − r / rI − r J . Here, we can find 

that the magnetic interaction force is rapidly attenuated with the ( r −4 
order O rI − r J . Considering the distance between chains is 

much larger than b, we disregard the interaction from the particles 

in other chains. By ergodicity of particles in Fig. 5.3(b), we can write 

N N ( J )σ m V� I I 
i j  = fi r , r r j (5.92)

VD I =0 J =0 

where N is the largest number of the particle in the chain of (
J 
)

Fig. 5.3(b), and can be infinitely large. Considering fi rI , r = 
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234 Modeling of Chain-Structured Ferromagnetic Particulate Composites 

(
I 
)− fi r J , r , we can write 

V� N N ( J ) ( )I I Jσi j
m = fi r , r r j − r j (5.93)

2VD I =0 J =0 
Based on geometric symmetry for a particle located in the chain 

containing infinite particles, we can rewrite the above equation as 

φ N ( I ) ( )
0 0 Iσ m 

i j  = fi r , r r j − r j . (5.94)
2 I =0 

Finally substituting (5.91) into (5.94) and truncating the higher 

order terms yield ( ) ( )2 + 4μm μm3φμm 11μm − μm 
0 1 0 1 0

σ m 
i j  = ( ) ( )2 Hk M Hl M 

2μm + 3μm μm + 2μm 
1 0 1 0 

1.2021ρ3 δi l  ˜ nk + δik  ̃ nl + δkl ñi ñ j − 5 ˜ n j ñkñl0 n j ˜ n j ˜ ni ˜× μm ( )−μm 
1 0+ 1.0173ρ6 δi l ñ j ñk + δikñ j ñl − 2δkl ñi ñ j − 8ñi ñ j ñkñlμm+2μm 0 
1 0 ( )+O ρ0
9 (5.95) 

It is noted that the stress σm may be an asymmetric tensor 

when the magnetic field is not parallel to the chain’s direction, 

due to a distributed angular momentum in the composite caused 

by the magnetic force [65, 69]. Consequently, the stress σm can be 

decomposed into two parts: 

σ m = σ m + σ m (5.96)i j  (i j) [i j  ] 

where the first is the symmetric part of σm that causes a strain in 

the composite, and the second is the antisymmetric part, which will 

be balanced by the external mechanical loading σ0. Thus the overall 

averaged stress is still symmetric. 

To solve a particle’s averaged strain, Eshelby’s equivalent 

inclusion method is also used similarly to the previous chapters. 

When a particle with the same stiffness as the matrix is embedded 

in it, the strain in the particle should come from two parts: the initial 

strain in the matrix, which can be assumed to be the averaged strain 

in thematrix, denoted by ε M , and the strain caused by themagnetic 

force from other particles, denoted by εmp (r). Consequently, the 
eigenstrain in the particle satisfies 

C 1 mp 
i jkl  kl kl (r) i jkl  [εkl M + ε (r)+ ε/ = C 0 εkl M 

mp+εkl (r)+ εkl
/ (r)− εkl 

∗ (r) (5.97) 
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where the perturbed strain εkl
/ (r) is caused by the distributed 

eigenstrain εkl 
∗ (r), i.e.  

N ( /) ( /)/ �e C 0 ∗ /ε r, r r dr (5.98) i j  (r) = −  i jmn  mnklεklK =0 �K 

and 

N 
mp f ( /) ( K 

) /ε (r) = � r, r fk r , 0 dr (5.99) kl i jk  
�KK =1 

Here the interaction from the particles in other chains is also 

εmp (r)disregarded. In (5.99), can be further approximated by the 

strain of the particle’s center as ( ) ( )2
 
ε

mp = −  1.0173μ0 
m 11μm 

1 + 4μ0 
m 

1 0
μm − μm 

ρ6 i j  ( ) ( )2 0 Hk M Hl M
 
2μe (1− v0) 2μm + 3μm μm + 2μm
 

0 1 0 1 0 ⎡ ⎤ 
−δi j δkl + 3δi j ñkñl + (5− 4v0) δkl ñi ñ j ⎢ ( )⎥ ( )⎢ ⎥ ρ8× + (1− 2v0) δikñ j ñl + δi l ñ j ñk + δ jkñi ñl + δ j l ñi ñk + O 0⎣ ⎦ 
− (19− 20v0) ñi ñ j ñkñl 

(5.100) 

Here a particle’s magnetic strain is symmetric. Taking volume 

averages on (5.97) and (5.98), we can finally solve a particle’s 

averaged strain as ( ) ( )−1 ( )= �C −1 �C −1 mp
εi j � i jmn  mnkl − D̄mnkl εkl M + εmnkl − D 0 

kl 

(5.101) 

Because the averaged stress and strain in the RVE is constituted 

by the ones over the particle and matrix phase, using (5.90) and 

(5.101) we can solve for the averaged stress and strain for the 

particles, matrix, and overall composite. Here, we derive the relation 

of the overall averaged stress and strain as ( ) � ( )�−1 = C 0 �C −1 D 0σi j D i jkl  εkl D + φ i jkl  − (1− φ) i jkl  + D̄i jkl

× εkl D + (1− φ) ε
mp 

(5.102)kl 

εmpIf the magnetic field is absent, the term, , is gone and then 

(5.102) implies an effective elasticity as � ( )�−1¯ = C 0 �C −1 D 0C i jkl  i jkl  + φ i jkl  − (1− φ) i jkl  + D̄i jkl (5.103) 
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which can be rewritten as ( ) ( ) mp¯ ¯σi j = εkl D + (1− φ) i jkl klC i jkl  C i jkl  − C 0 ε (5.104)D 

If the mechanical load is absent and only a magnetic field H0 is 
applied, an effective stress exists in the composite as σm of (5.95), 

and an effective strain can be derived from (5.104) as 

εm = C̄ −1 σ m ¯ ε (5.105)i j  i jkl  C klst − C 0 
stkl − (1− φ) klst
mp 

Here εm is the effective magnetostriction caused by the magnetic 

interaction force between particles. Because we assumed the 

linear magnetic behavior of ferromagnetic particles, from (5.95) 

and (5.100) we can see that the effective magnetic stress and 

magnetostriction are functions of H 2. Bellan and Bossis examined 

the initial magnetic stress for carbonyl iron particle filled a silicon 

elastomer, and also observed a behavior in H 1.8 at low fields as ( )
0 < H 0 < 18K A/m . 

As we know, the effective magnetic stress σm in (5.95) is 

asymmetric except in some special cases where the magnetic field 

is parallel or vertical to the chain’s direction. An asymmetric stress 

in a free body is not physical; in fact, this situationwill never happen. 

For instance, when a free chain-structured composite presents in 

a magnetic field with a small angel between the directions of 

chains and the magnetic field, the magnetic force will cause the 

composite to rotate so that the chains will have the same direction 

as the magnetic field. That is why this type of materials is also 

called “active” materials. Thus, a chain-structured composite will 

not have an asymmetric magnetic stress unless a balancing external 

mechanical loading exists. By virtue of this fact, wewill only consider 

the effective magnetostriction for the composite with the chain’s 

direction parallel to the magnetic field. 

Considering (5.105) and (5.90), we could rewrite (5.104) as ( ) ( )
σi j  
0 = σi j − σi j

m = C̄ i jkl  εkl D − εkl
m (5.106)D 

The above equation has the same expression as the constitutive 

relation for a material with stiffness C̄ including an initial stress 
σm and an initial strain εm . However, as seen in (5.95), (5.100) and 

(5.105), because magnetic stress σm and strain εm depend on ρ0 and 

ñ, which are directly related to the configuration of the composites, 
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σm and εm change with the deformation and have an effect on the 

effective elasticity. Thus the effective elasticity is no longer constant. 

For instance, shearing of the composite in the presence of amagnetic 

field causes particle displacement from the minimum energy state, 

thereby requiring additional work [70], so an additional shear force 

is required, resulting in a larger effective shear modulus. 

To solve the field-dependent effective elasticity, we can design 

a stress-driven virtual experiment. Consider the composite with a 

material coordinate system X. Given a magnetic field H0 and a me
chanical loading σ0 on the boundary of the composite, the composite 

will be deformed and reach another equilibrium state described by 

a spatial coordinate system x, and then ρ0 and ñ will change along 
with x. Here we assume the magnetic and mechanical loading are in 
the linear range for both particles and matrix, so the displacement 

field u = x−X is quite small, and then strain field is defined by εi j  = ( )
dui /d X  j + du j /d X i /2. Consequently, we could solve the effective 

strain field by the governing equations (5.90) and (5.101). Subse

quently, we apply an additional mechanical loading δσ on the bound
ary. The spatial coordinate system is denoted by x/ and the effective 
strain field can be also solved. We define the change of the effective 

strain fields for two cases as δε, and then the effective compliance 

tensor is written as D̄ = δε/δσ. From (5.106), we can rewrite it as 

δεm 
¯ C̄ −1Di jkl  = i jkl  + i j  

(5.107)
δσkl 

where εm is the magnetic strain depending on the configuration. 

(5.107) apparently provides a varying effective elasticity unless the 

magnetic strain keeps constant under a varying mechanical loading. 

Because the magnetic strain is adaptive to different magnetic fields, 

we can use magnetic field to control the change of the effective 

elasticity. 

In fact, though the magnetic and mechanical loading are in the 

linear range, we cannot explicitly solve the effective strain field 

ε D or the magnetic strain εm by the governing equations, because 

magnetic stress σm and strain εm are coupledwith the effective strain 

field due to ρ0 and ñ changing with x. Moreover, in this stress-driven 
experiment, the equilibrium may be lost during the change of the 

configuration for the given magnetic and mechanical loadings, so an 

extra mechanical loading is needed to balance the antisymmetric 
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( ) ( )
Step 1. Initialize Material constants C 0 λ0, μ

e , C 1 λ1, μ
e ,i jkl  0 i jkl  1

μm , μm , ρ0 and φ, Loadings Hi 
0, σ 0 The spatial coordinates 0 1 i j ,


= a(0) = b(0)
a ,b . ( )(0) ( )(0)
The averaged strain εi j = 0 and εi j = 0 

� D 
Step 2. Solve the equilibrium state 

(k) (k−1) 
Do while ε D − ε D > T O L , ( ( r r 

(k) (k) (k)a(k) = a(0)Update 1+ ε11 � + ε22 � + ε33 � /3 , and  

(k) (k) (k)b(k) = b(0) × 2 ε13 D ,2 ε23 D ,1+ ε33 D 
(k)

Update ρ = a(k)/ b(k) , and  ñ(k) = −b(k)/ b(k) 0 
(k) C (k) mp¯Solve Hi M in (5.85), i jkl  in (5.103), σi j

m(k) in (5.95), εi j  (k) in ( )(k)
(5.100), and σi j D = σi j  

0 + σ(
m
i j)(k), ( )(k) ( )(k)

Solve εi j by (5.104), and εi j by (5.101) D � 

End Do ( )
Step 3. Output averaged strain and external loading σ e =εi j D i j  

σ 0 
i j  + σ[

m
i j ] ( )

σ e/
Step 4. Give an additional loading δσi j , solve  ε

/ and i j  byi j D 
Step 2 ( ) (( )

σ e/
Step 5. Get effective stiffness by C i jkl  = i j  − σi j

e / εkl
/

D − 
εkl D ) 

part of σm . For convenience, the numerical method is used to 

solve the effective stress-strain relation of the chain-structured 

composites under magnetic fields, from which the effective Young’s 

modulus and shear modulus can be solved. The algorithm is seen in 

the following box: 

From Steps 2 and 3, we can solve the overall strain relation 

changing with the external magnetic and mechanical loadings. 

Although both particle andmatrix phases in the composite are linear 

elastic, the effective stiffness is no longer constant due to the coupled 

magneto-elastic effects. 

5.4 Results and Discussion 

To assess the validity of the proposed model for ferromagnetic 

chain-structured composites, we present some numerical results. 
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Here, we assume that the magnetic and mechanical loadings are 

in the linear range. For these active materials, without specific 

notation, the magnetic loading will have the same direction as 

chains. Even though the calculations are dimensionless, to illustrate 

our numerical results, we use representative values of actual 

parameters found in the International System of Units. We first use 

μm 
1 = 10 and μm 

0 = 1. Figure 5.4 shows that the proposed model 

(a) 

(b) 

Eq. (5.89) for μ11 

Eq. (5.89) for μ33 

Maxwell-Garnett’s model for μ 

Eq. (5.89) for μ11 

Eq. (5.89) for μ33 

Maxwell-Garnett’s model for μ 

Figure 5.4 Effective magnetic permeability vs. (a) volume fraction φ; (b)  

ratio of a particle’s radius to its center–center distance ρ0 [73]. 
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provides an anisotropic effective permeability such that μ̄33 > μ̄11, 

whereas Maxwell–Garnett’s model gives an isotropic one, which is 

in between ̄μ11 and ̄μ33 predicted by the proposed model [49]. In 

Fig. 5.4(a), ρ0 = 0.45, effective permeability increases with the 
volume fraction of particles for three cases. In Fig. 5.4(b), φ = 0.10, 
from the proposed model we can find that the effective permeability 

component in the direction of the chains μ̄33 increases with the 

increment of ρ0 but that the effective permeability component 

vertical to the direction of the chains μ̄11 decreases. Maxwell– 

Garnett’s model always yields the same estimates for any ρ0 because 

it is insensitive to microstructure. Thus Maxwell–Garnett’s model 

cannot be used in these composites because even when the overall 

volume fraction is very small, the distance between particles of 

the same chain is small so that particle’s interaction cannot be 

disregarded. 

In the following, the material constants for silicon steel particle 
mfilled elastomerswill be used inmost cases as:μ0 = 4π×10−7H/m, 

m mE0 = 2.1M pa, v0 = 0.49, μ = 103μ , E1 = 1.1 × 105E0,1 0 

v1 = 0.4 [14, 71, 72]. First, we investigate the elastic fields due to 
the magnetic loading H0. 

Figure 5.5 shows the effective magnetic stress and magnetostric

tion of the composite changingwith the externalmagnetic field; here 

φ = 0.40, and ρ0 = 0.499. Because we only consider the magnetic 
forces between the particles within the same chain, all forces have 

the same direction as the applied magnetic field. In Fig. 5.5(a), a 

compressive magnetic stress exists along the magnetic field, but in 

the x–y plane the averaged magnetic stress is zero. From Fig. 5.5(b), 

we can see that the magnetostriction along the magnetic field is 

negative but positive in the x–y plane. Both the magnetic stress and 
magnetostriction change at the second-order of magnetic field. 

Figure 5.6 illustrates the effect of the particle’s volume fraction 

on the effective magnetic stress and magnetostriction. Here H3
0 = 

105A/m and ρ0 = 0.499. We see that the increase of the particle’s 
concentration cause the decrease of the effective magnetic stress 

and magnetostriction because the matrix’ averaged magnetic field 

is reduced with the increment of φ. The volume fraction in the 

range of 0.05 < φ < 0.10 provides an optimum effective 

magnetostriction for this composite. In reality, when the magnetic 
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Figure 5.5 Elastic fields caused by the magnetic fields. (a) Averaged 

magnetic stress; (b) effective magnetostriction [73]. 

field reaches a critical value, a particle’s magnetization may be 

saturated. In this case, this linear model is invalid, but if we can 

introduce a nonlinear magnetic constitutive law for particles, then 

we could extend thismethod to the general case. Because a particle’s 

saturationmagnetization is amaterial constant, we can imagine that 

the effective saturationmagnetization of the composite will increase 

with the volume fraction. 
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Figure 5.6 Magnetic stress and magnetostriction vs. volume fraction. (a) 

Averaged magnetic stress; (b) effective magnetostriction [73]. 

In Fig. 5.7, we can see that, with the increment of ρ0, magnetic  

stress and magnetostriction rapidly increase especially for ρ0 > 

0.3. Thus, with the formation of the chain structure, the effective 

magnetostriction is intensified. From Figs. 5.5–5.7, we can see 

that the magnetic stress and magnetostriction depend on the 

configuration. Given a mechanical loading on the composite, the 
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Figure 5.7 Magnetic stress and magnetostriction vs. ratio of a particle’s 

radius to its center–center distance. (a) Averaged magnetic stress; (b) 

effective magnetostriction [73]. 

magnetic stress and magnetostriction will also change with the 

elastic deformation, so they have an important effect on the 

mechanical behavior of the composite. 

Figure 5.8 shows the strain-stress relations of the composite 

under the uniaxial loading and simple shear loading within different 
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Figure 5.8 Strain-stress relations under the different magnetic fields. (a) 

Uniaxial loading; (b) simple shear loading [73]. 

magnetic fields. In Fig. 5.8(a), because there is an effective magne

tostriction in the chain’s direction, we see a negative y-intercept 
for each curve except for H3

0 = 0. For different magnetic fields, the 
strain-stress curves are almost parallel, so the magnetic field has a 

minor effect on the effective Young’smodulus. However, in Fig. 5.8(b) 
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Figure 5.9 Effective elasticity vs. the magnetic field for different volume 

fractions. (a) Young’s modulus; (b) the shear modulus [73]. 

the slopes of different curves are much different, except for the case 

of H 0 = 0 and 105, so the magnetic field has a large effect on the3 

effective shear modulus. 
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Figure 5.10 Effective elasticity vs. the magnetic field for different ratios of 

a particle’s radius to its center-to-center distance. (a) Young’s modulus; (b) 

the shear modulus [73]. 

The effective Young’s moduli along the z-axis and shear modulus 
in the x–y plane are further illustrated in Fig. 5.9 under a varying 
magnetic field. For the pure matrix φ = 0.0, it is insensitive to the 
external magnetic field, so the Young’s modulus and shear modulus 

stay constant. In Fig. 5.9(a), the effective Young’smodulus is reduced 
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with the increment of the applied magnetic field. However, in Fig. 

5.9(b), we can find that the effective shear modulus increases along 

with the applied magnetic field. Comparing Figs. 5.9(a) and 5.9(b), 

we can see that the effective shear modulus is more sensitive than 

the effective Young’s modulus to the magnetic field that. Using this 

mechanism, we can control the effective elasticity of the composite 

by the external magnetic field. 

Figure 5.10 illustrates the effect of ρ0 on the effective elasticity. 

Particle’s volume fraction is fixed at φ = 0.05. Four cases of 
ρ0 = 0.2, 0.3, 0.4, and 0.475 are studied. When magnetic loading 
is zero, the effective Young’s modulus obviously increases along 

with ρ0, whereas the effective shear modulus decreases. During 

the increment of the applied magnetic field, the effective Young’s 

modulus is reduced but the effective shear modulus increases. 

Comparing four curves in Figs. 5.10(a) or (b), ρ0 = 0.475 provides 
the largest change of effective elasticity, whereas ρ0 = 0.2 just gives 
a very small change. Thus, a stronger chain-structured composite 

can provide a better magneto-elastic behavior. 

5.5 Conclusions 

This work investigates the magneto-elastic behavior of ferromag

netic particulate composites. A micromechanics-based framework 

has been proposed to study effective material properties. The 

effective elasticity and magnetic permeability are calculated for 

different microstructures by considering particle interactions. 

Magnetic particles are magnetized under a magnetic field and 

subsequently change the internal magnetic field, so magnetic forces 

are exerted between each pair of particles. Those forces change the 

configuration of themicrostructure of the composite, and then cause 

an overall deformation on the composite. Those forces also varywith 

external mechanical loading, so they affect the effective elasticity of 

the composite, which has been numerically simulated. The results of 

this work are highlighted as follows: 

(1) Three modified Green’s functions are systemically derived 

to solve the magnetic field caused by a local magnetization, 
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the displacement field by a local body force, and the 

displacement field by a local prescribed eigenstrain. Notice 

that the third modified Green’s function is refurnished from 

Kröner’s formula so that it has both major and minor 

symmetries. 

(2) An explicit analytical solution for a pair of magnetic particles 

embedded in the infinite medium is derived using modified 

Green’s functions. We can find that the magnetic field in 

the particles is no longer uniform. Based on the local 

magnetic field, the novel magnetic force between particles is 

presented by linear approximation of the particle’s magnetic 

field. The elastic field is further calculated by Eshelby’s 

equivalent inclusion method. Comparing this solution with 

Eshelby’s solution for one particle embedded in the infinite 

medium, we define the pair-wise particle interaction on a 

particle’s averaged strain. 

(3) For the chain-structured composite, the effective magneto

elastic properties are transversely isotropic due to particle 

interaction within the same chain. The magnetic perme

ability and elastic modulus in the direction of chains is 

higher than that vertical to the chain’s direction. With the 

increment of the ratio of a particle’s radius to its center– 

center distance, the chain structure becomes more obvious 

and its anisotropic properties are intensified. 

(4) If a ferromagnetic composite under amagnetic field is chain

structured, then the magnetic forces between particles will 

generate an angular momentum to make the chain’s direc

tion consistent with the magnetic field. Thus the magnetic 

field not only induces an effective deformation, but it also 

causes a rotation of the whole composite. Due to magnetic 

force, an effective magnetic stress and magnetostriction 

exists within a ferromagnetic composite under a magnetic 

field. The averaged magnetic stress and magnetostriction 

along the magnetic field is always compressive in the 

chain-structured composite, with the chain’s direction being 

consistent with the magnetic field. 

(5) Because magnetic forces change along with the config

uration, they cause a magnetic field-dependant effective 
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elasticity in the composite. It is seen that the effective 

Young’s modulus is reduced with the increment of a 

magnetic field for both the chain-structure composite and 

the random composite. In contrast, the shear modulus 

rapidly increases for the chain-structured composite while 

still decreasing for the random composite. Comparing 

the magneto-mechanical behaviors of the chain-structured 

composite and the random composite, we find the former is 

more sensitive to the magnetic field. Consisting of 5%–15% 

of ferromagnetic particles, the chain-structured composite 

can provide a larger effective magnetostriction and a larger 

change of effective elasticity than the random composite 

with 30%–50% particles. 
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This chapter describes the results of our numerical and exper

imental studies of the dynamic electromechanics in functionally 

graded piezoelectric materials (FGPMs) under alternating current 

(AC) electric fields. A finite element method is employed to simulate 

the dynamic bending of functionally graded piezoelectric bimorphs. 

A phenomenological model of domainwall motion is used in compu

tation, and the effects of AC electric field amplitude and frequency, 

number of layers and property gradation on the electromechanical 

fields of the bimorphs are examined. Experimental results, which 

verify the model, are also presented. 

6.1 Introduction 

Piezoelectric ceramics and composites have widely been used as 

sensors, actuators and transducers. On the other hand, FGPMs 
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have recently been introduced and applied in the development 

of electronic components. FGPMs possess continuously varying 

microstructure and electromechanical properties [1–3]. In contrast 

to the sharp bimaterial interfaces that commonly arise in tradi

tional piezoelectric bimorphs or unimorphs, the gradual change 

in electromechanical properties throughout a FGPM seems to 

improve their damage resistance andmechanical durability. In some 

piezoelectric applications, fairly large electric fields are applied to 

these materials at relatively low frequency. One of the limitations 

for practical use of these piezoelectric materials and products is 

their nonlinear behavior, which occurs due to polarization switching 

[4, 5] and/or domain wall motion [6, 7]. Experimental studies on 

soft lead zirconate titanate (PZT) have shown that the dielectric 

and piezoelectric coefficients increase with electric field due to the 

extrinsic contribution at room temperature [8–10]. In the FGPMs, 

the same problems occur; therefore, it is important to understand 

the nonlinear behavior in FGPMs under these conditions and to 

optimize the FGPM performance. 

In this chapter, we address the present state of dynamic 

electromechanics in clamped-free FGPM plates under AC electric 

fields [11, 12]. We also consider clamped-clamped FGPM plates [13, 

14]. A simple phenomenological model of a vibrating domain wall 

in AC electric fields is developed, and the contribution of domain 

wall motion to the elastic compliance, piezoelectric coefficient and 

dielectric permittivity in PZT layers is evaluated. A finite element 

analysis is then employed to examine the effects of the amplitude 

and frequency of electric fields, number of layers, and property 

gradation on the electromechanical fields for the FGPM plates. 

Experimental results are also presented to validate the predictions 

using functionally graded PZT bimorphs. 

6.2 Analysis 

6.2.1 Basic Equations 

Consider the orthogonal coordinate system with axes x1, x2, and x3. 
Newton’s second law (the equations of motion) and Gauss’ law for 
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piezoelectric materials are given by 

σ j i, j = ρui,tt (6.1) 

Di,i = 0 (6.2) 

where σi j  and Di are the stress tensor and electric displacement 

vector, ui is the displacement vector, ρ is the mass density, and a 

comma denotes partial differentiation with respect to the coordi

nates xi (i = 1,2,3) or the time t. We have employed Cartesian 
tensor notation and the summation convention for repeated tensor 

indices. Constitutive relation can be written as 

εi j  = si jklσkl + dki j Ek (6.3) 

TDi = diklσkl + � (6.4)ik Ek 

where εi j  and Ei are the strain tensor and electric field intensity 
Tvector, and si jkl , dki j and �ik  are the elastic compliance, piezoelectric 

coefficient and dielectric permittivity at constant stress, respec

tively. The strain and electric field may be expressed in terms of the 

displacement and the electric potential φ by 

1 
εi j  = (u j,i + ui, j ) (6.5)

2

Ei = −φ,i (6.6) 

Valid symmetry conditions for the material constants in the most 

general case of anisotropy (triclinic crystal structure) are 

si jkl  = s j ikl  = si jlk  = skli j , dki j = dkji , �i j  
T = �T j i  (6.7) 

For piezoelectric materials which exhibit symmetry of a hexagonal 

crystal of class 6 mm with respect to principal x1, x2, and  x3 axes, 
the constitutive equations Eqs. (6.3) and (6.4) for PZT poled in the 

x3-direction can be written in the following form: ⎧ ⎫ ⎧ ⎫ ⎡ ⎤ ⎡ ⎤ ⎪ 1 ⎪ s11 s12 s13 ⎪ ⎪ ε ⎪ 0 0 0  ⎪⎪ σ1 ⎪ 0 0  d31 ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎢ ⎥⎪ ⎪ ⎢ ⎥ ⎪ ε ⎪ 0 0 0  ⎪ σ ⎪ 0 0  d31 ⎧ ⎫ ⎪ 2 ⎪ ⎢ s12 s11 s13 ⎥⎪ 2 ⎪ ⎢ ⎥ ⎪ ⎪ ⎪ ⎪ ⎨ ⎬ ⎢ ⎥⎨ ⎬ ⎢ ⎥⎨ E1 ⎬
ε3 ⎢ s13 s13 s33 0 0 0  ⎥ σ3 ⎢ 0 0  d33 ⎥ = ⎢ ⎥ + ⎢ ⎥ E2 ⎪ ε ⎪ ⎢ 0 0 0  s44 0 0  ⎥⎪ σ ⎪ ⎢ 0 ⎥⎩ ⎭ ⎪ 4 ⎪ ⎪ 4 ⎪ 0 d15 ⎪ ⎪ ⎢ ⎥⎪ ⎪ ⎢ ⎥ E3 ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ε5 ⎣ 0 0 0 0  s44 0 ⎦⎪ σ ⎪ ⎣ d15 0 0  ⎦ ⎪ 5 ⎪ ⎪ ⎪ ⎪ ⎩ ⎭ ⎩ ⎭
ε6 0 0 0 0 0  s66 σ6 0 0 0  

(6.8) 
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⎧ ⎫ ⎪ σ ⎪ ⎪ 1 ⎪ ⎪ ⎪ ⎪ ⎪ ⎧ ⎫ ⎡ ⎤ ⎪ σ ⎪ ⎡ ⎤ ⎧ ⎫ ⎪ 2 ⎪ T ⎪ ⎪ ⎨ D1 ⎬ 0 0 0 0  d15 0 ⎨ ⎬ �11 0 0  ⎨ E1 ⎬ 
3 ⎣ ⎦ ⎣ T ⎦D2 = 0 0 0  d15 0 0  

σ + 0 � 0 E211 ⎩ ⎭ ⎪ σ ⎪ ⎩ ⎭4
D3 d31 d31 d33 ⎪ ⎪ 0 0  �33
 
⎪ ⎪ T0 0 0  ⎪ E3 ⎪ ⎪ σ ⎪ ⎪ 5 ⎪ ⎪ ⎪ ⎩ ⎭

σ6 
(6.9) 

where }
σ1 = σ11, σ2 = σ22, σ3 = σ33 

(6.10)
σ4 = σ23 = σ32, σ5 = σ31 = σ13, σ6 = σ12 = σ21 

} 
ε1 = ε11, ε2 = ε22, ε3 = ε33 

(6.11)
ε4 = 2ε23 = 2ε32, ε5 = 2ε31 = 2ε13, ε6 = 2ε12 = 2ε21 

} 
s11 = s1111 = s2222, s12 = s1122, s13 = s1133 = s2233, s33 = s3333 
s44 = s2323 = s3131, s66 = s1212 = 2(s11 − s12) 

(6.12) 

d15 = 2d131 = 2d223, d31 = d311 = d322, d33 = d333 (6.13) 

6.2.2 Domian Wall Motion 

Figure 6.1(a) shows the domain structure in piezoelectric materials. 

The piezoelectric effect consists of two parts, the intrinsic and the 

extrinsic effects. The intrinsic effect results from the response of 

a single domain crystal under the application of an electric field, 

and the extrinsic effect represents the elastic deformation caused by 

the motions of domain walls. For simplicity, here, the direction of 

the applied AC electric field E0 exp (iωt) is parallel to the direction 
of spontaneous polarization P s in one of the domains as shown in 

Fig. 6.1(b); E0 is the AC electric field amplitude and ω is the input 

frequency. A domainwall displacementfl gives rise to the following 
changes of the strainfεi j  and polarizationfPi of this basic unit: 

fl fl sfε11 = −  γ s, fε22 = 0, fε33 = γ ,
l l 

fε12 = 0, fε23 = 0, fε31 = 0 (6.14) 

fl fl 
fP1 = − P s, fP2 = 0, fP3 = P s (6.15)

l l 

© 2013 by Taylor & Francis Group, LLC



January 18, 2013 9:59 PSP Book - 9in x 6in 06-Shaofan-Li-c06

  

259 Analysis 

Domain wall Domain 

(a) 

x1 

l 

l 

Δl 
Ps 

γ s 
O 

x3 

E0exp(iωt) 

(b) 

Figure 6.1 Illustrations of (a) grains in piezoelectricmaterials and (b) basic 

unit of a crystallite. 

where l is the domain width and γ s is the spontaneous strain. The 

equation of motion of the domain wall may be written as [15–17] 

∂W 
βfl,t + fDfl = −  l (6.16)

∂fl
where β is the damping constant of the wall motion, f D represents 
the force constant for the domain wall motion process, and W = 
−(σi j fεi j  + Ei fDi )/2 is the induced energy. Damping may be 

occasioned by coupling with lattice vibrations and other causes, 

but for  the present, we set  β = 0 purely for convenience [9]. The 
approximate solution forfl under an AC electric field E3 is 

1 
γ s

2 f D
fl = { (σ33 − σ11)+ P sE3} (6.17) 
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The induced strain fε11 and polarization fP3 by the domain wall 
motion are given by 

fε11 = fs11σ11 + fd311E3 (6.18) 

TfP3 = fd311σ11 + f� E3 (6.19)33

where 

γ s2 
fs11 = (6.20)

2l f D 
γ sP s 

fd311 = −  (6.21)
2l f D 

P s2 

f� T = (6.22)33 2l f D 
The strain ε11 and electric displacement D3 become 

∗ ∗ ε11 = s σ11 + s12σ22 + s13σ33 + d E3 (6.23)11 31

∗ T* = d∗D3 31σ11 + d31σ22 + d33σ33 + 33E3 (6.24) 

where 

∗ s11 = s11 + fs11 (6.25) 

∗d31 = d31 + fd311 (6.26) 

T* T T = + f� (6.27)33 33 33 

All terms withf are contributions from the domain wall motion. 

For the reason that as much as 45–70% of dielectric and 

piezoelectric moduli values may originate from the extrinsic 

contributions [8, 18], the extrinsic dielectric constant f� T 
33 was 

approximately estimated as the two-thirds of the bulk properties 

[19]. Here, the following equation [7] is utilized to describe f� T in33 

terms of AC electric field amplitude E0 and coercive electric field E c: 

2E0 
f� T = T (6.28)33 33 3E c 

By substituting Eq. (6.28) into Eq. (6.22), l fD = 3P s2E c/(4 
T E0)33

is obtained. By eliminating l fD , fs11 and fd311 can be rewritten in 
terms of AC electric field amplitude E0, etc., as  � 

γ s �2 
2E0Tfs11 = 33 (6.29)

P s 3E c 

2E0 
fd311 = −  T γ s 

(6.30)33 P s 3E c 
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6.2.3 Functional Grading 

A three-dimensional piezoelectric plate model is illustrated in 

Fig. 6.2. Let the coordinate axes x = x1 and y = x2 be chosen such 
that they coincide with the middle plane of the hybrid laminate and 

the z = x3 axis is perpendicular to this plane. The origin of the 
coordinate system is located at the center of the left side of the 

hybrid laminate. Following are the dimensions of the functionally 

graded piezoelectric plate: a the length, b the width, h the thickness. 
The piezoelectric material is graded through the thickness only, 

from pure PZT-A at z = 0 to pure PZT-B at z = ±h/2. The plate 

is discretized into 2N layers which are assumed to have constant 
material properties. The thickness of the kth layer is hk. PZT of each 

layer is poled in the z direction, and the properties do not vary with 
z within each layer. 

In the numerical examples, the functionally graded model [2] 

concerning the material inhomogeneity is used. The material 

constants of the kth layer for 2N layered FGPM are 

A B(s11)k = s11Vk + s11(1− Vk) 

A B(s33)k = s Vk + s (1− Vk)33 33

A B(s44)k = s44Vk + s44(1− Vk) 

A B(s12)k = s12Vk + s12(1− Vk) 

A B(s13)k = s13Vk + s13(1− Vk) (6.31) 

Figure 6.2 N -layered piezoelectric laminate. 
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(d31)k = dA Vk + dB (1− Vk)31 31

(d33)k 33 33= dA Vk + dB (1− Vk) 

(d15)k 15 15= dA Vk + dB (1− Vk) (6.32) 

TA TB( T )k = Vk + (1− Vk)11 11 11

TA TB( T )k = Vk + (1− Vk) (6.33)33 33 33

where the superscripts A and B represent the materials PZT-A and 

PZT-B, respectively, and ⎧ � �1/m ⎪ k − 1 ⎪ ⎨ (k = 1,2, . . . , N )
N − 1Vk = � �1/m (6.34) ⎪ 2N − k ⎪ ⎩ (k = N + 1, N + 2, . . . ,2N)
N − 1 

In Eq. (6.34), m is the functionally graded material volume fraction 
exponent, and governs the distribution pattern of the electro

mechanical properties across the thickness of the FGPM. Consider 

two types of grading, type I where the piezoelectric properties 

increase toward the mid-plane, and type II where the piezoelectric 

properties decrease toward the mid-plane. Distributions of the 

FGPM properties are illustrated schematically in Fig. 6.3. When 

m = 1, the properties distribution is linear. The extrinsic material 
constantsfs11,fd31 andf� T of the kth layer are 33 

A B(fs11)k = fs11Vk + fs11(1− Vk) (6.35) 

= fdA Vk + fdB (1− Vk) (6.36)(fd31)k 31 31

= f� TAVk + f� TB(f� T )k (1− Vk) (6.37)33 33 33

6.2.4 Finite Element Model 

We performed finite element calculations to determine the de

flection, sound pressure level, internal stress and induced voltage 

for the clamped-free and clamped-clamped FGPM plates, using a 

commercial package ANSYS with coupled-field solid, acoustic fluid 

and infinite acoustic elements. From equations (6.25)–(6.30), the 

elastic compliance (s ∗ )k = (s11)k +(fs11)k, piezoelectric coefficient 11

(d∗ = and dielectric permittivity ( T* = 31)k (d31)k + (fd311)k 33)k 
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Figure 6.3 Material properties distribution. 

( T )k + (f� T )k vary with domain wall motion. P s = 0.3 C/m2 and33 33

γ s = 0.004 are used to get (fs11)k, (fd311)k and (f� T )k. Making  33

use of electric field dependent piezoelectric material properties, 

the model calculated the dynamic bending behavior (e.g. nonlinear 

deflection vs AC voltage curve) of the FGPM plate. Air density of 1.2 

kg/m3 and sound speed of 340 m/s are assumed to calculate the 

sound pressure level. 

6.3 Experiment 

6.3.1 Material and Specimen Preparation 

Functionally graded piezoelectric bimorphs are prepared using soft 

PZTs C-91 and C-6 (Fuji Ceramics Ltd. Co. Japan). The configuration 

type is parallel or inward series as sohwn in Fig. 6.4. Table 6.1 

shows the material properties, and the coercive electric fields of 

C-91 and C-6 are 0.35 and 0.45 MV/m, respectively. The PZT C-91 

is characterized by high piezoelectric constants and low coercive 

electric field. 

3-layered FGPMs of thickness h1 + h2 + h3 = 0.21 mm and 
h4 + h5 + h6 = 0.21 mm are respectively added to the upper and 

lower surfaces of an electrode film to make the 6-layered bimorph. 

The bimorph has also electrodes on both sides. The thickness of each 

layer is about hk = 0.07 mm (k = 1, . . . ,6). The specimen has a 
length of 55 mm, a width of 20 mm, a thickness of 0.42 mm and a 
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Figure 6.4 The different configurations of bimorphs, (a) parallel; (b) 

inward series. 

Table 6.1 Material properties of soft PZTs 

C-91 C-6 

s11 (×10−12 m2/N) 17.1 16.6 

s33 18.6 20.5 

s44 41.4 53.2 

s12 −6.3 −5.1 
s13 −7.3 −8.2 
d31 (×10−12 m/V) −340 −224 
d33 645 471 

d15 836 771 

T (×10−10 C/V m) 395 20333 

T 490 180 

ρ (kg/m3) 7800 7400 

11 

material volume fraction exponent of m = 1. We also consider the 
10-layered bimorph (m = 1,2) with same dimension. The thickness 
of each layer is about hk = 0.042 mm (k = 1, . . . ,10). 

6.3.2 Clamped-Free FGPM Plates 

The amplitude of the dynamic deflections of the clamped-free 

functionally graded piezoelectric bimorphs was measured with a 
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digital microscope (see Fig. 6.5(a)). The free length is 40 mm. An 

AC voltage Vin exp(iωt) was applied to the surface electrode of 
the lower element, while the center electrode was grounded. To 

evaluate the self-sensing capability of the bimorphs, one channel of 

an oscilloscope was connected directly across the upper element, 

and the amplitude of the output voltage V out was measured. 

6.3.3 Clamped-Clamped FGPM Plates 

The sound pressure in the clamped-clamped functionally graded 

piezoelectric bimorphs was measured by a microphone, and the 

spectrum of a signal was automatically displayed by use of Fast 

Fourier Transform (FFT) spectrum analyzer (see Fig. 6.5(b)). The 

clamped-clamped specimen has a span of 40 mm. An AC voltage 

V in exp(iωt) was applied to the surface electrode of the lower 

Figure 6.5 Experimental setup: (a) clamped-free bimorph; (b) clamped

clamped bimorph. 
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element, while the center electrode was grounded. The distance 

between microphone position and specimen top surface was about 

20mm. Tomeasure the amplitude of the induced voltage V out across 
the upper element, one channel of an oscilloscope was connected. 

6.4 Results and Discussion 

6.4.1 Results of Clamped-Free Bimorphs 

Figure 6.6 shows the amplitude of the tip deflection w tip as a 
function of AC voltage amplitude V in at frequency f = ω/2π = 
60 Hz for 6-layered type I and type II parallel bimorphs (m = 1). 
The lines represent the values of tip deflection predicted by the 

finite element analysis (FEA) with extrinsic effect, and the dots 

denote the measured data. The tip deflection amplitude increases 

as the voltage amplitude increases gradually away from the linear 

curve. This nonlinearity is due to the larger extrinsic contribution 

resulting from increased domain wall motion under the influence of 

larger AC voltage [7, 11]. The tip deflection of the type I bimorph is 

larger than that of the type II bimorph. The calculation results are 

in good agreement with experimental measurements. Table 6.2 lists 

300
 

200
 

100
 

0 
Vin (V) 

Figure 6.6 Tip deflection amplitude versus voltage amplitude for clamped

free 6-layered type I and type II parallel bimorphs (m = 1). 
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Table 6.2 Tip deflection amplitude for 

clamped-free type I parallel bimorphs 

under Vin = 30 V at f = 60 Hz 

w tip(μm) 

6-layer m = 1  185  

10-layer m = 1  189  

2 198 

5 205 

Table 6.3 Output voltage for clamped-free 

10-layered type I and type II parallel bimorphs 

under Vin = 30 V at f = 60 Hz 

Vout (V) 

Type I Type II 

10-layer m = 1  1.3  5.2  

2  1.5  5.2  

5  1.8  5.2  

the amplitude of the tip deflection w tip for type I parallel bimorphs 

under V in = 30 V at f = 60 Hz obtained from the FEA. It is shown 

that the tip deflection amplitude increases slightly with the number 

of layers. Also the tip deflection amplitude increases with increasing 

the functionally graded material volume fraction exponentm. 
Table 6.3 lists the output voltage V out for 10-layered type I 

parallel bimorphs under V in = 30 V at f = 60 Hz obtained from 
the FEA. Sincemeasured output voltage for 10-layered type I parallel 

bimorph (m = 2) under V in = 30 V at f = 60 Hz is about 1.6 V, the 
numerical results are reasonable. The output voltage increases as m 
increases for the type I parallel bimorph. In our results for the output 

voltage, larger V out can be archived for the type II parallel bimorph 

than for the type I parallel bimorph. 

The variation of normal stress σxx  along the thickness direction 

is calculated for the 10-layered type I parallel bimorph (m = 1) at 
a chosen point (x = 20 mm and y = 0 mm here) and the result 

is shown in Fig. 6.7. The result for the traditional C-91 bimorph 

is shown for comparison purposes. All calculations were done at a 
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Figure 6.7 Distribution of normal stress σx x  along the thickness direction 

for clamped-free 10-layered type I parallel bimorph (m = 1). 

fixed tip deflection of 200 μm and a frequency of 60 Hz. The input 

(output) voltages of the bimorphs under w tip = 200 μm are about  

31 (1.4) V for the 10-layered parallel bimorph and 27 (3.5) V for the 

traditional C-91 bimorph, respectively. There are some stress gaps 

near the interface as is expected. The highest normal stress is noted 

for the traditional C-91 bimorph. In other words, the functionally 

graded piezoelectric bimorph gives lower normal stress. 

6.4.2 Results of Clamped-Clamped Bimorphs 

Table 6.4 shows the FEA results of sound pressure level L p for 
various values of AC voltage amplitude V0 at frequency f = 400 Hz 
in the 6-layered type I parallel, type II parallel and inward series 

bimorphs (m = 1). In the table, the values in parentheses are the 
test results. Comparing the calculation results of the type II parallel 

and inward series bimorphs, no difference is observed. It is shown 

that there is a good agreement between the analysis and test. The 

sound pressure levels for the type I are higher than those for the 

type II. Although the results are not shown, the sound pressure 

level increases as the layer number or functionally graded material 

volume fraction exponent increases. 
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Table 6.4 Sound pressure level for clamped-clamped 

6-layered type I parallel, and type II parallel and series 

bimorphs (m = 1) at f = 400 Hz 

Lp (dB) 

Type I parallel Type II parallel Type II series 

Vin = 10 V 49.2 (46.5) 47.7 (45.9) 47.7 (45.5) 

20 V 55.4 (53.7) 53.8 (53.2) 53.8 (52.7) 

30 V 59.1 (57.9) 57.4 (56.3) 57.4 (56.9) 

40 V 61.7 (61.0) 59.8 (60.0) 59.8 (59.4) 

Note: Values in parentheses are the test results. 

Table 6.5 Output voltage for clamped– 

clamped 6-layered type I and type II 

parallel bimorphs under wmax = 0.5 μm at  

f = 400 Hz 

Vout (V) 

Type I Type II 

m = 0.2 4.80 10.1 

0.5 4.42 9.55 

1 4.12 9.17 

2 3.93 8.80 

5 3.82 8.53 

Table 6.5 shows the FEA results of output voltage V out for various 
values of functionally gradedmaterial volume fraction exponentm in 
the 6-layered type I and type II parallel bimorphs under a maximum 

central deflection (at x = 20 mm, y = 0 mm and  z = 0 mm) of 
wmax = 0.5 μm at  f = 400 Hz. The input voltages of the bimorphs 
obtained for wmax = 0.5 μm are about V in = 41 V for the type I and 
53 V for the type II parallel bimorphs (m = 0.2 ∼ 5), respectively. 
In contrast to the sound pressure level, the output voltage decreases 

asm increases, and the sensitivity of the type II is larger than that of 
the type I.  

Figure 6.8 shows the variations of normal stress σxx  along the 

thickness direction for the 6-layered type I and type II parallel 

bimorphs (m = 1) at a chosen point (x = 10 mm and y = 0 
mm here). All calculations were done at a fixed maximum central 
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Figure 6.8 Distribution of normal stress σx x  along the thickness direction 

for clamped-clamped 6-layered type I and type II parallel bimorphs (m = 1). 

deflection of 0.5 μm and a frequency of 400 Hz. The input (output) 

voltages for wmax= 0.5  μm are about 41 (4.1) V for the type I and 

53 (9.2) V for the type II parallel bimorphs, respectively. Lower 

maximum normal stress is found in the type I parallel bimorph for 

the same deflection. 

6.5 Conclusions 

A numerical and experimental study has been conducted to 

understand the dynamic sensing and actuating behavior of the 

functionally graded piezoelectric bimorphs. On the basis of the study 

conducted, the following conclusions seem to be justified. 

1. Deflection and sound pressure increase with increasing the 

number of layers and material volume fraction exponent. 

The deflection and sound pressure become high as the 

piezoelectric properties increase toward the mid-plane of the 

bimorphs (type I), i.e. this functional grading of materials 

provides superior actuator characteristics. 
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2. When the piezoelectric properties decrease toward the mid

plane of the bimorphs (type II), the output voltage increases, 

i.e. this functional grading of materials gives superior sensi

tivity. 

3. Functional grading of materials could effectively reduce the 

magnitude of internal stresses or obtain an optimal pattern 

of stresses in sensors and actuators for a given design 

application. 

As a remark, we note that this study may be useful in designing 

advanced FGPMs. 

References 

1. Takagi, K., Li, J.-F., Yokoyama, S., Watanabe, R., Almajid, A., and Taya, 

M. (2002). Design and fabrication of functionally graded PZT/Pt 

piezoelectric bimorph actuator, Sci. Tech. Adv. Mater. 3, 2, pp. 217–224. 

2. Taya, M., Almajid, A. A., Dunn, M., and Takahashi, H. (2003). Design 

of bimorph piezo-composite actuators with functionally graded mi

crostructure, Sens. Actuators A 107, 3, pp. 248–260. 

3. Qiu, J., Tani, J., Ueno, T., Morita, T., Takahashi, H., and Du, H. (2003). 

Fabrication and high durability of functionally graded piezoelectric 

bending actuators, Smart Mater. Struct. 12, pp. 115–121. 

4. Shindo, Y., Yoshida, M., Narita, F., and Horiguchi, K. (2004). Electroelastic 

field concentrations ahead of electrodes in multilayer piezoelectric 

actuators: experiment and finite element simulation, J. Mech. Phys. Solids 
52, 5, pp. 1109–1124. 

5. Narita, F., Shindo, Y., and Hayashi, K. (2005). Bending and polarization 

switching of piezoelectric laminated actuators under electromechanical 

loading, Comput. Struct. 83, 15/16, pp. 1164–1170. 

6. Wang, Q. M., Zhang, Q., Xu, B., Liu, R., and Cross, L. E. (1999). Nonlinear 

piezoelectric behavior of ceramic bending mode actuators under strong 

electric fields, J. Appl. Phys. 86, 6, pp. 3352–3360. 

7. Narita, F., Shindo, Y., andMikami, M. (2005). Analytical and experimental 

study of nonlinear bending response and domain wall motion in 

piezoelectric laminated actuators under ac electric fields, Acta Mater. 
53, 17, pp. 4523–4529. 

© 2013 by Taylor & Francis Group, LLC



January 18, 2013 9:59 PSP Book - 9in x 6in 06-Shaofan-Li-c06

272 Dynamic Electromechanics in Functionally Graded Piezoelectric Materials 

8. Luchaninov, A. G., Shil’Nikov, A. V., Shuvalov, L. A., and Shipkova, I. 

J. U. (1989). The domain processes and piezoeffect in polycrystalline 

ferroelectrics, Ferroelectrics 98, 15/16, pp. 123–126. 

9. Cao, S., Li, W., and Cross, L. E. (1991). The extrinsic nature of nonlinear 

behavior observed in lead zirconate titanate ferroelectric ceramic, J. 
Appl. Phys. 69, 10, pp. 7219–7224. 

10. Masys, A. J., Ren, W., Yang, G., and Mukherjee, B. K. (2003). Piezoelectric 

strain in lead zirconate titanate ceramics as a function of electric field, 

frequency, and dc bias, J. Appl. Phys. 94, 2, pp. 1155–1162. 

11. Shindo, Y., Narita, F., Mikami, M., and Saito, F. (2006). Nonlinear dynamic 

bending and domain wall motion in functionally graded piezoelectric 

actuators under AC electric fields: simulation and experiment, JSME Int. 
J. Ser. A 49, 2, pp. 188–194. 

12. Shindo, Y., Narita, F., and Nakagawa, J. (2009). Dynamic electromechan

ical response and self-sensing of functionally graded piezoelectric 

cantilever transducers, J. Intell. Mater. Sys. Struct. 20, 1, pp. 119–126. 

13. Shindo, Y., Narita, F., and Nakagawa, J. (2007). Nonlinear bending char

acteristics and sound pressure level of functionally graded piezoelectric 

actuators by AC electric fields: simulation and experiment, Smart Mater. 
Struct. 16, pp. 2296–2301. 

14. Shindo, Y., Narita, F., and Nakagawa, J. (2009). Nonlinear dynamic 

bending and self-sensing of clamped-clamped functionally graded 

piezoelectric transducers under AC voltage,Mech. Adv. Mater. Struct. 16, 
7, pp. 536–541. 

15. Kittel, C. (1951). Domain boundary motion in ferroelectric crystals and 

the dielectric constant at high frequency, Phys. Rev. 83, 2, p. 458. 

16. Fousek, J., and Brezina, B. (1964). Relaxation of 90◦ domain walls 
of BaTiO3 and their equation of motion, J. Phys. Soc. Jap. 19, 6,  
pp. 830–838. 

17. Arlt, G., and Dederichs, H. (1980). Complex elastic, dielectric and 

piezoelectric constants by domain wall damping in ferroelectric 

ceramics, Ferroelectrics 29, 1–2, pp. 47–50. 

18. Li, S., Cao, W., and Cross, L. E. (1991). The extrinsic nature of nonlinear 

behavior observed in lead zirconate titanate ferroelectric ceramic, J. 
Appl. Phys. 69, 10, pp. 7219–7224. 

19. Li, S., Bhalla, A. S., Newnham, R. E., and Cross, L. E. (1993). Quantitative 

evaluation of extrinsic contribution to piezoelectric coefficient d33 in 
ferroelectric PZT ceramics, Mater. Lett. 17, 1/2, pp. 21–26. 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 14:32 PSP Book - 9in x 6in 07-Shaofan-Li-c07

Chapter 7 

Mechano-Electrochemical Mixture 
Theories for the Multiphase Fluid 
Infiltrated Poroelastic Media 

Hamed Hatami-Marbini 
School of Mechanical and Aerospace Engineering, Oklahoma State University, 
218 North Engineering, Stillwater, OK 74078, USA 
hhatami@okstate.edu 

7.1 Introduction 

Fluid infiltrated porous structures happen in many branches of 

engineering such as soil mechanics, petroleum, chemical engineer

ing, and biomechanics. These multiphase composite systems, also 

known as mixtures or porous media, are composed of a solid phase 

with voids that are filled with fluids and/or gases. The immanent 

feature of these domains, which has important implications in 

defining their macroscopic properties, is the mechanical, thermal, 

chemical, and electrical interactions between their constituents. 

A fundamental-physics-principles-based description of the mixture 

properties is only possible through a coupled multiscale multi-

physics formulation capable of capturing these inevitable inter-
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actions. As such formulations cannot be developed solely within 

the framework of the well-known “solid mechanics” and “fluid 

mechanics” disciplines, new augmented continuum mechanics-

based procedures such as poroelastic theories and porous media 

models have been developed. The common underlying principles 

in all such continuum-level theories are that (a) the fluid pressure 

contributes to the total stress in the porous solid skeleton, and (b) 

the length scales of interest are such that the individual components 

of the structure can be modeled as a continuum. This chapter 

presents an overview for the continuum-mechanics-based models 

that have been developed for investigating the behavior of fluid 

infiltrated mixtures. 

Although first attempts to understand the behavior ofmultiphase 

fluid infiltrated porous composites started in the 18th century, this 

field is still an active area of research. Mixtures are generally divided 

into two broad categories of dilute and densemixtures depending on 

the contribution of the constituents to overall properties (e.g., mass) 

of the system. In a dilute mixture and as a first order approximation, 

the overall properties of the mixture are merely described in 

terms of the properties of individual coexisting components. 

Nevertheless, in dense mixtures, which are the focus of this chapter, 

all components are equally important to the macroscopic behavior 

of the domain and their interactions are detrimental in defining the 

behavior of the media. The simplest case of a dense mixture is a 

two-phase fluid-saturated porous media in which a fluid phase fills 

the interconnected network of the solid pores. The solid skeleton, 

which can be connected and/or disconnected, is in direct contact 

with the fluid phase. Kitchen sponge and soil are examples of 

fluid infiltrated porous domains with connected elastic solid and 

disconnected solid particles, respectively. Under compressive loads, 

the separated soil particles are bound together and form a connected 

solid skeleton (Fig. 7.1). In both sponge and soil, the compression of 

the system initially increases the fluid pore pressure, squeezes the 

water out, increases the solid skeleton stress, and finally deforms 

elastically/plastically the solid phase. Same situation exists in many 

biological materials (e.g., soft tissues and cells). In these systems, 

the solid skeleton happens in the form of a network of soluble and 

insoluble biopolymer chains, and the interstitial fluid denotes the 
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Figure 7.1 Schematic plot of a representative volume element �0 of fluid 

infiltrated multiphasic porous materials. (a) porous media composed of 

solid particles embedded in a fluid phase where the solid phase can have an 

internal microstructure with an arbitrary order of symmetry and arbitrary 

mechanical property (e.g., viscoelastic, hyper-elastic, or elastic behavior). 

Similarly, the fluid phase may be composed of other fluid, solid, and gas 

components. (b) A multiphase system where the solid phase is composed 

of negatively charged random polymer fibers and the fluid phase includes 

positive and negative solutes. This situation resembles what is observed 

in many biological materials such as intervertebral disc and articular 

cartilage. See also Color Insert. 

fluid phase (Fig. 7.1). The biological systems are generally more 

complex structures compared to the engineering mixtures because 

(a) they include many different phases, (b) their solid skeleton is 

highly flexible and carries fixed charges, and (c) the electrochemical 

and electromechanical forces are equally important as elastic forces. 

In these biomaterials, the presence of fixed charges in the solid 

skeleton creates an imbalance of charge density within the mixture 

and its surrounding aqueous domain. Therefore, the mixture has 

a tendency to swell. The inclusion of this swelling pressure in 

the formulation will add to the complexity of the problem. In the 

following, we briefly review the research works devoted to the study 

of the mechanical behavior of fluid-saturated composites. 

The beginning of formulating constitutive laws and governing 

equations for porous media is dated back to 1930s when Terza

ghi and coworkers proposed a one-dimensional theory for the 

consolidation behavior (the progressive settlement under surface 

compressive load) of saturated soil [1–3]. Terzaghi’s theory assumes 

that the underlying cause of consolidation is squeezing water out 

of the soil voids that are formed by the molecular forces binding 
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soil grains together. Biot generalized Terzaghi’s one-dimensional 

theory to three-dimension and presented the basis of the isotropic 

poroelasticity theory [4]. Biot‘s poroelastic theory is the first 

theory suggested for the analysis of two-phase neutral mixtures 

composed of a porous skeleton and a fluid phase. Biot’s theory 

uses three fundamental assumptions that the solid phase is a 

linear elastic isotropic material, the fluid phase is incompressible, 

and the fluid flow follows Darcy’s law. Biot later reformulated 

his theory to more general cases of anisotropy, viscoelasticity, 

and finite deformation of the solid phase. Over many years, the 

basics concepts of poroelasticity has been developed and advanced 

independently in various fields such as geomechanics, petroleum, 

hydrology, and biomechanics; a review of its historical development 

in soil mechanics can be found in [5, 6]. Depending on the nature of 

the averaging method, the advances of the poroelastic theory in the 

past 50 years can be divided into three different major classes: (i) 

effective medium theory (ii) mixture theory, and (iii) two-scale and 

multiscale homogenization approach [7–9]. 

In the effective medium theory, the classical micromechanics 

homogenization technique is employed to determine the overall 

response of the porous structure [10–15]. In this approach, a 

representative volume element (RVE) is defined for the entire 

domain. The size of the representative volume element is assumed 

to be such that it reflects the desired level of statistical fluctuations 

for the microstructural and geometrical properties. It is this 

length scale at which the material properties are averaged in the 

homogenization process. As a general rule, the RVE dimensions 

should be large enough to contain enough information about the 

material microstructure (e.g., the size distribution of the pores) 

yet to be sufficiently smaller than the macroscopic dimensions. 

Since 1941, many researchers have used this approach to refine 

Biot’s original poroelasticity formulation [4, 7, 16–24]. The work 

of Rice and Cleary is considered as the starting point for the 

development of the effective medium theories [17]. These authors 

extended Biot’s linearized theory to the case where the constituents 

are compressible. Although essentially the same in substance as 

Biot’s treatment, their formulation has been popular in the field 
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because the poroelastic parameters are expressed in terms of well

understood physical concepts in geomechanics. 

In mixture theory, also known as the theory of interacting 

continua, the averaging is density-weighted instead of being 

volume-weighted. In other words, unlike the effective medium 

approach, which averages the properties over the volume of a 

representative volume element, mixture theories consider fluxes of 

the properties of individual components toward and away from a 

fixed spatial point. This representation stems from fluid mechan

ics/thermodynamics and is specially advantageous when the fluid 

phase is composed of many species. Following the work of Truesdell 

in 1957, most of these developments describe the behavior of 

interacting continua by assigning to each constituent a density, 

body force density, partial stress, partial internal energy density, 

partial heat flux, and partial heat supply density. Each component 

is considered as continuum phase and it is assumed that at each 

instant of time every point in space is simultaneously occupied by 

all particles (Fig. 7.2). The governing equations are obtained by 

using the appropriate forms for the balance of mass, balance of 

momenta, and balance of energy, which are augmented by supply 

terms to account for the interactions between the constituents. 

A review of historical development of mixture theory and more 

detailed information on this approach can be found in [25–36]. 

The third approach for developing poroelastic equations is the 

two-scale and multiscale homogenization technique. This method is 

based on the two-space method of homogenization and considers 

the detailed microstructure of the pores in deriving the governing 

equations of linear poroelasticity. The underlying assumption here 

is that the micro-scale of the problem is much smaller than the 

length scale of interest [8, 9, 37]. There are several other specialized 

methods for deriving the effective equations of poroelasticity that 

do not belong to any of above categories [7–9]. Each approach 

has its own advantages and disadvantages but they all assume 

that all phases can mathematically be represented by a continuum 

domain. For instance, the effective medium approach requires 

mathematical insight for the proper selection of the representative 

volume element and is preferred over other methods when dealing 

with materials with periodic microstructure. On the other hand, 
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mixture theory scheme is appropriate for developing models of 

mixture where the fluid phase includes multi phases. This unique 

property of the mixture theories has made them a popular method 

for investigating biomechanical properties of the porous biological 

materials such as cells, bones, skin, cartilage, and intervertebral disc 

among others [7, 38–52]. 

Many soft tissues (e.g., intervertebral disc or articular cartilage) 

are mainly composed of a network of collagen fibers that is embed

ded in a hydrated proteoglycan gel. Under physiological conditions, 

because of the net negative charge of the solid phase, these tissues 

are capable of retaining a large amount of interstitial water. The 

interstitial fluid carries different kinds of ions such as potassium, 

calcium, sodium, and chloride. The triphasic theory of Lai et al in 

1991 is considered a decisive step toward using mixture theories 

for describing the mechanical behavior of biological materials [39]. 

Following the Bowen’s mixture theory [29], the authors represented 

articular cartilage as a tertiary mixture of a fluid phase, a solid 

phase, and an ionic phase. The triphasic model modifies Bowen’s 

theory such that the elastic phase may contain fixed charged groups. 

It also incorporates the chemical potentials for electrolyte and 

polyelectrolyte solutions into the formulation; therefore, it provides 

the link between the mixture theories and the common physico

chemical models of soft tissues. This work is the beginning of 

a series of papers from the school of biomechanics at Columbia 

University where the “Eulerian” form of the mixture theory has been 

employed for investigating the deformation of biological tissues 

[39, 40, 43–45, 49]. This approach is mathematically involved and 

yields many terms that are difficult to interpret physically. This is 

because of the well-known fact that the Eulerian approaches are 

best suited for isotropic homogeneous fluids. The spatial description 

is not advantageous when dealing with a solid material whose 

microstructure is transforming and changing during deformation. 

Instead, the material description of the deformation field is the 

preferred procedure for these systems. In mixture theories for 

systems composed of many interacting continua, this issue becomes 

more pronounced. Here, in addition to the difficulties in spatial 

description of the deformation of the solid phase, the formulation 

becomesmathematically sophisticated and intractablewhen dealing 
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with significant interacting-properties of the many constituents. In 

an effort to address this tissue, Huyghe and coworkers suggested 

a Lagrangian development of the mixture theory [41, 46–48, 50]. 

This method while still mathematically rigorous provides a better 

framework for constitutive modeling of multiphasic mixtures. It 

properly satisfies the equipresence principle and describes the finite 

deformation of the system in terms of independent and dependent 

variables that have physical intuitive insight. 

The remainder of this chapter discusses the fundamental con

cepts and primary equations of the mixture theories in relation to 

the properties of multiphasic compositemixtures that are infiltrated 

by a fluid phase. The basic principles of continuum mechanics (e.g., 

the objectivity and the dissipation principles) are used to develop 

a macroscopic level model for the quasi-static finite deformation of 

incompressible charged multiphase porous media. For each phase 

as well as the whole mixture, density, stress, and displacement fields 

are considered and it is assumed that the motion of the mixture 

and its constituents is governed by the continuity, momentum, and 

energy equations. The entropy inequality is only written for the 

whole mixture (and not for the individual components). This is 

primarily because requiring the entropy inequality to be satisfied 

for every single mixture component is too restrictive. Furthermore, 

the assumption of having only one entropy inequality for the whole 

mixture is both the necessary and the sufficient condition for 

the existence of dissipation mechanisms within the mixture. The 

development of the theory in this chapter is consistent with the 

three mixture principles (see Section 7.4). 

The outline of the chapter is as follows, basic and preliminary 

concepts such as volume fractions, true densities, and apparent 

densities are first introduced in Section 7.2. The kinematics of 

the multiphase mixture theory is then discussed and developed 

in Section 7.3. Here it is assumed that during deformation each 

“spatial point” of the mixture is simultaneously occupied by 

“material points” of all constituents. Section 7.4 presents the 

augmented form of balance principles, i.e., conservation of mass, 

balance of linear momentum, balance of angular momentum, by 

using supply terms for the interactions of various constituents. A 

closed set of the governing equations including the general form 
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of the constitutive relation for the mixture are derived from a 

thermodynamic argument in Section 7.5. Finally, Section 7.6 gives an 

explicit mechano-electrochemical coupled expression for the solute 

diffusive flux and convective flux in the porous media. The chapter 

ends with a summary section restating themajor ideas covered here 

and alluding to some new directions required for completing and 

improving the mixture theories. 

7.2 Preliminary Definitions 

Consider a charged hydrated porous medium consisting of N 
different ion species, i = 1, . . . N , a fluid phase, i = N +1, and a solid 
phase, i = N + 2. Here, without loss of generality we assume that 

the fluid phase (solvent) is water and we use the term “fluid phase” 

to represent the solutes and the solvent together. Furthermore, in 

the following index s represents the solid phase and index F denotes 
the fluid phase. At any instant, an infinitesimal volume of themixture 

d∀ is the sum of the partial volume d∀i of the mixture constituents, 

N+2 
d∀ =  

  
d∀i 

i=1 
N+1 

d∀F = 
  

d∀i (7.1) 

i=1 

Thus, the volume fraction of the volume element φi of the i -th 
component is given by 

φi = d∀i 

d∀ , (7.2) 

and, 

N+2   
φi = 1. (7.3) 

i=1 

It is noted that the volume fractions are nonnegative and cannot 

be greater than unity, i.e., 0 ≤ φi ≤ 1. Furthermore, relation (7.3) 

implies that if one of the constituents is altered (e.g., increases), the 

othersmust change accordingly (e.g., decrease) to accommodate this 
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variation. For each mixture constituent, two different densities can 

be defined: true density ρi and apparent density ρi ,T 

i dmi 

ρ = 
d∀iT 

i dmi 

ρ = , (7.4)
d∀ 

where dmi is the local mass of the i -th component occupying the 
volume d∀i . Using Eq. (7.2),  

i i iρ = φ ρT. (7.5) 

Here and in order to keep the formulation simple and tractable, 

it is presumed that the compressibility of the constituents can be 

neglected in comparison with the compressibility of the mixture, 

i.e., ρi = constant. This assumption is well suited for systems T 

(e.g., soft tissues) where the fluid phase is responsible for carrying 

the stresses due to hydrostatic loadings. The response of these 

systems to volumetric deformation is generally much stiffer than 

their response to deviatoric deformation. Therefore, it is rational 

to develop the mathematical model based on the hypothesis that 

the constituents are incompressible. Nonetheless, the theory can be 

extended to the compressible case following a similar procedure 

(see, for example, ref. [47]). 

In realmixtures,measuring the volume fractions of the individual 

components is impractical. Thus, the densities of ion species and the 

solvent phase are often given in terms of the volume fraction of the 

fluid phase, 

dmi 

ρF 
i = 

d∀F , i = 1, . . . , N + 1, (7.6) 

This new density measure is related to the apparent densities via 

ρi = ϕFρi 
F, (7.7) 

where 

d∀F 
ϕF = 

d∀ . (7.7b) 

The total density of the ionized fluid (the solutes and solvent) is 

given by 

N+1 
ρF = ϕF ρF

i . (7.8) 

i=1 
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An additional advantage of defining this new density measure is 

that it can be expressed in terms of molar concentrations, 

i i M iρ = c , i = 1, . . . , N + 1, (7.9)F 

where M i is the molar mass of the i -th species and ci is the molar 

concentration (i.e., number of moles of this species per unit volume 

of the fluid phase, both the water and the ionic solutes). Therefore, 

using Eq. (7.7a), the apparent densities for the solute and solvent 

phases are given by 

i M iρi = ϕFc , i = 1, . . . , N + 1. (7.10) 

7.3 Mixture Kinematics 

Following classic continuummechanics formulation, we assume that 

there exists a one-to-one correspondence between spatial points x ∈ 
� of the mixture at time t and points X ∈ �0 of the mixture at time 

t = 0. Furthermore, each spatial point of the current configuration 
is assumed to be simultaneously occupied by all constituents of the 

mixture (Fig. 7.2). Therefore, 

ix = χ (Xi , t), i = 1, . . . , N + 2, (7.11) 

where themap χ i (Xi , t) is a vector field that determines the position 
x of the i -th mixture component Xi at time t. The deformation 
gradient tensor Fi (Xi , t) maps an infinitesimal line segment dXi of 

the i -th component from its reference position onto the mixture 
infinitesimal line segment dx at time t, 

∂x(Xi , t)
Fi (Xi , t) = , i = 1, . . . , N + 2. (7.12)

∂Xi 

The overall velocity of the mixture is defined as 

N+2 
1 i iv = ρ v , (7.13)
ρ 

i=1 

where 

N +2 
iρ = ρ , (7.14) 

i=1 
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Figure 7.2 Schematic plot for the deformation of multiphase media 

composed of N + 2 phases from the reference configuration to the deformed 

configuration at time t. It is assumed that during deformation each spatial 
point of the domain is simultaneously occupied by material points of all of 

its constituents. An independent state of motion is considered for each of 

these constituents. 

iis the overall density of the mixture and v = D i x/D t  is the 
ivelocity of the i -th phase. Here, D i /D t  = (∂/∂t) + v .∇ is the 

material derivative following the motion of the i -th component of 
the mixture and ∇ =  ∂/∂x. In developing the model, we select one 
component of the mixture as the reference material and the motion 

of all other constituents are expressed with respect to this reference 

component. Here, without loss of generality, we choose the solid 

phase to be the reference constituent. The time derivative following 

the solid phase and the time derivative following the i -th constituent 
of the mixture are related together via 

where v = vi − vs Using Eqs. (7.13–7.15), it can be shown that 

D i 

D t  
= D s 

D t  
+ +v .∇, i s  (7.15) 

i s  .

D ∂ 
ρ = ρ + ρv.∇, (7.16)

D t  ∂t 
where 

N+2D i D i 

ρ = ρ . (7.17)
D t  D t

i=1 
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The Jacobian determinant of the deformation gradient, J , relates 
the reference and current volumes of the mixture together, 

d∀ = J d∀, i = 1, . . . , N + 2, (7.18) 

where J = det Fs(Xs , t). 

7.4 Balance Principles 

This section discusses the balance equations: the conservation of 

mass, conservation of momenta, and the balance of energy. They are 

written for each phase such that all of them follow the three mixture 

principles (see [55]): 

1. The mean properties of the mean motion of the whole mixture 

are derived from the properties of the motion of the individual 

constituents. 

2. The governing balance laws for the mixture as a whole should 

have the same form as the ones written for the individual mixture 

components. 

3. The equations are developed such the phase reduction principle 

holds. In other words, setting the volume fraction of a single 

component of an (N+ 2)-phase mixture to zero should result in 

the governing equations for a (N+ 1)-phase mixture. 

7.4.1 Conservation of Mass 

The conservation ofmass, also called the continuity condition, states 

that there exists a fixed amount of mass in a closed system andmass 

is a conserved quantity. Herewe assume that during the deformation 

the system is free from anymass source ormass sink andwe exclude 

the mass transfer between phases. Therefore, the mass balance 

equation in material coordinate system for each phase is written as 

D i ρi 
i ∇ i+ ρ .v = 0, i = 1, . . . , N + 2. (7.19)

D t  

Using Eqs. (7.5) and (7.9) and the assumption that all compo

nents are intrinsically incompressible, the above equation can be 
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written in the following equivalent forms: 

∂φi ( i)+ ∇. φi v = 0, i = 1, . . . , N + 2 
∂t 
i∂ϕF c ( ) + ∇. ϕF ci vi = 0, i = 1, . . . , N + 1 (7.20)

∂t 
Summing Eq. (7.20) over all components and using Eq. (7.3), we 

obtain the following relation: 

N+2 ( i)∇. φi v = 0. (7.21) 

i=1 
In charged porous media (e.g., articular cartilage and active soil), 

the solid skeleton of the mixture includes “fixed” electrical charges, 

which cause the mixture to swell under normal conditions. Since 

the motion of these fixed charges follows the motion of the solid 

phase (i.e., v f c  = vs), the governing continuity equation for the fixed 

charges is obtained from Eq. (7.20): 

∂ρfc ( )
ρfc s fcM fc+ ∇. v = 0, ρfc = ϕFc , (7.22)

∂t 
ρfcwhere the superscript fc represents fixed charges, and , cfc, and  

M fc denote the apparent density, molar concentration, and molar 

mass of the fixed charges, respectively. In this chapter and for 

consistency, the fixed charges are considered an additional phase 

to the (N+ 2)-phase mixture. Furthermore, it is assumed that the 

fixed groups per unit mass of the solid phase remain constant during 

the deformation. Therefore, the fixed charges density at current 

configuration can be expressed in terms of its reference value by 

C fc 

cfc = (7.23)
1+ ( J − 1)/φF 0 

where φF is the volume fraction of the fluid phase at the reference 0 

configuration. We finish this subsection by using Eq. (7.15) to 

rewrite the mass conservation Eqs. (7.19) and (7.20) relative to the 

motion of the solid skeleton, 

1 D sci ( i i s)+ ∇. φ v = 0, (7.24)
J D t  

where ci = J φi is the Lagrangian-form of volume fractions, i.e., 

the current volume of the i -th phase per unit initial volume of the 
mixture. 
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286 Mechano-Electrochemical Mixture Theories 

7.4.2 Electro-Neutrality Condition 

The electro-neutrality condition states that on themacroscopic level, 

each point of the continuum is electrically neutral. Therefore, if C i 

and C fc denotes the current molar concentration of the i -th ion 
species and fixed charge density per initial mixture volume, the 

electro-neutrality condition becomes 

N+2 
i C i fcC fcz + z = 0 (7.25) 

i=1 

zfcwhere zi and are the valances of the i -th species and the fixed 
charges, respectively. Here, a cation is a species with a positive 

valence, and an anion is an ion having a negative valence. The 
N+1valences of solid phase and the solvent (water) are zero, z = 

N+2z = 0. Furthermore, molar concentrations C i are related to their 

respective concentrations ci defined as per current fluid volume via 

C i i= J ϕFc . The material time derivative of the electro-neutrality 
equation following the motion of the solid skeleton gives 

N+2   i 
i D s c 

z = 0 (7.26)
D t  ∀i 

mi=1 

where ∀i is the molar volume of the i -th phase. Using Eq. (7.24), the m 

above equation becomes 

N+2 iz ( i i s)∇. φ v = 0 (7.27)∀i 
mi=1 

To derive the electro-neutrality condition (7.27), it is assumed 

that the total amount of fixed charges remains unchanged and is 

conserved during the deformation. 

7.4.3 Conservation of Momentum 

The momentum balance principles for continuum domains are the 

generalization of Newton’s first and second principles of motion. 

It states that the material time derivatives of linear and angular 

momentum are equal to the resultant (external) force and moment 

acting on the domain, respectively. If we consider an infinitesimal 
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mixture volume d∀, which is the sum of the partial volume, d∀i , of  

the constituents, for each component i in the multiphasic domain, 
D ( ( ) i) ( )i i i i biρ vi d∀ =  ti − v .n ρ v dS  + ρ + bi d∀,ext intD t  

� ∂� � 

D ( ( ) i)i ti − i ir × ρ vi d∀ =  r × v .n ρ v dS
D t  

� ∂� ( ( ) i)i bi+ r × ρ + bi + m d∀, (7.28)ext int

where ∂� is the boundary surface of the volume element�, vi is the 

spatial velocity, ti is the Cauchy traction vector, bi is the external ext 

body force per unit volume acting on i -th component, and bi isint 

the internal body forces (frictional forces) due to the interaction of 

phase i with other phases. In other words, bi is the momentumint 

supply per unit volume for i -th phase, which is produced from 
the internal forces acting on this phase due to its interaction with 

iother phases in the mixture. Similarly, m is the moment of the 

momentum supply due to constituent interactions with each other. 

Using Cauchy’s stress theorem, Eq. (7.28) yields 

i 
i D i vi i bi∇.σ + ρ + bi = ρint D t  ( i)T iσ i − σ = E .m , i = 1, . . . , N + 2, (7.29) 

and E is the third order permutation tensorwhosemembers are: “0“ 
if any of two or all three subscripts are equal, “1“ if the permutation 

of the three subscripts is clockwise, and “−1” if the permutation of 
the subscripts is counterclockwise. In the following development, in 

order to avoid additional complexity, we neglect the external body 

forces and the inertia effects. Moreover, we assume that there is 

no moment of momentum supply to the i -th phase, i.e., E .mi = 
0. Therefore, the Cauchy stress tensor of each phase becomes 

symmetric, ( i)T 
σ i = σ , i = 1, . . . , N + 2. (7.30) 

Summing Eq. (7.29) over all phases and using the mixture 

principles yield the governing equilibrium equation for the mixture, 

∇.σ = 0, (7.31) 
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N+2 
where σ = σ i is the total mixture stress. A consequence of the 

i=1 
relation (7.31) is 

N+2 
bi = 0, (7.32)int 

i=1 

which is an artifact of Newton’s third law of action and reaction 

for internal momentum transfers. The interaction body forces 

between phases are related to other parameters of the problem 

using a phenomenological expression, bi 
int = f (v j , σ j , T, . . . ). The 

selection of the proper parameters in this relation is based on 

experimental observations and intuition. It also highly depends on 

the desired level of complexities and accuracy of the model. In 

tissue biomechanics and soil mechanics, it is common to express 

the internal (frictional) interactions between phases in terms of a 

viscous drag force, which is proportional to the relative velocity 

between phases, i.e., 

N+2 
f i j  

( j s  − vi s)bi 
int = v , i = 1, . . . , N + 2, (7.33) 

j=1 

where f i j  is a positive definite matrix denoting the frictional 

coefficients between i -th and j -th phases. Over years,many different 
forms of the constitutive relations such as (7.33) have been derived 

and introduced to describe the relation between various physical 

quantities of the mixture. These relations are developed such that 

they could properly describe the experimental observations. In the 

following section, we derive the constitutive equations from the 

requirements of mechanical and thermodynamic principles. 

7.5 Entropy Principle and Constitutive Relations 

The balance of external mechanical power P i , stress power P i 
ext int 

and kinetic energyK i (t) for each phase i given by 

DK i (t)
P i = + P i i = 1, . . . , N + 2. (7.34)ext int,D t  
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Therefore,       
D 1 ( ) 1i i i i i i i i iρ v .v + ε d∀ = − v .n ρ v .v + ε dS
D t 2 2 

� ∂�  
i ( i)+ ρ bi .vi + r d∀ 

 ( )i i+ sε + v .bi d∀int

 ( i)ti i+ .vi − q .n dS, (7.35) 

∂� 

εi i iwhere , r , and q are the internal energy, rate of heat production 

per unit mass, rate of heat flow per unit area for the i -th phase, 
respectively. In this relation sεi is the energy supply per unit mass 

to the i -th component because of energy exchange between the 
constituents. From Eq. (7.35), 

i D i εi 
i di i i − siσ : = ρ − ρ ri + ∇.q ε , i = 1, . . . , N + 2, (7.36)

D t  

where, 

1 ( ( i)T
)

idi = ∇v + ∇v , (7.37)
2

is the rate of deformation tensor for the i -th phase. Neglecting the 
external body forces and inertia terms, summing Eq. (7.36) over all 

phase yields 

Dε 
σ : d = ρ − ρr + divq

D t  ( ( ) )isε + vi − v .bi = 0, (7.38)int

i 

where ε, r , q, and  d are the total internal energy, rate of heat 
production per unit mass, rate of heat flow per unit area, and the 

rate of deformation tensor for the mixture as a whole, 

1 1i i i i iε = ρ ε , r = ρ r , q = q
ρ ρ

i i i 

1 ( T )d = ∇v + (∇v) . (7.39)
2
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Now the second law of thermodynamics, Clausius–Duhem 

inequality, is used to derive the required restrictions on the 

constitutive equations. The Clausius–Duhem inequality states that 

the rate of entropy increase is always greater than or equal to the 

rate of the entropy input for the mixture as a whole. If ηi is the c 

entropy per unit mass of the i -th component, the entropy inequality 
for whole mixture becomes, 

N+2 i i 
i D

i ηi q ρi rcρ + div − ≥ 0. (7.40)
D t  T i T i 

i=1 
The Cauchy heat flux is given by 

i T i hiq = , (7.41) 

where hi is the entropy flux per unit surface area, and T i is 

the absolute temperature of the i -th phase. It is noted that the 
condition of the positive entropy production may not be imposed 

on individual components. In general, the individual constituents 

are involved in exchanging entropy with each other and only the 

entropy production of the whole mixture is required to be greater 

than or equal to zero. Under adiabatic condition (no heat flux, no 

heat source, and constant temperature T i = T ) and by using Eqs. 
(7.32), (7.36), and (7.38), Eq. (7.40) simplifies to 

N+2 
i D

i H i 
i iσ : di − v .bi − φ ≥ 0, (7.42)int D t

i=1 

where H i is the Helmholtz free energy per unit volume of the i -th 
constituent. 

εi − T i ηi 
cH i = . (7.43)∀i 

If we define the Helmholtz free energy of the mixture as a whole 

by 

i H iH = J φ , (7.44) 

i 

the relation (7.42) becomes 

N+2
 
1 D sH ( i s i s i H i)
+ σ : ∇vs + ∇. v .σ i − v φ ≥ 0. (7.45)
J D t  

i=1 
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In order to be able to use the inequality (7.45) as a mini

mum principle, the incompressibility condition (7.21) and electro

neutrality relation (7.27) are required to be introduced into this 

equation by means of Lagrange multipliers P and λ̄ = λ/ J , 
respectively. As it will be seen, these Lagrange multipliers represent 

the hydrostatic pressure and the product of the electrical potential 

and Faraday constant [41, 47]. After some lengthy manipulation and 

simplifications, we get 

N+2 
1 D sH ( i)s i s− + (σ − P I) : ∇v + v . ∇.σ i − φi ∇H i − ξ i ∇φ
J D t  

i=1 
N+2 ( )i s  i+ ∇v : σ i − φ ξ i I ≥ 0, (7.46) 

i=1 

where ξ i = H i + P + λ
∀

z
i 

i 
and I is the identity tensor. In order to 

m 

develop the constitutive equation for the behavior of themixture, we 
iassumeH = H (Es ,c , ui s) where Es is the Green-Lagrange strain 

tensor, c i is the Lagrangian volume fraction of the i -th phase per 
i s  Fs−1 i s  isunit initial volume, u = .v the Lagrangian representation 

of the relative velocities. We also assume that all other parameters 

of the problem can be expressed in terms of these independent 

variables. It is noted that the choice that we make at this stage of 

developing the model will define the form of resulting constitutive 

equation. For instance, we are here enforcing elastic behavior for 

the mixture by assuming that the Helmholtz free energy does not 

depend on strain rate. Therefore, 

N+2 
∂H T ( i)J σ e − Fs Fs : ∇vs + J vi s  . ∇.σ i − φi ∇H i + �i ∇φ
∂Es 

i=1
 
N+2 N+2
 i s  ( ) ∂H D s ui s  i i+ J ∇v : σ + φ �i I + ≥ 0 (7.47)

∂ui s  
. 

D t
i=1 i=1 

where 

�i = ξ i − ∂H 

∂ci 

σ e = σ − P I. (7.48) 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 14:32 PSP Book - 9in x 6in 07-Shaofan-Li-c07

 

 

292 Mechano-Electrochemical Mixture Theories 

The above relation requires 

∂H = 0, i = 1, . . . , N + 1 
∂ui s  

σ i + φi �i I = 0, i = 1, . . . , N + 1 
1 ∂H T 

σ e − Fs Fs = 0
J ∂Es
 

N+2
 ( i)i su . ∇0.σ
i − φi ∇0H i + �i ∇0φ ≥ 0. (7.49) 

i=1 

where ∇0 = Fs .∇ . The first expression in Eq. (7.49) states that 
despite our initial hypothesis, the energy function H is independent 
of the Lagrangian relative velocity of mixture phases and the 

solid phase. This result is one of the advantages of formulating 

the problem in the reference coordinates and will simplify the 

constitutive modeling effort. In Eulerian description of the problem, 

the energy function remains dependent on the relative velocities. 

It is noted in Lagrangian description the partial free energies H i 

still depend on the relative velocities. The second expression in 

Eq. (7.49) states that the partial stress of the phases except that 

of the solid phase is a scalar. The third expression in Eq. (7.49) 

expresses the effective stress of the mixture σ e in terms of a strain 

energy function, i.e., the free energy of the mixture H . The last 
expression in Eq. (7.49) is in the form of an inequality because we 

cannot assume that ∇0.σ
i − φi ∇0H i + �i ∇0φ

i = 0. Note that this 
i s  H i i i s).expression is not a linear expression in u as = H i (Es ,c , u

If the response of mixture not too far from the equilibrium state 

is sought, we can satisfy this inequality by assuming the following 

linear relation [41, 47]: 

N+1 
i Bi j j s∇0.σ

i −φi ∇0H i +�i ∇0φ = u , i = 1, . . . , N +1, (7.50) 
j=1 

where Bi j  is a semi-positive definite matrix. In order to understand 

the physical interpretation of the relation (7.50), using Eq. (7.49) 

and by introducing the electrochemical potential function of i -th 
component as 

i∂H λz
μi = − P − , (7.51)

∂ci ∀i 
m 
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we rewrite this equation as 

N+1 
i Bi j j s−φi ∇0μ = u . (7.52) 

j=1 
A close scrutiny of relation (7.52) reveals that it is indeed the 

Lagrangian form of irreversible thermodynamics equation in which 

Bi j ’s are frictional coefficient matrices. This equation concludes the 

set of constitutive responses of the mixture. 

In summary, the governing partial differential equations are 

the balance of linear momentum (7.31) and conservation of 

mass (7.24), which needs to be solved in connection with the 

electrochemical potential Eqs. (7.51) and (7.52), and relations 

(7.48) and (7.49). Compared to the Eulerian formulation of the 

problem, the current approach creates a set of equations with 

clear physical interpretation while keeping a small number of 

independent variables, see Eq. (7.49). Upon choosing an appropriate 

form for the energy function and following the classical treatment, 

the weak formulation of the problem can be obtained. The finite 

element solution of the weak form of the governing equations 

yields the deformation of a multiphase mixture subjected to a given 

boundary condition. A set of numerical examples and validations of 

this methodology can be found in [44, 47–50]. 

7.6 Deformation Dependent Solute flux Relations 

The gradients of the electrochemical potentials drive the transport 

of fluid phase and solutes in the porous medium (Eqs. (7.51) and 

(7.52)). The relation (7.52) can be rewritten as [43] 

N+2 
i f i j  

( i)−φi ∇μ = v j − v (7.53) 

j=1 

Bi j  bi j I, ¯ f i j  − ¯where = f i = f ik, and  bi j  = f i δi j . The above 
k 

equations can be rearranged to obtain 

i i iv = v + vd, i = 1, . . . , N + 1 (7.54)c 

−φii 1 
j f i j v iwhere vc = f̄ i 

j , and  vd = f̄ i ∇μi are the respective 

convective and diffusive components of the i -th solute velocity. The 
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convective velocity is equal to the weighted average of velocities of 

all other mixture constituents and the diffusive velocity component 

is proportional to the negative of the electrochemical potential 

gradient. The diffusive molar flux of the i -th mixture constituent is 

i i i i ϕF ci 

Jd = ϕFc vd = −φ ∇μi (7.55)
f̄ i 

On the other hand, from Flick’s law, 

i i D i 

J = −φ ∇μi (7.56)d RT  

where R is the universal gas constant, and D i is the diffusion 

coefficient of the solutes (or ionic solute diffusivity) in the mixture; 

therefore, 

i 

D i = RT  
ϕFc

(7.57) 
f̄ i 

The solute diffusivity is independent of the solute activity coef

ficient and electrical charge effects. It depends on the temperature, 

viscosity of the domain and the size of the particles. If we assume 

that solutes are spherical in shape, the solute diffusivity in the 

porous medium can be expressed as [53, 54] 

√D i 
i−α1(r / κ)

β1 = e s (7.58)
D i 
0 

iwhere D i is the diffusivity in the free solution, r is the hydro0 s 

dynamic radius of the i -th solute, and κ is the intrinsic Darcy 
permeability. Note that the Stokes–Einstein equation gives 

KBT
D i = (7.59)0 6πηri 

s 

in which η is the solvent viscosity, KB = R/NA is Boltzmann’s 

constant, and NA is the Avogadro constant. The Darcy permeability 

(κ = kη, k: the hydraulic permeability) is directly related to the 
porosity of the domain, 

β2ϕF 
κ = α2 (7.60)

φs 

Therefore, since the mixture porosity is a function of defor

mation gradient, the solute diffusivity will depend on the mixture 
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deformation. Using the assumptions that solid phase is intrinsically 

incompressible and that the mixture is saturated, the following 

deformation-dependent diffusivity relation results, 

−β2/2 β1
ir J√sD i −α1 s −1α φ

0 = e 
2 

(7.61)
D i 
0 

swhere φ0 is the volume fraction of the solid phase at the reference 

configuration. In the above equations, α1, α2, β1, and β2 are 

positive parameters that depend on the structure of porous media 

and can be determined by careful curve fittings of the experimental 

data [53]. Therefore, the total relative flux of the solutes with respect 

to the solid skeleton is 

i D i 
i i s  iJi = ϕFc v − φ ∇μ (7.62) c RT  

i s  1 
j f i j v j swhere v = . The above relation shows that the total c f̄ i 

relative flux of a solute is the sum of a relative convective flux 

(convection driven solute transport) and a diffusive flux (diffusion 

driven solute transport). It is noted that we can use the following 

classical expressions to denote the electrochemical potentials (7.51) 

of the solutes as [39, 43], 

iRT  ( i) F ψzi i iμ = μ + ln γ c − (7.63)0 Mi Mi 

where the Lagrange multiplier λ̄ is chosen to be the product of 

the electrical potential ψ and Faraday constant F . In the above 
equation, γ i is activity coefficient of the i -th ionic phase, μi is0 

its reference chemical potential. Therefore, relations (7.61)–(7.63) 

capture numerically the coupling effects of mechanical loading and 

electrical fields on solute fluxes in the mixture. 

7.7 Summary 

In this chapter, the current state of computational methods for 

the analysis of multiphase porous media is first reviewed. Various 

forms of constitutive modelings suggested for porous media are 

discussed in three categories of effective medium methods, mixture 
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theories, andmultiscale homogenization techniques. The fundamen

tal concepts and equations of these continuum level poroelastic 

theories are illustrated in details in an effort to clarify their complex 

nature. It is noted that although the basic principles of continuum 

mechanics constitute the basis of all of these theories, the governing 

equations are very sophisticated and complex when written in their 

most general form. Here, the general forms of governing equations 

are simplified for the quasi-static behavior of linear homogenous 

incompressible mixtures; sufficient remarks/references have been 

included so that the results could be extended to the other desired 

cases. 

As it was discussed, the theory of porous media has been under 

investigation and development in many branches of engineering 

such as soil mechanics, petroleum, chemical engineering, and 

more recently in biomechanics. Despite tremendous progress, the 

development of better multiscale multiphysics models is still one of 

themajor goals of researchers from various disciplines. For instance, 

the current formulations need to be adapted and improved for 

problems where the porous solid phase behaves as a viscoelastic 

and/or a viscoplastic material. Furthermore, the mixture theories 

are still at their infancy for cases where phase transition occurs 

in the mixture. It is obvious that understanding the underlying 

molecular mechanisms involved in the distinctive response of the 

fluid infiltrated multiphase porous composite (e.g., soft tissues) 

is of paramount importance in any constitutive modeling effort. 

Nowadays, the ever-improving experimental techniques along with 

the growing computational capabilities are opening up new exciting 

possibilities for developing more sophisticated predictive theories. I 

hope that this book chapter serves as a starting point for those who 

are interested in working in this exciting and challenging research 

area. 
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Micromechanics of Nanocomposites 
with Interface Energy Effect 
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Conventional micromechanics methods in predicting the effective 

properties of particle-filled composites usually do not admit the size 

dependence of particles. However, when particle sizes are in the 

nanometer range, the interface/surface energy effect will become 

prominent, which renders the effective properties of composites to 

be size-dependent. In this chapter, the fundamental formulations 

of the interface energy theory proposed by the present authors 

are briefly summarized. This theory can be applied to predict the 

overall properties of nano-sized structures and nanocomposites, 

in which the surface/interface energy effect is incorporated. First, 

two kinds of basic equations of the interface/surface at finite 

deformation are presented. Approximations of these basic equations 

by an infinitesimal strain analysis are further formulated. Finally, 

the above interface energy theory is employed to study the effective 

properties of particle-filled nanocomposites. The obtained results 

are also generalized to take into account the influence of particle
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size distribution and the thermal effect on the effective properties 

of nanocomposites. It is shown that the residual interface/surface 

tension can significantly influence the mechanical properties of 

composite materials containing nano-fillers. 

8.1 Introduction 

At the atomic scale, the microscopic bonding configuration at an 

interfacial region is quite different from that associated with its 

interior in the bulk material. This can be described macroscopically 

by the excess free energy of an interface/surface and the corre

sponding interface/surface stresses. However, it should be noted 

that the surface properties of a solid are essentially different from 

those of a liquid because the atoms at a solid interface/surface are 

held in registry with the underlying bulk material and therefore 

the total amount of the interface/surface atoms remains constant 

during an elastic stretching. By contrast, surface atoms of liquid 

increase during stretching since the interior atoms in the liquid can 

flow freely to its surface. Due to the above difference in physical 

nature of the interface/surface, there are two different concepts 

in interface/surface thermodynamics, as pointed out by Gibbs 

[9]: the interface/surface free energy and the interface/surface 

stress. The interface/surface free energy in solids is usually defined 

as a reversible work per unit area involved in creating a new 

interface/surface. This excess free energy generally varies when 

the interface/surface is deformed. The interface/surface stress in 

solids is defined through the change in the excess free energy 

when the pre-existing interface/surface is stretched elastically. It 

can be seen from the above definitions that the interface/surface 

energy and interface/surface stress have different nature, although 

for liquid themagnitudes of the surface energy and the surface stress 

(surface tension) are the same. In the following, for expediency, the 

discussion will be referenced to an interface; it is equally applicable 

to a surface. 

In classical micromechanics, the interface energy effect can be 

neglected where the ratio of the interfacial region to the bulk is 

negligibly small. However, for a nanostructured material whose 
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characteristic length is in the nanometer range, the interface energy 

effect will become significant and should be taken into account. Dur

ing the past half-century, much effort to study interface problems 

has been made among materials scientists and mechanicians (e.g., 

[1–8], [10], [12–14], [16], [18–25], [27], [32–34], [36–45]). As the 

interfacial region has only a few layers of atoms, in macroscopic 

descriptions of the interface energy effect, the interface is usually 

idealized as a “mathematical interface” with zero thickness. This 

idealization will be adopted in this chapter. Moreover, only the 

coherent interface will be discussed, where the displacement across 

a mathematical interface is continuous. In this case, neither atomic 

bonds break nor atomic diffusion at an interface will be considered. 

In phenomenological descriptions of the interface effect on the 

effective properties of nanostructured materials, interface/surface 

models can be classified into two categories [22]. The first one 

is the interface/surface stress model, which has been employed 

by most authors, and can be viewed as an approximation of a 

thin and stiff interphase when the interphase thickness approaches 

zero. Therefore, in this model the interface/surface is treated as 

a membrane shell with zero thickness. The second category is 

the interface-energy model, which was developed by the present 

authors in [20], [21], [24], [41], and will be discussed in this chapter. 

If we take a natural configuration (not subject to any external 

loading) as the reference configuration, the stress in the reference 

configuration is zero in the first model. However, it is important to 

note that the creation of a surface or interface will generally result 

in a surface stress (referred to as “residual surface tension”). Thus, 

there will exist a surface or interface-induced stress field in the bulk 

even under no external loading. Based on this observation, a new 

interface/surface energy theory of multi-phase hyperelastic media 

at finite deformationwas proposed by the present authors [21], [24], 

[41], which is called the interface/surface energy model. 

The key points of the interface/surface energy model can be 

summarized as follows: 

(1) The “fictitious stress-free configuration” was first introduced in 

[21], [41]. A complete analysis of the deformation of a medium 

with the interface energy effect should in general involve 
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three configurations, even for infinitesimal deformation. These 

three configurations are “fictitious stress-free configuration”, 

“reference configuration” and “current configuration”. It is 

worth noting that the elastic energy in the bulk material should 

be calculated based on the “fictitious stress-free configuration”, 

whereas the interface energy and the interface constitutive rela

tions must be formulated based on the reference configuration. 

(2) The hyperelastic constitutive relations of the interface ex

pressed in terms of the interface energy at finite deformation 

were proposed in [21]. It can be considered as a generalization 

of the venerable Shuttleworth equation [39] for small deforma

tion. 

(3) Based on the stationary condition of a newly suggested energy 

functional, both the Lagrangian and Eulerian descriptions of 

the interface equilibrium equation (i.e., the Young–Laplace 

equation) were derived simultaneously in [21] and [24]. The 

advantage of this new approach for constructing the interface 

equilibrium equation is that it can be employed inmore complex 

situations, e.g., for micropolar composites [3]. 

(4) Generally, the exact position (e.g., the shape and size, and hence 

the curvature tensor) of the deformed interface/surface is not 

known in advance. Therefore, in the study of the mechanical 

properties of nano-sized structures and nanocomposites, it is 

necessary to use the Lagrangian description of the interface 

equilibrium equation relative to the reference configuration, 

as pointed out by Huang and Sun [20]. Furthermore, as the 

first Piola–Kirchhoff interface stress appears in this description, 

it is natural to express the interface constitutive relations 

in terms of the first Piola–Kirchhoff interface stress. Thus, 

different from the results given by previous authors, the effect 

of residual interface/surface tension on the effective properties 

of nanocomposites should be included and is shown to be 

important ([20] and [41]). 

The aim of this chapter is to review the interface energy 

theory and its applications developed by the present authors. In 

Section 8.2, two fundamental equations of the interface at finite 

deformation are presented, and the “three configurations concept” is 
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explained and illustrated by an example. Infinitesimal deformation 

approximations of governing equations to solve boundary-value 

problems of multiphase elastic solids are discussed in Section 

8.3. Finally, in Section 8.4, the above interface energy theory is 

applied to predict the effective moduli of nanocomposites. The 

influence of particle-size distribution and the thermal effect on 

the effective properties of composites filled with nano-particles are 

also discussed. It is shown that, different from the results given by 

previous authors, the residual interface/surface tension influences 

the effective properties of the nanocomposites. 

8.2 Fundamental Equations of the Interface at Finite 
Deformation 

There are two kinds of basic equations of the interface/surface, 

namely, the constitutive relations of the interface and the interface 

equilibrium equations. In this section, the constitutive relations of 

the interface expressed in terms of the interface free energy at finite 

deformation and both the Lagrangian and Eulerian descriptions of 

interface equilibrium equations are presented. For more details, 

please refer to [17], [21] and [24]. 

8.2.1 Geometry of a Deformable Interface/Surface 

Consider a multi-phase hyper-elastic solid in three-dimensional 

Euclidean space. This multi-phase solid occupies a domain V0 with 
a boundary ∂V0 when it is neither subjected to any body force 
nor to any external surface traction/displacement on its boundary. 

The configuration corresponding to this domain is called the initial 

configuration, denoted by κ0. Although, in continuum mechanics, 

any configuration can be chosen as a reference configuration, yet 

in order to simplify the discussion, in the following, this initial 

configuration κ0 is specifically taken as the reference configura

tion. When subject to external loading of a body force and/or 

traction/displacement on its boundary, the solid is deformed with 

the following mapping: x = χ(X), where X and x are position 
vectors of a typical material particle in the solid before and after 
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the deformation, respectively. The configuration after deformation 

will be called the current configuration denoted by κ , and  the  

deformation gradient F satisfies dx = F · dX. Now consider a  

smooth interface (or a smooth surface) in this multi-phase solid 

corresponding to the reference configuration κ0, which is denoted 

by A0. In a curvilinear coordinate system, the interface can be 
parameterized locally by coordinates θα (α = 1,2). The position 
function of the interface A0 is identified with the restriction of X 
to A0: Y = Y(θ1, θ2) = X| . The covariant base vectors of theon A0 
interface A0 at Y are Aα = Y,α (α = 1,2), with the unit normal 
vector to the interface A0 denoted by A3. The comma notation in the 
above equation is used to denote partial derivatives with respect to 

θα . Here and in the following, the Greek index ranges from 1 to 2, and 

the Latin index ranges from1 to 3. The contra-variant base vectors of 

the interface A0 areAα (α = 1,2) satisfying the relationAα ·Aβ = δβ 
α 

δβ(α, β = 1,2), where is the Kronecker delta in two dimensionalα 

space. It is noted both Aα and Aβ are in the tangent planes J Y 
0 of the 

interface A0. After deformation, the point Y on A0 will move to point 
y on the interface A in the current configuration κ as shown in Fig. 

8.1. We assume that this interface is transformed by the deformation 

of the bulk solid so that it can be expressed by the parametric 

position function y(θ1, θ2) = Y(θ1, θ2)+ u(θ1, θ2), in which (θ1, θ2) 

Figure 8.1 A surface before and after deformation. 
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is to identify the same particle before and after deformation, and u is 
the displacement. The corresponding covariant and contra-variant 

base vectors of the interface A are aα = y,α = Y,α + u,α and aα , 

respectively, satisfying the relation aα · aβ = δα
β . The unit normal 

vector to the tangent plane JY of the interface A is a3. 
For a given Y ∈ A0, there is a linear transform that maps JY 0 into 

the tangent plane JY at y ∈ A. This mapping can be expressed by 
the deformation gradient Fs = aα ⊗ Aα in a two dimensional space, 

where and in the following the Einstein summation convention over 

the repeated indices is implied. 

If the displacement u is decomposed into u0s = uαAα in the0

tangent plane JY 0 and u0n = unA3 along the normal direction of0

J 0 , then the covariant base vectors aα can be written in terms ofY 

the base vectors (A1, A2, A3) on the interface A0 in the reference 
configuration, which gives ( ) ( )β naα = Aα + u,α = Aα + u Aβ ,α + u A3 ,α0 0(  ) ( )

λ  nbλ λ n= Aα + u − u Aλ + u A3 (8.1)0 0 0α 0b0λα + u0,αα 

where b0 = b0λαAλ ⊗ Aα is the curvature tensor of the interface 

A0 in the reference configuration, and in the above equation, 
the Weingarten formula has been used. Therefore the interface 

deformation gradient Fs can be expressed by 

Fs = aα ⊗ Aα = i0 + u∇0s + dαA3 ⊗ Aα (8.2) 

where u∇0s is the gradient operator of the interface at A0 in the 
reference configuration, and is defined by 

nu∇0s = u0s∇0s − u b0 (8.3)0

with u0s∇0s = uλ|α Aλ ⊗ Aα and d0α = uλb0λα + un|α .0 0 0

Likewise, in the Eulerian description, the displacement u can 
also be decomposed into us = uαaα in the tangent plane JY and 
un = una3 along the normal direction of JY , then the covariant base 
vectors Aα can be written in terms of the base vector (a1, a2, a3) on  
the interface A in the current configuration, which gives ( )

β nAα = aα − u aβ ,α − (u a3) ,α (  ) ( )
λ n= aα − u

α 
− unbα

λ aλ − uλbλα + u ,α a3 (8.4) 
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where b = bλαaλ ⊗ aα is the curvature tensor of the interface A 
in the current configuration. Therefore the inverse of the interface 

deformation gradient Fs can be written as ( )
F−1 α n α 
s = Aα ⊗ a = i− u∇s − uλbλα + u ,α a3 ⊗ a (8.5) 

In the above equation, u∇s is the gradient operator of the 

interface at A in the current configuration, and is defined by 

u∇s = us∇s − unb (8.6) 

with us∇s = uλ|αaλ ⊗ aα . 

It can be seen that the inner product between F−1 = Aα ⊗ aα ands 

Fs = aα ⊗ Aα satisfies the following relations: 

F−1Fs · = i, F−1 · Fs = i0s s 

Fs · i0 = i · Fs = Fs 
F−1 F−1 = F−1 · i = i0 · (8.7)s s s 

In the above equations, i0 = Aα ⊗Aα and i = aα ⊗ aα are second

rank identity tensors on the tangent planes J 0 and Jy, respectively. Y 

It should be noted that Fs is a “two-point” tensor in a two 
dimensional space, with base vectors both on the tangent planes JY0 
and Jy, and is not a tensor in the two-dimensional tangent plane J 0 Y 
only. If Fs is written in terms of the base vectors (A1, A2, A3) on the  
interface A0, then we have 

= F(in) + F(ou)Fs (8.8)s s 

where F(in) = i0 + u∇0s and F(ou) = dβA3 ⊗ Aβ correspond to the ins s 

plane term and the out-of-plane term of the interface deformation 

gradient, respectively. 

In terms of Fs , the right and left Cauchy–Green tensors of the 
interface can be defined by Cs = FT ·Fs and Bs = Fs ·FT, respectively. s s

Obviously, Cs and Bs are symmetric tensors on the tangent planes 
JY0 and Jy, respectively, and it can be shown that both Cs and Bs are 
positive-definite. Therefore, we can further define the right and left 

C1/2 B1/2stretch tensors of the interface Us = and Vs = . Similars s 

to the polar decomposition of the deformation gradient in three

dimensional space, it can be shown that the interface deformation 

gradient Fs can be written as 

Fs = Rs · Us = Vs · Rs (8.9) 
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where Rs is the two-point rotation tensor of the interface, satisfying 
RT s = R−

s 
1. It should be noted that F−

s 
1 · Fs = RT · Rs = i0, and  s 

F−1 RTFs ·	 = Rs · = i are in different tangent planes, which indicates s s 

F−1 F−1 RT RT · Fs  = Fs · , and · Rs  = Rs · .s s s s

8.2.2	 Constitutive Relations of the Interface at Finite 
Deformation 

Following the discussion of Seth [35] on the strainmeasures in three 

dimensional space, the Lagrangian strain tensors of the interface 

corresponding to the reference configuration can be defined by 

E(m) = 1 (U2m − i0),m  = 0s 2m s 

E(0) s = lnUs,m = 0	 (8.10) 

wherem is a real number. The Eulerian strain tensors of the interface 
which are based on Vs may also be constructed similarly. 

Let the excess free energy of the interface per unit area of A in 
the current configuration be denoted by γ . This free energy depends  

not only on the particle coordinates (θ1, θ2), but also on the absolute 

temperature θ and the deformation of the interface, which can be 

E(m)described by the interface strain , and the curvature change ofs 

the interface. In order to simplify the discussion, the flexural resis

tance of the interface will not be considered, so that the curvature 

tensor of the interface (or the Tolman length), as the state variable, 

will not be included in the expression of this free energy. Moreover, 

for the sake of notational simplicity, the dependence of γ on (θ1, θ2) 

will be suppressed in the following. The interface free energy per 

unit area of A0 in the reference configuration can be written as 
J 2γ , where  J 2 = detUs is the ratio between the area elements 
dA and dA0, i.e., dA = J 2dA0. In the course of an isothermal 
deformation, the variation in the excess free energy of the interface 

on the area element dA can be written as δ(γdA) = δ( J 2γ )dA0, 
which, according to Gibbs [9], should be the reversible work needed 

to elastically stretch this pre-existing interface element: 

δ( J 2γ )dA0 = (T(m) : δE(m))dA0 (8.11)s	 s 

where T(m) is the interface stress conjugate to E(m).s	 s 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 16:12 PSP Book - 9in x 6in 08-Shaofan-Li-c08

� � � � 

� � � � 

� � � � 

312 Micromechanics of Nanocomposites with Interface Energy Effect 

The derivation of the constitutive relation of the interface at finite 

deformation from Eq. (8.11) is straightforward, which, in a sense of 

Green elasticity, gives 

∂ ( J 2γ )T(m) = (8.12)s 
∂E(m) s 

where the Lagrangian description has been used and J 2γ can 

be regarded as a potential function of the temperature and the 

Lagrangian strain of the interface. In particular, the first and second 

Piola–Kirchhoff interface stresses can be written as 

∂ ( J 2γ ) ∂ ( J 2γ ) 
,T(1)Ss =2Fs · = 2 (8.13)s∂Cs ∂Cs 

In the Eulerian description, the Cauchy stress of the interface is 

given by 

T(1)σs = 1 Fs · · FT (8.14)s sJ 2 
It should be noted that the above expressions are valid 

for anisotropic interfaces which depend on the crystallographic 

parameters of the interface in solids. If the interface is assumed to be 

isotropic relative to κ0, i.e., the underlying reference configuration is 

an undistorted state, then γ can be expressed as a function of the 

invariants of Us or Vs : γ = γ (θ ; J 1, J 2), where J 1 = trUs = trVs , 
J 2 = detUs = detVs are the first and second invariants of Us or Vs , 
respectively. Noting that 

∂ J 1 1 ∂ J 2 1
U−1 = and = J 2C−1 
s s∂Cs 2 ∂Cs 2
 

we obtain
 

∂γ
T(1) 

∂γ 
U−1 C−1 = J 2 + J 2 + γ (8.15)s s s∂ J 1 ∂ J 2 

The engineering and the logarithmic stresses of the interface can 

be expressed by 

∂γ ∂γ
T(1 / 2) U−1= J 2 i0 + J 2 + γ (8.16)s s∂ J 1 ∂ J 2 

∂γ
T(0) 

∂γ = J 2 Us + J 2 + γ i0 (8.17)s ∂ J 1 ∂ J 2 
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The Cauchy stress of the interface is 

∂γ ∂γ 
σs = Vs + J 2 + γ i (8.18)

∂ J 1 ∂ J 2 
where i0 and i are the second-rank identity tensors in two
dimensional spaces J 0 and Jy, respectively. Y 

In the case that the current configuration κ and the reference 

one κ0 coincide, the Cauchy stress of the interface in the reference 

configuration can be written as σ ∗ = γ ∗i0, where  γ ∗ = γ0 +s 0 0 

γ1 + γ2 is the residual interface tension. γ1 = (∂γ /∂ J 1)| J 1 =2, J 2 =1 
and γ2 = (∂γ /∂ J 2)| J 1 =2, J 2 =1 reflect the nature of solids, whereas 
γ0 = γ | J 1 =2, J 2 =1 reflects the nature of liquids. γ0, γ1 and γ2 represent 

the intrinsic physical properties of the interface, and they are, and 

should be, determined by the abutting materials and the adhering 

condition of the interface. 

8.2.3 The “Three Configurations” Concept 

The “three configurations” concept was first proposed by Huang’s 

research group in [41] and was further explored in [21]. Consider 

two dissimilar materials that are bonded to form a coherent 

interface in a multi-phase solid. We further assume they are 

immiscible, that is, neither atomic bonds break nor the atomic 

diffusion at the interface takes place, so that atoms at the interface 

A0 still remain at interface A after deformation. Because the two 
materials have different internal micro-structures (on the atomic

molecular level), the micro-structure of the interface conglutinated 

from these materials is different from that of the interior of 

either material. Hence like the case of a surface, the conglutination 

will generate not only the excess interface free energy, but also 

an interface stress. This excess interface free energy and the 

corresponding interface stress are not zero in the initial reference 

configuration κ0 that is not subjected to any external loading. We 

refer to the interface stress in this reference configuration κ0 as the 

“residual” interface stress. The elastic field which is induced by this 

interface stress is referred to as the “residual” elastic field. It should 

be pointed out that the terminology “residual stress” has been 

extensively used in the literature. Here, the “residual” elastic field 

is different from those both in plasticity and in continuum theory 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 16:12 PSP Book - 9in x 6in 08-Shaofan-Li-c08

314 Micromechanics of Nanocomposites with Interface Energy Effect 

of distributed dislocations. In plasticity, the residual stress field is 

induced by the plastic strain, which is incompatible. The strain field 

in continuum theory of distributed dislocations is also incompatible. 

However, the strain of the “residual” elastic field discussed in this 

chapter is compatible, which is entirely due to the existence of the 

interface/surface energy and the corresponding interface/surface 

stress. To facilitate the description of the deformation induced by 

the interface in a multi-phase solid, we can hypothetically split the 

solid into homogenous pieces along its interface, and imaginarily 

let them return to their stress-free states. It should be emphasized 

that in general this process cannot be fulfilled in reality, since it is 

assumed that themicro-structures (at atomic level) of the interfaces, 

which are obtained by splitting an interface, would have the same 

micro-structures as those of their respective interior matrices. Thus 

the above splitting is only an imaginary operation. The configuration 

so obtainedwill be called the “fictitious stress-free configuration” κ∗. 
This imaginary “fictitious stress-free configuration” may not exist in 

general, because splitting a solid will inevitably create new surfaces, 

and the new surface energy will in turn induce a new residual 

stress field. Let a representative material particle in the reference 

configuration κ0 be denoted by X, and the corresponding particle 
in the fictitious stress-free configuration κ∗ be denoted by X∗ . The  
deformation gradient from κ∗ to κ0 in the three-dimensional space, 

denoted by F∗ , satisfies the following relation dX = F∗ ·dX∗ . From the  

above discussion, it is seen that due to the existence of the residual 

elastic field in κ0, the elastic field in a three-dimensional multi-

phase hyperelastic solid which is subjected to external loading, 

cannot be determined by the deformation gradient F only. Instead, 
it should depend on the deformation gradient F · F∗ . Hence the 
Helmholtz free energy ψ0 in the bulk material, as the potential 

function of a hyperelastic solid, should be expressed as a function of 

the temperature θ and C� = (F·F∗ )T ·(F·F∗ ). Of course, it also depends 
on the position vector X, but for simplicity the dependence of ψ0 on 

Xwill be suppressed. Therefore, the first and second Piola–Kirchhoff 
stresses in the bulk material relative to the “fictitious stress-free 

configuration” κ∗ can be written as 
∂ψ0 ∂ψ0S∗ = 2ρ∗F · F∗ · ,T∗ = 2ρ∗ (8.19) 
∂C� ∂�C 
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The first and second Piola–Kirchhoff stresses in the bulkmaterial 

corresponding to the reference configuration κ0 are 

∂ψ0 T ∂ψ0 TS0 = 2ρ0F · F∗ · · F∗ ,T0 = 2ρ0F∗ · · F∗ (8.20) 
∂C� ∂C�

and the Cauchy stress corresponding to the current configuration κ 

is 

Tσ = 2ρF · F∗ · ∂ψ0 · F∗ · FT (8.21) 
∂�C 

where ρ∗, ρ0 and ρ denote the densities of the bulk material in the 

configurations κ∗, κ0 and κ , respectively. 

The residual elastic field in the reference configuration κ0 is 

the solution corresponding to nil body force and boundary traction 

when the current configuration κ coincides with the reference 

configuration κ0. The residual stress field σ ∗ in the bulk can be 
expressed in terms of the potential function of the hyperelastic solid ( )

∂ψ0by setting F = I and ρ0 = ρ in Eq. (8.21), i.e., σ ∗ = 2ρ0F∗ · · 
∂C F=I

F∗T, where I is the second-rank identity tensor in three-dimensional 
space. In order to determine this residual elastic field, additional 

governing equations are needed. They are: 

(a) The equilibrium equation in the bulk and the boundary 

condition 

σ ∗ · ∇0 = 0, (in V0) (8.22) 

σ ∗ · 0N = 0, (on ∂V0) (8.23) 

where∇0 is the gradient operator, and 0N is the unit normal vec
tor to the boundary, respectively, in the reference configuration 

for the bulk solid. 

(b) The continuity condition of the displacement across the 

interface, and the equilibrium condition of the interface in the 

reference configuration. 

Noting that for an isotropic interface, the residual interface stress 

is given by σ ∗ = γ ∗i0, we can write the equilibrium condition of the s 0

interface in the following form 

A3 · [[σ ∗ ]] · A3 = −γ ∗i0 : b0 = −2γ0 ∗H0, (on A0) (8.24)0
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Figure 8.2 Three configurations in the interface energy theory. 

P0 · [[σ ∗ ]] · A3 = −∇0sγ0
∗ , (on A0) (8.25) 

where [[σ ∗ ]] is the discontinuity of σ ∗ across the interface A0 in 
the reference configuration. γ ∗ is the residual interface tension and 
H0 = (i0 : b0)/2 is the mean curvature of the interface. The 
definition of P0 and the derivation of the above equations Eqs. (8.24) 
and (8.25) will be given in the next subsection. 

The three configurations concept can be further illustrated by the 

following example. 

Consider an infinite hyper-elastic medium as shown in Fig. 8.2. 

The hyper-elastic medium is assumed to be a harmonic material 

with the potential function given by (see [26]) 

ρ0ψ0 = f (i1)+ c2(i2 − 3)+ c3(i3 − 1), f FF(i1)  = 0 (8.26) 

where c2 and c3 are material constants, i1, i2 and i3 are principal 
invariants of the stretch tensorU in the three dimensional space, and 
f (i1) is the material function satisfying the following relations 

Ff (3) = 0, f (3) = −2c2 − c3 
c2 + c3 = −2μ < 0, f FF(3) = K + 4 μ (8.27)

3 

K and μ in the above equation are initial bulk and shear moduli, 

respectively. 

This hyperelastic medium is stress-free when it is not subjected 

to any external loading, which corresponds to a fictitious stress-

free configuration κ∗. Suppose there is a spherical region Q∗ with 
boundary ∂Q∗ and radius R∗ in κ∗. When this region Q∗ is removed 
from this hyperelastic medium, it becomes an infinite medium 

containing a void with radius Rv , which, as a self-equilibrium 
state, corresponds to the reference configuration κ0. Due to the 
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existence of the residual interface tension γ0
∗ , the radius Rv will 

be different from R∗, which can be determined by means of the 
constitutive relation of the harmonic material expressed by the 

potential function Eq. (8.26), and governing equations given in Eqs. 

(8.22)–( 8.25). The ratio λ∗ = Rv/R∗, which was given in [21], can 
be written as 

⎧ 
γ ∗ ( )2 ( )⎪⎪ c2 c2 γ ∗ ⎪ 0 0 2c2 ⎪ − − + − + 1+ if c3 < 0 ⎪ c3 c3R∗ c3 ⎪ c3 c3R∗ ⎪ ⎪ ⎨ 1 

λ∗ = if c3 = 0 
γ ∗ ⎪ 1− 0 ⎪ ⎪ c2R∗ � ⎪ ⎪ ( )2 ( )⎪ γ ∗ ⎪⎪ c2 0 γ0 

∗ c2 2c2 ⎩ − − − − + 1+ if c3 > 0 c3 c3R∗ c3c3 c3R∗ 
(8.28) 

The reference configuration κ so obtained can be regarded as 

a consequence of the relaxation process of the void surface in this 

hyperelastic medium after removing the region Q∗. Although this 
reference configuration is not subjected to any external loading, yet, 

there is still a residual elastic field induced by the residual surface 

tension. Finally, under external loading, the deformed hyperelastic 

medium corresponds to the current configuration κ . 

The above calculation can be simplified if the potential function 

of the harmonic material is chosen to be 

f (i1) = −(2c2 + c3)(i1 − 3)+ 1 K + 4 μ (i1 − 3)2 (8.29)
2 3 

In particular, if γ ∗ /(2μR∗) (as compared with 1) is a first 0

order small quantity, and high order small quantities are neglected, 

then the radius of the void and the strain energy of the infinite 

hyperelastic medium containing void in the reference configuration 

can be easily calculated, which are given by Rv = R∗ − γ ∗ /(2μ),0
2and Wv = 2πγ ∗ Rv/μ + 4πγ0Rv

2, respectively. In general, γ0 and0 

γ ∗ should be positive; otherwise a solid would gain energy upon 
fragmentation and would be unstable. Therefore, the radius Rv is 
always less than R∗. 

0 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 16:12 PSP Book - 9in x 6in 08-Shaofan-Li-c08

�	 ( ) 
    

318 Micromechanics of Nanocomposites with Interface Energy Effect 

8.2.4	 The Lagrangian and Eulerian Descriptions of
 
Interface Equilibrium Equations
 

The second basic equation of the interface is the interface 

equilibrium equation, which sometimes is called the Young–Laplace 

equation. This equation actually is the equilibrium condition of a 

thin shell with zero thickness. For simplicity, the elastic resistance 

of flexure of the interface will not be considered in this chapter. In 

this case, the interface equilibrium equation will be reduced to the 

equilibrium condition of a membranous shell, which can be found in 

many references (e.g., [11]). The interface equilibrium equation can 

be derived in various ways: one of which is to consider directly the 

equilibrium of an element of a curved surface. In this subsection, the 

interface equilibrium equation will be derived from the stationary 

condition of a new energy functional proposed by the present 

authors, which consists of two parts. Under isothermal deformation, 

the first part of this functional is the total free energy, and the 

second part is the potential of external loading. Asmentioned before, 

there exists a residual elastic field in the bulk solid induced by the 

interface energy, even though there is no external loading. Therefore, 

the hyperelastic potential function ψ0 depends not only on the right 

Cauchy–Green tensor C relative to the reference configuration, but 
also on the residual deformation gradient F∗ , i.e., ψ0 should be a 

function of C̃. Hence for a multi-phase hyperelastic solid, we have 
the following proposition: 

Proposition In all admissible displacement fields u satisfying a 
prescribed displacement ū0 on the boundary ∂V0u , the following 
functional takes a stationary value when u is that of the equilibrium 
state in amulti-phase hyperelastic solid subjected to a body force ρ0f 
in V0 and a traction t̄ on its boundary ∂V0T :0  	   

(u) = J 2γ (Cs) dA0 + ρ0ψ0 C̃ dv0 
A0 v0 

− ρ0f · udv0 − 0t̄ · udS0 (8.30) 
v0 ∂v0T 

It should be noted that in the above equation, the displacement 

u is calculated from the reference configuration κ0 to the current 
configuration κ , and as mentioned before that even when u = 0, 
i.e., Cs = i0, the interface energy γ (i0) is not zero.  
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Proof Let the displacement field u be subjected to a variation 
δu. This variation can be decomposed into a vector δu0s in the 
tangent plane JY 0 relative to A0 and a vector δunA3 along the normal0

direction of this tangent plane in the reference configuration κ0. 

Then, in the Lagrangian description, the variation of the integrand 

of the first term on the right-hand side of Eq. (8.30) can be written 

as ( ) ∂ 
(
J 2γ

) 
1 ( )
T(1)δ J 2γ = : δC = : δFT · Fs + FT · δFss s s s∂C 2s ( )· T(1)= Fs : δFs = Ss : δFs (8.31)s 

Since Fs is expressed as the sum of an “in-plane term” F(in) and ans 

“out-of plane term” F(ou), the first Piola–Kirchhoff interface stress Sss 

is also a “two-point” tensor in a two dimensional space, and can be 

= F(in) ·T(1)decomposed into an “in-plane term” S(in) s s and an “out-ofs 

= F(ou) · T(1)plane term” S(ou) .s s s 

Therefore, in view of Eq. (8.8), the variation of J 2γ can be given 

by 
(in) (in) (ou) (ou) 

δ( J 2γ ) = Ss : δFs = Ss : δ Fs + Ss : δ Fs 
(in) (ou) 

= δu0s · Ss · ∇0s + δun 0A3 · Ss · ∇0s 

(ou) 
T 

(in) 
−δu0s · Ss · ∇0s − b0 · Ss · A3 

(in) (ou) 
n−δu0 Ss : b0 + A3 · Ss · ∇0s (8.32) 

Now consider a region Q0 enclosed by an arbitrary closed 

smooth curve ∂Q0 on the curved interface A0 in the reference 
configuration κ0. By using the Green-Stokes theorem, we have 

(in) 
δ J 2γ dA0 = −  δu0s · Ss · n0dl0 

A0 ∂Q0 

(ou) 
n− δu0A3 · Ss · n0dl0 

∂Q0 

(ou)(in) 
+ δu0s · − Ss · ∇0s + b0 · ST · A3 dA0s 

A0 

(in) (ou) 
n− δu Ss : b0 + A3 · Ss · ∇0s dA0 (8.33)0 

A0 
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where dl0 is the differential element of the arc length on ∂Q0, n0 = 
l0 × A3 is the unit normal vector of the curve ∂Q0 with l0 being the [[ ]] [[ ]] 

S(in) S(ou)unit tangent vector of ∂Q0. and are discontinuities ofs s 

S(in) and S(ou) across the curve ∂Q0.s s 

Next, consider the variation of the second term on the right-hand 

side of Eq. (8.30). Noting that 

˜∂ψ0 C ∂ψ0 Tρ0 : δC = ρ0 F∗ · · F∗ : δC 
∂C ∂C̃

= S0 : (δu∇0) = (det F) σ : (δu∇) (8.34) 

and by the conservation of mass, we have   ( )
δ ρ0ψ0 C̃ dv0 = S0 : (δu∇0) dv0 

v0 v0   ( ) [[ ]]= δu · S0 · 0N dS0 − δu · S0 · A3dA0 
∂v0T A0  ( )− δu · S0 · ∇0 dv0 (8.35) 

v0 

where ∇0 and 0N are the gradient operator in the bulk solid and 
the unit normal vector to the boundary of this solid in the reference [[ ]]
configuration κ0, respectively. S0 is the discontinuity of S0 across 
the interface A0. 

Finally, the variation of the last two terms on the right-hand side 

of Eq. (8.30) can be written as   
− ρ0δu · fdv0 − δu · 0t̄dS0 (8.36) 

v0 ∂v0T 

From Eqs. (8.33), (8.35) and (8.36), and the arbitrariness of δu, 
it is seen that the vanishing of the variation of the functional in Eq. 

(8.30) is equivalent to the following equations: 
S0 · ∇0 + ρ0f = 0 (in v0) 

(8.37)
S0 · 0 N = 0 t̄ (on ∂v0T ) 

[[ ]] ( ) [ ( )]
S(in) S(ou)A3 · S0 · A3 = − : b0 − A3 · · ∇0ss s [[ ]] ( ) [ ( ) ] (on A0) (8.38) 
S(in) S(ou)P0 · S0 · A3 = − · ∇ A3 · · b0s 0s + s 

[[Ss]] · n0 = 0 (on ∂Q0) 
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where P0 = I − A3 ⊗ A3, and I is the second-rank identity tensor in 
three-dimensional space. 

Discussions under the Eulerian description can also be given 

similarly as follows. 

The variation of the interface deformation gradient can be 

written in the form ( )
αδFs = δaα ⊗ Aα = (δaα ⊗ a ) · aβ ⊗ Aβ

α= (δaα ⊗ a ) · Fs (8.39) 

where δaα = (δu) ,α . 
In terms of base vectors (a1, a2, a3), the variation of the 

displacement δu can also be decomposed into δus in the tangent 
plane JY and δun = δuna3, which is along the normal direction of 
JY in the current configuration: 

α nδu = δus + δun = δu aα + δu a3 (8.40) 

By using the Weingarten formula, we have ( ) ( )
β nnbβ(δu) ,α = δu − δu α aβ + δuβbαβ + δu ,α a3 (8.41)

α 

Therefore, we obtain 

α α(δaα ⊗ a ) = (δu∇s)+ δdαa3 ⊗ a (8.42) 

where δu∇s = δuβ aβ ⊗ aα − δunb, and δdα = δuλbλα + δun ,α . In  α 

the above equations,∇s and b = bαaα ⊗aβ are the gradient operator β 

on the interface A and the curvature tensor of the interface A in the 
current configuration, respectively. Hence the variation of the first 

term on the right-hand side of Eq. (8.30) can be expressed as 

δ ( J 2γ ) dA0 = Ss : δFsdA0 = Ss : [(δaα ⊗ αα) · Fs] dA0 
A0 A0 A0 

1 ( )= Ss · FT : (δaα ⊗ αα) dAs
A J 2 

= σs : (δu∇s) dA (8.43) 
A 

where σs is the Cauchy stress of the interface A in the current 
configuration. It should be noted that in the above equation, σs is 

a second order tensor in the tangent plane JY , so the double inner 
product of σs with the “out-of-plane term” δdαa3 ⊗ aα in (δaα ⊗ aα) 

(given by Eq. (8.42) ) is equal to zero. 
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Now consider a region Q enclosed by a closed smooth curve ∂Q 

in the interface A. From the Green-Stokes theorem, Eq. (8.43) can be 

written as 

σs : (δu∇s) dA = −  δus · [[σs]] · ndl 
A ∂Q 

n− [δus · (σs · ∇s)+ δu (σs :b)] dA (8.44) 
A 

where dl is the element of the arc length on ∂Q, n = l × a3, with l 
being the unit tangent vector of ∂Q, [[σs]] is the discontinuity of σs 
across the curve ∂Q. 

The variation of the second term on the right-hand side of Eq. 

(8.30) is ( )
δ ρ0ψ0 C̃ dv0 = σ : (δu∇) dv 

v0 v 

= δu · (σ · N) dS 
∂vT 

− δu · [[σ]] · a3dA− δu · (σ · ∇) dv (8.45) 
A v 

where N is the unit normal vector to the boundary of the solid in 
the current configuration, and [[σ]] is the discontinuity of the Cauchy 

stress in the bulk solid across the interface A. 
Finally, the variation of the last two terms on the right-hand side 

of Eq. (8.30) can also be written in the form 

− ρδu · fdv − δu · t̄dS (8.46) 
v ∂vT 

From Eqs. (8.43)–(8.46), and the arbitrariness of δu, it can  be  
seen that vanishing of the variation of the functional in Eq. (8.30) 

is equivalent to the following equations: 

σ · ∇ + ρf = 0 (in v) 
(8.47)

σ · N = t̄ (on ∂vT ) ⎧ ⎨ a3 · [[σ]] · a3 = −σs : b (on the interface A)
 
P · [[σ]] · a3 = −σs · ∇s (on the interface A)
 ⎩ 
[[σs]] · n = 0 (on the curve ∂Q of the interface) 

(8.48) 

where P = I − a3 ⊗ a3 and I is the second-rank identity tensor in 
three-dimensional space. 
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Obviously, Eq. (8.37) and Eq. (8.47) are equilibrium equations 

and boundary conditions for the bulk solid corresponding to the 

Lagrangian and Eulerian descriptions, respectively. Moreover, it 

can be verified that expressions of the equilibrium condition of a 

membranous shell in the existing literature are the same as those 

derived from the stationary condition of the functional Eq. (8.30) 

given by Eqs. (8.38) and (8.48). Therefore, it can be inferred that the 

displacement field u so obtained is the one, which satisfies all the 
field equations. Thus the proposition is proved. 

Eqs. (8.38) and (8.48) are sometimes called the Lagrangian and 

Eulerian descriptions of the Young–Laplace equations, respectively, 

due to the seminal works on the surface tension in liquids by 

Young(1805) and Laplace(1806). In the following, the Lagrangian 

description of the Young–Laplace equation will be used to study 

the interface energy effect on the overall properties of composite 

materials filled with nano-particles. 

8.3 Infinitesimal Strain Analysis 

In conventional micromechanics, most studies are confined to 

the infinitesimal strain analysis. For this reason, infinitesimal 

deformation approximations of the governing equations given in the 

last section will be discussed in the following. 

8.3.1 The Infinitesimal Interface Strain 

In the framework of finite deformation, the Green strain of the 

interface and the Almansi strain of the interface are defined by 

Es = 1(Cs − i0) = 1(FT · Fs − i0) (8.49)
2 2 s 

and 

1 1 
F−1es = (i− B−1) = (i− F−T · ) (8.50)s s s2 2

which correspond to the Lagrangian description and the Eulerian 

description, respectively. 

Now suppose that the displacement gradient of the interface is a 

small quantity, and the high-order small quantities can be neglected, 
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then, from the expressions of Fs and F−1, the above equations can be,s 

respectively, reduced to
 

1

Es = (u∇0s + ∇0su) (8.51)

2


and
 

1
 
es = (u∇s + ∇su) (8.52)

2

When high-order small quantities are neglected, the inverse of 

the deformation gradient of the interface F−1 = C−1 · FT, expressed s s s 

in the reference configuration κ0, can also be written in the form 

(ou) 

F−1 FT= (i0 − 2Es) · (i0 + ∇ )s 0su+ s 
(ou) 

= i0 − u∇0s + (8.53)FT s 

Hence we have 

(ou) 

i = Fs · F−1 = i0 + ( Fs + FT ) (8.54) 
(ou) 

s s 

The above equation indicates that even in the case of small 

deformation, the second-rank identity tensors i0 and i on the tangent 
planes J 0 and Jy are not the same.Y 

F−T · F−1Substituting Eq. (8.53) into the expression Bs 
−1 = s , we  s 

obtain 

es = Es (8.55) 

This means the infinitesimal interface strain can be defined 

either by Eq. (8.51) in the reference configuration or by Eq. (8.52) in 

the current configuration, and these two definitions are equivalent. 

8.3.2 Constitutive Relations of the Interface 

Infinitesimal deformation approximations of the constitutive rela

tions of the interface will be presented in this subsection. For the 

sake of simplicity, the interface is assumed to be isotropic relative 

to the reference configuration κ0. Hence the interface energy γ can 

be expressed as the function of the absolute temperature θ and the 

invariants of the right stretch tensor of the interface: J 1 = trUs and 
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J 2 = detUs . When the deformation is small, these invariants can be 
written in terms of the interface strain Es as 

J 1 = 2+ trEs, J 2 = 1+ trEs + detEs (8.56) 

Therefore, from Eq. (8.15), the Lagrangian description of the first 

and second Piola–Kirchhoff interface stresses can be given by 

(ou)∂γ
Ss = γ̄ i0 + J 2 Es − γ̄ (∇0su)+ γ̄ Fs (8.57)

∂ J 1 

∂γ
Ts = γ̄ i0 + ( J 2 − 2γ̄ )Es (8.58)

∂ J 1 
respectively, where γ̄ = J 2 (∂γ /∂ J 1 + J 2∂γ /∂ J 2 + γ ). 

From Eqs. (8.18), (8.54) and (8.55), the Lagrangian and Eulerian 

descriptions of the Cauchy interface stress can be expressed by 

(ou)(ou) 
σs = (∂γ /∂ J 1 + J 2∂γ /∂ J 2 + γ ) (i0 + Fs + FT )+ ∂γ 

Es (8.59)s ∂ J 1 
and 

∂γ 
σs = (∂γ /∂ J 1 + J 2∂γ /∂ J 2 + γ ) i+ es (8.60)

∂ J 1 
respectively. 

It can be seen that even in infinitesimal deformation approxi

mations, the above three interface stresses are not the same. This 

situation is completely different from that in the three dimensional 

analysis in classical elasticity, in which there is no residual stress 

field in the reference configuration. 

The above interface constitutive relations can be further lin

earized. To this end, under isothermal deformation, the interface 

energy γ can be expressed as a series expansion 

γ = γ0 + γ1( J 1 − 2)+ γ2( J 2 − 1)+ 1 γ11( J 1 − 2)2 
2 

+γ12( J 1 − 2)( J 2 − 1)+ 1 γ22( J 2 − 1)2 + . . .  (8.61)
2 

In the above expression, γ0 is equivalent to the interface/surface 

tension of a liquid-likematerial, J 1−2 and J 2−1 are first-order small 
quantities. If we neglect higher-order small quantities, then from ( )

γ̄ = J 2 (∂γ /∂ J 1 + J 2∂γ /∂ J 2 + γ ) = γ ∗ + γ ∗ + γ ∗ (trEs) (8.62) 0 0 1
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and 

∂γ
J 2	 = γ1 + (γ1 + γ11 + γ12)trEs (8.63)

∂ J 1 
we have ( ) (ou) 
Ss = γ ∗i0 + γ ∗ + γ ∗ (trEs) i0 − γ ∗ (∇0su)+ γ1Es + γ ∗ Fs (8.64)0 0 1 0	 0 

( )
Ts = γ0∗i0 + γ ∗ + γ1∗ (trEs) i0 + (γ1 − 2γ ∗ )Es (8.65)0	 0

and 

(ou) 

σs = γ ∗ (i0+ Fs + FT )+ γ ∗ (trEs)i0 + γ1Es (8.66) 
(ou) 

0 s 1

or 

σs = γ ∗i+ γ ∗ (tres)i+ γ1es (8.67)0 1

where γ ∗ = γ0 + γ1 + γ2 and γ ∗ = γ1 + 2γ2 + γ11 + 2γ12 + γ22.0	 1 

It is noted that even in the case of small deformation, we should 

also discriminate different interface stress tensors. Only when the 

residual interface stress γ ∗ is neglected, can these three interface 0 

stresses given in Eqs. (8.64)–(8.67) be considered to be the same. 

However, in the study of the effective properties of heterogeneous 

media with the interface energy effect, the influence of the residual 

interface stress γ ∗ may be quite important. 0 

8.3.3	 Linearization of Constitutive Relations in Bulk Solids 
with a Residual Elastic Field 

As mentioned before, due to the existence of the residual elastic 

field in the bulk solid in the reference configuration induced by 

the interface residual stress, the Helmholtz free energy ψ0 in the 

bulk solid should be calculated based on the fictitious stress-free 

configuration κ∗, i.e.  ψ0 = ψ0(θ, Ẽ), where Ẽ is the strain tensor 
in the bulk solid defined by F̃ = F · F∗ , with F∗ and F being 
the deformation gradients from configuration κ∗ to κ0 and from 
configuration κ0 to κ , respectively. In particular, the Green strains 

based on κ0 and κ∗ can be given by 

1 ( )
E =	 FT · F− I (8.68)

2
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and 
1 ( ) 

TẼ = F̃T · F̃− I = F∗ · E · F∗ + E∗ (8.69)
2

Trespectively, inwhich E∗ = (F∗ ·F∗−I)/2 is the residual Green strain. 
Therefore, the first Piola–Kirchhoff stress Eq. (8.20) in the bulk solid 

relative to κ0 can be rewritten as 

∂ψ0 TS0 = ρ0F · F∗ · · F∗ (8.70) 
∂Ẽ

where ρ0 is the mass density in the reference configuration, and for 

an isothermal deformation, the residual stress σ ∗ = S0 F=I in the 
bulk solid is determined by Eqs. (8.22)–( 8.25). 

Now suppose the deformation from the reference configuration 

κ0 to the current configuration κ is small, the strain in the bulk solid 

relative to the reference configuration can be approximately written 

as 
1 

ε = (u∇0 + ∇0u) (8.71)
2

where u is the displacement from κ0 to κ , and  ∇0 denotes 

the gradient operator in 3-D space. In the case of isothermal 

deformation condition, a linearization of the elastic constitutive 

relation with the residual stress in the bulk solid leads to 

S0 = (I+ u∇0) · [σ ∗ + L (F∗ ) : ε] 
. = σ ∗ + (u∇0) · σ ∗ + L (F∗ ) : ε (8.72) 

∂2ψ0where L = ρ0 is a fourth order elastic tensor. There are two 
∂E∂E E=0 

possible situations: (a) compared with I, F∗ − I cannot be neglected, 
hence as the function of F∗ , i.e. L = L (F∗ ), L cannot be considered as 
a material constant; therefore L is generally position dependent; (b) 
comparedwith I, F∗−I is a high-order small quantity such that σ ∗ has 
the same order inmagnitude as L (F∗ ) : ε. Thismeans that compared 
with L (F∗ ) : ε, (u∇0) · σ ∗ can be neglected in Eq. ( 8.72); therefore L 
can be regarded as a constant. In the latter situation, Eq. (8.69) and 

Eq. (8.72) can be approximately written as 

ε̃ = ε ∗+ε (8.73) 

and 

S0 = σ ∗ + L : ε = σ ∗ + σ (8.74) 

respectively, where L is the elastic stiffness tensor which is 
independent of F∗ . 
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8.3.4	 Lagrangian Description of the Young–Laplace 
Equation 

As mentioned before, in order to study the interface energy effect, 

the residual elastic field induced by the interface energy should be 

taken into account. However, in the study of themechanical response 

of a nano-sized structure or a nanocomposite, we are usually not 

interested in the interface induced residual elastic field itself in the 

reference configuration or in the current one, but the change of 

this residual elastic field from the former to the latter. Obviously, 

the difference of the Cauchy stress (both in the bulk solid and 

at the interface) based on Eulerian description cannot be used to 

describe this change. This is because before and after deformation, 

these Cauchy stresses are not in the same configuration. Hence the 

Lagrangian description is preferable. 

Based on the above consideration, the equilibrium equation of 

the interface, i.e., the Young–Laplace equation Eq. (8.38) can be 

replaced by the differences of corresponding quantities between the 

current and reference configurations, which gives 

[[ ]] ( ) [ ( )]
 S(in)  S(ou)A3 ·  S0 · A3 = − : b0 − A3 · · ∇0ss	 s [[ ]] ( ) [ ( ) ]
 S(in)  S(ou)P0 ·  S0 · A3 = − · ∇0s + A3 · · b0 (8.75)s	 s 

where	  S0 = S0 − σ ∗ , and   Ss = Ss − σ ∗ , with σ ∗ and σ ∗ 
s	 s 

being the residual stress field in the bulk solid and the residual 
∗ interface stress respectively, and for isotropic interface, σ ∗ = γ i0.s 0

In particular, by means of Eqs. (8.74) and (8.64) derived in the 

 S(in)	  S(ou)infinitesimal deformation approximations,  S0, and  ,s	 s 

can be respectively given by  S0 = L : ε = σ and  S(in) = s 
∗ ∗ ∗  S(ou) ∗F(ou)(γ + γ )(trEs)i0 − γ (∇0su)+ γ1Es , = γ .0 1 0	 s 0 s 

The above discussion indicates that in order to take into account 

the interface energy effect correctly, the first Piola–Kirchhoff 

interface stress should be utilized in the Young–Laplace equation. 

This is the key point in the present article, and it seems to be ignored 

by previous authors in the study of the mechanical properties of 

nano-sized structures and nanocomposites with interface energy 

effect. 
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8.4 Effective Properties of Nano-Composites with 
Interface Energy Effect 

In this section, the above interface energy theory will be applied 

to study the effective properties of nanocomposites. For simplicity, 

only the composite filled with spherical particles is considered. The 

influence of the particle-size distribution and the thermal effect are 

also discussed. It will be shown that, different from the results given 

by previous authors, the residual interface stress has a significant 

effect on the effective properties of the nanocomposites. 

8.4.1	 Extension of the Conventional Micromechanics by 
Taking into Account the Interface Energy Effect 

The conventionalmicromechanics based on the Eshelby’s solution of 

a single inclusion can be used to predict the effective properties of a 

multi-phase composite. There are several homogenization methods 

in micromechanics, such as Mori–Tanaka method [31], generalized 

self-consistent model, and differential scheme, to estimate the 

macroscopic mechanical properties of multi-phase composites. 

Now consider a (N+1) phase composite. The volume average 

of the strain tensor and volume average of the stress tensor in 

the representative volume element (RVE) are denoted by �ε� and 
�σ�, respectively. The relationship between �ε� and �σ� can be 
expressed in terms of the effective stiffness tensor L̄ and the effective 
compliance tensor M̄ by 

�σ� = L̄ : �ε� , and �ε� = M̄ : �σ� (8.76) 

There are several methods available to estimate L̄ and M̄. For  
instance, by means of Mori–Tanaka method [31], we have 

N	 N 

L̄ = C rLr : Ar and M̄ = C rMr : Br (8.77) 

r=0 r=0 

In the above equations, r = 0 corresponds to the matrix and 
r = (1,2,3, . . . , N) represents the rth inhomogeneity; C r , Lr and 
Ar are the volume fraction, elastic stiffness tensor and fourth-order 
strain concentration tensor of the rth inhomogeneity, respectively. 
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Mr and Br are the compliance tensor and the fourth-order stress 
concentration tensor of the rth inhomogeneity, respectively. 

Therefore, the problem reduces to calculate the strain concen

tration tensor Ar , or the stress concentration tensor Br . In the Mori– 
Tanaka method, the strain concentration tensor Ar can be written 
as � �−1N 

Ar = Ar 0 : C iAi 
0 (8.78) 

i=0 
where A0 is the rth strain concentration tensor of dilute suspensionr 

and can be expressed by ( )−1 ( )
A0 = L∗ + Lr : L∗ + L0 , (8.79)r r r 

in which 

(1)

L∗ = L0 : S−1 − I (8.80)r r 

and Sr is the Eshelby tensor of the rth inhomogeneity, S−1 is ther 
(1) 

inverse to Sr ; I is the fourth-order identity tensor and L∗ is ther 

strain constraint tensor of the rth inhomogeneity. 
Similarly, the stress concentration tensor Br can be given by � �−1N 

Br = Br 0 : C iBi 
0 (8.81) 

i=0 
in which ( )−1 ( )

B0 M∗ M∗ = + Mr : + M0 (8.82)r r r � �−1
(1)

M∗ = I −Sr : M0 − M0 (8.83)r 

andM∗ is the stress constraint tensor of the rth inhomogeneity. r 

Substituting the above equations into Eq. (8.77), we obtain � � � �−1N N 

L̄ = C rLr : A0 : C rA0 (8.84)r r 
r=0 r=0 

and � � � �−1N N 

M̄ = C rMr : B0 : C rB0 (8.85)r r 
r=0 r=0 
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It should be pointed that in above equations, the interface 

energy effect is not considered. In order to extend the above 

micromechanics method to include the interface energy effect, the 

stiffness tensor and the compliance tensor of the rth inhomogeneity 
in the above equations can be replaced by those of the rth 
“equivalent inhomogeneity” (e.g., [7], [20]). This rth “equivalent 
inhomogeneity” actually is the rth inhomogeneity together with its 
interface. Namely, the volume averages of the stress and strain for 

the “equivalent inhomogeneity” must be calculated on the matrix 

side due to the discontinuity of the stress across the interface. 

From the relationship between volume averages of the stress and 

strain of the rth “equivalent inhomogeneity”, the stiffness tensor 
and the compliance tensor of this rth “equivalent inhomogeneity” 
can be obtained. For this, the governing equations including two 

basic equations of the interface presented in this chapter are needed. 

The effective properties of the composites can then be predicted 

by solving the corresponding boundary-value problems for multi-

phase composites, and this will be illustrated in the following 

subsection. It should be pointed out that the stiffness tensor (or 

the compliance tensor) of the rth “equivalent inhomogeneity” so 
obtained depends not only on the stiffness tensor (or the compliance 

tensor) of the rth inhomogeneity itself, but also on the stiffness 
tensor (or the compliance tensor) of the matrix, the interface 

properties and the size of the rth inhomogeneity. Therefore, the 
effective properties of the composites are size-dependent. 

8.4.2	 Effective Moduli of a Composite Filled with Spherical 
Particles 

Now consider a two-phase composite, which is composed of amatrix 

material and randomly distributed spherical particles. The matrix 

material and the particles are assumed to be linear elastic, and the 

radius of the particle is set to be a. Then Eq. (8.77) reduces to 

L̄ = L0 + f (L1 − L0) : A1 (8.86) 

with � �−1
(1)

A1 = A01 : (1− f ) I + fA01 (8.87) 
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In the above equations, f is the volume fraction of particles, and 

subscripts 0 and 1 represent quantities in thematrix and in particles, 

respectively. If the matrix and particles are isotropic, the stiffness 

tensors of them can be expressed by 

L0 = 3K 0Im + 2μ0Is, L1 = 3K 1Im + 2μ1Is (8.88) 

(1) (1)
1where Im = I ⊗ I, Is = I −Im; I and I are the second and the3

fourth order identity tensors in the bulk, respectively; Ki andμi (i = 
0, 1) are the bulk and shear moduli of the matrix and particles. 

If we further assume the particles are randomly distributed, then 

the composite material is statistically isotropic. Hence the effective 

stiffness tensor can be written as 

L̄ = 3K̄ Im + 2μ̄Is (8.89) 

where K̄ and ̄μ are the effective bulk modulus and effective shear 

modulus of the composite, respectively. 

For spherical particles, the Eshelby tensor can be written in the 

form 

S = SmIm + SsIs (8.90) 

1+ ν0 3K 0 8− 10ν0 6 (K 0 + 2μ0)Sm = = , Ss = = 
3 (1− ν0) 3K 0 + 4μ0 15 (1− ν0) 5 (3K 0 + 4μ0) 

(8.91) 

where ν0 is the Poisson ratio of the matrix material. From the above 

equations, the strain concentration tensor A1 = AmIm + AsIs can be 
calculated, which gives 

K 0Am = 
K 0 + (1− f ) (K 1 − K 0) Sm 

μ0As = . (8.92)
μ0 + (1− f ) (μ1 − μ0) Ss 

Therefore the effective moduli of the composite without the 

interface effect are obtained: 

K̄ = K 0 + f (K 1 − K 0) Am 
μ̄ = μ0 + f (μ1 − μ0) As (8.93) 

The above expressions are well known in conventional microme

chanics, which are derived by means of the Mori–Tanaka method. 

However, in these expressions, the interface energy effect is not 
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considered. In order to take into account the interface energy effect, 

these expressions must be modified, i.e., the bulk and shear moduli 

of particles K 1 and μ1 in Eqs. (8.92) and (8.93) must be replaced by 

the bulk and shearmoduli of the “equivalent inhomogeneity” K ∗ and 
μ∗. For this, a boundary-value problem of a two-phase composite 
has to be solved. The problem will become extremely simple if the 

particle is spherical. This is because for a single particle embedded 

in an infinite matrix material, the field governing equations in the 

matrix and in the particle have already been solved and can be 

expressed by the Lur’e solution [29]. Therefore, the only thing left 

is to determine the constants appeared in the Lur’e solution by 

the boundary conditions and the interface conditions. The Lur’e 

solution is a general solution in linear elasticity. Under axisymmetric 

loading, the components (r, θ, φ) of displacements and stresses in 

the spherical coordinate system can be written in general fashion 

in terms of functions of r multiplied by Legendre polynomials (see 
Lur’e [29]). The displacements and stresses in the matrix and in the 

particle can be written in the following form: 
∞ � 

(i) A(i) n+1 + B(i) n−1u = (n+ 1)(n− 2+ 4νi )r nrr n n 
n=0,2,··· 

n(n+ 3− 4νi ) n+ 1 +C (i) − D (i) Pn (cos θ) (8.94)n rn n rn+2 
∞ � 

(i) A(i) n+1 + B(i) n−1u = (n+ 5− 4νi )r rθ n n 
n=2,4,··· 

−n+ 4− 4νi 1 dPn (cos θ)+C (i) + D (i) (8.95)n n rn+2rn dθ 
∞ � 

σ(i) A(i) n + B(i) n−2= 2μi (n+ 1)(n2−n− 2− 2νi )r n(n− 1)rrr n n 
n=0,2,··· 
n(n2 + 3n− 2νi ) (n+ 1)(n+ 2)−C (i) + D (i) Pn(cos θ)n rn+1 n rn+3 

(8.96) 
∞ � 

(i) A(i) 2 n + B(i) n−2σ = 2μi (n + 2n− 1+ 2νi )r n(n− 1)rrθ n n
 
n=2,4,···
 
n2 − 2+ 2νi n+ 2 dPn(cos θ)+C (i) − D (i) (8.97)n rn+1 n rn+3 dθ 
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334 Micromechanics of Nanocomposites with Interface Energy Effect 

where Pn(cos θ) denotes the Legendre polynomial of order n, and  
A(n
i), Bn 

(i), C (i) and D (i) are constants to be determined. All other n n 
(i) (i)

components are zero except σ and σ which are not used in this θθ φφ ,

article, and so are not listed here. n is chosen to be even integers 
such that the symmetry conditions are automatically satisfied. In 

the above equations the elastic moduli μi and νi , and the constants 

A(i) B(i) C (i) D (i) 
n , n , and correspond to the matrix for i= 0, and to then n 

particle for i= 1. It is noted that there is no singularity at the center 

= D (1)of the particle, therefore C (1) = 0.n n 

Based on the above discussion, the bulk and shear moduli of 

the “equivalent inhomogeneity” K ∗ and μ∗ can be calculated as 
follows. Consider a spherical particle embedded in an infinite matrix 

material subjected to axisymmetric remote strain at infinity. The 

radius of the particle is a, so the curvature tensor of the interface 
in the reference configuration is 

1
b0 = −  i0 (8.98) 

a 
The Young–Laplace equation Eq. (8.75) at the interface can be 

expressed in terms of the physical components of the Cauchy stress 

in the bulk and the displacement at the interface in a spherical polar 

coordinate: 

γ ∗ [[σrr ]]| a = 1 ( + 2γ1 
∗ + γ1

)
2ur + uθ cot θ + ∂uθ 

r= a2 0 ∂θ r=a 
1 ∂2ur ∂uθ ∂ur∗ − γ − + cot θ − uθ cot θ a2 0 ∂θ2 ∂θ ∂θ r=a 

(8.99a) 

[[σrθ ]]| = 1 (2γ ∗ + γ ∗
)
uθ +

(
γ ∗ + γ1

)
r=a 0 1 1a2 

∂uθ ∂2uθ2× uθ cot θ − cotθ − 
∂θ ∂θ2 ar=

1 ( ) ∂ur− 2γ ∗ + 2γ ∗ + γ1 (8.99b)0 1a2 ∂θ r=a 
In order to calculate the bulk modulus of the “equivalent 

inhomogeneity”K ∗, a spherically symmetric remote strain will be 
imposed at infinity 

E∞ 1 = EmI (8.100)
3 
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In this case the non-zero radial components of the displacement 

and the stress field in the particle and matrix can be given by 

(1) = −2(1− 2ν1)A
(1)r, σ(1) 4μ1(1+ ν1)A

(1) 
0 , (for particle) 0ur rr = −

D (0) 
4μ0D

(0)
1(0) 0 σ(0) 0u = Emr − , = K 0Em + , (for matrix) r 3 r2 rr r3 

(8.101) 

Then the Young–Laplace equation Eq. (8.99) reduces to 

2 ( )
σ(0) − σ(1) ∗ ∗ [[σrr ]]|r= = rr = γ + 2γ1 + γ1a r=a rr r=a a2 0 ur 

r=a 
4 ( )
(1− 2ν1)A

(1) ∗ ∗= −  γ + 2γ + γ1 (8.102)0 0 1a 

From the above equation, together with the continuity condition 

of the displacement across the interface r = a, the unknown 
A(1) D (0)

constants and can be determined. Hence the bulk modulus 0 0 

of the “equivalent inhomogeneity” K ∗ can be obtained: 

( )∗ ∗ tr �σ∗� 2 γ0 + 2γ1 + γ1
K ∗ = = K 1 + (8.103)

3tr �ε∗� 3a 

In the above expression, tr �σ∗� and tr �ε∗� represent, respectively, 
the volume averaged traces of the stress and strain of the “equivalent 

inhomogeneity” that includes the particle and the interface. 

The shear modulus of the “equivalent inhomogeneity” μ∗ can be 
calculated by imposing a pure deviatoric remote strain at infinity, 

E∞ 1 = Ee e3 ⊗ e3 − (e1 ⊗ e1 + e2 ⊗ e2) (8.104)
2

where e1, e2 and e3 are base vectors in the rectangular Cartesian 
coordinate system. By means of Lur’e solution: Eqs. (8.94)–(8.97), 

the displacement and stress field in the particle and matrix can be 
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expressed by 
(1) = (12ν1A

(1) 3 + 2B(1)u r r)P2(cos θ),r 2 2 

2(5− 4ν0)C (0) 3 
D (0)ur 

(0) = Eer +
r2 2 − 

r4 2 P2(cos θ), 

(1) 3 + B(1) 
dP2(cos θ) 

u = [(7− 4ν1)A
(1)r r] ,θ 2 2 dθ 

(0) 1 (2− 4ν0)C (0) 1 
D (0) dP2(cos θ) 

u = Eer + + ,θ 2 22 r2 r4 dθ 

σ(1) 6ν1A
(1) 2 + 2B(1)= 2μ1(− r )P2(cos θ),rr 2 2 

σ(0) 
4(5− ν0)C (0) 12

D (0) 
rr = 2μ0 Ee − 2 + 2 P2(cos θ), 

r3 r5 

(1) 2 + B(1) 
dP2(cos θ)

σ = 2μ1[(7+ 2ν1)A
(1)r ] ,rθ 2 2 dθ 

(0) 1 2(1+ ν0)C (0) 4 
D (0) dP2(cos θ)

σ = 2μ0 + 2 − .rθ Ee 22 r3 r5 dθ 
(8.105) 

Again, in addition to the displacement continuity condition at 

the interface r = a, the elastic solution needs to satisfy the Young– 
Laplace equation given in Eq. (8.99). Hence the unknown constants 

A(1) B(1) C (0) D (0) 
2 , 2 , and 2 , can be determined in a way similar to that2 

for the bulk modulus K ∗. 
The obtained shear modulus of the “equivalent inhomogeneity” 

μ∗ can be written as 

� L1 + L2�σ∗ e
μ∗ = = μ1 + (8.106)

3 �ε∗� L3 + L4e 

where ( ) ( )∗2 ∗ ∗ ∗L0 = 2γ − γ1 γ1 + 2γ − γ 5γ1 + 2γ0 1 0 1

1 ( )∗ ∗L1 = 10 (7− 10ν1) L0, L2 = −  2γ − 7γ1 − 2γ L40 110a( )∗ ∗L3 = 4 (−7+ 10ν1) a 13γ + 7γ1 + 12γ0 1

2L4 = 10a [4 (−7+ 10ν1)μ0 − (7+ 5ν1)μ1] 

In the above equation, �σ∗�e and �ε∗�e are the effective average 
stress and the effective average strain of the “equivalent inhomo

geneity”, respectively. 
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It is noted that K ∗ and μ∗ are not only functions of the elastic 
moduli of particles, but also the functions of the size of them. 

Therefore the size-dependent analytical expressions of the effective 

moduli K̄ and μ̄ can be obtained if K 1 andμ1 are replaced by K ∗ and 
μ∗ in Eqs. (8.92) and (8.93). It can be seen from these expressions 

∗ that the residual interface tension γ also influences the effective 0 

properties of the composite, which seems to be ignored by previous 

authors. 

8.4.3 Influence of Particle-Size Distribution 

In the previous subsection, the effective properties of composites 

filled with nano-particles are shown to be dependent on particle 

size when the interface energy effect is taken into account. However, 

particles in most of composites do not have exactly the same size; 

thus the influence of particle-size distribution on the mechanical 

properties of composites also needs to be considered in practical 

applications. 

In the following, the particle-size distribution is assumed to obey 

the logarithmic normal distribution as given in [46]: 

Np (ln a − ln a0)2 np (a ) = √ exp − (8.107) 
2πa lnω 2 ln2 ω 

where a0 is the reference radius of particles, ω is the particle-size 

dispersion, and NP is the total number of particles per unit volume. 

The volume fraction of particles is 

f = 4 π (aav)3 NP (8.108)
3 

where aav is the average radius of particles and is defined by 

aav = a0 exp 3 ln2 ω (8.109)
2 

Since K ∗ and μ∗ in Eqs. (8.103) and (8.106) are functions of 
radius a, particles with different radii should be treated as different 
“equivalent inhomogeneities” as indicated in [24]. Noting that the 

number of particles per unit volumewith radii between a and a+da 
is np (a ) da, we can extend the Mori–Tanaka method to take into 
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account the particle-size distribution, from which the effective bulk 

and shear moduli of composites can be written as: 

 K̃ (a0, ω)K̄ = K 0 1+ 
(1− f )+ K̃ (a0, ω) 

 μ̃ (a0, ω)
μ̄ = μ0 1+ (8.110)

(1− f )+ μ̃ (a0, ω) 
where 

∞4 K ∗ − K 03 K̃ (a0, ω) = π a np(a) da 
3 K 0 + (K ∗ − K 0) Sm0 

∞4 K 03K̃ (a0, ω) = π a np(a) da 
3 0 K 0 + (K ∗ − K 0) Sm 
4 ∞ μ∗ − μ03 μ̃ (a0, ω) = π a np(a) da 
3 0 μ0 + (μ∗ − μ0) Ss 

4 ∞ 
3 μ0 

μ̃ (a0, ω) = π a np(a) da (8.111)
3 0 μ0 + (μ∗ − μ0) Ss 

Obviously, the above equation will be reduced to Eqs. (8.92) and 

(8.93) with K 1 and μ1 being replaced by K ∗ and μ∗ in Eqs. (8.103) 
and (8.106) as ω approaches 1. 

As an illustrative example, consider a porous material with 

liquid-like void surfaces. The matrix material is chosen to be 

polypropylene with the bulk and shear moduli being K 0 = 2.5 GPa  
and μ0 = 0.5 GPa, respectively. The surface tension is chosen to be 
γ0 = 0.05 J/m2. The dependence of the relative effective bulk and 

shear moduli on the reference radius of voids with different void 

size dispersion are shown in Figs. 8.3 and 8.4, where K̄ 0 and μ̄0 are 

effective bulk and shear moduli without interface energy effect. It 

can be seen that the effect of ω will be pronounced as the reference 

radius of voids decreases, while the interface energy effect will be 

diminished as ω increases. 

8.4.4 Effective Properties of Thermoelastic Nanocomposite 

In this subsection the interface energy theory discussed in the 

previous subsection will be extended to include the thermal effect. 

For an isotropic interface, the interface energy γ depends not only 
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Figure 8.4 μ̄void/μ̄0vs. a0 with different void size dispersion. 

on J 1 and J 2, but also on the temperature θ . Then, in the case that 
the deformation and the temperature change are small, the interface 

energy γ can be expressed as a series expansion at reference 

 f=0.2 
ω = 1 
ω = 1.5 
ω = 1.7 
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temperature θ0
 

γ = γ0 + γ1 ( J 1 − 2)+ γ2 0
(1)


( J 2 − 1)− γ (θ − θ0) 
1 1 (2)+ γ11 ( J 1 − 2)2 + γ22 ( J 2 − 1)2 − γ0 (θ − θ0)2 
2 2 

+ γ12 ( J 1 − 2) ( J 2 − 1)− γ1(1) ( J 1 − 2) (θ − θ0) 
− γ2(1) ( J 2 − 1) (θ − θ0)+ . . .  (8.112) 

therefore, the first Piola–Kirchhoff interface stress can be written as ( ) 
F(ou)= γ ∗i0− ̂ (θ − θ0) i0+ γ ∗ + γ ∗ (trEs) i0+γ1Es−γ ∗∇0su+γ ∗Ss 0 γ0 0 1 0 0 s 

(8.113) 
(1) (1) (1)

where ̂γ0 = γ + γ1 + γ , and the notations γ0 
∗ and γ ∗ have 0 2 1 

already been introduced in Section 8.3.2. In order to compare the 

present result with that in the existing literature, parameters γ ∗ 
1 

and γ1 are denoted by λs and 2μs , respectively, and the modified 
∗ ∗ parameters λ = λs + γ ∗ and 2μ = 2μs − γ ∗ will be used in thiss 0 s 0 

chapter to take into account the residual interface stress. Moreover, ( )∗ ∗ ∗ a notation Ks = 2 λ + μs = Ks +γ ∗ , instead of Ks = 2 (λs + μs),s 0

will be employed to relate ̂γ0 with the interface thermal expansion 
∗ coefficient αs by ̂γ0 = αs K .s 

Obviously, the above equations can be considered as generaliza

tions of Eq. (8.61) and Eq. (8.64) when the thermal effect is taken 

into account. 

Eq. (8.113) can be applied to predict the effective thermal expan

sion coefficient of a thermoelastic composite, i.e., a thermoelastic 

matrix material filled with spherical particles. The matrix material 

and the particles are assumed to be thermally isotropic, with 

the thermal expansion coefficients being α0 and α1, respectively. 

The particles are randomly distributed, so the effective thermal 

expansion coefficient tensor is also isotropic. In such a case, the 

Hashin’s Composite Sphere Assemblage (CSA) [15] can be utilized 

as the representative volume element (RVE). In the reference 

configuration, the radii of the particle and the composite sphere 

are a and b, respectively, thus the volume fraction of particles is 
f = (a/b)3. 
With a spherically symmetric loading and a uniform temperature 

change on CSA, the physical components of the displacement in a 

spherical coordinate relative to the reference configuration can be 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 16:12 PSP Book - 9in x 6in 08-Shaofan-Li-c08

    

    

  

  

341 Effective Properties of Nano-Composites with Interface Energy Effect 

written as ur = ur (r) , uθ = uφ = 0. Under the infinitesimal 
deformation analysis, the general solutions of the displacement and 

the stress are given as follows: 

(1) σ(1)u = F1r, = 3K 1 (F1 − α1 θ) , (for particle) (8.114)r rr 

4μ(0) G 0 
σ(0) 

0G 0 u = F0r+ , = 3K 0F0−3K 0α0 θ− , (for matrix)r r2 rr r3 
(8.115) 

where K 1 is the bulk modulus of the particle, K 0 and μ0 are, 

respectively, the bulk and shear moduli of the matrix,  θ = θ − 
θ0 is the temperature change, F1, F0 and G 0 are constants to be 

determined from the interface conditions between the particle and 

the matrix at r = a, and the outer boundary condition at r = b. 
By means of Eq. (8.113), the Young–Laplace equation at the 

interface can be written as 

2 ( ) 2∗ ∗ [[σrr ]]|r=a = γ0 + 2γ1 + γ1 ur − γ̂0 θ (8.116) 
a2 r=a a 

where ur is the radial displacement relative to the reference 
configuration. Substitution of Eqs. (8.114) and (8.115) into the 

above equation leads to 

σ(0) − σ(1) = 3K 0F0 − 3K 0α0 θrr rrr=a r=a 
−4μ0G 0/a3 − 3K 1 (F1 − α1 θ) 

2 ( ) 2∗ ∗ = F1 γ + 2γ1 + γ1 − γ̂0 θ (8.117)0a a 
The continuity condition of the displacement across the interface 

r = a is 
G 0F1a = F0a + (8.118) 
a2 

If the normal traction  m/3 = (tr�)/3 is applied to the outer 
boundary of the Composite Sphere r = b, we have  

σ(0) rr = 3K 0F0 − 3K 0α0 θ − 4μ0G 0/b3 = 1  m (8.119)r=b 3

The dilatational average strain of the Composite Sphere relative 

to the reference configuration κ0 can be given by the displacement 

at the outer boundary r = b: 
1 1 ur 

(0) 
r=b b3Em = trE = = 3F0 + G 0/ (8.120)

3 3 b 
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Therefore, by solving the above equations, the constants 

F0, G 0, F1 can be determined, from which we have 

= E (1) + E (2)Em θ (8.121)m m

where 

−2 f K ∗ + 2K ∗ + 4aμ0 + 3af K 0 − 3af K 1 + 3aK 1E (1) s s m = ( )m 4 fμ0(2K ∗ + 3aK 1)+ 3K 0 −4afμ0 + 2(K ∗ + 2aμ0)+ 3aK 1s s 
(8.122) 

L5 + 9(1− f )α0K 0L6E (2) = (8.123)m L7 + 3K 0(−4afμ0 + L6) 
In the above expressions, 

L5 = 24 f γ̂0μ0 + 18 f γ̂0K 0 + 36afμ0α1K 1 + 27af α1K 0K 1 
L6 = 2K ∗ + 4aμ0 + 3aK 1s 

L7 = 4 fμ0(2K ∗ + 3aK 1)s ( ) ∗ ∗ and the notation K ∗ = 2 λ ∗ + μ ∗ = γ + 2γ + γ1 has been used.s s s 0 1 

The effective bulk modulus K̄ and the effective thermal ex

pansion coefficient ᾱ can be obtained by means of the following 

equation ( )
K E (1) E (2)¯ ¯ ¯ ¯m = 3K Em − 9K ¯ θ = 3 + 3K α  θ (8.124)α m − 3 ¯m 

which gives 

1 mK̄ = (8.125)
E (1)3 m 

and 

1
E (2)ᾱ = m (8.126)

3 

Substituting Eq. (8.122) into Eq. (8.125), we obtain ( )
sf (4μ0 + 3K 0) 2K ∗ + K 1 − K 03a

K̄ = K 0 + ( ) (8.127) 
s4μ0 + 3 f K 0 + 3(1− f ) K 1 + 2K ∗ 

3a 

This result is exactly the same as that given in subsection 8.4.2, in 

which the Mori–Tanaka method is used. 
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From Eq. (8.123), Eq. (8.126) can be rewritten as 

∗K 0α0 (1− f ) (3K 1 + 4μ0)+ 2K /as ( )∗ + f K 1α1 + 2αs K /3a (3K 0 + 4μ0)s 
ᾱ = � [ ]� (8.128)∗K 0 (1− f ) (3K 1 + 4μ0)+ 2K /as ( )∗ + f K 1 + 2K /3a (3K 0 + 4μ0)s 

∗ in which γ̂0 in Eq. (8.123) is replaced by αs K . It is seen that s 
∗ when the residual interface stress γ0 is neglected, the present result 

∗ reduces to that given in [2] and [5], with K being replaced by Ks .s 
∗ Obviously, if we do not consider the interface effect at all, i.e., K = 0,s 

Eq. (8.128) will be the same as that given by Levin [28]. 

The influence of the residual interface tension on the effec

tive thermal expansion coefficient of a thermoelastic composite 

filled with spherical particles can be illustrated by the following 

example. The matrix material and the particles are chosen to be 

PS (Polystyrene) and EPDM (ethylene-propylene-diene monomer 

elastomers), respectively. The reference temperature is chosen to be 

20◦C, and the material parameters are taken from [30]. The bulk 
modulus, shear modulus and thermal expansion coefficient of the 

matrix material and particles are K 0 = 3000 MPa, μ0 = 1200 MPa, 
α0 = 2× 10−4 K−1 and K 1 = 100 MPa, μ1 = 2 MPa, α1 = 7× 10−4 

K−1 , respectively.
 
Based on [30], the residual interface stress between PS and
 

∗ EPDM is chosen to be γ0 = 5.5× 10−3 J/m2. Since the experimental 
∗ data of γ1 and γ1 are not available in the existing references, we 

∗ ∗ assume the values of γ1 and γ1 have the same order as γ0 , and are  
∗ ∗ ∗ chosen to be γ1 = γ1 = γ /2. Therefore, we have K = 13.75×10−3 

0 s 

(N·m), Ks = 8.25 × 10−3 (N·m). Furthermore, the value of the 
thermal expansion coefficient of the interface αs is assumed to be the 

average of those of the matrix and particles, i.e. αs = (α0 + α1) /2 = 
4.5× 10−4 K−1. 

The effective thermal expansion coefficients based on the 

interface energy model presented in this chapter and based on the 

interface stress model (ISM) in which the effect of the residual 

interface tension is neglected are denoted by ᾱ and ᾱISM, respectively. 

These two coefficients are normalized by the effective thermal 

expansion coefficient ᾱL given by Levin [28]. The relationship 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 16:12 PSP Book - 9in x 6in 08-Shaofan-Li-c08

 

  

344 Micromechanics of Nanocomposites with Interface Energy Effect 

N
or

m
al

iz
ed

 e
ff

ec
tiv

e 
C

TE
 

1.0040 

1.0035 

1.0030 

1.0025 

1.0020 

1.0015 

1.0010 

1.0005 

1.0000 

interface energy theory: f = 20%
 interface energy theory: f = 30%
 ISM model: f = 20%
 ISM model: f = 30% 

0 5 10 15 20 25 30 35 40 45 50 

Particle radius a (nm)

Figure 8.5 Normalized thermal coefficients α/ ¯effective expansion ¯ αL and 

ᾱISM/ᾱL versus the radius of particles. See also Color Insert. 

between the normalized effective thermal expansion coefficients 

and the particle radius is depicted in Fig. 8.5. 

It is shown that if the interface effect is taken into account, 

the effective thermal expansion coefficient of a thermoelastic 

nanocomposite is size-dependent. More importantly, it is noted that 

this effective thermal expansion coefficient is also influenced by the 

residual interface tension. 

8.5 Summary 

This chapter presented the interface energy theory proposed by the 

present authors. Under the framework of finite deformation, two 

fundamental equations of the interface were established and the 

“three configuration” concept was introduced. These equations are 

the constitutive relations of the interface expressed in terms of the 

interface energy, and the Lagrangian and Eulerian descriptions of 

the equilibrium equations of the interface, which are derived from 

the stationary conditions of a newly suggested functional. Infini

tesimal deformation approximations of the above equations were 
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further formulated, and applied to study the effective properties of 

nanocomposites. It should be pointed out that the above theory is 

also applicable to predict the mechanical behavior of nano-sized 

structures (e.g. [44]). It should be emphasized that in the prediction 

of the mechanical properties of nanostructured materials, the 

first Piola–Kirchhoff interface stress appeared in the Lagrangian 

description of the interface equilibrium equation must be used. 

Therefore it can be shown that the residual interface/surface 

tension has also a significant effect on the overall properties of nano

sized structures and naocomposites. This effect has already been 

confirmed by Park and Klein [34], but seems to be ignored by some 

previous authors. 
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Chapter 9 

A Surface/Interface Micro-Elasticity 
Formulation Based on Finite Size 
Representative Volume Element 

Pierre-Adrien Itty, Véronique Le Corvec, and Shaofan Li 
Department of Civil and Environmental Engineering, 
University of California, Berkeley CA94720, USA 
shaofan@berkeley.edu 

In this chapter, we present a surface elasticity theory based on 

a finite size representative volume element (FS-RVE) approach. 

We revisit the recent interface theory of micro-elasticity in the 

framework of the Gurtin–Murdoch theory. With the assumption that 

the size of the representative volume element is finite, we have 

derived an interface Eshelby tensor for spherical inclusions, and we 

have compared our results with the results of some other interface 

micro-elasticity theories. Finally, we have applied the formulations 

of the present approach to solve some engineering problems. 

9.1 Introduction 

Due to the development of quantum dots and other nanoscale 

electronic mechanical devices, the surface effects on both mechan-
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ical as well as electrical material properties at the microscale 

level have received much attention in recent years [1, 8]. A main 

advantage that surface elasticity has is its ability to capture the 

size effect on materials properties at small scale. However, in the 

recent years, the study of size-effect of surface elasticity has mainly 

based on the conventional micromechanics model that has an 

infinite representative volume element (RVE). In other words, the 

micromechanics, ormicro-elasticity theory itself, has no length scale 

that can manifest size effects. 

In fact, an important technical ingredient is the Eshelby 

inclusion-eigenstrain formulation, in which the celebrated Eshelby 

tensor is used to characterize the inhomogeneity in an unbounded 

space [2]. Thus, the characteristics of the Eshelby tensor is also 

based on the assumption or limitation that the representative 

volume element is an infinite space, which is an approximation that 

neglects the length scale at the microscale. 

In order to capture the size effect of the interface inhomogeneity, 

Sharma and Ganti [3] applied the Gurtin–Murdoch theory [4] to 

study a spherical inclusion problem. The Gurtin–Murdoch type 

surface elasticity assumes that the tangential strain field at the 

surface is continuous, and it is governed by a generalized Young-

Laplace surface theory. By incorporating the Gurtin–Murdoch theory 

into the micromechanics, Sharma and his co-workers was able to 

find an Eshelby tensor that can take into account the interface-

induced size effect. However, the derivation of interface Eshelby 

tensor done by Sharma and Ganti [3] is still performed in an infinite 

RVE. 

In a recent study, Li and his co-workers [6–8] have derived the 

Eshelby tensors that are in an RVE with finite dimension, which are 

also capable of capturing size effects due to the finite size of the 

RVE itself. In this chapter, we revisit the surface micro-elasticity by 

adopting the finite size RVE approach (FS-RVE) in order to study and 

characterize the size effect due to both the surface elasticity and the 

finite size of the RVE. 

Moreover, we shall discuss applications of the surface-effect 

and size-effect enhanced Eshebly tensor. First we shall study the 

consequence by using this newly founded Eshelby tensor in classical 

homogenization schemes (e.g., dilute suspension and Mori–Tanaka) 
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to evaluate the effective material properties. Second, we will use the 

new method to re-examine the size effect on the wavelength of light 

emitted by quantum dots [9]. 

9.2 Interface Micromechanics Model 

Attempting to include both finite-size effect of RVE and size

effect due to surface elasticity at the matrix/inclusion interface, we 

consider a spherical inclusion QI embedded in a spherical matrix 

Q with a finite volume (i.e., |Q| < ∞ as shown in Fig. 9.1). The 
inclusion has a non-trivial material interface with the matrix, which 

is constitutively independent with the bulk material, or it has to be 

independently described. 

A distribution of piece-wise eigenstrain is prescribed inside the 

body, 

€ ∗I, ∀x ∈ QI
€ ∗ = 

0, ∀x ∈ QM = Q/QI 

where I is the second order unit tensor. 
The strain field is composed of the background strain field €0, 

and a disturbance strain field €d . Assuming that thematrix is a linear 

elasticmediumwith elasticity tensorC, the stress inside the RVE can 

Ω 

e
2 

e
1 

e
3 

Ω
I 

Ω
Ma 

∂Ω
I 

∂Ω 

A 

Figure 9.1 Spherical finite RVE containing a spherical inclusion and a 

material interface. 
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be written as 

σ = C : {€0 + €d − € ∗},∀x ∈ Q 

In micromechanics, it is often assumed that the physical body force, 

such as gravity or electromagnetic induced force, will not affect the 

overall material properties, so that the physical body force is not 

considered here. The equilibrium equation then reads as follows: 

ddiv σ = div (C : € )−div (C : € ∗ )+ [σ · n] δ(S − n · x) = 0, (9.1)     
where δ(·) is Dirac’s delta function, and the terms inside the brackets 
present the contribution of the discontinuous stress field across 

the interface S = ∂QI . The term over the brace may be viewed 

mathematically as a body force f. 
Using Somigliana’s identity, with the body force defined by 

Eq. (9.1), i.e., fi = Ci jke€kl
∗ 

, j − [σiknk]δ(S − n · x), the displacement 
field can be written as   

d ∗ u = − im, j (x − y)€kedQy + nk]G ∞ 
m Ci jkeG ∞ [σik. im(x − y)dSy 

QI ∂QI  
d 

im(x − y)n j (y)dSy+ Ci jkeuk,e(y)G
∞ 

∂Q  
d 
k(y)G

∞+ Ci jkeu im, j (x − y)nl(y)dSy, (9.2) 
∂Q 

whereG∞ denotes the Green function for an infinite domain. Usually 

in micromechanics, the last three terms in Eq. (9.2) are neglected, 

and only the first one remains, it is the contraction of the Eshelby 

tensor on an infinite domain and the eigenstrain. 

At small scales, the surface characteristics in comparison to the 

volumetric characteristics becomes more important as the size of 

the solid approaches nanoscale, i.e., S/V ∼ 1/R . To reflect this in the 
context of micro-elasticity, we first introduce the surface elasticity 

theory by Gurtin and Murdoch [4], and then we consider the finite 

size of the RVE along the work by Li et al. [6, 7]. The last three terms 
in Eq. (9.2) can no longer be neglected, and their contribution is 

analyzed in the next sections. 
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9.3 Surface Elasticity at the Interface Inclusion/Matrix 

We first outline the Gurtin–Murdoch surface elasticity theory in this 

Section, and for detailed presentation of the Gurtin–Murdoch theory 

readers are referred to [4, 5]. 

9.3.1 The Gurtin–Murdoch Theory 

Based on the Gurtin–Murdoch theory [4, 5], the governing equations 

as well as the constitutive relation between the stress and the strain 

for the bulk and the interface are distinct different, or independent, 

in mathematical presentation. In the bulk material, they are 

div σ = 0 
(9.3)

σ = λT r(€)I + 2μ€ 

and at the interface: 

[σ · n]+ divs σ S = 0 
(9.4)

σ S = τ0I2 + 2(μS − τ0)€
S + (λS + τ0)T r(€S)I2 

where τ0 is the surface tension, λ
S andμS the Lamé constants for the 

surface (the superscript S denotes a surface variable). We define the 
projection tensor, PS = I − n ⊗ n, which projects a vector field or 
tensorial field in the bulk medium onto a surface with normal n. For  
instance, the surface gradient vector is defined as, 

∇S = P
S · ∇, and divsσ = ∇S · σ . 

Furthermore, the surface strain tensor can then be related to the 

bulk strain tensor by the following expression: 

S = P
S€ €P

S . 

The properties of tensor PS lead to divs σ S = 2sκn with s = 
τ0 + (λS + μS)T r(PS€PS) and  κ the curvature of the interface. 

Therefore, 

[σ · n] = −2sκn (9.5) 
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9.3.2 Case of a Spherical Inclusion 

The scope of this study is limited to spherical inclusion with a radius 

a in a spherical domain with a radius A. 
Using the symmetry of the problem, the displacement has to be 

radial u = u(r)er and consequently the strain field has the form 
∂u u(r)

€(r) = (r)er ⊗ er + (eθ ⊗ eθ + eφ ⊗ eφ).∂r r 
Furthermore, on a sphere the curvature κ is constant and equal 

to 1/a, including Eq. (9.5) and applying the Gauss theorem, 

2s 
[σik.nk]G ∞ 

im,i (x − y)dQyim(x − y)dSy  = G ∞ 
a∂QI QI 

Additionally, s simplifies in: s = τ0 + K S€θθ (a) with K S = 2(λS + 
μS) as defined in Sharma and Ganti’s work [3]. This definition differs 

from the definition of the bulk modulus K = λ + (2μ/3). 

9.4 Strain Fields on Finite Domains 

Two types of boundary conditions are considered on the outer

surface of the RVE ∂Q: the Dirichlet boundary condition, where the 

displacement is prescribed and the Neumann boundary condition, 

where the traction is prescribed. In term of the disturbance field, 

these two conditions are, for the Dirichlet boundary value problem 
d(BVP): ui (x) = 0,∀x ∈ ∂Q and for the Neumann BVP, ti

d(x) = 
0,∀x ∈ ∂Q. 

9.4.1 Dirichlet Boundary Value Problem 

For the Dirichlet BVP, identifying the first and second terms on the 

right hand side of Eq. (9.2) as contributions from the Eshelby tensor 

in an infinite domain gives 

d = S∞ € ∗ 2s
S∞€mn mnke ke − mnke Dkei ia 

1 d+ Ci jke€ (y)(G ∞ (x − y)ke im,n2 ∂Q 

+ G ∞ (x − y))n j (y)dSy (9.6)in,m
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where D is the compliance tensor and S∞ is the interior infinite 
Eshelby tensor. For a spherical inclusion, its components are the 

following: 
5ν − 1 4− 5ν

S∞ 
mnke = δmnδke + (δmkδne + δnkδme)

15(1− ν) 15(1− ν)
In Eq. (9.6), s is function of the tangential strain at the interface 

€θθ (a) and the integral term is function of the strain at the boundary 

€(A). Solving the three linear equations involving the three strain 
variables and introducing ρ = a/r and f = a3/A3, we get  

For 0 < r < a, 
3K € ∗ − 2τ0/a 

€rr (r) = €θθ (r) = €φφ(r) = (1− f )
3K + 4μ + 2K S /a(1− f )

(9.7) 

For a < r < A, 
3K € ∗ − 2τ0/a 

€rr (r) = (−2ρ3 − f )
3K + 4μ + 2K S /a(1− f )

3K € ∗ − 2τ0/a 
€θθ (r) = €φφ(r) = (ρ3 − f )

3K + 4μ + 2K S /a(1− f )
For K S = 0, this result is consistent with the strain found by Li et al. 
[6] and for f = 0 (i.e.,  A → ∞) this result is consistent with Sharma 

and Ganti [3]. 

The influence of the factor K S /a at the denominator can be 
compared with 3K + 4μ. In fact, if the surface stress is K S × 4πa2 

and the volume stress is (3K + 4μ) × 4πa3, the ratio yields 3/a,
3

measuring of the influence of the surface elasticity over the volume 

elasticity, with an importance growing with sizes getting smaller. 

Similarly can be understood the confrontation of −2τ0/a with 
3K € ∗ . As the eigenstrain € ∗ is a measure of the prestressing in the 
inclusion, τ0 adds a prestress component on the surface. Both are 

equivalent after the transformation−2τ0/a → 3K € ∗ . 

9.4.2 Neumann Boundary Value Problem 

For the Neumann BVP in a linear elastic medium, the condition 

of zero boundary traction writes n j Ci jkeuk
d 
,e = 0. Eq. (9.2) then 

becomes 

d = U ∞ € ∗ 2s
U ∞ du − k (y)G ∞ 

m mke ke mke Dkei i  + Ci jkl  u im, j (x − y)nl (y)dSya ∂Q 

(9.8) 
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where U∞ refers to the third-order tensor relating the eigenstrain 
with the disturbance displacement field for a infinite RVE, 

5ν − 1 4− 5ν 
mke δmk + xkδmeU ∞ = xmδke + (xe )

15(1− ν) 15(1− ν)
Solving for the displacements at the boundaries u(a) and  u(A), 

and then computing the strain €, we can obtain
 

For 0 < r < a:
 

3K € ∗ − 2τ0/a 
€rr (r) = €θθ (r) = ( ) = €φφ(r) 4μ3K + 4μ + 2K S /a 1+ 

3K f 

4μ × 1+ f (9.9)
3K 

for a < r < A: 

3K € ∗ − 2τ0/a 4μ 
€rr (r) = ( ) −2ρ3 + f

4μ3K + 4μ + 2K S /a 1+ f 3K 
3K 

3K € ∗ − 2τ0/a 4μ 
ρ3€θθ (r) = €φφ(r) = ( ) + f

4μ3K + 4μ + 2K S /a 1+ f 3K 
3K 

Once again, these results are consistent with the results obtained 

without surface elasticity, but also the results including surface 

elasticity in an infinite domain. A comparison between the results 

with an infinite RVE and with a finite size RVE are plotted in Fig. 9.2 

for a = 0.7A. 

9.5 Applications 

9.5.1 Composite Material Homogenization 

From the equations computed in the previous section, there are 

difficulties defining an Eshelby’s tensor €d = S : € ∗ . The surface 
tension τ0 is indeed adding an affine part to the equation. As 

discussed before, the contribution of τ0 can be added to € 
∗ . There  

is no loss of generality to assume τ0 = 0. It is then possible to find 
the hydrostatic part of the finite Eshelby Tensor with surface effect. 

The volume fraction f of the medium is defined as f = a3/A3. 
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Figure 9.2 Strain field for an infinite RVE (solid black line), for a FS-RVE in 

the Dirichlet BVP (red dashed line), and for a FS-RVE in the Neumann BVP 

(blue dotted-dashed line). See also Color Insert. 

Dirichlet BVP In the dilute suspension model with displacement 

prescribed at the boundaries, the effective elastic tensorC is defined ( )−1 
in an explicit form,C = C− f C : A − (SI,D ) . Note that Li et al.QI

[7] proved that on a finite domain the dilute suspension model and 

themore refinedMori–Tanakamodel coincide. Taking the projection 

on isotropic fourth order tensor basis, E1, gives    ( )−
I,D 

1

K D = K M 1− f ("K )
−1 − s1 

where the subscript I (resp. M ) stands for the inclusion properties 
K M −K I(resp. for the matrix properties), and "K = . The hydrostatic K M 

I,D
part of the Eshelby tensor s1 is deduced from Eq. (9.7), therefore, ( )
K D 3K I + 4μM + 2K S /a − f 4"K μM + 2K S /a (1+ "K (1− f ))= ( )
K M 3K I + 4μM + 2K S /a + f 3"K K M − 2K S /a

The influence of the size of the inclusion is shown in Fig. 9.3 with 

a = 0.7A. 

Neumann BVP In the dilute suspension model with traction 

prescribed at the boundaries, the effective compliance tensor D is 
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Figure 9.3 Effective bulk modulus in an infinite RVE without surface 

elasticity (grey straight line), and with surface elasticity (|K S | =  12.9) for 
an infinite RVE (black solid line), in the Dirichlet BVP (red dashed line), and 

in the Neumann BVP (blue dotted-dashed line). See also Color Insert. 

(
defined in an explicit form: D = D + f D : A − (SI,N )QI 

)−1
. Again,  

the dilute suspension model and the more refined Mori–Tanaka 

model coincide in this case. Taking the projection on E1 gives ( )−1 −1 
K N = K M 1+ f (" K )

−1 − s I,N 
1 

I,N
where the hydrostatic part of the Eshelby tensor s1 is deduced 
from Eq. (9.9), therefore, ( )

3K I + 4μM + 2K S /a − f 4" K μM − 2K S /a 
3K MK N 

4μM 

= ( ( ))
K M 3K I + 4μM + 2K S /a + f " K + 2K S /a 4μM + " K (1+ f 4μM )

3K M 3K M 

Comparison with surface elasticity results obtained from an infinite 
RVE For an infinite RVE, the term 1 + "K 

K
M 
(1 − f ) yields −1 in the  ( )

4μM "KDirichlet approach and the term + (1+ f 4μM ) is −1 in  
3K M K M 3K M 

the Neumann approach: ( )
K ∞ 3K I + 4μM + 2K S /a − f 4"K μM − 2K S /a= ( )
K M 3K I + 4μM + 2K S /a + f 3"K K M + 2K S /a

This is in accordance with the results from Sharma and Ganti [3]. 
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Figure 9.4 Effective bulk modulus calculated for different models. FS-RVE 

with no surface elasticity in the Dirichlet BVP (red dashed line), FS-RVEwith 

K S = 12.9 in the Dirichlet BVP (blue dotted-dashed line), and infinite RVE 
with K S = 12.9 (solid black line). 

For a finite domain without surface elasticity (i.e., K S = 0):
 
K D K N 3K I + 4μM − 4 f " K μM
 = = 
K M K M 3K I + 4μM + 3 f " K K M 

This is identical to the results obtained by Li et al. [7].  
For a comparison of different surface models, the effective bulk 

modulus obtained using the different models are plotted in Fig. 9.4 

with a = 10. 
From Fig. 9.4, one may find that (1) There is a significant 

difference in material constant prediction from the surface elasticity 

of finite size RVE and that of infinite RVE, and (2) Once the size effect 

due to the finite dimension of the RVE has been taken into account, 

the size effect due to surface elasticity may not be a significant 

source. 

9.5.2 Correction to Wavelength for Quantum Dots 

Now we apply the present theory to analyze the size-effect 

correction or modification on the change of wavelength of quantum 

dots. 
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Figure 9.5 Error in predicting the strain assuming an infinite RVE for a = 1 

(black solid line), a = 10 (red dashed line), and a = 100 (blue dotted
dashed line). 

Quantum dots are confined semiconductor, with a bandgap 

depending on the deformation of the particle [9]. Their bandgap is 

expressed as 

h2(m ∗ m ∗ 
e lh)E g = E g 

∞ + 
e lh) 

+ (ac + av)€ 
8π2a2(m∗ + m ∗ 

where E ∞ is the bulk bandgap,m ∗ (resp.m ∗ massg e lh) is the of electron 

(resp. hole), and ac , av the conduction and valence band deformation 

potential constants. 
There is, hence, an incentive in accurately predicting the 

deformation in the particle. Comparing the strain from an infinite 
RVE with surface elasticity with the strain from a FS-RVE in the 
Neumann BVP: 

4μ 

3K f (3K + 4μ) 
€N −€∞ = −2τ0/a ( ) ( ( ))

4μ3K + 4μ + 2K S/a 3K + 4μ + 2K S/a 1+
3K f 

See in Fig. 9.5 the influence of both the volume ratio f and the 
inclusion size a. 

The following is the new formulation of wave length change due 
to the correction by using the new strain €N instead of the classical 
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€cl , or €∞: 

(ac + av )hc(€N − €cl )
"λ = ( ) ( ) .

h2(m∗m ∗ h2(m∗m ∗ 
E ∞ e lh  ) E ∞ e lh  ) + (ac + av )€cl+ + (ac + av )€N +g 8π2R2(m∗+m ∗ g 8π2R2(m∗+m ∗ 

0 e lh  ) 0 e lh  ) 
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This chapter outlines a novel continuum-based framework for mod

eling size effect (“smaller is stronger”) in micro and nanostructured 

materials and structural systems. This framework is based on 

higher-order nonlocal gradient-dependent plasticity theory. Special 

emphasis is placed on incorporating the effects of interfaces 

and surfaces on the overall mechanical behavior of micro and 

nanostructured materials and systems. 

10.1 Introduction 

In today’s nano age, the synthesis of new materials and structures 

at the submicron and nano length scales provides the basis for a 

wide variety of technological innovations with a profound impact on 

our way of living. Examples of these micro/nanostructured metals 
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Figure 10.1 TEM micrographs of the microstructure showing: (a) the 

different levels of dispersed small particles in an ultra-high-strength steel; 

(b) nanocrystalline copper specimen has an average grain size of ∼50 nm, 
and (c) nano-twinned copper. 

are advanced metal matrix composites with micro/nano inclu

sions/particles (Fig. 10.1(a)), nanocrystalline metals (Fig. 10.1(b)), 

and nanotwinned metals (Fig. 10.1(c))). Accurate identification 

of the mechanical properties and behavior of these materials is 

essential for the design, reliability, performance, and development of 

the new generation of micro and nano devices and systems such as 

micro/nano- electronics, micro-/nano- electro-mechanical systems 

to be used as actuators or sensors, and micro/nano-composites 

that will contribute significantly to the heightened performance 

of structural components in many industries. However, it is well-

known by now that these emerging areas of nanotechnologies 

exhibit important strength differences that result from continuous 

modification of the material microstructural characteristics with 

changing size, where smaller sizes correlate with stronger responses. 
Thus, the mechanical properties of these small-scale structures 

are different from those of conventional or bulk counterparts 

because they are very sensitive to the size of the material’s 
micro/nanostructural features. When one or more of the geometric 
dimensions of micro/nano-systems begins to approach that of the 

material’smicro/nanostructural features, themechanical properties 

(e.g., yield strength, strain-hardening rate, fracture toughness) begin 

to exhibit a dependence on both the size of structure and the size of 

micro/nanostructural features as schematically shown in Fig. 10.2 

[1–3]. Inmetallic systems this translates to plastic yielding occurring 
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Figure 10.2 Illustration of strengthening/softening micro/nanostructured 

materials and systems due to decrease in the material or structural 

characteristic size. 

at increased stresses compared to their bulk counterparts such 

that the small sizes involved limit the conventional operation of 

dislocations and the application of classical continuummechanics. 

There are many experimental observations at the micron, 

submicron, and nano length scales that indicate that under specific 

conditions, the size of geometric features (structural size effect) 
andmicrostructural features (material size effect) significantly affect 
deformation and failure of micro/nanostructured metals, and that 

classical continuummechanics fails to explain this type of size effect. 

For example, experimental works have shown increase in macro

scopic yield strength and/or strain-hardening rates by decreasing 

(a) the particle size of particle-reinforced micro/nano-composites 
while keeping the volume fraction constant [4]; (b) the diameter of 
micro-wires under torsion [5]; (c) the thickness of micro/nano thin
films under bending or uniaxial tension [6–11]; (d) the indentation 
depth or indenter size in micro/nano-indentation tests [12–21]; (e) 
the diameter of micro/nano-pillars under compressive loading [22– 

30]; (f) the twin lamella thickness in nano-twinned metals [31– 
33]; and (g) the grain size of polycrystalline and nanocrystalline 
materials [34–36]. However, this strengthening by decreasing size 

comes at a price; the ductility of these micro/nanostructured metals 

tends to decrease with decreasing size (i.e., the material’s ability 

to resist damage and fracture is decreased), which is a crucial 
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drawback that significantly affects the reliability and performance 

of micro/nano-systems. 

Besides the aforementioned importance of size effect, surfaces 

and interfaces in micro/nanostructured metals strongly affect their 

mechanical properties [37–40]. On one hand, surfaces can be 

sources for residual-stresses and for development of defects and 

their propagation towards the interior. On the other hand, interfaces 

are important locations for void and crack evolution, and of 

inhomogeneous plastic deformation that lead to evolution of plastic 
strain gradients that are proportional to the so-called geometrically 
necessary dislocations (GNDs) [41–43], such that 

||∇ p||
ρ0 = (10.1)

b 
where ρG is the density of GNDs, ∇ p is the gradient of the effective 
plastic strain, and b is the magnitude of Burgers vector. 

Further, as the size decreases, the higher is the residual-stresses 

and surface/interfacial energy, and the more significant is the 

effect of the interfacial boundary layer thickness on the strength 

of the system. Surfaces and interfaces in micro/nanostructured 

materials are generally modeled, respectively, as completely free 

or infinitely stiff, which ignores the important effects of residual-

stresses and surface/interfacial energies. These conditions are 

very difficult to be satisfied in reality, particularly, for systems 

with large surface/interface-to-volume ratios. Furthermore, in situ 
experimental observations of the fundamental dislocation inter

action mechanisms and damage at interfaces are of tremendous 

scientific importance and are rare in the literature. The effect 

of surface/interface on the length-scale dependent behavior of 

micro/nanostructured materials is also not well-understood. 

Finally, there are serious issues when using the classical (local) 

theories of plasticity, damage, and fracture to predict the strength 

and fracture toughness of small-scale materials and structures. 

Classical continuum mechanics cannot capture size effects and 

highly localized deformation fields on the order of the microstruc

ture’s characteristic length scales [44–57]. On the other hand, 

atomistic simulations are very expensive and are not amenable for 

analysis and design of micron and submicron structured materials 

and systems. It is estimated that it will be 80 years before the  
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atomistic simulation of fracture of a 1 cm cube of copper is feasible, 
according to the current rate of growth of computational power. 
Thus, non-classical mesoscale continuum-based theories are highly 

needed to bridge the gap between classical continuum theories 

and micromechanical theories, and that are amenable to analysis 

and design of micro/nanostructured materials and systems. In this 

chapter, novel and transformative physics-based constitutivemodels 

that can be used effectively in predicting the length-scale response 

and surface/interfacial effects in micro/nanostructured materials 

and systems will be explored. 

10.2 Overview of Nonlocal Gradient Plasticity Theory 

Nonlocality and higher-order strain gradients play an essential role 
in the prediction of size effects on the deformation of materials at 

the micron and submicron length scales [58–70]. Since the increase 

in strength with decreasing scale can be related to proportional 

increase in the strain gradients in micro/nanostructured materials, 

the gradient plasticity theory has been successful in addressing the 

size effect problem. This success stems out from the incorporation 

of a microstructural length scale parameter through functional 

dependencies on the plastic strain gradient of nonlocal media [45]. 

For example, the internal state variable that is responsible for 

isotropic hardening in classical plasticity theory is the effective 

(or accumulative) plastic strain, p. This internal state variable in a 
nonlocal media can be replaced by a weighted-averaged (nonlocal) 

quantity 
� p as follows: 

1� p (x) = h (ζ ) p (x + ζ ) dV (10.2)
V 

V 

where V is the body volume, x is the point of interest, ζ is the 
size of the localized plastic zone, and h (ζ ) is a weighting function, 
which has a unit integral over the whole body volume, and fades 

away for the points outside the limits of the internal characteristic 

length scale �. The above integral can be evaluated analytically by 

expanding p (x + ζ ) into a Taylor series around the point x = 
0. Choosing the error function as the weighting function h (ζ ) 
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and neglecting the higher than second-order terms, the following 

expression for 
� p can easily be derived as 

� p = p+ � �∇ p� + �2∇2 p (10.3) 

where∇ is the first-gradient operator and∇2 is the second-gradient 

(or Laplacian) operator. Therefore, the nonlocal flow stress (or yield 

stress), σ
� 

y, in gradient-dependent plasticity depends on the local 

effective (or accumulative) plastic strain, p, and the corresponding 
first and/or second gradients, such that [45] 

σ
� 

y = σy (p)+ c1 �∇ p� − c2∇2 p (10.4) 

where σy is the local yield stress and c1 and c2 are material 
parameters that include the material length scale �. 

The gradient-dependent theory abandons the assumption that 

the stress at a given point is uniquely determined by the history of 

strain at this point only. It takes into account possible interactions 

with other material points in the vicinity of that point. However, 

in the past decade, the physical basis of the gradient plasticity 

theory for metals has been founded on theoretical developments 

concerning geometrically necessary dislocations (GNDs) [43]. Stan

dard micromechanical modeling of the inelastic material behavior 

ofmetallic single crystals and polycrystals is commonly based on the 

premise that resistance to glide is duemainly to the random trapping 

of mobile dislocations during locally homogeneous deformation. 

Such trapped dislocations are commonly referred to as statistically 

stored dislocations (SSDs), and act as obstacles to further dislocation 

motion, resulting in hardening. As anticipated in the work of 

Ashby [41] an additional contribution to the density of immobile 

dislocations and so to hardening can arise when the continuum 

length scale approaches that of the dominant microstructural 

features. An extensive review of the recent developments in 

gradient-dependent theory can be found in [1]. A short review of 

these developments is presented here. 

Many researchers have contributed substantially to the gradient 

approach with emphasis on numerical aspects of the theory and 

its implementation in finite element codes (see Abu Al-Rub and 

Voyiadjis [71] for an extensive review of this aspect). In parallel, 

other approaches that have length scale parameters in their 

© 2013 by Taylor & Francis Group, LLC



January 31, 2013 10:7 PSP Book - 9in x 6in 10-Shaofan-Li-c10

369 Overview of Nonlocal Gradient Plasticity Theory 

constitutive structure (commonly referred to as nonlocal integral 

theories) have appeared as an outgrowth of earlier work by Eringen 

in nonlocal continuum elasticity and phenomenological hardening 

plasticity [72] and Bazant in strain softening media [73]. Another 

class of gradient theories have been advocated in the last two 

decades that assume higher-order gradients of the plastic strain 

field [5, 44–70]. This group of theories is in fact a particular case 

of the generalized continua, such as micromorphic continua [72], or 
continua with microstructure [74], which were all inspired by the 
pioneering work of the Cosserat brothers. The Cosserat continuum 
(or micropolar continuum) enhances the kinematic description of 
deformation by an additional field of local rotations, which can 

depend on the rotations corresponding to the displacement field, 

i.e., on the skew-symmetric part of the displacement gradient for 

the small displacement theory, or on the rotational part of the 

polar decomposition in the large-displacement theory. However, the 

works of Mindlin, Cosserat, and Eringen are based on the classical 

balances of linear and angular momentum. In contrast, the works of 

Fleck, Gurtin, Gudmundson, and AbuAl-Rub involve the introduction 

of additional balances over and above these classical balances; e.g., 

for single-crystal plasticity there is a new balance for each slip 

system involving forces that expend power in consort with slip on 

that system. Moreover, dislocation based gradient plasticity theories 

that are motivated by the generation of GNDs and incompatibility of 

lattice deformation have been advanced in [48–52]. However, these 

theories preserve the same structure of classical plasticity with no 

explicit account for the microscopic additional boundary conditions 

that should be enforced at free surfaces and constrained interfaces. 

Numerous variational formulations and thermodynamic frame

works have also been proposed since the 1990s in order to extend 

the classical (local) constitutive theory to a nonlocal (gradient

dependent) theory. However, these constitutive models are far from 

being firmly established. Moreover, the various proposals are also 

quite different with respect to the structure of the equations. 

M¨ and Aifantis [75] formulated the classical (local)uhlhaus incre

mental variational principle by incorporating first-order gradients 

of the effective (scalar) plastic strain variable, which contributes 

to the isotropic hardening/softening plasticity. Extra boundary 
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conditions and higher-order stresseswere derived. However, in their 

formulation the higher-order tractions that result from higher-order 

gradients were not considered. Fleck and Hutchinson [47] reformu

lated their earlier theory [46] based on the variational principle of 

Mühlhaus and Aifantis [75] but with different constitutive structure. 

In the formulation of Fleck and Hutchinson higher-order tractions, 

higher-order stresses, and extra boundary conditions were derived. 

Valanis [76] postulated the dependence of the Helmholtz free energy 

on scalar variables and on its first-order gradients. Additionally, they 

checked the consistency of their constitutive equations using the 

classical (local) form of the Clausius–Duhem inequality. However, 

Polizzotto [77] assumed a nonlocal form of the Clausius–Duhem 

inequality based on the concept of nonlocality energy residual 

introduced by Eringen and Edelen [72]. First- and second-order 

gradients of the effective plastic strain were incorporated in their 

formulation in which the nonlocality residual enters the definition 

of the Clausius–Duhem inequality as an extra term that accounts 

for the energy exchanges between the particles in the domain of 

interest at the microstructural level. Moreover, Polizzotto proposed 

the insulation condition, which assumes the vanishing of the 

total nonlocal residuals over the whole volume of the body, in 

order to derive the extra boundary conditions. Shizawa and Zbib 

[78] derived a rigorous thermodynamical theory of finite strain 

gradient plasticity by incorporating kinematic gradient hardening 

effects through the concept of dislocation density tensor. Another 

thermodynamic approach was developed by Gurtin [54–56], who 

treated the plastic strain gradients as independent variables, which 

is different than the above frameworks, and introduced the concept 

of microforce balance, which is shown in [60] to be equivalent to 

the nonlocal yield condition. Gurtin introduced both isotropic (dis

sipative) and kinematic (energetic) gradient hardening effects and 

argued that the plastic flow direction is governed by a microstress, 

obtained from the microforce balance, and not the deviatoric 

Cauchy stress. In Gurtin’s framework, however, only the kinematic 

(energetic) hardening variables enter the variational formulation 

without the isotropic hardening variables. Isotropic hardening is 

incorporated through constitutive assumptions that postulate the 

additive decomposition of the higher-order gradient conjugate 
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force into an energetic part and a dissipative part. Very similar 

variational and thermodynamical framework has been proposed 

by Gudmundson [57]. Thermodynamic approaches to gradient-

dependent plasticity and damage models were developed by Abu 

Al-Rub [1] who postulated the dependence of the Helmholtz free 

energy on scalar and tensorial hardening/softening variables and 

its second-order gradients with explicit treatment of nonstandard 

boundary conditions. 

The gradient theory has been applied to interpret size

dependent phenomena including, shear banding, micro- and nano

indentation, twist of thin wires, bending of thin films, void growth, 

crack tip plasticity, fine-grained metals, strengthening in metal 

matrix composites, multilayers, etc. (see [1] for a detailed review). 

Therefore, practical applications of gradient-dependent theories in

clude, but not limited to, sensors, actuators, microelecromechanical 

systems (MEMS), microelectronic packaging, advanced composites, 

micromachining, welds, and functionally gradedmaterials. However, 

the full utility of the gradient-type theories in bridging the gap 

between modeling, simulation, and design of modern technology 

hinges on one’s ability to determine accurate values for the 

constitutive length scale parameter that scales the effects of strain 

gradients. This issue has been addressed by Abu Al-Rub [2, 3, 50, 

51], where a rigorous identification of the material length scale 

frommicro-deformation experiments and its physical interpretation 

based on dislocation mechanics has been presented. Abu Al-Rub has 

shown that indentation experiments are the most effective test for 

measuring the length scale parameter � in the gradient plasticity 
theory. Moreover, he has shown that this material length scale is 

proportional to the average spacing between dislocations (or the 

dislocation mean free path or the dislocation cell size) such that it 

cannot be assumed constant or fixed but instead evolves with course 

of plastic deformation and microstructural features (e.g., grain size, 

inclusion size). An evolution equation for � has been derived based 
on dislocationmechanics as a function of temperature, strain, strain

rate, and a set of measurable microstructural physical parameters. 

Abu Al-Rub found that the length scale varies with the course 

of plastic deformation, grain size, characteristic dimension of the 

specimen, and strain-hardening exponent. 
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However, in all of the aforementioned gradient plasticity theo

ries, very little has been emphasized on the physical nature of the 

additional (non-classical) boundary conditions that result from the 

mathematical treatment of gradient plasticity within the variational 

framework. Starting from the work of Gudmundson [57], Aifantis 

and Willis [66, 67], Fredricksson and Gudmundson [63, 64], and 

Abu Al-Rub [1, 60–62] have shown that these additional microscopic 

boundary conditions can be expressed physically in terms of the 

surface or interfacial energy at free surfaces and interfaces of 

micro/nano structured metals. Recently, Abu Al-Rub [62] have 

investigated different mathematical forms of the interfacial energy 

and formulated, besides to the yield condition for the bulk, a yield

like condition at the interface. Therefore, the introduction of inter

facial energies at interfaces in micro and nanostructured materials 

allows one to incorporate the interfacial mechanical properties 

of interfaces (e.g., interfacial yield strength and hardening) such 

that dislocation emission and transmission at interfaces can be 

accounted for explicitly. Therefore, different stiffness of the particle

matrix interface can be considered (e.g., hard, stiff, intermediate, and 

soft) depending on the level of interfacial energy. 

10.3 Thermodynamics of Nonlocal Gradient Plasticity 
Theory 

In order to be able to model the small-scale phenomena, such as the 

effect of size of microstructural features (intrinsic size effect) and 

the effect of geometric size (extrinsic size effect) on the material 

mechanical properties, an attempt is made now to account for the 

effect of plastic strain gradients. This is done by developing a higher

order gradient-dependent plasticity theory using the principle of 

virtual power and the laws of thermodynamics. The following theory 

is based on the general thermodynamic framework presented in [5]. 

Figure 10.3 shows a schematic view of material body under 

elastic-plastic deformation where, based on deformation mode, the 

body domain r can be divided into regions where elastic rel and 
plasticrpl deformations develop. Theremight be a non-homogenous 

domain rrigid where the plastic deformation is suppressed in this 
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Figure 10.3 Material body contains two different phases under elastic

plastic deformation; thewhole domainr can be decomposed into elasticrel, 

plastic rpl and rigid rrigid parts. Also, the whole surface can be decomposed 

+ ∂rep ∪ ∂rinterface as ∂r  = ∂re ∪ ∂rp which can be viewed as external ' vv " ' vv " 
external surfaces internal surfaces 

surfaces and internal surfaces. 

region (e.g., a rigid inclusion). Based on the deformation inside r 
different surfaces with different deformation characteristics devel

oped; these can be surfaces where plastic deformation extends to 

external surfaces, ∂rpl, internal elastic-plastic interfaces, ∂rep, and  

phases ∂rinterface interfaces between two different . Unlike classical 

plasticity constitutive models, due to the existence of plastic strain 

gradient terms in gradient-dependent plasticity models, higher

order boundary conditions are therefore required on both external 

(free surfaces) and internal boundary (interfaces) regions where 

plastic deformation occurs. Unlike conventional boundary condi

tions, these higher-order boundary conditions, which are motivated 

from the physical understanding of the dislocation mechanics, usu

ally vary at a given interface with the course of plastic deformation. 

At free surfaces, dislocations can pass through the surface unpinned, 

where a natural boundary condition with vanishing higher-order 

tractions is applied. On the other hand, dislocations at interfaces, 

∂rinterface between two different strongly bonded phases are usually 

impenetrable and; therefore, the accumulation of dislocations at 

the interface influences the energetic (elastic and plastic hardening 
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stored energy) and dissipative (plastic dissipated energy) states 

around that interface. This is especially for the case where one of 

the phases is elastic and the other one deforms plastically. This 

can be modeled by introducing an interfacial energy that depends 

on deformation state at the interface of the plastically deforming 

phase. It is worth to mention that in the case where both phases 

around the interface deform plastically (e.g., grain boundaries), one 

can follow the same procedure by introducing an interfacial energy 

that depends on the plastic strain response at both phases. 

10.3.1 Principle of Virtual Power and Balance Laws 

In order to develop a proper higher-order gradient-dependent 

plasticity theory and derive the corresponding higher-order bound

ary conditions, the principle of virtual power and the laws of 

thermodynamics can be used following the systematic framework 

of Abu Al-Rub [60, 63]. However, the focus of this chapter is 

on introducing the velocity u̇ as a free kinematic quantity in 

addition to the rate of effective plastic strain ̇p and its gradient ∇ ṗ. 
Therefore, only isotropic hardening is considered here. Extension of 

this framework to include other effects (e.g., kinematic hardening, 

damage evolution, viscoelasticity) is straightforward. 

Hereafter, double veridical bars �� denote the Euclidean norm 
of a second-rank tensor, the superimposed dot indicates the 

differentiation with respect to time t, and a comma followed by an 
index i denotes differentiation with respect to xi , the summation 
convention is utilized in tensor equations, and δ is the standard 
variational parameter that is used to designate a virtual quantity. 

The principle of virtual power, which is the assertion that given 

any sub-volume r with surface ∂r  and interfaces ∂rinterface the 
virtual power expended on r by materials or bodies exterior to r 
(i.e., external power) be equal to the virtual power expended within 

r and at ∂rinterface (i.e., internal power), can be expressed as follows: 

Iσi jδε̇i j  
e + Rδ ṗ+ Q kδ ṗ,k dV + MI δ ṗ dSi 

r 
∂rinterface 

= (Tiδu̇i + mδ ṗ) dS (10.5) 
∂r  
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where σ is the Cauchy stress tensor; εe = ε − εp assuming small 
deformations) is the elastic strain tensorwith ε being the total strain 
tensor; R is the drag-stress associatedwith local isotropic hardening 
and is the conjugate to the effective (equivalent) plastic strain p = � √t 

2ε̇p : ε̇p/3dt;Q is a higher-order force vector associated with 
nonlocal isotropic hardening and is conjugate to the gradient of the 

effective plastic strain ∇ p (or p,k); T is the macroscopic surface 
traction vector; u̇ is the velocity vector;m is a higher-order moment 

stress that is prescribed at the external surface boundary ∂r  with 
an outward unit normal vector n, and the moment tractions MI 

represents the work conjugates to the effective plastic strains pI at 
the interfaces. Notice that body and inertial forces are neglected in 

writing Eq. (10.5). 

Substituting in Eq. (10.5) ε̇e = ε̇ − ε̇p assuming incompressible 
p

plastic flow (i.e., ̇εkk = 0), ̇εi j  = u̇i, j + u̇ j,i 2, as the symmetric 

part of the rate of the displacement gradient, ∇u̇, and using the 
plasticity flow rule as 

ε̇
p = ˙ (10.6)i j  pNi j  

with N being the direction of the plastic flow, where its magnitude√ 
is �N� = 3/2, and finally applying the divergence theorem yield, 

after some lengthy manipulations, the following result: 

σi j, jδu̇i dV + Ti − σi j n j δu̇i dS
 
r ∂r 
  

+ τi j Ni j  − R + Q k,k δ ṗ dV 
r 

+ [m− Q knk] δ ṗ dS  
∂r  

− Q k
I nk + MI δ ṗI dS = 0 (10.7) 

∂rinterface 

where τ is the deviatoric part of σ (i.e., τi j  = σi j  − 1σkkδi j  where 3

δi j  is the Kronecker delta), and nk denotes the components of the 
normal vector to the surface/interface ∂rinterface pointing outwards 

to phases I . The fields r, δu̇, and δεp in Eq. (10.7) may be arbitrarily 
specified if and only if 

σi j, j = 0  in  r, Ti = σi j n j on ∂r  (10.8) 

τi j Ni j  − (R − Q k,k) = 0  in  r, m = Q knk on ∂r  (10.9) 
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I ∂rinterface Q I 
knk + MI = 0  on  (10.10) 

such that the above governing equilibrium relations are obtained. 

Eq. (10.8)1 expresses the macroforce balance or the macroscopic 
stress equilibrium equation; Eq. (10.8)2 defines the stress vector 
as the surface density of external forces and provides the local 

macrotraction boundary condition on forces; Eq. (10.9)1 is the 
microforce balance governing the plastic flow; and Eq. (10.9)2 is the 
microtraction condition, which is a higher-order boundary condition 
augmented by the interaction of dislocations across external 

surfaces. The structure of Eq. (10.10) resembles plasticity yield-like 

function where plastic deformation at each interface occurs in the 

case that this equality is satisfied. Therefore, if one assumes that one 

of the phases is elastic and the other behaves plastically, the later 

phase should satisfy this equality at the interface. 

10.3.2 Nonlocal Plasticity Yield Condition 

Abu Al-Rub et al. [60] showed for the first time that the microforce 
balance in Eq. (10.9)1 is the nonlocal plasticity yield function or 

condition and it is equivalent to the plasticity flow rule in case 

of associative plasticity. Therefore, unlike the classical approach in 

assuming a form for the yield function priori, Abu Al-Rub et al. [60] 
have shown that one can derive the yield function directly from 

the principle of virtual power without the need for any further 

constitutive assumptions. Hence, by taking the Euclidian norm of 

Eq. (10.9)1 and assuming that the plastic flow direction is co

directional to the Cauchy stress tensor, one can show that the 

microforce balance is the nonlocal form of the von Mises plasticity 

yield function, such that 

� 3 � 
τi j  − R + Q k,k = 0 (10.11)

2 

The constitutive equations for the thermodynamic conjugates 

σ , R , and  Q can be obtained by making use of the laws of 
thermodynamics. 
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10.3.3 Nonlocal Clausius–Duhem Inequality 

In this section, the nonlocal Clausius–Duhem inequality, which is 

a combination of the first and second laws of thermodynamics, 

is used to derive the conjugate forces based on two main scalar 

functions; a function describing how much energy is stored in 

the system and another function describing how much energy is 

dissipated. Under isothermal conditions, the nonlocal Clausius– 

Duhem inequality reduces to the statement that the rate of change 

in the total free energy should be less than or equal to the power 

done by external forces, such that one can write the following: 

q̇dV ≤ (Ti u̇i + mṗ) dS (10.12) 

r ∂r  

where q is the total Helmholtz free energy per unit volume, which 
consists of the terms attributed to the bulk qBulk and interface 

q Interface (surface energy), which are functions of the local and 

gradient-dependent internal state variables such that qBulk = ( )
qBulk , p,∇ p) andq Interface = q Interface (εe pI . 

Substituting the actual (not virtual) internal power from 

Eq. (10.5), which is equal to the external power, into Eq. (10.12), and 

then localize for any arbitrary sub-volume r, the following nonlocal 

Clausius–Duhem inequalities can then be obtained for the bulk and 

the interface, respectively: 

qBulk qBulk qBulk∂ ˙ ∂ ˙ ∂ ˙
rBulk = σi j ε̇i j − ε̇e ṗ− ṗ,k+ ≥ 0 (10.13) i j − 

∂εe ∂p ∂p,ki j    
∂q interface 

rInterface = MI − ṗI ≥ 0 (10.14)
∂pI

where rBulk and rInterface are the rates of the plastic energy 

dissipation for the bulk material and interfaces, respectively. The 

power term  designates the nonlocal energy residual that results 

from the nonlocal long-range microstructural interactions between 

the bulk material points in the active plastic zone, and is given by

 = (Q k ṗ) (10.15) ,k 

In the absence of plastic strain gradients, one retains the 

local Clausius–Duhem inequality such that  = 0. Substituting 
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Eq. (10.15) and ε̇ = ε̇e + ε̇p into Eq. (10.13), yields the following 
expression for the bulk material: 

∂qBulk ∂qBulk 
Bulk εe r = σi j  − ˙ R − ṗi j  + 

∂εe	 ∂pi j  

∂qBulk 

+	 Q k − ṗ,k ≥ 0 (10.16)
∂p,k 

However, in order not to end up with zero rates of plastic energy 
Bulk	 interface dissipations for the bulk, r , and for the interface, r , one  

needs to define the thermodynamic conjugate forces that are related 

to the free energy as energetic forces, such that one can define 

∂q 	 ∂q  ∂q
σi j  = , RE ≡ , Q k 

E ≡ (10.17)
∂εe	 ∂p ∂pi j 	 ,k 

∂q interface 

M E 
I =	 (10.18)

∂pI 

where RE, QE, and  M E are the energetic components of R , Q ,I 

and MI, respectively, as those are related the free energy (stored 

energy) in the bulk and in the interfaces. Therefore, one can rewrite 

Eqs. (10.16) and (10.14), respectively, as follows: 

( ) ( )
Bulk r = R − RE ṗ+ Q k − Q E ṗ,k = RD ṗ+ Q k 

D ṗ,k ≥ 0 (10.19) k

interface I r = (MI − M E) ṗ = MD ṗI ≥ 0 (10.20)I I 

where RD, QD, and  MI
D are the dissipative components of R , Q , and  

MI, respectively. This implies that the conjugate forces associated 

with the internal state variables should be additively decomposed 

into energetic components and dissipative components, such that 

R = RE + RD , = Q E 
k + Q D (10.21)Q k k 

MI = M E + MI
D	 (10.22)I 

© 2013 by Taylor & Francis Group, LLC

http:Eq.(10.15


January 31, 2013 10:7 PSP Book - 9in x 6in 10-Shaofan-Li-c10

( )�

379 Thermodynamics of Nonlocal Gradient Plasticity Theory 

10.3.4 Maximum Rate of Energy Dissipation Principle 

Now, the question is: how can one derive an expression for the 
dissipative conjugate forces? In fact, this can be achieved through 
using the maximum rate of energy dissipation principle (or the 

maximum rate of entropy production principle for non-isothermal 

conditions) that states that the material dissipates energy in the 

easiest way possible. However, it is noteworthy that although the 

Clausius–Duhem inequality is the thermodynamic requirement, 

which has to be satisfied in all the constitutive relations, the 

maximum rate of energy dissipation principle can be adapted as the 

basic requirement for obtaining very useful constitutive relations. 

This maximization can be achieved through using the calculus of 

Lagrange multipliers by using the auxiliary functions: 

�Bulk Bulk − �BulkDBulk= r (10.23) 

�interface interface − �interfaceD interface = r (10.24) 

where �Bulk and �interface are the Lagrange multipliers, and DBulk = 
0 and  D interface = 0 are the constraints for non-negative rate of 
energy dissipations that are defined from Eqs. (10.19) and (10.20), 

respectively, as follows: 

DBulk Bulk − RD= r ṗ− Q D 
k ṗ,k = 0 (10.25) 

D interface interface − MD I= r ṗ = 0 (10.26)I 

maximize �Bulk and �interface The necessary conditions to are as 

follows: 

∂�Bulk ∂�Bulk 

= 0, = 0 (10.27)
∂ ṗ ∂ ṗ,k 

∂�interface 

= 0 (10.28)
∂ ṗI 

substituting Eqs. (10.23) and (10.25) into Eq. (10.27) yields 

∂rBulk ∂rBulk 

RD �̂Bulk Q D �̂Bulk= , k = (10.29)
∂ ṗ ∂ ṗ,k 

�Bulk �Bulk − 1 �Bulkwhere ˆ = , which can be determined by 

substituting Eq. (10.29) into Eq. (10.19), such that 
Bulk r 

�Bulkˆ = 
∂rBulk 

p+ ∂r
Bulk 

(10.30) 
˙ ṗ,k∂ ṗ ∂ ṗ,k 
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Similarly, substituting Eqs. (10.24) and (10.26) into Eq. (10.28) 

yields 

∂rinterface 

�interfaceMI
D = ˆ	 (10.31)

∂ ṗI 

�interface �interface − 1 �interface where ˆ = , which can be deter

mined by substituting Eq. (10.31) into Eq. (10.20), such that 
interface r 

�interface ˆ =	 (10.32)
∂rinterface 

ṗI 
∂ ṗI 

10.3.5	 Assuming Function for the Free Energy and Plastic 
Dissipation 

According to the previous section, in deriving constitutive relations 

for the energetic and dissipative thermodynamic forces, one needs 

to know (1) how the material stores energy by assuming an 

expression for the Helmholtz free energy functions (i.e., assuming 

forms for q Bulk in Eq. (10.17) and forms for q interface in Eq. (10.18)) 
and (2) how the material dissipates energy by assuming an 

expression for the rate of energy dissipation function (i.e., assuming 

forms forr Bulk in Eq. (10.29) and forms forr interface in Eq. (10.31)). 
Therefore, the above thermodynamic framework is general and can 

be used to derive any local/nonlocal constitutive models through 
Bulk interface only assuming expressions for the following scalars:q ,q , 

interface r Bulk, andr . For simplicity, the following forms for Helmholtz 

free energy functions and the rate of energy dissipation functions 

are assumed here for the bulk and the interface in order to derive 

rate-independent Aifantis-like gradient-dependent plasticity theory 
interface [45] with only non-dissipative interfaces (i.e., r = 0), such 

that 
2 

ρqBulk 1εe 1 � �= 
2 i j Ei jklεkl 

e + n+1hp
n+1 + cB p,k (10.33) 

Bulk	 pr = σY ˙	 (10.34) 

zh ( )2 
ρq interface I I= cr σY p + p (10.35)

2 
where E is the fourth-order elasticity tensor and is expressed as 
follows for isotropic materials: ( )

Ei jkl  = G δikδ j l + δi lδ jk +λδ¯ i jδkl (10.36) 
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where δi j  is the Kronecher delta, G = E/2 (1+ ν) is the shear 
modulus, ̄ ´ constant with E beingλ = 2νG /(1− 2ν) is the Lame’s 
Young’s modulus and ν the Poisson’s ratio, n is the plastic strain 
hardening exponent, σY is the size-independent yield strength, cB = 
h�2 > 0 is plastic strain gradient coefficient where � is the material 
length scale, h and zh are the plasticity hardening moduli for the 
bulk and interface, respectively, and cr = �I is a microstructural 
length scale for the interface. The parameter zh characterizes the 
interfacial hardening during the interaction and transmission of 

dislocations across the interface, whereas �I is on the order of the 

interface thickness. Here, it is assumed that only the energetic part 

contributes to the interface moment traction such that no power 

dissipation occurs at interfaces. 

10.3.6 Constitutive Equations 

Substituting Eqs. (10.33)– (10.35) into Eqs. (10.17), (10.18), (10.29), 

and (10.31) along with using Eqs. (10.21) and (10.22) yields ( )p
σi j  = Ei jklεe = Ei jkl  εkl − ε (10.37)kl kl

R = σY + hpn (10.38) 

Q k = cB p,k (10.39) 

MI = cr (σY + zh pI ) (10.40) 

�Bulk �interface where ̂ = 1 and  ̂ = 0 are obtained from Eqs. (10.30) 

and (10.32), respectively. Then, one can express the nonlocal yield 

condition in Eq. (10.11), after using Eqs. (10.38) and (10.39), as 

follows: � 3 � 
f = τi j  − σY − hpn + cB∇2 p = 0 (10.41)

2 

where ∇2 = ∂2 ∂xi∂xi designates the Laplacian operator. Note that 
the above yield condition is the Aifantis gradient plasticity theory 

such that in the absence of plastic strain gradients, the classical von 

Mises criterion is retrieved. One can define the nonlocal yield stress 

in Eq. (10.4) as 

σ
� 

y = σy + hpn − cB∇2 p (10.42) 
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Moreover, following the arguments of in [62–66], one can obtain 

a yield-like condition for the interface by substituting Eqs. (10.39) 

and (10.40) into the interfacial microtraction condition in Eq. 

(10.10)1, such that ( )
I I I on  ∂rinterface f I = cB p + cr σY + zh p = 0 (10.43),knk 

The above interfacial yield condition needs to be satisfied at 

the interface and can be used to determine the stress at which the 

interface begins to deformplastically and hardens. Thismeans that if �cB p,I knI ≤ crσY, then the interface in impenetrable to dislocationsk 

and no plastic deformation is developed at the interface. Therefore, 

the material property crσY can be interpreted as the interfacial 
yield strength or surface tension. Once  �cB p,I knI � = crσY, the  k 

interface yields plastically such that the plastic strain at the interface 

is not zero, which implies that interfacial hardening through the 

term crzh pI is activated. Then, the interface continues to deform 
plastically as �cB p,I knI ≥ crσY long as in a linear hardening modek 

that is characterized by the interfacial property crzh such that 
the plastic strain accumulates in both the bulk interior and at the 

interface through dislocation motion and multiplication. 

10.4 Physical Interpretation of the Material Length Scales 

In spite of the crucial importance of the bulk (or matrix) material 

length scale � in the gradient theory (see Eq. (10.41)), very limited 
studies have focused on the physical origin of this length scale 

parameter. In the literature, the microstructural origin of � is rarely 
clear and its value is usually a free parameter. In fact, the full 

utility of the gradient-dependent theory in modeling the size effect 

in micro and nanostructured materials hinges on one’s ability to 

identify accurate values for �. More importantly is the difficulty 

of carrying out truly definitive experiments on critical aspects of 

the evolution of the dislocation, crack, and void structures that 

reveal the physical nature of �. Abu Al-Rub and Voyiadjis [2] 

have concluded that the determination of � should be based on 
information from micromechanical, gradient-dominant tests such 

as micro- and nano-indentation tests. Initial attempts have been 
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made by Abu Al-Rub and Voyiadjis [2, 3] to relate � to the 
microstructure of metallic matrices and presented a dislocation

based approach for the analytical identification of � and showed that 
� is proportional to the mean free-path for dislocation motion and is 
not constant (or fixed) but varies with the material microstructural 

features (e.g., mean grain size in polycrystals or the mean particle 

size in particle reinforced composites) and the course of plastic 

deformation. Moreover, Abu Al-Rub and Voyiadjis [3] have shown 

for dynamic problems that � decreases with increasing plastic 
strain, increasing strain hardening rates, increasing strain rate, 

and decreasing temperature, and its value is on the order of 

micrometers. Based on dislocation mechanics and comparisons 

with size-effect data from many micro-deformation experiments on 

small-scale metallic specimens, Abu Al-Rub and Voyiadjis [2] have 

proposed the following expression for �: 

d D  
� = (10.44)

D + d pn 

where d is the mean grain size or mean particle (inclusion) 
size, D is the mean inter-particle spacing in particle reinforced 
composites or other geometric characteristic size, p is the effective 
plastic strain, and n is the strain-hardening exponent in power-law 
hardening plasticity. This equation shows that � decreases with the 
effective plastic strain, increases with the grain size or inclusion 

size, decreases with the ratio of D/d, and decreases with the strain
hardening rate. It also shows that � decreases from an initial value 

� = d at yielding to a final value � → 0, which corresponds to the 
classical local plasticity at very large values of D , d, or  p. 

On the other hand, based on Taylor’s hardening law, Nix and 

Gao [59] have expressed � in terms of macroscopic and microscopic 
quantities, such that 

G 2 

� = 18α2 b (10.45)
σy 

where α is an empirical parameter (ranges from 0.1–0.5), G is the 
shear modulus, σy is the yield strength, and b is the magnitude of 
Burgers vector. However, this expression gives constant values for 

the �, which is different than the expression in Eq. (10.44). 
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An additional material length scale is introduced, which is the 

interfacial material length scale �I (see Eq. (10.43)). Recently, Abu 

Al-Rub [62] has studied the physical origin of �I and derived an 

expression for it based on the misorientation or misfit dislocation 

density at grain/particle/phase boundaries, such that 

√ 
2 G eb 

�I = b log (10.46)
4π (1− ν) σy 2πr0 

where ν is the Poisson’s ratio, e is the base of the natural logarithm, 
and r0 is the radius of the dislocation core. This expression gives 
values on the range of interface thickness (i.e., few nanometers). 

Obviously, critical micro-deformation experiments, microstruc

tural characterization techniques, and atomistic and discrete dislo

cation simulations on the dislocation activity within the bulk and 

at interfaces are highly needed to check the validity of the above 

expressions for the material length scales. 

10.5 Applications to Size Effects in Metallic Systems 

In this section, the higher-order gradient plasticity is employed 

to handle size effects in micro and nanostructured materials with 

hard and soft interfaces. Examples of these material systems are 

(see Fig. 10.4) (1) micro/nano thin films on a hard/soft substrate 

where d is the film thickness; (2) micro/nano-crystalline materials 

where d is the grain size; (3) advanced metal matrix composites 
with dispersed hard (e.g., ceramic) or soft (e.g., metallic) inclusions 

(particles), where d is the particle size; (4) nano-twinned metallic 
systems where d is the twin thickness. As shown in Fig. 10.4, these 
systems are under macroscopically uniform uniaxial stress σ0. 

The ratio �I/� characterizes the non-dimensional interfacial 
strength and hardening. Therefore, different interfaces are char

acterized by different �I/� values. Moreover, different sizes are 
characterized by different ratios of �/d. Therefore, depending on the 
value of the bulk length scale parameter � and the size d (in other 
words depending on the ratio of �/d), one can describe the effect of 
macro, meso, micro, and nano scales within the current framework. 

For example, if � is set constant and equal to 1 μm, then a ratio 
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Figure 10.4 Simulated micro/nanostructured material systems under 

macroscopic homogenous stress: (a) thin film-substrate system; (b) 

bicrystal; (c) composite material unit cell; and (d) nano-twinned crystal. 

of �/d < 1 describes sizes (e.g., thin film thickness, particle size, 
grain size, twin thickness) of greater than micron in size, whereas if 

�/d > 1, submicron size is described. 
Results in Figs. 10.5 and 10.6 are presented for h/E = 0.2, where 

E is Young’s modulus. Different sizes are represented by �/d = 0.1, 
0.5, and 1 (for micron and greater), and 1.5 and 2 (for submicron 

size). In case, of the composite with an inclusion, the particle volume 

fraction is taken to be constant of 12.5%. Therefore, the focus is on 

the size effect. 

In Figs. 10.5(a) and 10.5(b), the applied stress σ0 (normalized 

with respect to the size-independent yield strength σy) versus the 

calculated average strain (normalizedwith respect to the yield strain 

εy = σy/E ) is shown for two interface conditions (i.e., depending on 
the value of the interfacial length scale �I); an intermediate interface 

with �I/� = 0.5 (Fig. 10.5(a)) and a stiff interface with �I/� = 1 (Fig. 
10.5(b)). It can be seen from Fig. 10.5(a) or Fig. 10.5(b) that both the 

initial macroscopic yield strength (σY in Fig. 10.6(a)) and the tangent 
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Figure 10.5 Normalized stress-strain relations for (a) compliant interfaces 

(�I/� = 0.5) and (b) for hard interfaces (�I/� = 1). Different sizes d are 
represented by �/d = 0.1, 0.5, 1, 1.5, 2, where � is the bulk (ormatrix) length 
scale and �I is the interfacial length scale. 

hardeningmodulus (E T = dσ/dε in Fig. 10.5(b)) increase as the size 
d decreases. However, a higher increase in both σY and E T is seen for 
a stiffer interface (Fig. 10.5(b)) as compared to a complaint interface 

(Fig. 10.5(a)). 

Since the ability of the interface in resisting dislocation emission 

at the interface and transmission through the interface is charac

terized by the level of interfacial energy (or equivalently �I), the 

variations of the macroscopic yield strength of the composite σY 
and the strain hardening rate E T with the particle size d are shown 
in Figs. 10.6(a) and 10.6(b) for different values of the interfacial 

length scale �I. Note that �I/� → ∞ corresponds to a rigid interface 

where dislocations are not allowed to cross over the interface. In this 
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Figure 10.6 Normalized (a) macroscopic yield strength σY and (b) tangent 

hardening modulus E T versus size d for different interfacial energy 
characterized by �I/� = 0, 0.2, 0.4, 0.6, 0.8, 1, 2, and ∞. The dashed line is 

for a rigid interface (i.e., �I/� → ∞), where � is the bulk (or matrix) length 
scale and �I is the interfacial length scale. 

case, d alone (represented by the ratio �/d) controls both the overall 
yield strength and the strain hardening rate. Whereas for compliant 

or intermediate interfaces both d and �I control the overall yield 
strength and the strain hardening rate. Furthermore, it can be seen 

from Fig. 10.6(b) that for very small d (i.e., �/d → ∞) themagnitude 

of the tangentmodulus E T gets closer to themagnitude of the elastic 
modulus E . 

It is shown that the higher-order microscopic boundary 

conditions that result from the higher-order gradient-dependent 

framework can be related to the surface/interfacial energy at free 

surfaces and interfaces. This can be used in explaining the size effect 

and the effect of interfacial strength and hardening properties on 
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the overall yield strength and strain hardening rates in micro and 

nanostructured materials using a non-classical continuum-based 

framework. The interfacial yield strength explains the increase in 

onset of plasticity (i.e., the yield strength) of the material as the size 

decreases, whereas the interfacial hardening (i.e., the ability of the 

interface in resisting dislocation transmission across the interface) 

explains the further increase in strain hardening rate, and ultimately 

the ultimate strength of the material, as the size decreases. Both 

interfacial yield strength and interfacial hardening properties are 

scaled by an interfacial length scale that is related to the boundary 

layer thickness at the interface. 
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Chapter 11
 

Strain Gradient Solutions of 
Eshelby-Type Inclusion Problems 

Xin-Lin Gao 
Department of Mechanical Engineering, University of Texas at Dallas, 
800 West Campbell Road, Richardson, TX 75080-3021, USA 
Xin-Lin.Gao@utdallas.edu 

Solutions for Eshelby-type inclusion problems recently derived 

using a simplified strain gradient elasticity theory (SSGET) are 

summarized in this chapter. The SSGET contains one material 

length scale parameter in addition to two classical elastic constants. 

The fourth-order Eshelby tensor for a three-dimensional inclusion 

of arbitrary shape and that for an anti-plane strain inclusion 

with an arbitrary cross section, each embedded in an infinite 

homogeneous isotropic elastic material and prescribed with a 

uniform eigenstrain and a uniform eigenstrain gradient, are first 

presented in general forms. These general formulas are then 

used to obtain analytical expressions of the Eshelby tensor for a 

spherical inclusion, a cylindrical inclusion, an ellipsoidal inclusion, a 

polyhedral inclusion, and an anti-plane circular cylindrical inclusion, 

respectively. Each of these SSGET-based Eshelby tensors consists of 

a classical part and a gradient part. The latter contains the material 

length scale parameter and enables the SSGET-based Eshelby 
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tensor to capture the inclusion size effect, unlike its counterpart 

based on classical elasticity. When the strain gradient effect is 

not considered, each SSGET-based Eshelby tensor reduces to its 

classical elasticity-based counterpart. Each of these SSGET-based 

Eshelby tensors depends on the position and is non-uniform even 

inside the inclusion, which differ from its classical counterpart. For 

homogenization applications, the volume average of each of these 

position-dependent Eshelby tensors is also provided. Numerical 

results reveal that the components of each averaged Eshelby tensor 

change with the inclusion size (i.e., the smaller the inclusion, the 

smaller the components) and therefore capture the inclusion size 

effect. 

11.1 Introduction 

Eshelby’s eigenstrain method and fourth-order strain transfor

mation tensor [1, 2] are essential for homogenization schemes 

including the Mori–Tanaka and self-consistent methods (e.g., [3–7]). 

However, the Eshelby tensor originally provided in [1, 2] is based on 

classical elasticity and is for an ellipsoidal inclusion embedded in an 

infinite elastic matrix. As a result, homogenization methods based 

on this classical Eshelby tensor cannot capture particle (inclusion) 

size effects or account for boundary effects. Hence, there has been 

a need to obtain Eshelby’s tensors for inclusions using higher-

order (non-classical) elasticity theories, which, unlike classical 

elasticity, contain material length scale parameters and are capable 

of explaining microstructure-dependent size (and other) effects. 

A number of studies have been conducted on Eshelby-type 

inclusion problems using various higher-order elasticity theories, 

which include a micropolar theory [8–10], a microstretch theory 

[11–13], a modified couple stress theory [14], and a strain gradient 

theory [15]. However, the higher-order elasticity theories used 

in these studies contain at least four elastic constants, with two 

or more being the material length scale parameters. Due to the 

difficulties in determining these microstructure-dependent length 

scale parameters (e.g., [16–18]) and in dealing with the fourth-

order Eshelby tensor, there has been a need to study Eshelby-type 
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inclusion problems using a higher-order elasticity theory containing 

only one material length scale parameter in addition to the two 

classical elastic constants. 

In response to this need, a simplified strain gradient elasticity 

theory (e.g., [19]), which involves only one material length scale 

parameter, has been used by the author’s group to analytically solve 

a number of Eshelby-type inclusion problems involving inclusions of 

several shapes in infinite and finite domains [20–28]. This chapter 

provides a summary of major results for infinite-domain inclusion 

problems obtained in these studies. 

11.2 Green’s Functions Based on the SSGET 

11.2.1 Simplified Strain Gradient Elasticity Theory (SSGET) 

The SSGET is the simplest strain gradient elasticity theory evolving 

from Mindlin’s pioneering work [29–31]. It is also known as the 

first gradient elasticity theory of Helmholtz type (e.g., [32]) and the 

dipolar gradient elasticity theory (e.g., [33]). 

The strain energy density function, w, employed in [31] for an 
isotropic linearly elastic material has the general form: ( ) 1 
w = w εi j , εi j,k = λεi i ε j j  + μεi j εi j  + c1εi j, j εik,k + c2εi i,kεkj, j

2
 
+c3εi i,kε j j,k + c4εi j,kεi j,k + c5εi j,kεkj,i , (11.1)
 

where εi j  is the infinitesimal strain, λ and μ are the Lame constants  ´

in classical elasticity, and c1–c5 are five additional material constants 
(called strain gradient coefficients) having the dimension of force. By 

taking 

1 
c1 = c2 = c5 = 0, c3 = cλ, c4 = cμ, (11.2)

2 

Eq. (11.1) becomes   ( ) 1 1 
w = w εi j , εi j,k = λεi i ε j j +μεi j εi j +c λεi i,kε j j,k + μεi j,kεi j,k , 

2 2 
(11.3) 

where c, as the only remaining strain gradient coefficient, has the 
dimension of length squared. Equation (11.3) can also be written 

as [19] 
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( ) 1 ( )
w = w εi j , κi jk = τi j εi j  + μi jkκi jk , (11.4)

2

where the Cauchy stress τi j  (energetically conjugated to εi j ), the 

double stressμi jk  (energetically conjugated to κi jk), the infinitesimal 

strain εi j , and the strain gradient κi jk  are, respectively, defined by 

τi j  = C i jklεkl = λεllδi j  + 2μεi j , 

μi jk  = L2τi j,k = L2C i jmnκmnk = L2(λκllkδi j  + 2μκi jk), 

1 ( )
εi j  = ui, j + u j,i , 

2
1 ( )

κi jk  ≡ εi j,k = ui, jk  + u j,ik , (11.5a–d)
2

with ui being the displacement and δi j  the Kronecker delta. In Eqs. 

(11.5a,b), L is the material length scale parameter (with L2 = c, 
c being the strain gradient coefficient introduced in Eq. (11.3)), and 
C i jkl  is the elastic stiffness tensor for isotropic elasticmaterials given 

by 

C i jkl  = λδi j δkl + μ(δikδ j l  + δi lδ jk). (11.6) 

Based on Eq. (11.3), a variationally consistent formulation of the 

SSGET has been provided in [19], leading to the simultaneous de

termination of the governing equations and the complete boundary 

conditions. 

The determination of the only material length scale parameter 

L involved in the SSGET, which is introduced in Eq. (11.3) through 
c = L2, has been discussed in [22] and the references cited there. 

As shown in [19], in the SSGET the equilibrium equations have 

the form: 

σi j, j + fi = 0, (11.7) 

where fi is the body force, and σi j  is the total stress, which is related 

to the Cauchy stress through 

σi j  ≡ τi j  − μi jk,k, (11.8) 

with the Cauchy stress τi j  and the double stress μi jk  given in Eqs. 

(11.5a,b) in terms of the displacement ui . 

Substituting Eqs. (11.5a–d) and (11.8) into Eq. (11.7) yields the 

Navier-like displacement equations of equilibrium in the SSGET as 

(λ+μ)ui,i j  +μu j,kk −L2 (λ + μ)ui,i j  + μu j,kk + f j = 0. (11.9) 
,mm 
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399 Green’s Functions Based on the SSGET 

Clearly, Eq. (11.9) reduces to the Navier equations in classical 

elasticity when L = 0 (i.e., when the strain gradient effect is not 
considered). 

Note that the standard index notation, together with the Einstein 

summation convention, is used in Eqs. (11.1)–(11.9) and throughout 

this chapter, with each Latin index (subscript) ranging from 1 to 3 

and each Greek index ranging from 1 to 2 unless otherwise stated. 

11.2.2 Green’s Functions 

Green’s function based on the SSGET for a 3-D infinite elastic 

body under a unit concentrated body force has been obtained as 

the fundamental solution of Eq. (11.9) subject to the boundary 

conditions of vanishing displacement components and their first, 

second and third derivatives at infinity, which is given by [20, 34] 

G i j (x − y) = 1 
A(r)δi j  − B(r),i j  , (11.10)

32πμ(1− v) 
where v is Poisson’s ratio of the elastic body, and 

8(1− v)
A(r) = 1− e− L

r 
, 

r 
2L2 2L2 

B(r) = 2 r + − e− r 
,L 

r r 

r ≡ |x − y| = (xi − yi )(xi − yi ). (11.11a–c) 

By setting L = 0 in Eqs. (11.10) and (11.11a,b), this Green’s 

function based on the SSGET reduces to 
1 ri r jG C = (3− 4v)δi j  + , (11.12)i j (x − y)

16πμ(1− v)r r2 
which is the 3-D Green’s function based on classical elasticity (e.g., 

[7, 35]). 

For a plane strain problem with u1 = u1(x1, x2), u2 = u2(x1, x2) 
and u3 = 0, Green’s function based on the SSGET has been obtained 

as [24, 27, 34] 
1 [ J 

Gαβ (x) = A(x)δαβ + B(x),αβ , (11.13)
16πμ(1− v) 

with 
x

A(x) ≡ −8(1− v) ln x + K 0 ,
L 

x2 + 4L2 x2B(x) ≡ x ln x − ln x + 4L2K 0 , (11.14a,b)
2 L 
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where x = |x| = (xαxα)
1/2, and K 0(·) is the modified Bessel function 

of the second kind of the zeroth order. When L = 0, Eqs. (11.13) and 

(11.14a,b) reduce to 

1 [ J 
0 0G C (r) = −(3− 4v)(ln r)δαβ + r r , (11.15)αβ α β8πμ(1− v) 

which is Green’s function for the plane strain case based on classical 

elasticity (e.g., [36]). 

For an anti-plane strain problem with u1 = 0, u2 = 0, u3 = 
u3(x1, x2), Green’s function based on the SSGET has been obtained 
as [26] 

1 |x|
G (x) = −  ln |x| + K 0 , (11.16)

2πμ L

where x = |x| = (xαxα)
1/2. When the strain gradient effect is not 

considered (i.e., L = 0), Eq. (11.16) reduces to 

1
G (x) = −  ln |x| , (11.17)

2πμ 

which is Green’s function for an infinite 3-D elastic body undergoing 

anti-plane strain deformations based on classical elasticity (e.g., 

[37, 38]). 

By using the Green’s function method along with each of the 

Green’s functions listed above, SSGET-based solutions of several 

Eshelby-type inclusion problems have been analytically derived, 

some results of which are summarized below. 

11.3 Eshelby-Type Inclusion Problems 

11.3.1 3-D Inclusion Problems 

Consider the problem of a 3-D inclusion of arbitrary shape 

embedded in an infinite homogenous isotropic elastic body, as 

shown in Fig. 11.1. The inclusion is prescribed with a uniform 

eigenstrain ε* and a uniform eigenstrain gradient κ*, which can be 

independent of each other [20]. There is no body force or any other 

external force acting on the elastic body. 

By using the Green’s function given in Eqs. (11.10) and 

(11.11a,b), the disturbed strain, εi j , induced by ε* and κ* has been 

obtained as [20] 
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** κ,ε 

Ω∞ 

Ω 

λ, µ 

Figure 11.1 Eshelby-type inclusion problem. 

εi j  = Si jlmε ∗ 
lmp, (11.18a)lm  + Ti jlmpκ 
∗ 

where 

1 (( ) ( ) )
Si jlm  ≡ −  G iq ,kj + G jq ,ki C qklm, 

2

L2 (( ) ( ) )
Ti jlmp  ≡ G iq + G jq C qklm (11.18b) 

,kpj ,kpi2 

are, respectively, the fourth-order Eshelby tensor having 36 inde

pendent components and a fifth-order Eshelby-like tensor with 108 

independent components. Equation (11.18a) shows that ε is solely 
linked to ε∗ in the absence of κ∗ (i.e., the classical case) and is fully 
related to κ∗ in the absence of ε∗ . 

The fourth-order Eshelby tensor has been determined from 

Eqs. (11.18b), (11.10) and (11.11a–c) as [20, 23] 

Si jlm  = SC (11.19a)i j lm  + SG i j lm, 

1 [
SC 2v(1− 2v)Ai j lm  = −  ,i j δlm  

8π(1− 2v)(1− v)
+ (1− v)(1− 2v)(A,mj δi l+A,l j δim  + A,mi δ j l  + A,li δ jm) J− (1− 2v)<,i j lm , (11.19b) 

SG = 1 
[2vri j lm  ,i j δlm  + (1− v)(r, jmδi l  + r,imδ j l  + r, j lδim  

8π(1− v)

+r,i lδ jm)− 2L2r,i j lm+2L2A,i j lm], (11.19c) 
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402 Strain Gradient Solutions of Eshelby-Type Inclusion Problems 

where SC the classical part, SG the gradient part, δi j  is thei j lm  is i j lm  is


Kronecker delta, and
 

1 
<(x) = |x − y|dy, A(x) = dy,|x − y| 

e−|x−y|/L 

r(x) = dy (11.20a–c)|x − y| 
are three scalar-valued functions that can be obtained analytically 

or numerically by evaluating the volume integrals over the domain 

� occupied by the inclusion, with y (∈�) being the integration 

variable. 

Equations (11.20a–c) show that among the three functions, only 

the third one, r(x), involves the length scale parameter L . It then 
follows from Eqs. (11.19c) and (11.20b,c) that i j lm  depends onSG L , 
while expressed in terms of only A(x) and <(x) according to SC i j lm,

Eqs. (11.19b) and (11.20a,b), is independent of L . Also, it is seen  
from Eqs. (11.19c) and (11.20b,c) that SG = 0 when L = 0 (and  i j lm 
  

thus r(x) ≡ 0), thereby giving Si jlm  SC
= i j lm  (from Eq. (11.19a)). 

That is, the newly obtained Eshelby tensor reduces to that based on 

classical elasticity when the strain gradient effect is not considered. 

The fifth-order Eshelby-like tensor T, which relates the strain 
gradient κ* to the disturbed strain ε in the elastic body (see Eq. 
(11.18a)), can be shown from Eqs. (11.18b), (11.10) and (11.11a– 

c) to be 

L2 [
Ti jlmp  = 2v�,i j pδlm  + (1− v)(�,mpj δi l  + �,mpi δ j l

8π(1− v) J +�,lpj δim  + �,lpi δ jm)− �,i j lmp  , (11.21) 

where 

�(x) ≡ A − r, �(x) ≡ < + 2L2(A − r), (11.22a,b) 

with the scalar-valued functionsA(x), r(x) and<(x) defined in Eqs.  
(11.20a–c). It is clear from Eq. (11.21) that T vanishes when L = 
0. Then, with Si jlm  = SC discussed above, Eq. (11.18a) simply i j lm  as

becomes εi j  = SC lm  when L = 0, which is the defining relation i j lmε ∗ 

for the Eshelby tensor based on classical elasticity [1], as expected. 

Equations (11.19a–c) and (11.21) provide the general formulas 

for determining Si jlm(= SC i j lm) and  Ti jlmp  for an inclusion ofi j lm  + SG 
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arbitrary shape in terms of the scalar-valued functions A(x), <(x), 
and r(x) defined in Eqs. (11.20a–c). For the cases of a spherical 
inclusion, a cylindrical inclusion, an ellipsoidal inclusion and a 

polyhedral inclusion, analytical expressions have been obtained for 

A(x), <(x) and  r(x) and thus for the Eshelby tensors [20, 21, 23, 
25]. The main results from these studies are summarized below. 

11.3.1.1 Spherical inclusion 

For a spherical inclusion of radius R and centered at the origin of the 
coordinate system (x1, x2, x3) in the physical space, the three volume 
integrals defined in Eqs. (11.20a–c) have been exactly evaluated to 

give [20] ⎧ 
π 2π ⎪ 4 2R2 + π R4 ⎪ − x + x , x ∈ �, ⎨ 
15 3 

<(x) = (11.23a,b) ⎪ R5 ⎪ 4π 4π ⎩ R3+ x, x ∈/ �; 
15 x 3 

⎧
 ⎪ 2
 ⎪ ⎨ − 2π 
x + 2π R2 , x ∈ �, 

3 
A(x) = (11.23c,d)

R3 ⎪ 4π ⎪ ⎩ , x ∈/ �; 
3 x 

⎧ ( )1 x ⎪ L⎪ 4π L2 − 4π L2(L + R)e− R 
sinh , x ∈ �, ⎨ x L 

r(x) = �  � ⎪ −4π L3 R R R ⎪ − x ⎩ sinh − cosh e L , x ∈/ �. 
x L L L

(11.23e,f) 

Clearly, <(x), A(x) or  r(x) given in Eqs. (11.23a–f) are infinitely 
differentiable at any x �= 0. 

Then, it follows from Eqs. (11.23a,c,e) and (11.19b) that the 

classical part of the Eshelby tensor for the interior case with x 
locating inside the spherical inclusion (i.e., x ∈ � or x < R) is  

5ν − 1 4− 5ν
SC δi j δlm  + (δi lδ jm  + δimδ j l). (11.24)i j lm  = 

15(1− v) 15(1− v)
Similarly, fromEqs. (11.23b,d,f) and (11.19b) the classical part of the 

Eshelby tensor for any x outside the spherical inclusion (i.e., x ∈/ � 
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or x > R) is obtained as 
  
R3 

{ 
1 [ J
 

2SC = −5(1− 2v)x + 3R2 δi j δlmi jlm  x5(1− ν) 30
 

1 [ J
 
2+ 5(1− 2v)x + 3R2 (δi lδ jm  + δimδ j l)

30
1 [ J 1 ( )

0 0 2 0 0+ (1− 2v)x2 − R2 δlmxi x j − R2 − x δi j xl xm2 2
1 ( )

2 0 0 0 0 0 0 0 0− R2 − vx + + +
2

(δi l x j xm δimx j xl δ j l xi xm δ jmxi xl ) 

1 ( ) 
0 0 0 0− 5x2 − 7R2 xi x j xl xm. (11.25)

2
A comparison of Eq. (11.25) with Eq. (11.24) shows that notSC i j lm  is

uniform outside the spherical inclusion, although it is uniform inside 

the same spherical inclusion. 

Using Eqs. (11.23c,e) and Eqs. (11.23d,f) in Eq. (11.19c) 

respectively will yield the expressions of SG andi j lm  inside outside 

the spherical inclusion. As shown in [20], Si jlm  
G depends on L , R 

and x and is therefore non-uniform inside the spherical inclusion 
and differs for different materials (with distinct values of L) and  
inclusion sizes (with distinct values of R). However, when L = 0, 

SG SC i j lm  = 0 and thus Si jlm  = i j lm  (see Eq. (11.19a)). That is, the 

SSGET-based Eshelby tensor for the spherical inclusion reduces to 

that based on classical elasticity when the strain gradient effect is 

not considered. 

SGSince position-dependent inside the spherical inclusion, i j lm  is 

its volume average over the spherical region occupied by the 

inclusion is needed in homogenization analyses of composites 

containing spherical inclusions. The volume average of the SSGET

based Eshelby tensor inside the spherical inclusion has been 

obtained as [20]  
3 ( ) 1 3 L

Si jlm = 1+V 15(1− v) 2 R    
R 2 R 2 

−(2R/L)× 1− − 1+ e
L L [ J × (5v − 1) δi j δlm  + (4− 5v) (δi lδ jm  + δimδ j l) . (11.26) 

Clearly, when L = 0 (or  R/L → ∞), Eq. (11.26) reduces to ( )
SC SC= i j lm  given in Eq. (11.24). i j lm V 
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<S1111>v 
< CS1111 >v 

< 1111S >v 

0.5 

Eshelby-Type Inclusion Problems 

R/L 

Figure 11.2 �S1111�V varying with the spherical inclusion radius. See also 

Color Insert. 

The variation of the component of the averaged Eshelby tensor 

inside the spherical inclusion, �S1111�V , with the inclusion size (i.e., 

radius R) is shown in Fig. 11.2, where its counterpart in classical ( )
elasticity, SC , is also displayed for comparison. Note that 1111 V ( )

SC SC�S1111�V is obtained from Eq. (11.26), while (= = 1111 V 1111 

0.5238) is from Eq. (11.24). The material properties used here are 

v = 0.3 and L = 17.6 μm. It is observed from Fig. 11.2 that �S1111�V 

is indeed varying with R: the smaller R , the smaller �S1111�V , while ( )
SC is a constant independent of R . Moreover, the difference 1111 V ( ) ( )
between �S1111�V and SC , which  is  SG (= − ( ) 1111 V 1111 V 

�S1111�V 

SC ), is seen to be significantly large only when the inclusion1111 V
is small (with R/L < 25 or R < 440 μm here). As the inclusion 

size increases, �S1111�V approaches from below the corresponding 

value of 1111(= 0.5238) based on classical elasticity. The same isSC ( )
true for all the other non-vanishing components of Si jkm V , as seen 

from Eqs. (11.26) and (11.24). These observations indicate that the 

strain gradient effect is insignificant for large inclusions and may be 

neglected. 

Clearly, the numerical results presented here for the spherical in

clusion problem quantitatively show that the SSGET-based Eshelby 
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tensor captures the size effect at the micron scale, unlike that based 

on classical elasticity. 

11.3.1.2 Cylindrical inclusion 

For an infinitely long cylindrical inclusion of radius a whose 
symmetry axis (central line) passes through the origin of the 

cylindrical coordinate system (r , θ, x3) in the physical space, A(x), 
<(x) defined in Eqs. (11.20a,b) have been analytically obtained as 
[21] { −π x2 + C 1, x ∈ �,

A(x) = (11.27a,b)−2π R2 ln x + C 2, x ∈/ �, 

⎧
 ⎪ 4
 ⎨ − 1 π x + M x2 + C 3, x ∈ �,
 

<(x) = 8
 ⎩ 2⎪ − 1 π R4 ln x − π R2x ln x + N x2 + C 4, x ∈/ �, 
2 

(11.28a,b) 

⎧ � ( ) ( )�x a ⎪ ⎨ 4π L L − aI0 K 1 , x ∈ �,
L L 

r(x) = ( ) ( ) (11.29a,b)a x ⎪ ⎩ 4π LaI1 K 0 , x ∈/ �,
L L 

where x = |x| = x2 + x22, C 1 ∼ C 4, M and N are constants1 

whose values are of no interest here since only the derivatives of 

A(x) and  <(x) are involved in the expressions of S and T given 
in Eqs. (11.19a–c) and (11.21), and In(·) and  K n(·) (n = 0,1) are, 
respectively, the modified Bessel functions of the first and second 

kinds of the n-th order. Clearly, A(x), <(x) and  r(x) given in Eqs.  
(11.27a,b)–(11.29a,b) are infinitely differentiable at any x �= 0. 

Using Eqs. (11.27a) and (11.28a) in Eq. (11.19b) leads to the non

zero components of the classical part of the Eshelby tensor at any x 
inside the cylindrical inclusion (i.e., x ∈ � or x < a) as  

4v − 1 3− 4v
SC = δαβδγ θ  + (δαγ δβθ + δαθ δβγ ),αβγ θ 8(1− v) 8(1− v)

1 v
SC SC = = (11.30a–c)α3β3 δαβ, αβ33 δαβ, 

4 2(1− v) 
which are identical to those based on classical elasticity (e.g., [9, 

35]). Note that Eqs. (11.30a–c) list all 15 independent components 

of SC . 
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The use of Eqs. (11.27a) and (11.29a) in Eq. (11.19c) gives the 

expressions of the non-zero components of the gradient part of the 

Eshelby tensor SG for points inside the inclusion (i.e., x ∈ � or x < a) 
as 

SG = J G(x) δαβδγ θ  + J G αβγ θ 1 2 (x) (δαγ δβθ + δαθ δβγ )
 

0 0 0 0
+ J 3
G(x)δγ θ  x xβ + J G(x)δαβ xγ xθα 4 

0 0 0 0 0 0 0 0+ J 5
G(x)(δαγ x xθ β x + δβγ x xθ α x )β + δαθ x γ α + δβθ x γ 

0 0 0 0+ J G(x)(x x x x ), (11.31)6 α β γ θ 

where 

aK 1 [ J 
2J 1

G = L x I0 − (vx + 2L2)I1 , 
(1− v)x3
 

aK 1 [ J
 
2J G = L x I0 + (−x + vx2 − 2L2)I1 ,2 (1− v)x3 

aK 1 [ J 
2 2 2J 3

G = −x(vx + 4L2)I0 + L(x + 2vx + 8L2)I1 , 
(1− v)x3L
 

aK 1 [ J
 
2J 4

G = −4L x I0 + (x + 8L2)I1 , 
(1− v)x3
 

aK 1 [

2J 5

G = −x(x2 − vx + 8L2)I0 
2(1− v)x3L J 

2+2L(2x2 − vx + 8L2)I1 ,
 

aK 1 [ J
 
2 2J 6

G = x(x + 24L2)I0 − 8L(x + 6L2)I1 , (11.32a–f)
(1− v)x3L 

and 
a [ J 

0 0S3
G 
α3β = K 1 xα x (−x I0 + 2L I1)− δαβ L I1 , (11.33a)β2x L  

v aK 1 [ J 
0 0SG αβ33 = −  δαβ L I1 + x xβ(x I0 − 2L I1) . (11.33b)α1− v x L  

x xIn Eqs. (11.32a–f) and (11.33a,b), I0 = I0( L ), I1 = I1( L ) 

and K 1 = K 1( L
a ) are modified Bessel functions of the indicated 

arguments, with x < a. Equations (11.31)–(11.33a,b) provide the 
explicit expressions of all 15 independent components of SG . 

It is clearly seen from Eqs. (11.30a–c) that the classical part of 

the Eshelby tensor, SC , is independent of x , a, and L and is therefore 
uniform inside the cylindrical inclusion. In contrast, the gradient 

part, SG , given by Eqs. (11.31)–(11.33a,b) depends on x , a, and L in a 
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complicatedmanner. That is, SG is non-uniform inside the cylindrical 

inclusion and differs for materials with different values of a (the 
inclusion size) and/or L (the material length scale parameter). 
However, if the strain gradient effect is not considered, then L = 0 

(so that x/L → ∞, a/L → ∞) and Eqs. (11.31)–(11.33a,b) give 

SG = 0. It thus follows from Eq. (11.19a) that S = SC . That is, the i j lm  

SSGET-based Eshelby tensor for the cylindrical inclusion reduces to 

that based on classical elasticity when L = 0. 

The volume average of the position-dependent Eshelby tensor 

over the cylindrical inclusion of the unit length has been obtained 

as ( ) � ( a ) ( a )�
Si jkl V = 1− 2K 1 I1 i jkl , (11.34)SC 

L L
where SC are given in Eqs. (11.30a–c). Equation (11.34) shows i jkl  ( )
that Si jkl depends on a/L . When L = 0 (or  a/L → ∞), ( ) ( V) ( )a a SCK 1 I1 → 0, and hence Eq. (11.34) reduces to Si jkl = i jkl .L L V 

Similarly, the Eshelby tensor for exterior points x ∈/ � (or x > a) 
has been determined from Eqs. (11.19b,c), (11.27b), (11.28b), and 

(11.29b) [21]. The classical part is given by 

R2 [
2SC = (4vx2 − 2x + R2

αβγ θ )δαβδγ θ  
8(1− v)x4
 

2 2
+ (−4vx + 2x + R2)(δαγ δβθ + δαθ δβγ ) 

2 0 0 0 0−4(2vx2 − x + R2)δγ θ  x x + 4(x2 − R2)δαβ x xα β γ θ 

0 0 0 0 0 0 0 02 − R2+4(vx )(δαγ x x + x + x + x )β θ δαθ xβ γ δβγ xα θ δβθ xα γ J 
2 0 0 0 0+8(3R2 − 2x )x x x x , (11.35a)α β γ θ 

R2 ( )
SC = 0x0 , (11.35b)α3β3 δαβ − 2xα β4x2 

v R2 ( )
SC = 2x0x0 , (11.35c)αβ33 δαβ − α β2(1− v) x2 

which are the same as those of the Eshelby tensor outside a 

cylindrical inclusion based on classical elasticity [9]. Clearly, Eqs. 

(11.35a–c) show that the classical part of the Eshelby tensor, SC , is  

not uniform outside the inclusion (with x ∈/ � or x > a) but changes 
with x , which is the distance from x (the point of interest) to the 
central line of the cylindrical inclusion. This is different from the case 
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inside the inclusion (with x ∈ � or x < a), where SC is uniform for 

all x ∈ �, as shown in Eqs. (11.30a–c). 

The gradient part SG outside the inclusion (with x ∈/ � orαβγ θ 

x > a) has the same form as that listed in Eq. (11.31), but J G– J G 1 6 

there need to be replaced by 

aI1 [ J L2R2 
2J 1

G = −  L x K 0 + (vx + 2L2)K 1 + , 
(1− v)x3 (1− v)x4

(11.36a) 

aI1 [ J L2R2 
2J 2

G = −L x K 0 + (−x + vx2 − 2L2)K 1 + , 
(1− v)x3 (1− v)x4

(11.36b) 

aI1 [ J 
2 2 2J G = x(vx + 4L2)K 0 + L(x + 2vx + 8L2)K 13 (1− v)x3L 

4L2R2 

− , (11.36c)
(1− v)x4

aI1 [ J 4L2R2 
2J 4

G = 4L x K 0 + (x + 8L2)K 1 − , (11.36d)
(1− v)x3 (1− v)x4

aI1 [
2J G = x(x2 − vx + 8L2)K 05 2(1− v)x3L
 J 4L2R2
 

2+2L(2x2 − vx + 8L2)K 1 − , (11.36e)
(1− v)x4

aI1 [ J 
2 2J G = −  x(x + 24L2)K 0 + 8L(x + 6L2)K 16 (1− v)x3L
 

24L2R2
 

+ , (11.36f)
(1− v)x4

and 

a [ J 
0 0SG = I1 x x (x K 0 + 2L K 1)− δαβ L K 1 , (11.37a)3α3β α β2x L  

v aI1 [ J 
0 0SG αβ33 = −δαβ L K 1 + x xβ(x K 0 + 2L K 1) . (11.37b)α1− v x L  

xIn Eqs. (11.36a–f) and (11.37a,b), I1 = I1( L
a ), K 0 = K 0( L ) 

xand K 1 = K 1( L ) are modified Bessel functions of the indicated 

arguments, with x > a. It is observed from Eqs. (11.31), (11.36a–f) 

and (11.37a,b) that the components of SG in this exterior case (with 

x ∈/ � or x > a) will vanish when L = 0 (or x/L → ∞, a/L → ∞). 
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By substituting the components of SG given in Eq. (11.31), (11.36a– 

f) and (11.37a,b) and the components of SC listed in Eqs. (11.35a– 

c) into Eq. (11.19a) will finally give the explicit expressions of the 

Eshelby tensor S (= SC + SG ) for any point x outside the cylindrical 
inclusion (i.e., x ∈/ � or x > a). 

Numerical results have been obtained and presented in [21] 

to show how the Eshelby tensor and its volume average for the 

cylindrical inclusion change with the position, inclusion size and 

material length scale parameter. 

11.3.1.3 Ellipsoidal inclusion 

For an ellipsoidal inclusion of three semi-axes a1, a2 and a3 and 
centered at the origin of the coordinate system (x1, x2, x3) in the  
physical space, as shown in Fig. 11.3, <(x) and A(x) defined in Eqs.  
(11.20a,b) can be shown by integration and differentiation to satisfy 

[23, 35] ⎧ [ J ⎪− I II K  (0) ⎪ IK (0)− a2 δi j δkl ⎪ ⎪ [ J ⎪ ⎪ ⎪ − I J (0)− aI 
2 II J  (0) (δikδ j l  + δi lδ jk), x ∈ �, ⎪ ⎪ [ J ⎪ ⎪ ⎪ − IK (γ )− aI 
2 II K  (γ ) δi j δkl ⎪ ⎪ [ J ⎪ ⎨− I J (γ )− a2 I II J  (γ ) (δikδ j l  + δi lδ jk) 

<,i jkl(x) = [ J ⎪− IK (γ )− a2 ⎪ I II K  (γ ) ,l δi j  xk ⎪ ⎪ [ J ⎪ ⎪− I J (γ )− a2 ⎪ ⎪ I II J  (γ ) ,l (δikx j + δ jkxi ) ⎪ [ J ⎪ ⎪ ⎪− I J (γ )− a2 I II J  (γ ) (δi l x j + δ j l xi ) ⎪ ,k ⎪ ⎪ [ J ⎩− I J (γ )− aI 
2 II J  (γ ) x ∈/ �; 

,kl xi x j , 

(11.38a,b) 

{−II (0)δi j , x ∈ �,
A,i j (x) = (11.38c,d)− II (γ )δi j  − II, j (γ )xi , x ∈/ �, 

where 
∞ dt

II (γ ) = 2πa1a2a3 � , 
γ (aI 

2 + t) (a2 + t)(a2 + t)(a2 + t)1 2 3 
(11.39a) 

∞ dt
II J  (γ ) = 2πa1a2a3 � , 

γ (a2 I + t)(a2 J + t) (a2 + t)(a2 + t)(a2 + t)1 2 3 
(11.39b) 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 14:53 PSP Book - 9in x 6in 11-Shaofan-Li-c11

        

� � 

411 Eshelby-Type Inclusion Problems 

Ω∞ 

Ω 
32a 

3e
1e

2e

12a 

22a 

Figure 11.3 Ellipsoidal inclusion problem. 

which are functions of γ , with I , J ∈{1, 2, 3}. For  x ∈ � (interior 

points) γ = 0, and for x ∈/ � (exterior points) γ is the largest positive 

root of the following equation: 

x2 x2 x2 1 2 3+ + = 1, (11.40) 
a2 a2 a2+ γ + γ + γ1 2 3 

which shows that γ is a function of x. Note that in Eqs. (11.38a– 
d) and in the sequel each repeated lower-case index implies 

summation from 1 to 3, while each upper-case index takes the 

same value as its corresponding lower-case index but implies no 

summation. 

For the ellipsoidal inclusion shown in Fig. 11.3, a closed-form 

expression for r(x) can hardly be derived. However, the following 
results have been obtained [23]: 

2π π ( ) ( ) ( )s s m 
r(x) = 4π L2−L2 1+ exp − exp − sin θdθdφ 

0 0 L L L 
(11.41) 

for interior points x ∈ �, where  
−1/22 2 2

sin θ cosφ sin θ sinφ cos θ 
s = + + = s(θ, φ), 

a1 a2 a3 
(11.42a) 
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x1 x2 x3 m = s |X| cos θ, X = e1 + e2 + e3, (11.42b,c) 
a1 a2 a3 

and 
2π α π/24L2 

F (1) F (2)r(x) = −  sin θ dθ + sin θ dθ dφ 
π 0 0 α 

(11.43) 

for exterior points x ∈/ �, where  

π s s s
F (1) ≡ −(m/L)e cosh − sinh , (11.44a)

2 L L L ( ) ( )π π s m
F (2) ≡ −  −(s/L)+ 1+ e cosh , (11.44b)

2 2 L L 

1 
α = cos −1 . (11.44c)|X| 

Clearly, Eqs. (11.41) and (11.43) show that r(x)= 0 when L = 0, as 

expected. 

For interior points with x ∈ �, it follows from Eqs. (11.19b) and 

(11.38a,c) that the classical part of the Eshelby tensor is �[ J 
SC,IN

1 2= 2v II (0)− IL (0)+ aI II L (0)i j lm  δi j δlm  
8π(1− v)[ J 

2+ (1− v)IL (0)+ (1− v)IM (0)− I J (0)+ aI II J  (0) 

× (δi lδ jm  + δimδ j l) , (11.45) 

which is the same as that provided in [7]. It is clear from Eq. (11.45) 

that the Eshelby tensor SC,IN i j lm  is uniform (i.e., independent of position 

x) inside the ellipsoidal inclusion, which is a well-known result (e.g., 
of SC,IN[1, 39–42]). In fact, it can be shown that the components i j lm  

given in Eq. (11.45) depend only on the two aspect ratios of the 

ellipsoidal inclusion, defined by α1 = a1/a3 and α2 = a2/a3, and  
Poisson’s ratio of the matrix material, ν. 

For exterior points with x ∈/ �, the classical part of the Eshelby 

tensor has been obtained using Eqs. (11.19b) and (11.38b,d) as [23] 

(see also [43]) 

SC,EX = S(1) I J  (δi lδ jm  + δimδ j l)+ S(3) I L  δi j δlm  + S(2) i j lm  I  L  M δi j  xl xm 

+S(4) I  J δlmxi x j + S(5) L I ( J  M δi l x j xm +  J  L δimx j xl) 

+S(6)( I  M δ j l xi xm +  I  L δ jmxi xl)+ S(7) J I J  L M  xi x j xl xm, 

(11.46) 
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where 
1 [ J 

S(1) 2= 2v II (γ )− IL (γ )+ aI II L (γ ) ,I L  8π(1− v)
S(2)

1 2= (1− v) [II (γ )+ I J (γ )]− I J (γ )+ a ,I J  I II J  (γ )
8π(1− v)
 

S(3) 
a1a2a3 γ 

S(4) 
a1a2a3 1
 =  I , = (γ L − 2v),I 

�Z 2(1− v) L 
�Z 2(1− v)


S(5) 
a1a2a3 1
 = (γ I − 1+ v),I 
�Z 2(1− v)


S(6) 
a1a2a3 1
 = (γ J − 1+ v),J 
�Z 2(1− v)

S(7) 
a1a2a3 1 =  I  J  L  MI J  L M  
�Z 2 2(1− v) 

4γ η  × 2− 2γ ( I +  J +  L +  M )− γϑ  + , (11.47)
Z 

with 
xmxm 1 

� ≡ (a2 + γ )(a2 + γ )(a2 + γ ), ,  I ≡ ,1 2 3 Z ≡ 
(a2 a2 M + γ )2 I + γ 

(11.48a–c) 
xmxm xi 

ϑ ≡  1 +  2 +  3, η ≡ , n̂i ≡ √ . 
(a2 M + γ )3 (aI 

2 + γ ) Z 
(11.48d–f) 

Clearly, it is seen i j lm , being  from Eqs. (11.46) and (11.47) that SC,EX 

dependent on the position x, is not uniform outside the ellipsoidal 
inclusion, although SC,IN samei j lm  (see Eq. (11.45)) is uniform inside the

inclusion. 

From Eqs. (11.19c), (11.38c,d), (11.41) and (11.43), the gradient 

part of the Eshelby tensor for the ellipsoidal inclusion has been 

obtained as [23] 
1 2v f

SG P 2 
i j lm  = (d1 f ) ni n j + δi j  δlm  

8π(1− v) aI aJ P 
δi l n j nm δ j l ni nm δimn j nl δ jmni nl + (1− v)P 2 (d1 f ) + + + 
aJ aM aI aM aJ aL aI aL 

f δi lδ jm  δi lδ jm  δimδ j l  δimδ j l+ (1− v) + + +
P aI aL aJ aM aI aM aJ aL 

2L2 [ ( )
− P 4 (d3 f ) ni n j nl nm + P 2 (d2 f ) δi j nl nm
aI aJ aL aM 
6
 ( ) J � + (d1 f ) δi j δlm + 2L2A,i j lm  , (11.49)

3 
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414 Strain Gradient Solutions of Eshelby-Type Inclusion Problems 

where 
1/22 2 2x1 x2 x3P ≡ |X | = + + , (11.50a) 

a1 a2 a3 

2π π ( ) ( )s s
f (P ) ≡ s (L + s) exp − exp − P cos θ

0 0 L L 
cos θ sin θ dθ dφ for x ∈ �, (11.50b) 

or 
2π α4 ∂ F1f (P ) = −  L2 sin θ dθ 

π 0 0 ∂ P 
π/2 ∂ F2 + sin θ dθ dφ for x ∈/ �, (11.50c) 

α ∂ P 

and ni = xi/(PaI ). Clearly, it is seen from Eqs. (11.50b,c) that f (P ) 
= 0 in both the interior and exterior cases when L = 0, as expected. 

Equation (11.49) applies to both the interior and exterior cases, 

but the expressions for f (P ) and  A,i j lm  are different in each case. 

For the interior case with x ∈ �, f (P ) is given in Eq. (11.50b) and 
A,i j lm  = 0 (see Eq. (11.38c)), while for the exterior case with x ∈/
�, f (P ) is provided in Eq. (11.50c) and A,i j lm  is obtained from Eq. 

(11.38d), after some lengthy algebra, as 

1 
A,i j lm  = 4πa1a2a3 (δi j δlm I  L + δi lδ jm I  J + δimδ j l I  J )

�Z
+4xi x j xl xm NI J  L M  + 2(δi j xl xm M I L M  + δi l x j xm M I J  M  

+ δimx j xl M I J  L  + δ j l xi xm M I J  M  + δ jmxi xl M I J  L  

+ δlmxi x j M I J  L ) , (11.51) 

where 

1 1 2η
M I L M  ≡  I  L  M −( I +  L +  M )− ϑ + , 

�Z 2 2 Z 
(11.52a) 

1

NI J  L M  ≡  I  J  L  M ( I 

2 +  J 
2 +  L 

2 +  M
2 )


�Z 3 

+( I +  J +  L +  M )
2 + ϑ − 6

Z 

η 
( I +  J +  L 

1 1 3(ηϑ + 2β) 12η2 
ϑ2 

4 2 Z Z 2 
+ M )+ + ς − + , (11.52b) 
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415 Eshelby-Type Inclusion Problems 

2 2 2 4 2 4 2 4 2ς ≡  +  2 +  , β ≡  1 x +  2 x +  3 x3 . (11.52c,d)1 3 1 2 

From Eqs. (11.49)–(11.52a–d) it is seen that the gradient part of 

the Eshelby tensor, SG is position-dependent inside and outsidei j lm, 

the ellipsoidal inclusion, since f , P , ni , and  A,i j lm  (for the exterior 

case) involved in SG all functions of x. This differs from the  i j lm  are 

classical part, SC,IN which is uniform inside the same inclusion.i j lm,

Since i j lm  is position-dependent inside the ellipsoidal inclusion, SG 

its average over the inclusion volume is needed in homogenization 

analyses of composites containing ellipsoidal fibers. The volume 

average of the SSGET-based Eshelby tensor inside the ellipsoidal 

inclusion has been obtained as 

(	 ) 1 2Si jlm = 2v II (0)− IL (0)+ aI II L (0)V	 8π(1− v) 
)2v ( f | P= 1+	 δi j δlm  + [(1− v)IL (0)+ (1− v)IM (0) aI aJ J ( )

2− I J (0)+ aI II J  (0) δi lδ jm  + δimδ j l + (1− v) ( f | P= )1
1 1 1 1 × + δi lδ jm  + + δimδ j laI aL aJ aM aI aM aJ aL ( )

rr  32L2 [  J δi lδ jm− ( f r − 2 f )	 ,+ 2 f + (2 f )| P=P= 15	
0 aI aJ aL aM 

(11.53) 

where II (0) and II J  (0) are constants obtainable from Eqs. 

(11.39a,b), and f = f (P ) is defined in Eq. (11.50b). Clearly, when L \ )
SC,IN SC,IN= 0, Eq. (11.53) reduces to = i j lm  given in Eq. (11.45),i j lm

V 
since f (P ) ≡ 0 for any value of P (> 0) when L = 0 (see Eq.  
(11.50b)). Numerical results illustrating the components of this 

averaged Eshelby tensor changing with the inclusion size can be 

found in [23] along with those for the SSGET-based Eshelby tensor 

varying with the position, inclusion size and material length scale 

parameter. 

11.3.1.4 Polyhedral inclusion 

For a p-faced polyhedral inclusion of arbitrary shape, the domain 
occupied by the inclusion can be divided into tetrahedral duplexes 
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originated from a chosen (arbitrary) point x [39,44]. Each duplex 
can be further divided into two simplexes, each of which is a 

tetrahedron with three of its four faces being right triangles 

(see Fig. 11.4). The four vertices of each of the duplexes are, 

respectively, the projection point of x on a polyhedral surface (i.e., 
xI ), two adjacent vertices on this surface (i.e., V + and VJI 

−), andJI 

the point x itself. For each of these duplexes, a local Cartesian 
coordinate system is constructed, with point x being set as the 
origin. The three orthogonal axes of the local coordinate system 

are denoted by λ, η, and  ζ , respectively. The coordinates of the 

two vertices V + and V − on the J-th edge of the I-th surface are,JI JI 

respectively, given by (bJI, lJI 
+ , aI ) and  (bJI, l− aI ), as shown inJI ,

Fig. 11.5. 

In Fig. 11.5, λ0 JI, ηηJI
0 , and ζ0 I are the unit vectors associated with 

the local coordinates λJI, ηJI, and  ζI , y is an arbitrary point on the 
J-th edge of the I-th surface, r is the position vector of y relative to 
the origin x (i.e., r = y – x), and rI 

s is the projection of r on the I-th 
surface. The usual Cartesian coordinates (x1, x2, x3) are used in the 
global coordinate system having (e1, e2, e3) as the associated base 
vectors. 

For the p-faced polyhedral inclusion, it has been shown that 
[25] 

(a) (b) 

Figure 11.4 A polyhedron represented by duplexes: (a) A polyhedron (with 

five duplexes shown); (b) a duplex and the associated local coordinate 

system constructed from an arbitrary point x. See also Color Insert. 
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417 Eshelby-Type Inclusion Problems 

Figure 11.5 A duplex with its base on the I-th surface  and one  local  

coordinate axis (η) along the J-th edge of the I-th surface. 

p q p q 
JI JI JI 

<,i = −  (ζI 
0)i < = −  (ζI 

0)i [(< )+ − (< )−],1 1 1

I =1 J =1 I =1 J =1 
(11.54) 

p q p q 
JI JI JI

A,i = −  (ζI 
0)i A = −  (ζI 

0)i [(A )+ − (A )−],1 1 1

I =1 J =1 I =1 J =1 
(11.55) 

p q p q 
JI JI JI 

r,i = −  (ζI 
0)i r =− (ζI 

0)i [(r )+ − (r )−], (11.56)1 1 1

I =1 J =1 I =1 J =1 
JI JI JI JI JI JI JI JI JI

where< , (< )+, (< )− ,A , (A )+, (A )− , r , (r )+, and (r )− are 1 1 1 1 1 1 1 1 1

functions defined by 

JI JI JI JI 
<1 = <1(aI , bJI, lJI 

+ , lJI 
−) = (<1)

+(aI , bJI, lJI 
+)− (<1)

−(aI , bJI, lJI 
−), ⎡ 

l+ a3 aI l+ 
JI JI bJI I −1 JI

(< )+ = 
6 

aI 
2 + bJI 

2 + (lJI 
+)2 + 

3 
tan ⎣ � 

a2 I + b2bJI JI + (lJI 
+)2 

⎡ ⎤ 
l+ a2 a3 l+ 3a2 I bJI + b3 JI + I + bJI 

2 + (lJI 
+)2 

I −1 JI JI ⎣ ⎦− tan + ln � , 
3 bJI 6 a2 I + b2 JI 

1
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⎡ ⎤ 
l− a3 aI l− 

JI JI bJI I −1 JI
(<1)

− = a2 I + bJI 
2 + (lJI 

−)2 + tan ⎣ � ⎦ 
6 3 a2 I + b2bJI JI + (lJI 

−)2 

⎡ 
l− 3a2 l− a2 I + b2 a3 I bJI + b3 JI + JI + (lJI 

−)2 
I −1 JI JI ⎣− tan + ln � , 
3 bJI 6 a2 I + b2 JI 

JI JI JI JI
A1 = A1(aI , bJI, lJI 

+ , lJI 
−) = (A1)

+(aI , bJI, lJI 
+)− (A1)

−(aI , bJI, lJI 
−), 

⎡ ⎤ 
aI l+ l+ 

JI −1 JI −1 JI
(A1)

+ = aI tan ⎣ � ⎦ − aI tan
a2 bJIbJI I + bJI 

2 + (lJI 
+)2 

⎡ ⎤ 
l+ a2 I + b2 JI + JI + (lJI 

+)2 ⎣ ⎦+ bJI ln � , 
a2 I + b2 JI ⎡ ⎤ 
aI l− l− 

JI −1 JI −1 JI
(A )− = aI tan ⎣ � ⎦ − aI tan1

a2 bJIbJI I + bJI 
2 + (lJI 

−)2 

⎡ ⎤ 
l− a2 I + b2 JI + JI + (lJI 

−)2 ⎣ ⎦+ bJI ln � . 
a2 I + b2 JI 

JI JI JI JI 
r1 = r1 (aI , bJI, lJI 

+ , lJI 
−) = (r1 )+(aI , bJI, lJI 

+)− (r1 )−(aI , bJI, lJI 
−), 

∞l+ � l+ 
I + b2 JI −1 JI (−1)n+1 

JI [a
2 

JI + (lJI 
+)2]n/2 

(r1 )
+ = L e−aI /L tan + 

L nn!bJI bJIn=0 

⎫ 
(l+ −n/2

(l+ (l+ ⎬ 
JI )

2 1 n 3 JI )
2 

JI )
2 

1+ F1 , − , 1, , − , − , 
a2 I + b2 2 2 2 a2 I + b2 b2 ⎭JI JI JI 
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∞l− l− 
JI −aI /L −1 JI 

� (−1)n+1 
JI [a

2 
I + bJI 

2 + (lJI 
−)2]n/2 

(r )− = L e tan +
bJI L nn! bJIn=0 ⎫ 

(l− −n/2
(l− (l− ⎬ 

JI )
2 1 n 3 JI )

2 
JI )

2 

1+ F1 , − , 1, , − , − , 
a2 I + b2 2 2 2 aI 

2 + b2 b2 ⎭JI JI JI 

(11.57) 

with F1 being the first Appell hypergeometric function of two 
variables given by 

∞ 
(a)m+n(b)m(c)n m nF1 (a, b, c, d; x, y) = x y , (11.58a)
(d)m+nm!n! 

m,n=0 

and ( f )m being the Pochhammer symbol representing the following 

rising factorial: 

r( f + m)
( f )m = = f ( f + 1)( f + 2) · · · ( f + m − 1). (11.58b) 

r( f ) 

Note that Eqs. (11.54)–(11.56) are applicable to both the interior 

case with x being inside the polyhedral inclusion (i.e., x ∈ �) and  

the exterior case with x being outside the inclusion (i.e., x ∈/ �). For 

the former aI is a positive value, while for the latter aI is a negative 

value. 

It should be mentioned that no attempt has been made to obtain 

the expressions of the potential functions <(x), A(x) and  r(x) 
from Eqs. (11.54)–(11.56), since only the second and/or fourth 

derivatives of these functions are involved in the general expressions 

of the Eshelby tensor given in Eqs. (11.19a–c). This observation also 

applies to the ellipsoidal inclusion problem discussed earlier. 

FromEqs. (11.19a–c) and (11.54)–(11.56), the Eshelby tensor for 

the p-faced polyhedral inclusion has been obtained as [25] 

p q
1 � 

SC (SC 
i jkl  = 1 )JI(ζI 

0)i (ζI 
0) j δkl + (S2 

C )JI [(ζI 
0)i (ζI 

0)kδ j l
8π(1− v) 

I =1 J =1 

+(ζI 
0)i (ζI 

0)l δ jk]+ (S3 
C )JI [(ζI 

0)k(ζI 
0) j δi l  + (ζI 

0)l (ζI 
0) j δik] 

+(SC 
4 )JI (ζI 

0)i (λ
0 
JI) j δkl + (S5 

C )JI [(ζI 
0)i (λ

0 
JI)kδ j l  + (ζI 

0)i (λJI
0)l δ jk] 
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+(S6 C )JI [(λJI
0)k(ζI 

0) j δi l  + (λJI
0)l (ζI 

0) j δik]+ (S7 
C )JI (ζI 

0)i (ηJI
0) j δkl 

+(S8 C )JI [(ζI 
0)i (ηJI

0)kδ j l  + (ζI 
0)i (ηJI

0)l δ jk]+ (S9 
C )JI [(ηJI

0)k(ζI 
0) j δi l  

+(ηJI
0)l (ζI 

0) j δik]+ (SC )JI [(ζI 
0)i (λJI

0) j (ζI 
0)k(ζI 

0)l10


+(ζI 
0)i (ζI 

0) j (λ
0 

I )l + (ζI 
0)i (ζI 

0) j (ζI 
0)k(λJI

0)l ]
JI)k(ζ
0
 

+(SC )JI [(ζI 
0)i (η

0 
I )k(ζI 

0)l + (ζI 
0)i (ζI 

0) j (η
0 

I )l
11 JI) j (ζ
0 

JI)k(ζ
0
 

+(ζI 
0)i (ζI 

0) j (ζI 
0)k(ηJI

0)l ]+ (S12
C )JI [(ζI 

0)i (ζI 
0) j (λJI

0)k(λ
0 
JI)l
 

+(ζI 
0)i (λ

0 
I )k(λ

0 
I )i (λ

0
 
JI) j (ζ

0 
JI)l + (ζ 0 JI) j (λ

0 
JI)k(ζI 

0)l ]
 

+(SC )JI [(ζI 
0)i (ζI 

0) j (η
0 

I )i (η
0 

I )k(η
0
 

13 JI)k(ηJI
0)l + (ζ 0 JI) j (ζ

0 
JI)l
 

+(ζI 
0)i (ηJI

0) j (ηJI
0)k(ζI 

0)l ]+ (S14
C )JI [(ζI 

0)i (λ
0 
JI) j (ηJI

0)k(ηJI
0)l
 

+(ζI 
0)i (ηJI

0) j (λ
0 
JI)k(ηJI

0)l + (ζI 
0)i (ηJI

0) j (ηJI
0)k(λ

0 
JI)l ]
 

+(SC )JI [(ζI 
0)i (η

0 
I )i (λ

0
 
15 JI) j (λ

0 
JI)k(λJI

0)l + (ζ 0 JI) j (ηJI
0)k(λJI

0)l 

+(ζI 
0)i (λJI

0) j (λ
0 
JI)k(η

0 
16)JI [(ζI 

0)i (ζI 
0) j (λ

0 
JI)lJI)l ]+ (SC 

JI)k(η
0
 

+(ζI 
0)i (ζI 

0) j (ηJI
0)k(λJI

0)l + (ζI 
0)i (λ

0 
JI) j (ηJI

0)k(ζI 
0)l
 

+(ζI 
0)i (λ

0 
JI) j (ζI 

0)k(ηJI
0)l + (ζI 

0)i (ηJI
0) j (ζI 

0)k(λ
0 
JI)l
 

+(ζI 
0)i (ηJI

0) j (λ
0 
JI)k(ζI 

0)l ] , (11.59a) 

where 

JI JI JI JI
1 < ∂A 1 < ∂A1 1 1 1(S1

C)JI = ∂3 − 2v , (S2 
C )JI = ∂3 − (1− v) , 

3 ∂aI 
3 ∂aI 3 ∂aI 

3 ∂aI 
JI JI JI

∂A 1 ∂3< ∂A1 1 1(S3
C)JI = −(1− v) , (S4 

C )JI = − 2v , 
∂aI 3 ∂bJI 

3 ∂bJI 

JI JI JI
1 < ∂A ∂A1 1 1(S5

C)JI = ∂3 − (1− v) , (SC )JI = −(1− v) ,63 ∂bJI 
3 ∂bJI ∂bJI 

JI JI JI JI
1 ∂3(< )+ ∂3(< )− ∂(A )+ ∂(A )− 

1 1 1 1(SC)JI = − − 2v − ,7 3 ∂(l+ ∂(l− ∂l+ ∂l− 
JI )

3 
JI )

3 
JI JI 

JI JI JI JI
1 ∂3(< )+ ∂3(< )− ∂(A )+ ∂(A )− 

1 1 1 1(SC)JI = − − (1− v) − ,8
∂l+ ∂l−3 ∂(lJI 

+)3 ∂(lJI 
−)3 JI JI 
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(SC 9

(SC 
10

(SC 11

(SC 12

(SC 13

(SC 14

(SC 15

(SC 16

and 

SG = i jkl  

Eshelby-Type Inclusion Problems 

JI JI
∂(A1)

+ ∂(A1)
− 

)JI = −(1− v) − , 
∂l+ ∂l− 

JI JI
 

JI JI

∂3<1 1 ∂3<1)JI = − , 

∂a2 I ∂bJI 3 ∂bJI 
3 

JI JI JI JI
∂3(< )+ ∂3(< )− 1 ∂3(< )+ ∂3(< )− 

1 1 1 1)JI = − − − , 
∂a2 I ∂l+ ∂a2 I ∂l− ∂(l+ ∂(l− 

JI JI 3 JI )
3 

JI )
3 

JI JI
∂3<1 1 ∂3<1)JI = − , 

∂b2 3 ∂a3 JI∂aI I
 

JI JI JI

∂3(< )+ ∂3(< )− 1 ∂3< 

)JI = 1 − 1 − 1 , 
∂(l+ ∂(l− 3 ∂a3 JI )

2∂aI JI )
2∂aI I
 

JI JI JI

∂3(< )+ ∂3(< )− 1 ∂3<1 1 1)JI = − − , 
∂(l+ ∂(l− 3 ∂b3 JI )

2∂bJI JI )
2∂bJI JI 

JI JI JI JI
∂3(< )+ ∂3(< )− 1 ∂3(< )+ ∂3(< )− 

)JI = 1 − 1 − 1 − 1 , 
∂b2 ∂b2 3 ∂(l+ ∂(l− 

JI∂lJI 
+ 

JI∂lJI 
− 

JI )
3 

JI )
3 

JI JI
∂3(< )+ ∂3(< )− 

1 1)JI = − , (11.59b)
∂aI ∂bJI∂lJI 

+ ∂aI ∂bJI∂lJI 
− 

q p
1 � 

(S1 
G )JI(ζI 

0)i (ζI 
0) j δkl + (S2 

G )JI [(ζI 
0)i (ζI 

0)kδ j l
8π(1− v) 

J =1 I =1 
+(ζI 

0)i (ζI 
0)l δ jk]+ (S3 

G )JI [(ζI 
0)k(ζI 

0) j δi l  + (ζI 
0)l (ζI 

0) j δik] 

+(S4 G )JI (ζI 
0)i (λ

0 
JI) j δkl + (S5 

G )JI [(ζI 
0)i (λ

0 
JI)kδ j l  + (ζI 

0)i (λ
0 
JI)l δ jk] 

+(S6 G )JI [(λJI
0)k(ζI 

0) j δi l  + (λJI
0)l (ζI 

0) j δik]+ (S7 
G )JI (ζI 

0)i (ηJI
0) j δkl 

+(S8 G )JI [(ζI 
0)i (ηJI

0)kδ j l  + (ζI 
0)i (ηJI

0)l δ jk]+ (S9 
G )JI [(ηJI

0)k(ζI 
0) j δi l  

+(ηJI
0)l (ζI 

0) j δik]+ (SG )JI [(ζI 
0)i (λ

0 
JI) j (ζI 

0)k(ζI 
0)l10

+(ζI 
0)i (ζI 

0) j (λ
0 
JI)k(ζI 

0)l + (ζI 
0)i (ζI 

0) j (ζI 
0)k(λ

0 
JI)l ] 

+(SG )JI [(ζI 
0)i (η

0 
I )k(ζI 

0)l + (ζI 
0)i (ζI 

0) j (η
0 

I )l11 JI) j (ζ
0 

JI)k(ζ
0 

+(ζI 
0)i (ζI 

0) j (ζI 
0)k(ηJI

0)l ]+ (S12
G )JI [(ζI 

0)i (ζI 
0) j (λJI

0)k(λ
0 
JI)l 

+(ζI 
0)i (λ

0 
JI) j (ζI 

0)k(λ
0 
JI)l + (ζI 

0)i (λ
0 
JI) j (λ

0 
JI)k(ζI 

0)l ] 
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+(SG )JI [(ζI 
0)i (ζI 

0) j (η
0 

I )i (η
0 

I )k(η
0 

13 JI)k(ηJI
0)l + (ζ 0 JI) j (ζ

0 
JI)l 

+(ζI 
0)i (η

0 
I )l ]+ (SG )JI [(ζI 

0)i (λ
0 

JI) j (ηJI
0)k(ζ

0 
14 JI) j (ηJI

0)k(ηJI
0)l 

+(ζI 
0)i (ηJI

0) j (λ
0 
JI)k(ηJI

0)l + (ζI 
0)i (ηJI

0) j (ηJI
0)k(λ

0 
JI)l ] 

+(SG )JI [(ζI 
0)i (η

0	 
I )i (λ

0 
15 JI) j (λ

0 
JI)k(λJI

0)l + (ζ 0 JI) j (ηJI
0)k(λJI

0)l 

JI) j (λ
0 
JI)k(η

0 
16	 JI)l+(ζI 

0)i (λ
0 

JI)l ]+ (SG )JI [(ζI 
0)i (ζI 

0) j (λJI
0)k(η

0 

+(ζI 
0)i (ζI 

0) j (η
0 

I )i (λ
0 

JI)k(λ
0 
JI)l + (ζ 0 JI) j (ηJI

0)k(ζI 
0)l 

+(ζI 
0)i (λ

0 
I )k(η

0 
I )i (η

0 
I )k(λ

0 
JI) j (ζ

0 
JI)l + (ζ 0 JI) j (ζ

0 
JI)l 

+(ζI 
0)i (ηJI

0) j (λ
0 
JI)k(ζI 

0)l ] ,	 (11.59c) 

where 

JI JI	 JI
2L2 ∂3(A − r ) 4v(1− v) ∂r 2v L2 

1 1	 1(SG)JI =	 + +1 3 ∂a3 (1− 2v) ∂aI (1− 2v)I 
JI JI JI JI JI JI

∂3(A − r ) ∂3(A − r ) ∂3[(A )+ − (r )+]1 1 1 1 1 1× + + 
∂a3 ∂aI ∂b2 ∂aI ∂(l+ 

I JI JI )
2 

JI JI
∂3[(A )− − (r )−]−	 1 1 , 

∂aI ∂(l− 
JI )

2 

JI JI JI JI
2L2 ∂3(A − r ) ∂r	 ∂r1 1 1	 1(S2

G)JI =	 + (1− v) , (S3
G)JI = (1− v) , 

3 ∂a3 I ∂aI ∂aI 
JI JI JI

2L2 ∂3(A − r ) 4v(1− v) ∂r 2v L2 
1 1	 1(SG)JI =	 + +4 3	 ∂bJI 
3 (1− 2v) ∂bJI (1− 2v) 

JI JI JI JI JI JI
∂3(A − r ) ∂3(A − r ) ∂3[(A )+ − (r )+]1 1 1 1 1 1× + + 

∂a2 ∂b3 I ∂bJI JI ∂bJI∂(lJI 
+)2 

JI JI
∂3[(A )− − (r )−]1 1− 

∂bJI∂(lJI 
−)2 

, 

JI JI JI	 JI
2L2 ∂3(A − r ) ∂r	 ∂r1 1 1	 1(SG)JI =	 + (1− v) , (SG)JI = (1− v) ,5	 63 ∂bJI 

3 ∂bJI ∂bJI 

JI JI JI JI
2L2 ∂3[(A )+ − (r )+] ∂3[(A )− − (r )−]1 1 1 1(S7

G)JI = −
 
3 ∂(lJI 

+)3 ∂(lJI 
−)3
 

JI JI

4v(1− v) ∂(r )+ ∂(r )− 

+ 1 − 1

(1− 2v) ∂l+ ∂l− 
JI JI 
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JI	 JI JI JI
2v L2 ∂3[(A )+ − (r )+] ∂3[(A )− − (r )−]1	 1 1 1+ 

(1− 2v) ∂a2 I ∂l+ − 
∂a2 I ∂l− 

JI JI 

JI JI JI JI
)−]∂3[(A )+ − (r )+] ∂3[(A )− − (r1 1 1 1

∂b2 ∂b2
+	 

JI∂lJI 
+ − 

JI∂lJI 
−
 

JI JI JI JI

∂3[(A )+ − (r )+] ∂3[(A )− − (r )−]+	 1 1 − 1 1 , 

∂(l+	 ∂(l− 
JI )

3 
JI )

3 

JI JI JI JI
2L2 ∂3[(A )+ − (r )+] ∂3[(A )− − (r )−]1 1 1 1(S8

G)JI = −
 
3 ∂(lJI 

+)3 ∂(lJI 
−)3
 

JI
)+ JI

)−∂(r1 ∂(r1+(1− v) − , 
∂l+ ∂l− 

JI JI 

JI JI
∂(r1 )

+ ∂(r1 )
− 

(S9
G)JI = (1− v) − , 

∂l+ ∂l− 
JI JI 

JI JI JI JI
∂3(A − r ) 1 ∂3(A − r )1 1 1 1(SG )JI = 2L 2 −	 ,10


∂a2 I ∂bJI 3 ∂bJI 
3
 

JI JI JI JI
∂3[(A )+ − (r )+] ∂3[(A )− − (r )−]1 1 1 1(SG = 2L 2 11)JI 

∂a2 
− 

I ∂l+ ∂aI 
2∂l− 

JI JI 

JI JI JI JI
1 ∂3[(A )+ − (r )+] 1 ∂3[(A )− − (r )−]− 1 1 + 1 1 , 
3	 ∂(l+ 3 ∂(l− 

JI )
3 

JI )
3 

JI JI JI JI
∂3(A1 − r1 ) 1 ∂3(A1 − r1 )(SG = 2L 2 −	 ,12)JI 

∂b2 3 ∂a3 JI∂aI I 

JI JI JI JI
∂3[(A )+ − (r )+] ∂3[(A )− − (r )−]1 1 1 1(SG = 2L 2	 −13)JI 

∂aI ∂(l+ ∂aI ∂(l− 
JI )

2 
JI )

2 

JI JI
1 ∂3(A	 − r )− 1 1 , 
3 ∂a3 I 

JI JI JI JI
∂3[(A )+ − (r )+] ∂3[(A )− − (r )−]1 1 1 1(SG 14)JI = 2L 2 −
 

∂bJI∂(lJI 
+)2 ∂bJI∂(lJI 

−)2
 

JI JI

1 ∂3(A	 − r )− 1 1 , 
3 ∂b3 JI 
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JI JI JI JI
∂3[(A )+ − (r )+] ∂3[(A )− − (r )−]1 1 1 1(SG = 2L2 −15)JI 

∂b2 ∂b2 JI∂lJI 
+ 

JI∂lJI 
− 

JI JI JI JI
1 ∂3[(A )+ − (r )+] 1 ∂3[(A )− − (r )−]− 1 1 + 1 1 , 
3 ∂(l+ 3 ∂(l− 

JI )
3 

JI )
3 

JI JI JI JI
∂3[(A )+ − (r )+] ∂3[(A )− − (r )−]1 1 1 1(SG )JI = 2L2 − .16

∂aI ∂bJI∂lJI 
+ ∂aI ∂bJI∂lJI 

− 

(11.59d) 

JI JI JI JI JI JI JI JI
In Eqs. (11.59b,d), < , (< )+, (< )− , A , (A )+, (A )− , r , (r )+ ,1 1 1 1 1 1 1 1

and (r 
JI
)−are defined in Eq. (11.57). 1

It should be mentioned that the classical part SC in Eqs. i jkl  

(11.59a,b) depends only on Poisson’s ratio ν and cannot account for 
JI JI JI

)− JI JI
the inclusion size effect, noting that < , (<1)

+, (< , A1 , (A )+ ,1 1 1

and(A
JI
)− involved in Eq. (11.59b) do not contain thematerial length 1

scale parameter L (see Eq. (11.57)). However, the gradient part SG i jkl  

in Eqs. (11.59c,d) can capture the inclusion size effect, since Eqs. 
JI JI JI

(11.59c,d) as well as the expressions of r , (r )+, and (r )− (see1 1 1

Eq. (11.57)) contain the parameter L in addition to Poisson’s ratio 
ν. Clearly, when  L = 0 (i.e., in the absence of the strain gradient 
effect), SG ≡ 0 according to Eqs. (11.59c,d) and (11.57), thereby i jkl  

resulting in Si jkl  = SC from Eq. (11.19a). That is, the SSGETi jkl  

based Eshelby tensor for the polyhedral inclusion reduces to its 

counterpart based on classical elasticity when the strain gradient 

effect is not considered. Also, it is seen that the expressions of 

the classical elasticity-based Eshelby tensor in Eqs. (11.59a,b) and 

(11.57) are more compact than those given in [45]. 

The volume average of the position-dependent Eshelby tensor, ( )
Si jkl  has been obtained asV
 

p n p q ��� 
  
Si jkl  = 1 (SN M  )i jkl  [aI (λN M  , ηN M  , ζM ),V V� �N MM =1 N=1 I =1 J =1 

bJI(λN M  , ηN M  , ζM ), lJI 
+(λN M  , ηN M  , ζM ), lJI 

−(λN M  , ηN M  , ζM )] 

dλN M dηN M dζM , (11.60) 

where (SN M  )i jkl  is the Eshelby tensor at point x inside �N M  given 

in Eqs. (11.19a) and (11.59a–d), V� is the volume of the polyhedral 

inclusion �, �N M  is the region occupied by the duplex formed by 
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Figure 11.6 Duplexes and the corresponding local coordinate systems 

constructed from an arbitrary point x and from the origin o of the global 
coordinate system, respectively. See also Color Insert. 

the origin (point O) of the global coordinate system, the projection 

of point O onto the M-th polygonal surface (i.e., OM ) and  two  

vertices on the N -th of M-th surface (i.e., V + V −edge the N M  and N M ), 

(λN M , ηN M , ζM ) are the local Cartesian coordinates associatedwith 

�N M , and n is the number of edges on theM-th surface. Note that this 
duplex �N M  is different from that formed by point x, its projection 
onto the I-th polygonal surface (i.e., xI ) and two vertices on the J-th 
edge of the I-th surface (i.e., VJI 

+ and VJI 
−), as shown in Fig. 11.6. 

The general formula in Eq. (11.60) can be used for a polyhedral 

inclusion of arbitrary shape. Three types of polyhedral inclusions, 

i.e., cubic,octahedral, and tetrakaidecahedral, have been quantita-

tively studied in [25] using a simplified version of Eq. (11.60) along 

with Eqs. (11.59a–d). 
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11.3.2 Anti-Plane Strain Inclusion 

Consider an infinite homogeneous isotropic elastic body with an 

inclusion �I undergoing anti-plane strain deformations described 

by u1 = 0, u2 = 0, u3 = u3(x1, x2). A uniform eigenstrain ε∗ and a 
uniform eigenstrain gradient κ∗ are prescribed inside the inclusion 
�I, both of which vanish outside �I. Besides ε ∗ and κ ∗ , there is no  
body force or surface force acting in the elastic body containing the 

inclusion. Hence, the displacement, strain and stress fields induced 

by the presence of ε∗ and κ∗ are disturbed fields, which may be 
superposed to those caused by applied body and/or surface forces. 

By using Green’s function method, it has been found [26] that 

ε13 = S1313ε ∗ + S1323ε ∗ + T13311κ ∗ + T13312κ ∗ 
13 23 311 312 

+T13321κ ∗ + T13322κ ∗ 
321 322, 

ε23 = S2313ε ∗ + S2323ε ∗ + T23311κ ∗ + T23312κ ∗ 

∗ ∗ 
13 23 311 312 

+T + T23322κ (11.61)23321κ321 322, 

where the four non-vanishing components of the fourth-order 

Eshelby tensor Si jkl  are 

S1313 = −μ �G � ,11 , S1323 = −μ �G � ,12 = S2313, S2323 = −μ �G � ,22 , 
(11.62) 

and the eight non-vanishing components of the fifth-order Eshelby

like tensor Ti jklm  are 

T13311 = μL2 �G � ,111 , T13312 = T13321 = μL2 �G � ,112 = T23311, 

T13322 = μL2 �G � ,122 = T23312 = T23321, T23322 = μL2 �G � ,222 , 
(11.63) 

where G is the Green’s function given in Eq. (11.16) for an anti
plane strain inclusion of arbitrary cross-sectional shape, and <•> 

represents the area integral over the cross section. 

11.3.2.1 Circular cylindrical inclusion 

When the inclusion is cylindrical with a circular cross-sectional area 

AI (i.e., circular cylindrical) as shown in Fig. 11.7, the area integral of 
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Figure 11.7 Circular cross section AI. 

the Green’s function can be analytically evaluated to obtain [26] 

{ ( ) ( )1 1 R2 x2 x x �G � = −  R2 ln R − + + L x K 0 I1 
μ 2 2 2 L L( ) ( )x R x + L I0 −R K 1 + x K 1 (11.64)

L L L

for x located inside the circular inclusion (i.e., x < R), and 

( )R 1 x R �G � = −  R ln x + L K 0 I1 (11.65)
μ 2 L L

for x located outside the circular inclusion (i.e., x > R). In Eqs. 
(11.64) and (11.65), R is the radius of the circular cross-sectional 

x2 area AI, x = |x| = 1 + x2 is the distance from point x to the 2 

origin of the coordinate system which coincides with the center of 

the circular cross section, and I0, I1, K 0, and K 1 are, respectively, the 

modified Bessel functions of the first kind of the zeroth order, the 

first kind of the first order, the second kind of the zeroth order, and 

the second kind of the first order. 

© 2013 by Taylor & Francis Group, LLC

http:11.64)and(11.65


March 6, 2013 14:53 PSP Book - 9in x 6in 11-Shaofan-Li-c11

  
 

  
 

 � � 

 � � 

428 Strain Gradient Solutions of Eshelby-Type Inclusion Problems 

Using Eqs. (11.63) and (11.64) in Eq. (11.61) gives the non-zero 

components of S, Sα3β3, as  

Sα3β3(x) = SC (x)+ SG (x), (11.66)α3β3 α3β3

where x is a point located inside or outside the inclusion, SC isα3β3 

the classical part, and α3β3 is the gradient part. In a matrix form, SG 

Eq. (11.66) can be written as 

Sα3β3(x) = [�α3β3(x0)]T [S(x)], (11.67) 

where 

[S(x)] = [SC (x)]+ [SG (x)], (11.68a) 

and 

0 T 0 0[�α3β3(x )] = [δαβ, x x ], (11.68b)α β 

with x0 ≡ xα/x .α 

For the interior case with x < R , [SC ] and [SG ] in Eq. (11.68a) are 

given by � �T 

[SC(x)] = 1 
, 0 , (11.69a)

2 

[ J [ J T
SG(x) = S1

G , SG , (11.69b)2 

( )R R x
S1
G = −  K 1 I1 , (11.69c) 

x L L

( ) ( )R 1 x 2 x
S2
G = −R K 1 I0 − I1 . (11.69d)

L L L x L

For the exterior case with x > R , [SC ] in Eq. (11.68a) is
 � �T
R2 R2 

[SC(x)] = , − , (11.70a)
2x2 x2 

and [SG ] in Eq. (11.68a) still has the form in Eq. (11.69b) but ( )R R x
S1
G = −  I1 K 1 , (11.70b) 

x L L( ) ( )R 1 x 2 x
S2
G = R I1 K 0 + K 1 . (11.70c)

L L L x L
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429 Eshelby-Type Inclusion Problems 

Clearly, it is seen from Eqs. (11.67)–(11.70a–c) that for both the 

interior and exterior cases neither the classical nor the gradient 

part of the Eshelby tensor contains any classical elastic constant. 

However, the gradient part depends on the material length scale 

parameter L in both the cases. 
Similarly, using Eqs. (11.64) and (11.65) in Eq. (11.63) yields the 

non-zero components of T as [26] 

T13311 = μL2 x1 
x 

� 
x2 1 
x2 

�G �(3) + 3 
x 

1− x2 1 
x2 

�G �rr 

+ 3 
x2 

x2 1 
x2 

− 1 �G �r 
� 

, 

T13312 = T13321 = μL2 x2 
x 

� 
x2 1 
x2 

�G �(3) + 1 
x 

1− 3x2 1 
x2 

�G �rr 

+ 1 
x2 

3x2 1 
x2 

− 1 �G �r 
� 

= T23311, 

T13322 = μL2 x1 
x 

� 
x2 2 
x2 

�G �(3) + 1 
x 

1− 3x2 2 
x2 

�G �rr 

+ 1 
x2 

3x2 2 
x2 

− 1 �G �r 
� 

= T23312 = T23321, 

T23322 = μL2 x2 
x 

� 
x2 2 
x2 

�G �(3) + 3 
x 

1− x2 2 
x2 

�G �rr 

+ 3 
x2 

x2 2 
x2 

− 1 �G �r 
� 

, (11.71) 

where the first, second and third derivatives of �G � with respect to x 
are given by 

( )d 1 1 R x �G �r ≡ �G � = −  x − R K 1 I1 ,
dx  μ 2 L L

d2 1 1 R 1 x 1 x �G �rr ≡ �G � = −  − R K 1 I0 − I1 ,
dx2 μ 2 L L L x L( )d3 1 R 1 x �G �(3) ≡ �G � = −  R K 1 I0dx3 μ L L x  L( )1 2 x − + I1 (11.72)

L2 x2 L
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for x located inside the circular inclusion (i.e., x < R), and ( )1 1 R x �G �r = −  R2 − R I1 K 1 , 
μ 2x L L
1 1 R 1 x 1 x �G �rr = −  − R2 + R I1 K 0 + K 1 , 
μ 2x2 L L L x L
1 1 R R x(3) = −�G � R2 − I1 x L K 0 
μ x3 x2L2 L L( ) ( x )��

2+ x + 2L2 K 1 (11.73)
L

for x located outside the circular inclusion (i.e., x > R). 
Clearly, Eq. (11.71) shows that all components of T vanish when 

L = 0. That is, T is not present when the strain gradient effect is not 
considered. 

Since the Eshelby tensor S given in Eq. (11.66) is position-
dependent inside the inclusion, the average of S over the circular 
cross section of the cylindrical inclusion will be needed in 

homogenization analyses of fiber-reinforced composites. The area 

average of S has been obtained as [26] ( ) ( ) ( )
Sα3β3 = Sα

C
3β3 + Sα

G
3β3 A 

, (11.74)A A 

where
 ( ) 1

SC 

A 
= δαβ = SC (11.75)α3β3 α3β3, 2
 

and
 ( ) R R
SG 

A 
= −K 1 I1 (11.76)α3β3 δαβ.

L L 

Clearly, Eqs. (11.75) and (11.76) show that each component ( )
SCof α3β3 is a constant (i.e., 0.5 or 0) independent of any ( )

SGmaterial property, while the two non-zero components of α3β3

are numerically equal and depend on the material length scale 

parameter L . 

Similarly, using Eqs. (11.71)–(11.73) yields ( )
Tα33βγ (x) A = 0. (11.77) 

That is, the average of Tα33βγ (x) over the circular cross-sectional 
area of the cylindrical inclusion vanishes. It then follows from Eqs. 

(11.61) and (11.77) that ( )�εα3�A = Sα3β3 εβ
∗ 
3, (11.78)A 
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( )
where Sα3β3 A is given in Eqs. (11.74)–(11.76). Equation (11.78) 

shows that the average disturbed strain is only related to the 

eigenstrain ε* even in the presence of the eigenstrain gradient 

κ*. This result is also true for all other SSGET-based solutions 

of Eshelby-type inclusion problems discussed above. The finding 

is very important for homogenization analyses of heterogeneous 

materials based on higher-order elasticity theories. 

The SSGET has also been applied to derive solutions of finite

domain Eshelby-type inclusion problems [22, 24, 28], which extend 

the studies of the counterpart problems based on classical elasticity 

[46–50]. 
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Crack Problems in the Theories of 
Couple-Stress Elasticity and Dipolar 
Gradient Elasticity: A Comparison 
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12.1 Introduction 

A well-known deficiency of classical continuum theories is that 

they possess no intrinsic length scale and thus fail to predict the 

scale effects observed experimentally in problems with geometric 

length scales comparable to the lengths of material microstructure 

(see, for example, Li and Wang [1]). On the contrary, generalized 

continuum theories intend to capture effects of microstructure 

extending the range of applicability of the ‘continuum’ concept in an 

effort to bridge the gap between classical continuum theories and 

atomic-lattice theories. Notable examples appearing in relatively 

recent studies include the strengthening effects observed in bending 

and torsion of thin wires [2], the buckling of elastic fibers in 
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composites [3], micro-indentation experimentswhere themeasured 

indentation hardness increases as the width of the indent decreases 

[4, 5], fracture of cellular materials [6], and scale effects in simple 

structural components [7]. 

In the present study, two generalized continuum theories of 

elasticity, namely the standard couple-stress elasticity [8, 9] and the 

Toupin–Mindlin dipolar gradient elasticity [10, 11], are employed 

to deal with plane-strain finite-length crack problems. The standard 

couple-stress theory (or Cosserat theorywith constrained rotations) 

is the simplest gradient theory in which couple-stresses make 

their appearance. In particular, this theory assumes an augmented 

form of the Euler–Cauchy principle with a non-vanishing couple 

traction, and a strain-energy density that depends upon both the 

strain and the gradient of rotation. On the other hand, the Toupin– 

Mindlin dipolar gradient theory (or grade-two theory) assumes a 

strain-energy density that is a function of the strain tensor and 

the (complete) first gradient of strain. Both gradient theories are 

appropriate for formulations of elasticity and plasticity problems 

and, in general, allow for the emergence of interesting boundary-

layer effects that can capture corresponding phenomena (see, for 

example, [12–14]). In such formulations, characteristic lengths 

appear in the mechanical behavior of the material and these 

lengths can be related with the size of microstructure. Scale effects 

are incorporated therefore in the stress analysis. Typical cases of 

continua amenable to such an analysis are material structures like 

those, for example, of cellular materials, granular media, foams, 

amorphous materials and polymers [15–17]. 

Historically, ideas underlying generalized continuum theories 

were advanced already in the 19th century by Cauchy [18] and Voigt 

[19], but the subject was generalized and reached maturity only in 

the 1960s and 1970s with the works of Toupin [10], Mindlin [8, 11], 

Green and Rivlin [21], and Germain [22]. Interesting review articles 

on gradient and related generalized continuum theories were 

written, for example, by Lakes [23] andMaugin [24]. In recent years, 

these theories attracted a renewed and growing interest mainly due 

to the inability of the classical theories to describe accurately the 

deformation mechanisms of micro- and nanostructured materials, 

and also due to the increasing demands for manufacturing devices 

© 2013 by Taylor & Francis Group, LLC



January 28, 2013 17:46 PSP Book - 9in x 6in 12-Shaofan-Li-c12

437 Introduction 

at very small scales. Some recent examples of successful modeling of 

microstructure and size effects by gradient theories can be found in 

[25–33]. 

Regarding now solutions to plane-strain crack problems, we note 

that there is only a limited number of studies concerning such 

problems in gradient elasticity theories. In particular, in couple-

stress elasticity the first study is due to Sternberg and Muki 

[34]. They considered the case of a mode I finite-length crack by 

employing the method of dual integral equations. In their work, 

only asymptotic results were obtained showing that both stress 

and couple-stress fields exhibit a square-root singularity, while the 

rotation field is bounded at the crack-tip. Later on, Atkinson and 

Leppington [35] studied the problem of a semi-infinite crack by 

using the Wiener–Hopf technique. More recently, Huang et al. [36] 
using the method of eigenfunction expansions, provided near-tip 

asymptotic fields for mode I and mode II crack problems in couple

stress elasticity. Also, Huang et al. [37] using the Wiener–Hopf 
technique obtained full-field solutions for semi-infinite cracks under 

in-plane remote loading in elastic-plastic materials with strain-

gradient effects of the couple-stress type. Recently, Gourgiotis and 

Georgiadis [38, 39] extended the distributed dislocation technique 

in studying finite-length crack problems within the context of 

couple-stress elasticity. The crack problems were modeled by 

a continuous distribution of dislocations and disclinations that 

created both standard stresses and couple stresses in the body. 

Finally, Gourgiotis et al. [40] studied the problem of semi-infinite 
crack under concentrated loadings in an elastic body exhibiting 

couple-stress effects by using the Wiener–Hopf technique. 

On the other hand, within the context of the Toupin–Mindlin 

dipolar gradient elasticity, Georgiadis and Grentzelou [41] proved 

a uniqueness theorem for plane-strain crack problems. They found 

that a necessary condition for uniqueness in dipolar gradient 

elasticity is a bounded strain field around the crack tip in addition to 

the usual condition of a bounded displacement field. More recently, 

the same authors derived the J, L , and M integrals for cracks 
within gradient elasticity [42, 43]. It was shown that (i) the J-
integral (identified with the energy release rate at the crack tip) 

is path-independent in the case of a quasi-static response and 
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a homogeneous material, (ii) the L-integral is path-independent 
in the case of a quasi-static response and a homogeneous and 

isotropicmaterial, and (iii) theM -integral is always path-dependent.  
Moreover, analytical studies were carried out by Shi et al. [44], and 
Gourgiotis and Georgiadis [45]. In particular, Shi et al. [44] using 
the Wiener–Hopf technique investigated the elastic problem of a 

semi-infinite crack in an incompressible material by considering a 

gradient theory, which is the limit of a gradient plasticity theory 

with plastic work hardening exponent n = 1. Also, Gourgiotis and 
Georgiadis [45] employing the method of hypersingular integral 

equations studied the problem of a finite-length crack in a 

microstructured solid under remotely applied plane-strain loadings, 

and examined the effect of Poisson’s ratio in the solution and the 

ratio of the crack length over the pertinent material length. In both 

cases, the results showed departure from the predictions of classical 

and couple-stress elasticity. Finally, numerical studies employing 

finite and boundary elements were carried out by Aravas and 

Giannakopoulos [46], Papanicolopulos and Zervos [47], and Karlis 

et al. [48] in the context of dipolar gradient elasticity. 
The aim of the present work is to summarize, discuss, and 

compare the main results obtained in a series of studies by 

the present authors [38–40, 45] concerned with the influence 

of rotation/strain gradients in plane-strain crack problems. Our 

approach is based on integral equations. The integral equations have 

resulted from a treatment of the mixed boundary value problems 

via Fourier transforms and generalized functions. It is shown that 

the couple-stress elasticity and the Toupin–Mindlin dipolar gradient 

elasticity give results for plane-strain crack problems that do not 

share the same general features of solution behavior. This can be 

realized from the fact that the structure of the governing equations 

is different in the two theories. Indeed, in couple-stress elasticity the 

mode I crack problem is governed by a system of coupled singular 
integral equations with both Cauchy-type and logarithmic kernels. 

On the other hand, in dipolar gradient elasticity a system of coupled 

hypersingular integral equations with cubic and Hadamard type 
singularities is obtained. These equations are solved by analytical 

considerations on singular and Hadamard finite-part integrals, and 

a numerical treatment using the collocationmethod. It is shown that 
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our integral-equation approach is capable in providing very detailed 

full-field solutions to crack problems of generalized continua. 

12.2 Basic Equations 

In this Section, we briefly present the basic ideas and equations of 

couple-stress elasticity and dipolar gradient elasticity. More detailed 

presentations can be found in some recent papers by the present 

authors [32, 40], and in the fundamental papers [8–11]. 

12.2.1 Couple-Stress Elasticity 

The theory of couple-stress elasticity assumes that: (i) eachmaterial 

particle has three degrees of freedom, (ii) an augmented form of 

the Euler–Cauchy principle with a non-vanishing couple traction 

prevails, and (iii) the strain-energy density depends upon both 

strain and the gradient of rotation, which has eight independent 

components. 

In the absence of inertia effects, body forces and body moments 

the equations of equilibrium become 

∂pσpq = 0, ∂pmpq + epqkσkp = 0, (12.1) 

where indicial notation and the summation convention are under

stood with respect to a Cartesian coordinate system O x1x2x3 with 
the Latin indices spanning the range (1,2,3), epqk is the Levi-Civita 
alternating symbol and ∂p ( )  ≡ ∂ ( )/∂xp. Also, σpq is the stress 

μ(D )tensor (which is generally asymmetric), and mpq ≡ pq is the 

deviatoric part of the couple-stress tensor μpq . It is noted that the 

spherical part of the couple-stress tensor remains indeterminate in 

the standard couple-stress theory [8, 9]. 

The traction boundary conditions, at any point on a smooth 

boundary or section, consist of the following three reduced force-
P (n)tractions and two tangential couple-tractions R(n) q q 

P (n) q = σpqnp − 1 
2 
eqpknp∂km(nn) on bdy, (12.2) 

R(n) q = mpqnp − m(nn)nq on bdy, (12.3) 
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where bdy denotes any boundary along a section inside the body or 
along the surface of it, np are the direction cosines of the outward 
unit vector n, which is normal to the surface, and m(nn) = npnqmpq 

is the normal component of the deviatoric couple-stress tensormpq . 

For the kinematical description of the continuum, the following 

quantities are defined in the framework of the geometrically linear 

theory 

1 ( ) 1 
εpq = ∂puq + ∂qup , ωq = eqpk∂puk, κpq = ∂pωq, (12.4)

2 2 

where εpq is the usual strain tensor, ωq is the rotation vector, and κpq 

is the curvature tensor (i.e., the gradient of rotation). 

Further, assuming a linear and isotropic material response, the 

strain-energy density takes the following form: ( ) 1 /W ≡ W εpq, κpq = λεppεqq + μεpqεpq + 2ηκpqκpq + 2η κpqκqp, 
2 

(12.5) 

where (λ,μ, η, η/) are material constants. Then, Eq. (12.5) leads, 
through the standard variational manner, to the following constitu

tive equations: 

∂W 
τpq ≡ σ(pq) = = λδpqεkk + 2μεpq, 

∂εpq 

∂W /mpq = = 4ηκpq + 4η κqp. (12.6)
∂κpq 

In view of (12.6), the moduli (λ, μ) have the same meaning 

as the Lamé constants of classical elasticity theory, whereas the 

moduli (η, η/) account for couple-stress effects and are expressed in 
dimensions of [force]. Further, we assumeW to be a positive definite  

function of its arguments, so that 

3λ + 2μ >  0, μ >  0, η >  0, −1 < η//η < 1. (12.7) 

Incorporating now the constitutive relations (12.6) into the 

equations of equilibrium (12.1) and using the geometric relations 

(12.4), one may obtain the displacement equations of equilibrium [ ( )]
2 −1 4 2∇ u + (1− 2ν) ∇ (∇ · u)− £2 ∇ u − ∇ ∇ (∇ · u) = 0, 

(12.8) 

where ν is Poisson’s ratio, £ ≡ (η/μ)1/2 is a characteristic material 

length, and the absence of body forces and couples is assumed. In 
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the limit £ → 0, the Navier–Cauchy equations of classical linear 

isotropic elasticity are recovered from (12.8). Indeed, the fact that 

Eqs. (12.8) have an increased order w.r.t. their limit case (recall 

that the Navier–Cauchy equations are PDEs of the second order) 

and the coefficient £ multiplies the higher-order term reveals the 

singular-perturbation character of the couple-stress theory and the 
emergence of associated boundary-layer effects. Moreover, applying 
the gradient and the curl operator to Eq. (12.8), we obtain the 

following relations for the dilatation and the rotation, respectively 

2∇ e = 0, (12.9a) ( )
21− £2∇ ∇2ω = 0. (12.9b) 

where e = ∇ · u is the dilatation (volumetric strain). Thus, we 
observe that the dilatation is governed by the same equation as in 

classical elasticity. We also note that (12.9a) is of the second order, 

whereas each equation in (12.8) is of the fourth order. As Koiter [9] 

pointed out, this fact reconciles the order of the elliptic system (12.8) 

with the number of five boundary conditions. 

12.2.2 Dipolar Gradient Elasticity 

The theory of dipolar gradient elasticity assumes that the strain-

energy density depends upon the strain and the gradient of strain. 

The latter comprises both rotation and stretch gradients and has 

eighteen independent components. 

The equations of equilibrium and the traction boundary condi

tions along a smooth boundary can be obtained from variational 

considerations [10, 11]. Assuming the absence of inertial effects, 

body forces and body couples we obtain ( )
∂p τpq − ∂rmrpq = 0, (12.10) ( ) ( )

P (n) q = np τpq − ∂rmrpq − D p nrmrpq + (Dknk) nrnpmrpq on bdy, 
(12.11) 

R(n) = nrnpmrpq on bdy, (12.12)q 

where D p ( )  ≡ ∂p ( )  − npD ( )  is the surface gradient operator, 
D ( )  ≡ nq∂q ( )  is the normal gradient operator, P (n) is the force-q 

R(n)traction and q is the double-force traction. In addition,mrpq is the 
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1dipolar (or double) stress tensor with dimensions [force][length]− . 

The nature of the dipolar stresses and the notation used are 

explained in [11]. 

Introducing the constitutive equations of the theory is now in 

order. The simplest possible linear and isotropic equations result 

from the following strain-energy density function [12, 13]: ( ) ( )
W = (1/2) λεppεqq + μεpqεpq + (1/2) cλ ∂rεpp ∂rεqq( ) ( )+cμ ∂rεpq ∂rεpq , (12.13) 

where c is the gradient coefficient having dimensions of [length]2, 
and (λ, μ) are the standard Lamé constants. In this way, only one 

new material constant is introduced with respect to classical linear 

isotropic elasticity. Now, Eq. (12.13) leads, through the standard 

variational manner, to the following constitutive equations: 

∂W 
τpq = = λδpqε j j  + 2μεpq, 

∂εpq 

mrpq = (∂W ) = c∂r 
(
λδpqε j j  + 2μεpq

)
, (12.14) 

∂ ∂rεpq

where the following symmetries for the monopolar and dipolar 

stress tensors are noticed: τpq = τqp and mrpq = mrqp. Note 

that fully anisotropic constitutive relations have been used in 

deriving general results (energy theorems, uniqueness, balance laws 

and energy release rates) in recent works on dipolar gradient 

elasticity [41–43], but use of the general relations poses serious 

difficulties in solving specific boundary value problems. Therefore, 

the assumption of isotropy and the simplification using a single 
material length mentioned above greatly facilitate the analysis of 

boundary value problems of gradient elasticity. The full constitutive 

relations in the isotropic case involve fivematerial constants besides 

the two Lam´ [14],e constants [11]. Also, as shown by Georgiadis et al.
the restriction of positive definiteness ofW requires that c > 0. 

In summary, Equations (12.10)–(12.14) are the governing equa

tions for the isotropic linear dipolar gradient elasticity. Combining 

(12.10) with (12.14), one may obtain the displacement equations of 

equilibrium: ( ) [ ]
1− c∇2 ∇2u + (1− 2ν)−1 ∇ (∇ · u) = 0. (12.15) 
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Again, in the limit c → 0, the Navier–Cauchy equations of 
classical linear isotropic elasticity are recovered from (12.15). 

Further, applying the gradient and the curl operator to Eq. (12.15), 

we obtain the following relations for the dilatation and the rotation, 

respectively ( )
2∇2 ∇21− c e = 0, (12.16a) ( )
2∇21− c ∇2ω = 0. (12.16b) 

It is observed that in dipolar gradient elasticity both the 

dilatation and the rotation obey a fourth-order equation. This is in 

contrast with the couple-stress elasticity case where the dilatation 

was governed by the same second-order equation (12.9a) as in the 

classical elasticity theory. 

12.3 The Mode-I Crack Problem in Couple-Stress 
Elasticity 

12.3.1 Problem Statement and Plane-Strain States 

Consider the quasi-static plane-strain problem of a finite-length 

crack (see Fig. 12.1) in a body occupying a domain in the (x , y)
plane, under a remotely applied symmetric loading. The following 

two-dimensional displacement field will be then generated: ux ≡ 
ux (x, y) �= 0, uy ≡ uy (x, y) �= 0, and uz ≡ 0, with the z-axis 
being normal to the (x ,y)-plane. In this case, the rotation vector has 
only one component, i.e., ωz ≡ ω. Also, the constitutive equations for 
the non-vanishing components of the asymmetric stress and couple

stress tensors are written as [39] 

∂ux ∂uy ∂uy ∂ux 
σxx = (λ + 2μ) + λ , σyy = (λ + 2μ) + λ , 

∂x ∂y ∂y ∂x 
(12.17) 

∂ux ∂uy ∂3uy ∂3ux ∂3uy ∂3ux 
σyx = μ + + μ£2 − + − , 

∂y ∂x ∂x3 ∂x2∂y ∂x∂y2 ∂y3 
(12.18) 

∂ux ∂uy ∂3uy ∂3ux ∂3uy ∂3ux 
σxy = μ + − μ£2 − + − , 

∂y ∂x ∂x3 ∂x2∂y ∂x∂y2 ∂y3 
(12.19) 
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∂2uy ∂2ux ∂2uy ∂2ux mxz = 2μ£2 − , myz = 2μ£2 − . 
∂x2 ∂x∂y ∂x∂y ∂y2 

(12.20) 

Accordingly, the equations of equilibrium written in terms of 

displacements are expressed as follows: 

1 ∂ ∂ux ∂uy∇2ux + + 
(1− 2ν) ∂x ∂x ∂y 

∂4uy ∂4ux ∂4uy ∂4ux + £2 − + − = 0, (12.21)
∂x3∂y ∂x2∂y2 ∂x∂y3 ∂y4 

1 ∂ ∂ux ∂uy∇2uy + + 
(1− 2ν) ∂y ∂x ∂y 

∂4ux ∂4uy ∂4ux ∂4uy+ £2 − + − = 0. (12.22)
∂x3∂y ∂x2∂y2 ∂x∂y3 ∂x4 

Now, we consider a straight finite-length crack of length 2a 
embedded in the (x , y)-plane of infinite extent in a field of uniform 
uni-axial tension (see Fig. 12.1). The crack faces are defined by n = 
(0, ±1) and are traction free. The body is considered to be in plane
strain conditions. Then, the following mixed boundary conditions 

hold in the upper half-plane (y ≥ 0) 
σyy (x, 0) = 0, myz (x, 0) = 0 for  |x| < a, (12.23) 

y 

x 

σ 0 

−a a 

σ 0 

Figure 12.1 Cracked body under remote constant tension field in plane 

strain. 
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σyx (x, 0) = 0, for − ∞ < x < ∞, (12.24) 

uy (x, 0) = 0, ω (x, 0) = 0 for  |x| > a, (12.25) 

whereas the regularity conditions at infinity are written as 

∞ ∞ ∞ ∞σyy → σ0, σxx , σyx , σxy → 0, mxz,myz → 0, as R → ∞, 

(12.26) ( )1/2 
where R = x2 + y2 is the distance from the origin and the 

constant σ0 denotes the remotely applied normal loading. It is noted 

that the boundary condition (12.24) is valid indeed on the whole 

crack-line (−∞ < x < ∞, y = 0). This is due to the fact that the 
shear stress σyx is antisymmetric w.r.t. the plane y = 0. 

12.3.2 Outline of Analysis and Results 

Our analysis starts with asymptotic considerations. A near-tip 

asymptotic solution is obtained by the Knein–Williams technique. 

This is accomplished by attaching a set of (r, θ) polar coordinates 

at the crack tip and by expanding the displacement field as an 

asymptotic series of separated variable terms, each satisfying the 

traction-free boundary conditions on the crack faces. In this case, the 

leading terms of the displacement components are written as [49] 

ur (r, θ) = r p U0 (θ)+ r p+2 U1 (θ) , 

uθ (r, θ) = r p V0 (θ)+ r p+2 V1 (θ) , (12.27) 

where p is a complex (in general) constant and (Ub (θ) , Vb (θ)) 
with (b = 0,1) are angular functions to be determined. It is noted 

that that due to the particular form of the constitutive equations 

and the field equations in couple-stress elasticity, the higher order 

terms must also be taken into account in the displacement∼ r p+2 
asymptotic expansion. Indeed, as it was shown in [49], these 

terms are necessary, in our boundary layer analyses, towards the 

understanding of the structure of the near-tip fields. However, this 

is not the case in dipolar gradient elasticity where only the leading 

terms r p suffice in the asymptotic expansion [45]. 
Now, the field equations together with the boundary conditions 

for a traction-free crack form an eigenvalue problem. The appro

priate eigenvalue p is determined then from the requirement of a 
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bounded strain energy in the vicinity of the crack tip. In the mode I 

case the displacement field takes the following form [49]: 

A1 θ 3θ [ ]
1/2 2ur = r (3− 6ν) cos − (7− 6ν) cos + 2A/ r cos θ − ν13 2 2 

θ 5θ3/2 A//+ r (5− 10ν) cos − (9− 10ν) cos 1 2 2 

θ 5θ ( )+ A// 2− cos + 5 cos + O r , (12.28)3 2 2 

A1 θ 3θ 
uθ = r1/2 − (1− 2ν) sin + (7− 6ν) sin − A1/ r sin 2θ 3 2 2 

θ 5θ3/2 A//+ r − (1− 2ν) sin + (9− 10ν) sin1 2 2 

θ 5θ ( )+ 5A// 2sin − sin + O r , (12.29)3 2 2 ( )
A//
1, A

//where A 1, A/ and are amplitude factors that correspond to 1 2

the eigenvalues p = 1/2, p = 1 and  p = 3/2, respectively. Further, 
the leading order terms of the rotation assume the form 

θ ( )= 6A// 1/2 3/2ω r sin + O r , (12.30)3 2 

whereas the stresses and couple-stresses exhibit the same asymp

totic behavior at the crack-tip ( ) ( )−1/2 −1/2(σrr , σθr , σrθ , σθθ ) = O r , (mrz, mθz) = O r . (12.31) 

Regarding now the previous asymptotic results, we note that the 

stresses exhibit a square-root singularity as in the classical theory 

of elasticity. However, while the order of the stress singularities is 

preserved in the departure from the classical theory, their detailed 

structure is altered [36, 49]. In addition, the rotation is bounded at 
the crack-tip vicinity and this concurs with the uniqueness theorem 

for plane-strain crack problems in couple-stress elasticity [41]. On 

the other hand, the strain field at the crack tip remains square-root 

singular as in the classical theory. 

For the full-field analytical solution we formulate a system of 

integral equations. To this end, the Fourier transform is first utilized 

to suppress the x-dependence in the field equations (12.21)–(12.22) 
and the boundary conditions (12.23)–(12.25). Further, in order to 
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derive the integral equations for the mode I case, we define two 

functions that are analogous to the so-called densities utilized in the 
distributed dislocation technique. The dimensionless densities φ (x) 
and ψ (x) are defined as ( ) ( )

∂uy x,0+ ∂ω x,0+
φ (x) = , ψ  (x) = a for |x| < a. 

∂x ∂x 
(12.32) 

Now, due to (12.25), the following conditions hold true: φ (x) = 
0 and  ψ (x) = 0 for  |x| ≥ a. Moreover, due to compatibility, the 
following closure conditions must be imposed: 

a a 

φ (x) dx = 0, ψ (x) dx = 0. (12.33) 
−a −a 

The satisfaction of the boundary conditions in (12.23) results in 

a system of coupled integral equations, which governs the mode I 

problem. After some rather extensive analysis, the following system 

of singular integral equations is finally obtained [39]: 
a a2 (3− 2ν) ϕ(t) 4 |x − t|− dt + ψ(t) · ln dt 

(1− ν) −a x − t a −a £ 
a 

+ ϕ(t) · R1 (x − t) dt 
−a 

a1 2πσ0− ψ (t) · R2 (x − t) dt = −  , |x| < a, (12.34) 
a μ−a 

a a4£2 ψ(t) |x − t|− dt − 2 ϕ(t) · ln dt 
a x − t £−a −a 
1 a 

+ ϕ(t) · R2(x − t) dt 
2 −a 
£ a 

+ ψ (t) · R3 (x − t) dt = 0, |x| < a, (12.35)
2a −a 

where the regular kernels Rb (x − t) (with b = 1,2,3) involve 
modified Bessel functions of the second kind and are given as 

8 2£2 1
R1 (x − t) = −  − K 2 (|x − t|/£)− , (12.36) 

x − t (x − t)2 2 

2£2
 
R2 (x − t) = 4 − K 2 (|x − t|/£)
 

(x − t)2
 

+4 [K 0 (|x − t|/£)+ ln (|x − t|/£)] , (12.37) 
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μuy 
+ 

0.7 

aσ0 
0.6 
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classical elasticity 
couple-stress elasticity

= 20a
= 10a

= 5a 

-1 -0.5 0  0.5  1  
x̂ 

Figure 12.2 Normalized crack opening displacement profile. Poisson’s ratio 

is ν = 0.3. 

    − t)2 2,1 (x  1R3 (x − t) = 2sgn (x − t) · G 1, 3  
4£2  −1/2, 1/2, 0

8£ + , (12.38) 
x − t

with sgn ( ) being the signum function, Ki ( ) the i -th order modified 
Bessel function of the second kind, and G c

a
,
, 
d
b ( ) theMeijer G function, 

which is a tabulated function. For the numerical solution of the 

system in (12.34) and (12.35), the Gauss–Chebyshev quadrature 

is employed with a modification that takes into account the 

logarithmic kernel [39]. 

Some numerical results will now be presented. Figure 12.2 

depicts the influence of the ratio a/£ on the normal crack-face 
displacement (appropriately normalized). It is noteworthy that as 

the crack length becomes comparable to the characteristic length 

£, the material exhibits a more stiff behavior, i.e., the crack-face 
displacement becomes smaller in magnitude. We note further that 

the displacements obtained from the classical elasticity solution are 

an upper bound for those obtained from the present couple-stress 
elasticity solution. 
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Figure 12.3 Normalized upper-half crack rotation. Poisson’s ratio is 

ν = 0.3. 

Figure 12.3 depicts the influence of the ratio a/£ on the crack-face 
rotation. We note that as £ → 0 the rotation in the crack-tip vicinity 
converges point-wise to the unbounded limit of classical elasticity. 

This indicates a typical boundary layer behavior in the couple-stress 

solution. 

K I /K clas.The variation of the ratio with £/a, for three different I 

values of Poisson’s ratio, is depicted next in Fig. 12.4. The stress 

intensity factor in couple-stress elasticity is defined as K I = 
lim [2π (x − a)]1/2 σyy (x, 0). A significant increase in the stress 
x→a+ 

intensity factor is observedwhen couple-stress effects are taken into 

account. It should be noted that when £/a = 0 (no couple-stress 
effects) the above ratio should evidently become K I /K clas. = 1.I 

Therefore, the stress-ratio plotted in Fig. 12.4 exhibits a finite jump 

discontinuity at the limit £/a = 0; the ratio at the tip of the crack 
rises abruptly as £/a departs from zero. The same discontinuity was 

observed by Sternberg and Muki [34], who attributed this behavior 

to the severe boundary layer effects of couple-stress elasticity in 
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Figure 12.4 Variation of the ratio of stress intensity factors in couple-stress 

elasticity and classical elasticity with £/a. 

singular stress-concentration problems. Finally, it is noted that the 

ratio decreases monotonically with increasing values of £/a and 
tends to unity as £/a → ∞. 

Next, we evaluate the J-integral (energy release rate) of fracture 
mechanics and examine its dependence upon the ratio of lengths £/a 
and Poisson’s ratio ν. The path-independent J-integral within couple
stress elasticity was first established by Atkinson and Leppington 

[35] (see also [50]) and is written as 

J = 
� 

� 

� 

Wdy − 
� 

P (n) q 
∂uq 
∂x 

+ R(n) q 
∂ωq 

∂x 

� 

d� 

� 

, (12.39) 

ε+ +(  ,  0)  a 

x 

y 

( ,0)a 

ε− −(  ,  0)  a 

ε− +(  ,  0)  a 

ε+ −(  ,  0)  a 

Figure 12.5 Rectangular-shaped contour surrounding the RHS crack-tip. 
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Figure 12.6 Variation of the J-integral for the mode I case in couple-stress 
elasticity. 

where � is a piece-wise smooth simple two-dimensional contour 

surrounding the crack-tip, W is the strain-energy density, and 
(Pq 

(n), Rq 
(n)) are the reduced force-traction and the tangential 

couple-traction defined in (12.2) and (12.3). For the evaluation 

of the J-integral, we consider the rectangular-shaped contour � 

(surrounding the RHS crack-tip) with vanishing ‘height’ along the 

y-direction and with ε → +0 (see Fig. 12.5). This type of 
contour permits using solely the asymptotic near-tip stress and 

displacement fields [39]. 

Further, by taking into account that in the mode I case the shear 

stress σyx is zero along the crack line (y = 0) and that the crack-faces 

are defined by n = (0, ±1), the J-integral gets the following form 
a+ε ∂uy(x, y = 0+)

J = −2 lim  σyy(x, y = 0+) · + 
ε→+0 ∂xa−ε ( ) ∂ω 

(
x, y = 0+) � 

+myz x, y = 0+ · dx . (12.40)
∂x 

The integral in (12.40) is evaluated using Fisher’s theorem of 

singular distributions [12, 39]. Our results are shown graphically 
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J / J clas.in Fig. 12.6. The graph depicts the dependence of the ratio 

upon the ratio of lengths £/a for three different values of Poisson’s 
ratio of the material. J clas. ≡ π(1− ν)σ 2a/2μ is the respective 0

integral in classical elasticity. The calculations show that as £/a → 
0, the J-integral in couple-stress elasticity tends continuously to 
its counterpart in classical elasticity. Also, J < J clas. for £ �= 0. 
The latter result seems to be a consequence of the fact that the 

crack-face displacements and rotations (see Figs. 12.2 and 12.3) are 

significantly smaller than the respective ones in classical theory. This 

not only compensates the increase of the normal stress ahead of 

the crack-tip (this stress aggravation in couple-stress elasticity is 

shown in Fig. 12.4), but it results evidently in an overall decrease 

of the energy release rate when couple-stress effects are taken into 

account. 

12.4 The Mode I Crack Problem in Dipolar Gradient 
Elasticity 

12.4.1 Problem Statement and Plane-Strain States 

The problem of a finite-length mode I crack (Fig. 12.1) is considered 

next in the context of dipolar gradient elasticity. The crack faces 

are traction free and the body is considered to be in plane-strain 

conditions. In this case, the independent components of the stress 

tensors that act ‘inside’ the plane (x, y) and that do not vanish 
identically are three for τpq and six for mrpq . Equations (12.14) are 

utilized. The components of stresses in Cartesian coordinates are 

∂ux ∂uy ∂uy ∂ux 
τxx = (λ + 2μ) + λ , τyy = (λ + 2μ) + λ , 

∂x ∂y ∂y ∂x 

τxy = τyx = μ 

� 
∂ux 
∂y 

+ ∂uy 
∂x 

� 

, (12.41) 

∂τxx ∂τxy ∂τyymxxx = c , mxxy = c , mxyy = c , 
∂x ∂x ∂x 

∂τxx ∂τyy ∂τxymyxx = c , myyy = , myxy = c . (12.42)
∂y ∂y ∂y 
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Moreover, the displacement equations of equilibrium take the 

following form: 

( ) 1 ∂ ∂ux ∂uy
1− c∇2 ∇2ux + + = 0, (12.43)

(1− 2ν) ∂x ∂x ∂y 

( ) 1 ∂ ∂ux ∂uy
1− c∇2 ∇2uy + + = 0. (12.44)

(1− 2ν) ∂y ∂x ∂y 

Then, according to (12.11)–(12.12), the following mixed bound

ary conditions hold for the upper half-plane (y ≥ 0) [45]: 

tyy (x, 0) = 0, myyx (x, 0) = 0 for  |x| < a, (12.45) 

tyx (x, 0) = 0, myyy (x, 0) = 0 for  − ∞ < x < ∞, (12.46) 

uy (x, 0) = 0, Dux (x, 0) ≡ ∂yux (x, 0) = 0 for  |x| > a, 
(12.47) 

where (tyy, tyx) are the total stresses defined as 

∂mxyy ∂myyy ∂myxy tyy ≡ Py 
(n) = τyy − − − , (12.48)

∂x ∂y ∂x 

∂mxyx ∂myyx ∂myxx tyx ≡ Px (n) = τyx − − − . (12.49)
∂x ∂y ∂x 

It is noted that these quantities result from the monopolar 

traction conditions (12.11) for a boundary defined by n = (0, ±1). 
Also, the regularity conditions at infinity are written as 

t∞ t∞ 
yx , t

∞ → 0,yy → σ0, xx , t
∞ 

xy 

mrpq → 0 (r, p, q) = (x, y) as R → ∞. (12.50) 

Finally, we remark that the boundary conditions (12.46) are valid 

on the whole crack-line (−∞ < x < ∞, y = 0). This is due  to  
the fact that the dipolar stressmyyy and the total shear stress tyx are 
antisymmetric w.r.t. the plane y = 0 [45]. 
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12.4.2 Outline of Analysis and Results 

The asymptotic stress and displacement fields at the vicinity of 

the crack tip are derived using the Knein–Williams technique. In 

the context of dipolar gradient elasticity, the leading terms of the 

displacement components are written as [32, 45] 

ur = r [�1 + �2 cos 2θ] 

θ (11− 16ν) 3θ +A1 r3/2 (3− 8ν) cos  + 3 cos 
2 (41− 32ν) 2 

3/2 (11− 16ν) 3θ 5θ −A2 r 3 cos − cos , (12.51)
(41− 32ν) 2 2 

3/2 θ (13− 16ν) 3θ 
uθ = −�2 r sin 2θ + A1 r (9− 8ν)sin − 3 sin 

2 (41− 32ν) 2 

3/2 (13− 16ν) 3θ 5θ +A2 r 3 sin − sin , (12.52)
(41− 32ν) 2 2 

where (�1, �2) are the amplitude factors for the lowest-order crack

tip fields and (A1, A2) are the amplitude factors for the dominant 
terms of order 3/2. It is observed that the linear termwith respect to 

r in (12.52) does not contribute to the crack opening displacement. 
Indeed, the crack faces (θ = ±π) close more smoothly as compared 

to the classical result exhibiting a variation∼ r3/2. 
Further, it is found that the strains are bounded at the crack-tip 

region 

εrr = �1 + �2 cos 2θ 

3 (33− 48ν) 3θ θ + A1r1/2 cos + (3− 8ν) cos 
2 41− 32ν 2 2 

3 1/2 (33− 48ν) 3θ 5θ − A2r cos − cos , (12.53)
2 41− 32ν 2 2 

εθθ = �1 − �2 cos 2θ 

3 1/2 (17− 16ν) 3θ θ − A1r cos − (5− 8ν) cos 
2 41− 32ν 2 2 

3 1/2 (17− 16ν) 3θ 5θ + A2r cos − cos , (12.54)
2 41− 32ν 2 2 

3 (23− 32ν) 3θ θ 
εrθ = εθr = −�2 sin 2θ − A1r1/2 sin − sin 

2 41− 32ν 2 2 

3 1/2 (23− 32ν) 3θ 5θ + A2r sin − sin . (12.55)
2 41− 32ν 2 2 
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Therefore, the necessary condition for uniqueness of the crack 

problem in gradient elasticity is fulfilled by the present asymptotic 

solution [41]. In addition, as in the couple-stress case, the rotation 

is bounded at the crack-tips exhibiting a ∼ r1/2 behavior. Moreover, 
the monopolar and dipolar stresses have the following asymptotic 

behavior at the crack-tips ( ) ( )
1/2 −1/2τpq = O r , mrpq = O r , (r, p, q) = (x, y) . (12.56) 

Next, we formulate integral equations with the aid of Fourier 

transforms for the full-field solution of the boundary value problem. 

In the mode I case a system of coupled hypersingular integral 

equations with cubic and Hadamard type singularities is finally 

obtained [45] 

a ac[γ1ϕ(t)+ γ3ψ(t)] [γ2ϕ(t)+ γ3ψ(t)]
F.P. dt − dt 

−a (x − t)3 −a 4(x − t) 
a 2πσ0 + [ϕ(t)+ ψ(t)] · N1(x − t)dt = −  , |x| < a, (12.57)

μ−a 

a ac[γ3ϕ(t)+ γ1ψ(t)] γ3[ϕ(t)+ ψ(t)] |x − t|
F.P. dt + · ln dt 

22(x − t)2 4 c1/−a −a 
a 

+ [ϕ(t)+ ψ(t)] · N2(x − t)dt = 0, |x| < a, (12.58) 
−a 

where the densities ϕ (x) and ψ (x) are defined as ( ) ( )
∂uy x,0+ ∂ux x,0+

ϕ (x) = , ψ (x) = for |x| < a, 
∂x ∂y 

(12.59) 

and satisfy the same kinematical and compatibility conditions as in 

the couple-stress elasticity case. Also, Nb (x − t) (with b = 1,2) are 

regular kernels that involve modified Bessel functions [45], whereas 

the constants (γ1, γ2, γ3) are defined in terms of Poisson’s ratio as 

7− 4ν 11− 4ν 3− 4ν 
γ1 = , γ2 = , γ3 = . (12.60)

1− ν 1− ν 1− ν 

The system of hypersingular integral equations is solved by 

analytical considerations on Hadamard finite-part (F.P.) integrals 

and a numerical treatment [45]. 

Figure 12.7 depicts the variation of the crack opening dis

placement in dipolar gradient elasticity. It is observed that as in 
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Figure 12.7 Normalized crack opening displacement profile. Poisson’s ratio 

is ν = 0.3. 

the couple-stress elasticity case (see Fig. 12.2), the crack opening 

displacement takes on smaller values than the ones predicted by 

the classical theory. This stiffness effect becomes more pronounced 

with the increase of the gradient coefficient c1/2. However, unlike  
the classical or the couple-stress elasticity case, the crack faces in 

gradient elasticity close more smoothly: i.e., in a cusp-like manner 

(Fig. 12.8). 

In Fig. 12.9 the variation of the normal strain εyy is depicted. It 

is observed that the εyy takes a finite value at the crack-tip (x̂ = 
x/a = 1), while the corresponding strain in classical or couple
stress elasticity exhibits a square root singularity. 

The distribution of the normal total stress ahead of the RHS crack 

tip is displayed in Fig. 12.10. Normalized quantities are utilized and 

the new variable x̄ = x − a is introduced measuring distance from 
the RHS crack tip. The total stress tyy exhibits a strong singularity 

x−3/2of the type ̄ . The behavior of tyy reminds typical boundary-
layer behavior [12, 44]. We notice that for an initial zone in the 
crack-tip region the total normal stress tyy takes on negative values 
exhibiting therefore a cohesive-traction character. This zone ranges 

from 0.45 c1/2 to 0.5 c1/2, thus, is extremely small and perhaps can be 
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Figure 12.8 Profile of the normalized crack opening displacement near to 

the RHS crack tip. Poisson’s ratio is ν = 0.3. 
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Figure 12.9 Distribution of the normal strain εyy . Poisson’s ratio is ν = 0.3. 
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Figure 12.10 Distribution of the total normal stress tyy ahead of the crack 
tip for Poisson’s ratios ν = 0 and ν = 0.5. 

ignored. We note, in addition, that the variation of Poisson’s ratio ν 

has marginal effect on the total normal total stress. 

Finally, we evaluate the J-integral in dipolar gradient elasticity 
and examine its dependence upon the ratio of lengths c1/2/a and 
Poisson’s ratio ν. In the works by Georgiadis and Grentzelou [42], 

and Grentzelou and Georgiadis [43], the expression for the J-integral 
was identified with the energy release rate at the tip of a growing 

crack and it was proved that it is path-independent in the case of a 
quasi-static response and a homogeneous material. 

In the mode I case, the J-integral takes the following form [45]: 

a+ε ∂uy(x, y = 0+)
J = −2 lim  tyy(x, y = 0+) · 

ε→+0 ∂x−a+ε ( ) ∂2ux 
(
x, y = 0+) � 

+ myyx x, y = 0+ · dx . (12.61)
∂x∂y 

To evaluate it we follow an analogous procedure as in the couple

stress elasticity case. Figure 12.11 depicts the variation of the 
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Figure 12.11 Variation of the J-integral for the mode I case in dipolar 
gradient elasticity. 

ratio J / J clas. with respect to c1/2/a. As in the couple-stress case, 
a decrease of the values of J is noticed in comparison with the 
classical theory. This finding shows that the dipolar gradient theory 

also predicts a strengthening effect since a reduction of the crack 

driving force takes place as the material microstructure becomes 

more pronounced. 

12.5 Conclusions 

In the present work we investigated plane-strain finite length crack 

problems within the framework of two generalized continuum 

theories of elasticity, the standard couple-stress elasticity and the 

Toupin–Mindlin dipolar gradient elasticity. Both theories account 

for effects of microstructure. The boundary value problems are 

attacked initially by the asymptotic Knein–Williams technique and 

then by an analytical/numerical technique based on singular and 

hypersingular integral equations. 
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Our results differ in several important respects from the 

predictions of standard fracture mechanics. Indeed, the present 

results indicate that the cracked solid behaves in a more rigid way 

as compared to a solid governed by classical elasticity. Also, it is 

observed that, in both gradient theories, the energy release rate 

(J-integral) decreases monotonically with increasing values of the 
ratio of the characteristic material length over the crack length. 

This means that a decrease of the value of J-integral is noticed  

in comparison with the classical theory. Therefore, both theories 

predict a strengthening effect since a reduction of the crack driving 

force takes place as the material microstructure becomes more 

pronounced. 

More specifically, in couple-stress elasticity the rotation field is 

found to be bounded at the tip of the crack. However, the stresses and 

strains remain square-root singular as in the classical theory. Also, 

the stress intensity factor K I is higher than the one predicted by 

classical elasticity. On the other hand, in the case of dipolar gradient 

elasticity both strains and rotations are bounded at the vicinity of 

the crack-tip. Moreover, the crack-face displacements close more 

smoothly (in a cusp-likemanner), as compared to the classical or the 

couple-stress elasticity result. Finally, the stress distribution ahead 

of the crack tip exhibits a typical boundary-layer behavior with an 

initial very small area, adjacent to the crack tip, of cohesive tractions. 

However, the length of this cohesive-traction area is extremely small. 
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Chapter 13 

Solutions to the Periodic Eshelby 
Inclusion Problem* 

Liping Liu 
Department of Mathematics and Department of Mechanical Aerospace Engineering, 
Rutgers University, 110 Frelinghuysen Road, Piscataway, NJ 08854, USA 
liu.liping@rutgers.edu 

We solve the homogeneous Eshelby inclusion problem on a finite 

unit cell with periodic boundary conditions. The main result is a 

representation formula of the strain field which is reminiscent of 

the familiar Green’s representation formula. The formula is valid 

for any smooth inclusion and divergence-free eigenstress. More, it 

is shown that a Vigdergauz structure does not enjoy the Eshelby 

uniformity property for symmetric non-dilatational eigenstress 

unless it degenerates to a laminate. 

13.1 Introduction 

In the theories of composites, fracture mechanics and dislocations, 

a problem, called the inhomogeneous Eshelby inclusion problem, 
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appears often. The governing equation for this problem is 

div[L(x,Q)∇v(x)+ P∗ χQ] = 0  on  IRn , (13.1) 

where χQ is the characteristic function ofQ, P∗ ∈ IRn×n is the eigen
stress and the elasticity tensor 

L1 if x ∈ Q,
L(x,Q) = (13.2)

L0 otherwise. 

Equation (13.1) concerns the equilibrium of an infinite solid of two 

materials. The elasticity tensor of the inclusion (resp. the matrix) is 

L1 (resp. L0). The eigenstress P∗ on the inclusion can be regarded 
as an applied load. By specifying the tensors L1, L0, eigenstress P∗ 

and domain Q, equation (13.1) can be used to model many physical 

problems. For instance, in the modeling of two-phase composites, 

equation (13.1) is the governing equation of the elastic field in 

the composite and hence determines the effective moduli of the 

composites. In the modeling of a crack in an infinite solid, we specify 

L1 to be the zero tensor andQ a surface. In these modelings, usually 

the goal is to compute the elastic energy and to find how it depends 

on L1, L0, the eigenstress P∗ and the domainQ. 

An analytic solution of (13.1) is desirable but rare; an exception 

is when the domain Q is an ellipsoid. In this case we begin 

with a simpler problem, called the Eshelby homogeneous inclusion 
problem, for v : IRn → IRn 

div[L0∇v + P0χQ] = 0  on  IRn , (13.3) 

where P0 ∈ IRn×n is the equivalent eigenstress to be determined. 
For an ellipsoidal inclusionQ, as first noticed by Eshelby (1957), the 

induced strain ∇v is uniform onQ and can be written as 

∇v = RP0 on Q, ∀ P0 ∈ IRn×n , (13.4) 

where the fourth-order symmetric tensor R : IRn×n → IRn×n 
is the Eshelby tensor. This remarkable property of ellipsoids, 
i.e., the induced strain ∇v is uniform on the ellipsoid for any 
applied eigenstress P0 ∈ IRn×n , is now referred to as the Eshelby 
uniformity property. Eshelby realized that under mild hypotheses 
the homogeneous problem (13.3) can be used to solve the 

inhomogeneous problem (13.1) provided that the induced field ∇v 
for the homogeneous problem is constant on Q. Roughly speaking, 
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the uniformity of ∇v allows us to match on ∂Q the interfacial jump 

conditions of (13.1) with those of (13.3). At the same time, on the 

exterior of Q equation (13.1) coincides with (13.3) whereas on the 

interior of Q equation (13.1) is automatically satisfied since ∇v is 
constant on Q. After some algebraic calculations, we find that the 

solution of (13.3) also solves (13.1) if 

P∗ + L1RP0 = P0 + L0RP0 . (13.5) 

This solution technique is called the equivalent inclusion method, see  
Eshelby (1957) and Mura (1987). More, important quantities and 

relations can be obtained by solving an array of algebraic equations, 

though the original problem requires solving a system of partial 

differential equations. For example, by the divergence theorem the 

total elastic energy can be written as 

1 ∇v · L(x,Q)∇v = −  1 P∗ χQ · ∇v 
2 2IRn IRn 

1
P∗ 1 = −  · ∇v = −  |Q|P∗ · RP0 , (13.6)

2 2

which is explicitly known for any given ellipsoid Q and applied 

eigenstress P∗ . The applications of Eshelby’s solution, in particular 
(13.5) and (13.6), include but are not limited to determining 

the shape and orientation of precipitates in alloys, the stress 

intensity factor around a crack, the effective properties of composite 

materials, and microstructural evolution in inhomogeneous solids 

with defects. For a survey of applications of Eshelby’s solution, the 

reader is referred to Mura (1987). 

Two or more ellipsoids do not enjoy the Eshelby uniformity 

property; we cannot use the equivalent inclusion method to solve 

the inhomogeneous problem when the domain Q consists of more 

than one ellipsoid. Therefore, in the applications of Eshelby’s 

solution, only one ellipsoid can be present and the results apply to 

an isolated inclusion or situations where inclusions are far apart. In 

other words, if interactions between inclusions become important, 

for example, two cracks near to each other and composites in non

dilute limit, it is insufficient to model them by a single inclusion and 

Eshelby’s solution. 

Both the usefulness and the limitation of ellipsoidal inclusions 

motivate the following question: are there any non-ellipsoidal shapes 
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that have the Eshelby uniformity property? Many authors have 
speculated on the possibility that other domains may have the 

Eshelby uniformity property (Mura 2000), and successful attempts, 

in the author’s opinion, include the two-dimensional periodic 

structures constructed by Vigdergauz (1986) and the E-inclusions 

constructed by Liu et al. (2008). To describe these examples and 
their properties, we introduce the counterparts of (13.1) and 

(13.3) in a periodic setting which we call periodic Eshelby inclusion 
problems. Below we set up these problems. 

Let {e1, · · ·  , en} ⊂  IRn be linearly independent vectors, L = 
n n{ νiei : ν1, · · ·  , νn ∈ ZZ } a Bravais lattice, Y = {  yiei :i=1 i=1 

0 < y1, · · ·  , yn < 1} ⊂  IRn an open unit cell, and Q ⊂ Y a 
smooth (possibly multiply-connected) domain. Then the periodic 

inhomogeneous (resp. homogeneous) Eshelby inclusion problem for 

v : Y → IRn is 
div[L(x,Q)∇v + PIχQ] = 0  on Y, 

(13.7) 
periodic boundary conditions on ∂Y 

div[L0∇v + PHχQ] = 0  on Y, 
(13.8) 

periodic boundary conditions on ∂Y 

(resp.), where L(x,Q) is as in (13.2) and PI , PH : Q → IRn×n are the 
applied (possibly nonuniform) eigenstress. 

Our motivation is to solve the inhomogeneous problem (13.7), if 

applicable, using the solution of the homogeneous problem (13.8) 

and the equivalent inclusion method. To proceed, it is useful to 

introduce the following harmonic and biharmonic potentials h, b : 
Y → IR determined by 

lh = θ − χQ on Y, 
(13.9) 

periodic boundary conditions on ∂Y 

and 

l2b = θ − χQ on Y, 
(13.10) 

periodic boundary conditions on ∂Y, 

respectively, where θ = |Q|/|Y | is the volume fraction of the 
inclusionQ. If Y = IRn , we replace the periodic boundary conditions 
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in (13.7)–(13.10) by appropriate boundary conditions at the infinity. 

If Y is bounded, we require the averages of v, b and h over the 
unit cell Y vanish. For simplicity, from now on we assume L0 is an 
isotropic elasticity tensor with Lame constants  μ, λ. In the index ´

form, 

(L0)piq j = μδpqδi j  + μδpjδiq + λδpiδqj . 

The elasticity problem (13.8) is closely related with the potential 

problems (13.9) and (13.10). Following Eshelby (1957, 1961), we 

show that if the eigenstress PH = P0 ∈ IRn×n is uniform on Q, then 

the solution of (13.8) satisfies (see Section 13.2) 

1 (μ + λ)
(∇v)pi = h,ki (P0)pk − b,piqk(P0)qk on Y. (13.11)

μ μ(2μ + λ) 
Note that equation (13.11) holds for any domains Q and any unit 

cells Y , including the case Y = IRn . 
If Y = IRn andQ is an ellipsoidal inclusion, Eshelby (1957, 1961) 

showed that 

∇∇h and∇∇∇∇b are uniform onQ, (13.12) 

from which equation (13.4) follows. 

The unit cell Y is bounded in a periodic setting. Vigdergauz 
(1986) first showed the existence of “equal-strength” periodic 

holes in two dimensions, which is subsequently called Vigdergauz 
structures . The  author  et al. (2008) observed that a Vigdergauz 
structure can be defined as a simply connected bounded inclusion 

Q ⊂ Y such that the solution of (13.9) satisfies 
∇∇h = −(1− θ)Q on Q, (13.13) 

where 

Q ∈ Q := {M ∈ IRn×n : M is positive semi-definite with Tr(M) = 1}.sym 

(13.14) 

From this characterization, the author et al. (2008) generalized 
the concept of Vigdergauz structures, which we called periodic 
E-inclusions. In two dimensions we use the term “Vigdergauz 
structure” interchangeably with “simply connected periodic E

inclusion”. Further, we proved the existence of periodic E-inclusions, 
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and in particular simply connected periodic E-inclusions in any 

finite-dimensional spaces. Formally we recall 

Theorem 13.1. Let Y be an open bounded unit cell associated with a 
lattice L. For any matrix Q ∈ Q and volume fraction θ ∈ (0, 1), there  
exists a simply connected open inclusionQ ⊂ Y such that the solution 
of (13.9) satisfies (13.13). We call such inclusionQ a simply connected 
periodic E-inclusion with lattice L, matrix Q and volume fraction θ . 

Periodic E-inclusions are a natural generalization of ellipsoids 

in present context and ellipsoids can be regarded as the limits of 

simply connected periodic E-inclusions as Y → IRn and θ → 0. 
We remark that a periodic E-inclusion can be multiply-connected 

in a unit cell and there are nonperiodic E-inclusions. Physically, 

a periodic E-inclusion can be characterized as a periodic array 

of bodies with the property that any uniform magnetization of 

the bodies induces a uniform magnetic field on these bodies (Liu 

et al., 2007). Geometrically, the shape of a periodic E-inclusion is 
prescribed by the lattice L, the matrix Q, the volume fractions θ , 
the number of components of the E-inclusion and their mutual 

distances and directions. In particular, the matrix Q determines 
the aspect ratio of the E-inclusion, as the demagnetization matrix 

of an ellipsoid determines the aspect ratio of an ellipsoid. For 

example, a periodic E-inclusion degenerates to a simple laminate if 

all but one of the eigenvalues of the matrix Q vanish. Figure 13.1 
shows a two-dimensional two-component E-inclusionQ with a large 

aspect ratio such that the solution of (13.9) satisfies (13.13) for 

Q = diag[0.05, 0.95] and θ = 0 (i.e.,  Y = IR2). The reader 
is invited to explore more examples of E-inclusions in Liu et al. 
(2007, 2008). 

−0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5 
−0.1 

0 

0.1 

Figure 13.1 A two-component E-inclusion with a large aspect ratio. 
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From equations (13.11) and (13.13), we immediately see that 

a periodic E-inclusion Q enjoys the following partial Eshelby 

uniformity property. That is, for the periodic homogeneous problem 

(13.8), if the eigenstress 

PH = I := the identity matrix on Q (13.15) 

is uniform and dilatational, then the elastic strain is also uniform on 

Q and can be written as 

1 1− θ ∇v = ∇∇h = −  Q on Q. (13.16)
2μ + λ 2μ + λ 

By adapting the equivalent inclusion method to the periodic setting, 
1 we can show that v = ∇h solves the periodic inhomogeneous 

2μ+λ

problem (13.7) if the eigenstress 

PI = I − 1− θ 
(L0 − L1)Q on Q. (13.17)

2μ + λ

Further, the elastic energy averaged over the unit cell Y can be 
written as 

θ(1− θ) 1− θ ∇v · L(x,Q)∇v = 1− Q · (L0 − L1)Q . 
2|Y | Y 2(2μ + λ) 2μ + λ 

(13.18) 

See Liu et al. (2008) for details. In analogy with Eshelby’s solution 
and the equivalent inclusion method for ellipsoidal inclusions, 

we conclude that periodic E-inclusions are indeed the proper 

generalizations of ellipsoids. As for ellipsoids, we can use the above 

solutions (c.f., (13.16)–(13.18)) to study various physical problems, 

e.g., the interactions of periodic E-inclusions with a far field. The 

advantage of periodic E-inclusions is that their volume fractions can 

be any number between zero and one and the interactions between 

individual inclusions are accounted for precisely. For applications of 

periodic E-inclusions in composite materials, the reader is referred 

to Liu et al. (2008). 
The analogy between ellipsoids and periodic E-inclusions is, 

however, not perfect yet in the sense that it is not known if the 

induced strain of a non-dilatational eigenstress is uniform on Q for 

the homogeneous problem (13.8). 
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We will give an answer to the above question in two dimensions. 

The complex representation of the solution, originally introduced 

by Kolosov (1909), has been found useful in elasticity (see 

Muskhelishvili (1963), Cherepanov (1974) and Grabovsky and Kohn 

(1995)). Our solution strategy for (13.10) and (13.8) is to use 

complex functions to progressively construct the solutions of the 

related harmonic and biharmonic equations. It turns out that this 

strategy can give us solutions in terms of Cauchy-type integrals as 

long as the eigenstress PH : Q → IR2×2 is divergence-free onQ (c.f., 

(13.8)) 

divPH = 0  on Q. (13.19) 

Physically the above divergence-free condition implies that there is 

no applied body but surface load. When specialized to situations 

where the inclusionQ is a Vigdergauz structure and the eigenstress 

PH = P0 ∈ IR2×2 is uniform,we find that the induced strain∇v is not sym 

uniform unless P0 is dilatational orQ is a laminate. This means that 

the equivalent inclusion method is no longer applicable to solve the 

inhomogeneous problem (13.7) if the eigenstress PI does not satisfy 

(13.17). 

This somewhat “disappointing” fact of Vigdergauz structures 

can be understood intuitively as follows. Comparing (13.13) with 

(13.12), we see that to have the Eshelby uniformity property a 

Vigdergauz structureQ necessarily satisfies that the fourth gradient 

of the solution of (13.10), i.e., ∇∇∇∇b, is uniform on the periodic 
E-inclusion. This happens to be true for an ellipsoid but not so for 

a Vigdergauz structure. After all, ∇∇∇∇b being uniform on Q is a 

much stronger condition than ∇∇h being uniform onQ. 

Associated with this “disappointing” fact, we raise the following 

question. For the homogeneous problem (13.8) and a given non
2×2dilatational uniform eigenstress PH = P0 ∈ IR , are  there any  sym 

non-laminate shapes Q such that the induced strain ∇v is uniform 
onQ?We conjecture the answer is affirmative. In this chapter, we do 

not pursue this issue. 

Besides giving an answer to the Eshelby uniformity property 

of Vigdergauz structures, the solutions in this chapter can be used 

independently in other ways. In applications to magnetism, we 

give a simple formula of the induced magnetic field under the 
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hypothesis that there is no internal pole inside the magnetized 

body, see Theorem 13.2, (13.3.23). In applications to elasticity, 

equations (13.4.1), (13.4.2) and (13.4.3) express the induced strain 

field of (13.8) in terms of Cauchy-type integrals. Such explicit 

formulas are useful for the effective solutions of the elasticity 

problems that arise from the modelings of crack, dislocations and 

phase transformations (Khachaturyan 1983; Mura 1987). From a 

mathematical viewpoint, the formulas (e.g. (13.3.33) and (13.3.86)) 

are reminiscent of Green’s representation formulas. We remark that 

a naive summation of Green’s functions over a lattice does not 

converge. That is whywe need to consider theWeierstrass functions 

and elaborate on various special functions. 

The chapter is organized as follows. In Section 13.2 we use 

the Fourier method to establish the relations between the periodic 

Eshelby inclusion problem (13.8) and two simpler problems 

concerning harmonic and biharmonic operators (see (13.2.1) and 

(13.2.2)). From Section 13.3 we restrict our discussions to two 

dimensions. After reviewing some relevant facts from complex 

analysis in Section 13.3.1, we construct the solutions of (13.2.1) and 

(13.2.2) in Sections 13.3.2 and 13.3.3, respectively. In particular we 

establish a necessary and sufficient condition for a simply connected 

inclusion to be a Vigdergauz structure in Section 13.3.2.1. Interior 

solutions of (13.2.1) and (13.2.2) are exceptionally simple for a 

Vigdergauz structure, which enable us to show that the induced 

strain is not uniform if the uniform eigenstress is symmetric but 

not dilatational and the inclusion is not a laminate. Finally we 

summarize our results in Section 13.4. 

13.2 Representation of the Solutions by Fourier Series 

nIf Y = IR and the eigenstress is uniform on Q, as shown by 

Eshelby (1957) solutions of (13.8) are related with those of (13.9) 

and (13.10) by (13.11). Eshelby’s arguments are based on the known 

Green’s functions of (13.8), (13.9) and (13.10). In a periodic setting, 

their relation can be conveniently demonstrated by the Fourier 

method. More, relation of this sort can be generalized to situations 

where equation (13.8) has a nonuniform eigenstress PH . 
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Tomake progress, we consider themagnetostatic problem for u1 : 
Y → IR  

div(∇u1 + mχQ) = 0  on Y, 
(13.2.1) 

periodic boundary conditions on ∂Y, 

and an associated Poisson problem for u2 : Y → IR ⎧ ⎨lu2 = u1 on Y, 
(13.2.2) ⎩

periodic boundary conditions on ∂Y, 

where m : Q → IRn denotes the magnetization on Q. Note that if 

Y is bounded, we require the solutions of (13.2.1) and (13.2.2) have 
zero averages on Y  

− u1dx = 0  and − u2dx = 0, (13.2.3) 
Y Y   

1where −V · dx = V · dx denotes the average of the integrand |V |
over the set V . This requirement eliminates the arbitrary additive 
constants associated with the solutions of (13.2.1) and (13.2.2). If 

the magnetization m = m0 ∈ IRn is uniform onQ, to emphasize the 

linear dependence of u1, u2 onm0, we sometimeswrite the solutions 

of (13.2.1) and (13.2.2) as u1(x, m0) and u2(x, m0), respectively. 

The author et al. (2007) showed that solutions of (13.9) and 
(13.2.1) are related by 

0(∇∇h(x))m0 = ∇u1(x, m ) ∀ m0 ∈ IRn , x ∈ Y. (13.2.4) 

Belowwewill show that the solutions of (13.10) and (13.2.2) satisfy 

0 0(∇∇∇∇b(x))m = ∇∇∇u2(x, m ) ∀ m0 ∈ IRn , x ∈ Y. (13.2.5) 

More generally, we can establish this type of relations between 

the solutions of (13.8) and those of (13.2.1) and (13.2.2) for 

nonuniform eigenstress PH . To see this, let  
P̂k = − PH (x)χQ exp(−ik · x)dx (13.2.6) 

Y 

be the Fourier coefficients of the eigenstress. The Fourier inversion 

theorem implies that ⎡ ⎤ 
m(1)(x) L ⎢m(2)(x)⎥ ⎢ ⎥PH (x) = θP0 + P̂k exp(ik · x) := ⎢ . ⎥ , (13.2.7) ⎣ . ⎦ .k∈K\{0} 
m(n)(x) 
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where P0 = − PH (x)dx, θ = |Q|/|Y | is the volume fraction of the
Q

inclusionQ,K is the collection of all reciprocal vectors k that satisfy 
k · r = 2νπ for some r ∈ L and some integer ν, and m(p) : Q → IRn 
(p = 1, · · ·  , n) are the row vectors of PH (x). From (13.8), direct 
calculations reveal that (see Mura 1987) L 1 ∇v(x) = −  (P̂kk)⊗ k 

μ|k|2
k∈K\{0} 

(μ + λ)k · (P̂kk)− k ⊗ k exp(ik · x). (13.2.8)
μ(2μ + λ)|k|4 

(p)
Let u1 be the solution of (13.2.1) with the magnetization given 

by m(p), and  u(p) be the solution of (13.2.2) with u1 replaced by 2 
(p) (p)u (p = 1, · · ·  , n). Then the gradients of u and the third-order 1 1 

gradients of u2
(p)
can be represented as L 

(p) (p)∇u1 (x) = −  1 
k(k · m̂k ) exp(ik · x) (13.2.9)|k|2 

k∈K\{0} 

and 
(p) L k · m̂(p) k∇∇∇u (x) = −  k ⊗ k ⊗ k exp(ik · x), (13.2.10)2 |k|4 

k∈K\{0} 
(p)

respectively, where m̂ = −Ym(p)(x) exp(−ik·x)dx are the Fourier k 

coefficients ofm(p). Note that from the definition (13.2.7), m̂(p)
is the k 

pth-row vector of the matrix P̂k. Comparing (13.2.8) with (13.2.9) 

and (13.2.10), we see that for every p, i = 1, · · ·  , n, 
n L1 (μ + λ)(p) (q)

[∇v(x)]pi = [∇u1 (x)]i − [∇∇∇u2 (x)]qpi . 
μ μ(2μ + λ) 

q=1 
(13.2.11) 

Note that the above equation is valid for any eigenstress PH : Q → 
IRn×n and any inclusionQ. 

When the eigenstress PH = P0 is uniform onQ, we have  

P̂k = P0χ̂Q(k), χ̂Q(k) = − χQ exp(−ik · x)dx, (13.2.12) 
Y 

and therefore, 

(p)
[m̂k ]i = (P0)pi χ̂Q(k) ∀ p, i = 1, · · ·  , n. (13.2.13) 
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476 Solutions to the Periodic Eshelby Inclusion Problem 

Further, the solutions of (13.9) and (13.10) can be represented as L k ⊗ k ∇∇h(x) = −  χ̂Q(k) exp(ik · x) ∀ x ∈ Y (13.2.14)|k|2 
k∈K\{0} 

and L k ⊗ k ⊗ k ⊗ k ∇∇∇∇b(x) = − 	  χ̂Q(k) exp(ik · x) ∀ x ∈ Y,|k|4 
k∈K\{0} 

(13.2.15) 

respectively. Substituting (13.2.13) into (13.2.9) and (13.2.10) and 

comparing the results with (13.2.14) and (13.2.15), we obtain 

(13.2.4) and (13.2.5). By (13.2.11), we obtain (13.11), which 

generalizes Eshelby’s result (Eshelby 1957, equation (2.8)) to a 

periodic setting. 

From equation (13.2.11), as far as the strain ∇v is concerned, it 
suffices to solve the magnetostatic problem (13.2.1) and the Poisson 

problem (13.2.2). Our focus is henceforth on (13.2.1) and (13.2.2). 

From now on we will restrict ourselves to two-dimensional space 

(n = 2). 

13.3 Representation of the Solutions by Analytic
 
Functions
 

13.3.1	 Cauchy Integrals, Plemelj Formula and Elliptic 
Functions 

We will construct solutions of (13.2.1) and (13.2.2) in terms of 

analytic functions. The main ingredients of our construction are 

the Cauchy integral and the Plemelj formula. Below we recall a few 

relevant facts from complex analysis. To follow the notations the 

reader may find Fig. 13.2 useful. 

In two dimensions, a complex number is denoted by z = x1 + 
i x2 ∈ C ; x1, x2 ∈ IR . We identify the complex plane C with IR2 in this 
obvious manner. The conjugate of z is z̄ = x1− i x2. These definitions 
imply the following transformation 

z x1 1 i = T	 , T = , (13.3.1)
z̄ x2 1 −i 

which is clearly linear and nonsingular. 

© 2013 by Taylor & Francis Group, LLC

http:Substituting(13.2.13


February 1, 2013 16:9 PSP Book - 9in x 6in 13-Shaofan-Li-c13

 

� � � � 

� 

477 Representation of the Solutions by Analytic Functions 

Figure 13.2 A unit cell with a simply connected inclusion. 

LetQ ⊂ C be a simply connected open domain and u, v : Q → IR 
be real-valued differentiable functions. The complex function ξ(z) = 
u(x1, x2)+ iv(x1, x2) is analytic onQ if and only if 

∂u ∂v ∂u ∂v = , = −  on Q, (13.3.2)
∂x1 ∂x2 ∂x2 ∂x1 

see Markushevich (1977 I, page 110). The above equations are the 

Cauchy–Riemann equations. The chain rule implies 

∂ 1 ∂ ∂ ∂ 1 ∂ ∂ = − i and = + i . (13.3.3)
∂z 2 ∂x1 ∂x2 ∂ z̄ 2 ∂x1 ∂x2 

Thus, the harmonic operator can be identified as 

∂2 2l = ∇ = 4 . (13.3.4)
∂z∂ z̄

Let r = ∂Q be the simple counterclockwise contour around the 

simply connected open inclusionQ (see Fig. 13.2). Assume that r is 

smooth and admits the parametrization 

x1 = x1(s) 
0 ≤ s < L , (13.3.5) 

x2 = x2(s) 

�2 �2where x (s)2 + x (s) = 1 and  L is the length of r. For a smooth1 2 

function f : r → C , the derivative of f along r is defined as (see 

Muskhelishvili 1963, equation (69.6)) 

f (t1)− f (t) d f (t(s))
f (1) −iγ (s)(t) := lim = e ∀ t ∈ r, 

t1→t,t1∈r t1 − t ds 
(13.3.6) 
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478 Solutions to the Periodic Eshelby Inclusion Problem 

where γ (s) is the angle between the positive tangent to r and the 

positive real axis, and hence 

dx1(s) dx2(s) 
cos γ (s) = , sin γ (s) = . (13.3.7)

ds ds 

Note that this concept of differentiation should not be confused with 
∂ zthe operator defined in (13.3.3). For instance, ∂ ̄ = 0 but  by  
∂z ∂z 

(13.3.6), 

t(1) −iγ � −i2γ¯ = e (x (s)− i x � (s)) = e ∀ t ∈ r. (13.3.8)1 2

Progressively, higher order derivatives of f along r are defined as 

f (n−1)(t1)− f (n−1)(t)
f (n)(t) = lim . 

t1→t,t1∈r t1 − t 
A smooth function f : r → C can be alternately regarded as a 

smooth periodic function s �→ f (x1(s) + i x2(s)) on IR if we extend 
the domain of the parametrization (13.3.5) by xi (s + νL) = xi (s) 
(i = 1, 2) for s ∈ [0, L) and  ν ∈ ZZ . Note that this mapping is 
one-to-one and we do not distinguish them in notation. Further, let 

g(z) be an analytic function on a neighborhood of r and G n(z) be its  
single-valued nth-order antiderivative such that dnG n(z)/dzn = g(z). 
Integrating by parts, we have 

f (n)f (t)g(t)dt = (−1)n (t)G n(t)dt. (13.3.9) 

This formula will be repeatedly used in the subsequent discussions. 

The Cauchy integral 

1 f (t)
F (z) = dt (13.3.10)

2π i r t − z 
is probably the most important tool in complex analysis. For a 

smooth f : r → C , it is clear that F (z) is analytic in each component 
of C \ r. When z coincides with a point t0 ∈ r, the integral (13.3.10) 
has no meaning in ordinary (Riemann) sense. However, the Cauchy 

principle value could be well defined as 

1 

2π i
PV 

r 

f (t) 
t − t0 dt = lim 

t1,t2→t0 

1 

2π i r−γ (t1,t2) 

f (t) 
t − t0 dt ∀ t0 ∈ r, 

(13.3.11) 
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479 Representation of the Solutions by Analytic Functions 

where the arc γ (t1, t2) ⊂ r contains t0 and the limit is taken by 
assuming |t1−t0| = |t2−t0|. Further, the outer boundary value (resp. 
the inner boundary value), denoted by 

F (t+) = lim F (z) resp . F (t−) = lim F (z) , 
z→t,z∈C \Q̄ z→t, z∈Q 

(13.3.12) 

is well defined on r if the above limit exists for every t ∈ r. It is  
summarized below the conditions for the existence of the Cauchy 

principle value and its relations with the boundary values F (t+) 
and F (t−), see the textbooks of Muskhelishvili (1963, page 263) and 
Markushevich (1977 I, page 299) for proofs. 

(i) Existence of the Cauchy principle value. If f : r → C satisfies 
μ| f (t2)− f (t1)| ≤ C |t2 − t1| ∀ t1, t2 ∈ r (13.3.13) 

for some constant C > 0, μ ∈ (0, 1], then the Cauchy principle 

value (13.3.11) exists for every t ∈ r, and so the outer (resp. 
inner) boundary value F (t+) (resp. F (t−)) exists on r. 

(ii) Plemelj formulas. If f : r → C is smooth on r, then for every 

t ∈ r, 

dnF (z) dnF (z) 1 f (n)(t1)
lim + lim = PV dt1 , 

z→t,z∈C \Q dzn z→t,z∈Q dzn π i t1 − t 

dnF (z) � dnF (z) dnF (z) = lim − lim = − f (n)(t),
dzn z→t,z∈C \Q dzn z→t,z∈Q dzn z=t 

(13.3.14) 

where [[ ]] denotes the jump across the interface r from the outside 

to the inside of the inclusion (see Fig. 13.2). 

In complex analysis, a meromorphic function is an elliptic 

function if it is doubly periodic. Let {ω1, ω2} ∈ C with Im[ω1/ω2] �= 
0 be the periods and L = {ν1ω1 + ν2ω2 : ν1, ν2 ∈ ZZ } be 
the lattice. The simplest elliptic function is the Weierstrass ℘

function (see Ahlfors 1963, Chapter 7 and Markushevich 1977 III, 

Chapter 4) L1 1 1 
℘(z) = + − . (13.3.15) 

z2 (z− ω)2 ω2 
ω∈L\{0} 
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The Weierstrass ζ -function is defined as L1 1 1 z 
ζ (z) = + − + . (13.3.16) 

z z+ ω ω ω2 
ω∈L\{0} 

Note that ζ (z) satisfies dζ (z)/dz = −℘(z) and  

ζ (z+ ω1) = ζ (z)+ η1, ζ (z+ ω2) = ζ (z)+ η2, ∀ z ∈/ L, 

(13.3.17) 

where η1 and η2 are constants satisfying the Legendre’s relation: 

η1ω2 − η2ω1 = 2π i. (13.3.18) 

Further, it is convenient to normalize the periods such that the 

area of Y = {x1ω1 + x2ω2 : 0 < x1, x2 < 1} is one. That is, 
¯ ω1ω2 + ω2ω1.2i = 2i |Y | =  tdt = − ¯ ¯ (13.3.19) 

∂Y 

Before proceeding to details, we introduce a few more notations. 

We denote by Q the closure of the open inclusionQ. For sets such as ¯

r, Q, Q̄ and Y , we use the subscript ω to denote the translated sets 

and the subscript per to denote the periodic extension of them. For 

instance, rω := {z+ ω : z ∈ r} and rper := {z+ ω : z ∈ r, ω ∈ L}. 
The meanings ofQω ,Qper , Q̄per , Yω , etc., are likewise. 

13.3.2 Solutions to Problem (13.2.1) 

In this section we give solutions to (13.2.1) in terms of Cauchy-type 

integrals. We require the magnetizationm : Q → IR2 is smooth and 
satisfies 

divm = 0  on Q. (13.3.20) 

Note that the above condition is satisfied for every row vector in 

PH (i.e., m(p) in (13.2.7)) if the eigenstress PH satisfies (13.19). 

Equation (13.3.20) has two consequences and both of them are 

critical for subsequent constructions. The first one is that the 

solution u1 of (13.2.1) is harmonic on Q; the second is that the 
function f : r → IR 

f (t(s)) = f (x1(s)+ i x2(s)) 
s 

= −  m(x1(s1), x2(s1)) · n(x1(s1), x2(s1))ds1 ∀ s ∈ [0, L ] 
0 

(13.3.21) 
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481 Representation of the Solutions by Analytic Functions 

is smooth on r. To see this, by the divergence theorem we have 

f (t(L)) = −  divm dx = 0. 
Q 

Since f (t(0)) = 0, we see that f is continuous on r and smooth 

on r \ {t(s) :  s = 0}. Direct differentiations show that any order 
derivatives of f are also continuous at s = 0 and hence f is smooth 
on r. 

The following theorem will be useful. 

Theorem 13.2. Let f : r → IR be a smooth real-valued function, 
and 

1 
ξ10(z) = i f (t)ζ (t − z)dt, (13.3.22)

2π i r 

where ζ (z) is the Weierstrass ζ -function, see (13.3.16). Then  

Re[ξ10(z)] = 1
2
[ξ10(z)+ ξ10(z) ] if z ∈ C \ rper , ũ1(z, z̄) = 

limz1→z,z1∈C \ Re[ξ10(z1)] if zrper 
∈ rper 

(13.3.23) 

is continuous on C and satisfies ⎧ ⎪ ⎪ lũ1 = 0 on C \ rper , ⎨ 
[[∇ũ1]] = − d f (t(s))n on r, (13.3.24)

ds ⎪ ⎪ ⎩∇ũ1(z+ ω, z̄+ ω̄) = ∇ũ1(z, z̄) ∀ω ∈ L and z ∈ C , 
where n = [sin γ,− cos γ ] is the outward normal on r. 

Proof. Clearly ξ10(z) is analytic on each component of C \ rper and 

hence (c.f., (13.3.2)) 

lũ1 = 0 on C \ rper . 

1Note that t−z is the only term in ζ (t − z) that can give rise to 
discontinuity of ξ10(z). From equations (13.3.6) and (13.3.7) and the 

Plemelj formulas (13.3.14), we have that for every t ∈ r, 

dξ10(z)
[[ξ10(t)]] = −i f (t) and  

dz tz=
d f (t(s))= −i f (1)(t) = (−i cos γ − sin γ ) , (13.3.25)
ds 
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where in the second of the above equation we have used 

dξ10(z) 1 d 1 
i f (1)= i f (t) ζ (t − z)dt = (t)ζ (t − z)dt.

dz 2π i r dz 2π i r 

Further, from the properties of ℘(z) and  ζ (z) (c.f., (13.3.15) and 
(13.3.17)), for any z ∈ C \ rper we have 

dξ10(z+ ω) 1 dξ10(z) = f (t)℘(t − z− ω1)dt = . (13.3.26)
dz 2π r dz 

Note that (c.f., (13.3.2) and (13.3.3)) 

∂ũ1(z, z̄) ∂ũ1(z, z̄) dξ10(z)− i = . (13.3.27)
∂x1 ∂x2 dz 

From (13.3.26) we arrive at the third equation in (13.3.24). The first 

in (13.3.25) implies that ̃u is continuous on C , whereas the second 
in (13.3.25) and (13.3.27) imply the second in (13.3.24). The proof 

is completed. 

Using Theorem 13.2, we can write the solutions of (13.2.1) in 

terms of Cauchy-type integrals. To this end, we reformulate (13.2.1) 

as ⎧
 ⎪
 ⎪ lu1 = 0  on Y \ r, ⎨ 
[[∇u1]] = (m · n)n on r, (13.3.28) ⎪ ⎪ ⎩periodic boundary conditions on ∂Y. 

Define f : r → IR by (13.3.21). By Theorem 13.2, we see that 
ũ1 defined by (13.3.23) satisfies all the equations but the periodic 
boundary conditions in (13.3.28). In another word, we have 

l(u1 − ũ1) = 0  on C , 

where u1 is the solution of (13.2.1) or (13.3.28). From the definition 

of ̃u1, (13.3.26) and (13.3.27), we see that |ũ1(z, z̄)| < C 1|z| + C 0 
for constants C 1, C 0 > 0, whereas u1 − ũ1 being real harmonic on 
C can be expressed as the real part of a power series of z (Ahlfors 
1979, Chapter 5). Therefore, there exist constants z11, z10 ∈ C such 
that 

u1(z, z̄) = Re[ξ10(z)+ z11z+ z10]
 
1
 = [ξ10(z)+ z11z+ z10 + ξ10(z)+ z11z+ z10 ]. (13.3.29)
2
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483 Representation of the Solutions by Analytic Functions 

To find the constant z11, we notice that, by (13.3.17), 
1 

ξ10(z+ ω1) = f (t)ζ (t − z− ω1)dt = ξ10(z)− η1M , 
2π r 

1 
ξ10(z+ ω2) = f (t)ζ (t − z− ω2)dt = ξ10(z)− η2M , 

2π r 

(13.3.30) 

where 

1
M = f (t)dt. (13.3.31)

2π r 

From the periodicity of u1, we have u1(z + ω, z̄ + ω̄) = u1(z, z̄) for  
all ω ∈ L. In particular, choosing ω = ω1, ω2, we obtain  

Re[−η1M + z11ω1] = 0 i =⇒ z11 = M (η1ω̄2 − η2ω̄1)+ πM , 
Re[−η2M + z11ω2] = 0 2 

(13.3.32) 

where equations (13.3.18)–(13.3.19) have been used. For many 

applications, it is the gradient of the potential u1 that is important. 
From (13.3.27), we have 

∂u1(z, z̄) ∂u1(z, z̄) dξ10(z)− i = + z11 
∂x1 ∂x2 dz 

1 = f (t)℘(t − z)dt + z11. (13.3.33)
2π r 

We remark that equation (13.3.33) is reminiscent of the familiar 

Green’s function. In practice, to compute the integral (13.3.33) we 

can use the formula C )2[ L C ) L C )]π 1 z− nω2 2 nω22℘(z) = − + csc π − csc π , 
ω1 3 ω1 ω1n∈ZZ n∈ZZ \{0} 

which converges more rapidly than the original series (13.3.15), see 

Whittaker and Watson (1990, page 434). 

Remark 13.1. Let Q ⊂ Y be the union of mutually disjoint smooth 
simply connected inclusions Qi (i = 1, · · ·  , N), see Fig. 13.3. 
Assume (13.3.20). Then by Theorem 13.2 and the principle of 

superposition, we see that the solution of (13.2.1) can be written as   
N L1 

u1(z, z̄) = Re fi (t)ζ (t − z)dt + z11z+ z10 , (13.3.34)
2π rii=1 
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Figure 13.3 A unit cell with N mutually disjoint simply connected 
inclusions. 

where fi : ri → IR is defined as in (13.3.21) for every i = 1, · · · , N , 
z11 is the same as in (13.3.32) but with 

N L 1
M = fi (t)dt, 

2π rii=1 

and z10 is again a constant such that the average of u1 vanishes 
over Y . 

Remark 13.2. Let Q, m, fi and ri be as in Remark 13.1. If Y = C , 
we should replace the periodic boundary condition in (13.2.1) by the 

boundary condition u1(z) → 0 as |z| → +∞. Then, the solution of ⎧
 ⎪
 ⎪ lu1 = 0  on C \ ∪i=1ri , ⎨ 
[[∇u1]] = (m · n)n on ∪i=1 ri , (13.3.35) ⎪ ⎪ ⎩u1(z) → 0  as  |z| → +∞  

is given by 

L1 
N fi (t) u1(z, z̄) = Re dt . 

2π ri t − z
i=1 

13.3.2.1 Specification to a Vigdergauz structure 

Now let us consider the particular situation of (13.2.1) where 

the magnetization m = m0 = (m0
1, m2

0) is uniform  on  Q. By  
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485 Representation of the Solutions by Analytic Functions 

equation (13.3.21) we have 
s 

0 0f (t) = −  (m sin γ (s1)−m cos γ (s1))ds11 2 
0 

−i = (t̄z̄m − tzm)+ a0 ∀ t ∈ r, (13.3.36)
2

where a0 ∈ IR is a real constant and 
0zm = m − im0

2. (13.3.37)1 

Note that 

tdt = 0  and  ¯ = 2i |Q| = 2iθ,tdt (13.3.38) 
r r 

where |Q| denotes the area ofQ and θ can be interpreted as the area 

fraction ofQ since |Y | = 1, see (13.3.19). By (13.3.31) and (13.3.32) 

we have 

M = θ 
z̄m 
2π 

and z11 = θ 

�
i z̄m 
4π 

(η1 ̄ω2 − η2 ̄ω1)+ zm 
2 

� 

. (13.3.39) 

Moreover, if the inclusionQ is a Vigdergauz structure with matrix Q 
and volume fraction θ , from (13.13) and (13.2.4) we have 

∇u1 = −(1− θ)Qm0 on Q. (13.3.40) 

Let 

m0h1 (Q)11 (Q)12 1= (1− θ) , (13.3.41)
m0h2 (Q)12 (Q)22 2 

zh = h1 − ih2 and (1− θ)zq z̄m = 2zh − (1− θ)zm. 

(13.3.42) 

Noticing Tr(Q) = 1, we have 

zq = (Q)11 − (Q)22 − 2i(Q)12. (13.3.43) 

By (13.3.33), (13.3.40) and (13.3.42) we have 

dξ10(z) 1 + z11 = f (t)℘(t − z)dt + z11 = −zh ∀ z ∈ Qper .dz 2π r 

(13.3.44) 

Integrating on every simply connected component of Qper , we  

conclude that there exist constants z0 ∈ C, depending on ω but notω 

z, such that 

(−zh − z11)z+ zω 
0 if z ∈ Qω, ω  ∈ L, 

ξ10(z) = (13.3.45)
1 
2π r 

f (t)ζ (t − z)dt if z ∈ C \ Q̄per . 
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486 Solutions to the Periodic Eshelby Inclusion Problem 

Further, from (13.3.14), (13.3.36) and (13.3.45), we have that for 

every t ∈ r, 

0[[ξ10(t)]] = −i f (t) =⇒ − 1(t̄z̄m − tzm) = ξ10(t+)+ (zh + z11)t − z0. 2
(13.3.46) 

The latter of the above equation can be rewritten as t̄ = ξ00(t) (∀ t ∈ 
r) and  [ C ) ]2 zm 0 ¯

z̄m 2 
ξ00(z) := −  ξ10(z)+ zh + z11 − z− z0 ∀ z ∈ C \ Qper 

2 1 −i = −  (t̄z̄m − tzm)ζ (t − z)dt 
z̄m 2π 2r C ) ]zm 0+ zh + z11 − z− z02 
1 1 i z̄m= −  t̄ζ (t − z)dt − (2zhz+ θz (η1ω̄2 − η2ω̄1)
2π i r z̄m 2π

0−(1− θ)zmz− 2z0 

1 iθ = −  t̄ζ (t − z)dt − z (η1ω̄2 − η2ω̄1)+ (1− θ)zq
2π i r 2π

2z0 + 0 , (13.3.47) 
z̄m 

where we have plugged in (13.3.36) to arrive at the second equality, 

in the third equality we have plugged in (13.3.39) and used tζ (t− 
r 

z)dt = 0 for  z ∈ C \ Q̄per , and in the finial equality we have 

used the second in (13.3.42). Direct calculations reveal that ξ00 
satisfies 

ξ00(z+ ω1) = ξ00(z)+ ρ1 ¯
ξ00(z+ ω2) = ξ00(z)+ ρ2 

∀ z ∈ C \ Qper , (13.3.48) 

where, by (13.3.47) and the formula ¯ = 2i |Q| = 2iθ ,tdt
r 

η1 + ω1ρ1 = θ[
2π i (η1ω̄2 − η2ω̄1)]− (1− θ)zqω1,π (13.3.49)

η2 ω2ρ2 = θ[ +
2π i (η1ω̄2 − η2ω̄1)]− (1− θ)zqω2.π 

Note that the above equation uniquely determines the constants 

ρ1, ρ2 for given matrix Q and volume fraction θ , and vice versa.  
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Multiply (13.3.49)1 by ω2 (resp. ω̄2) and then subtract (13.3.49)2 
multiplied by ω1 (resp. ω̄1). From (13.3.18) and (13.3.19) we obtain 

the identities 

θρ1ω2 − ρ2ω1 = (η1ω2 − η2ω1) = 2iθ,
π (13.3.50) 

ρ1ω̄2 − ρ2ω̄1 = 2i(1− θ)zq . 

The above calculations motivate 

Theorem 13.3. Let {ω1, ω2} with Im[ω1/ω2] �= 0 be the periods,L = 
{ν1ω1 + ν2ω2 : ν1, ν2 ∈ ZZ } be the lattice, Y  be the unit cell {x1ω1 + 
x2ω2 : 0  < x1, x2 < 0}, and Q ⊂ Y be a simply connected open 
inclusion with smooth boundary. Then the inclusion Q is a periodic 
E-inclusion with matrix Q and volume fraction θ if, and only if there 
exists a function ξ00 : C \ Qper → C such that 

t̄ = ξ00(t) ∀ t ∈ ∂Q, (13.3.51) 

¯where ξ00(z) is analytic on C \ Qper , continuous up to the boundary 
∂Qper , and satisfies (13.3.48) for the constants ρ1, ρ2 in (13.3.49). 

Proof. From the above discussions, we see equations (13.3.48)– 
(13.3.51) are necessary for Q to be a periodic E-inclusion. Below 

we showQ is a periodic E-inclusion if equations (13.3.48)–(13.3.51) 

hold. 

From Theorem 13.2, (13.3.33) and (13.3.36), the gradient of the 

solution of (13.2.1) can be written as 

∂u1(z, z̄) ∂u1(z, z̄) 1 −i − i = (t̄z̄m − tzm)+ z0 ℘(t − z)dt 
∂x1 ∂x2 r2π 2


+z11 ∀ z ∈ C \ rper . (13.3.52)
 

Since 1 t℘(t − z)dt = 1 for any z ∈ Q and z0℘(t − z)dt = 0
2π i r r 

for any z ∈/ rper , by (13.3.51) it suffices to show the integral 

ξ00(t)℘(t − z)dt = C 00 ∀ z ∈ Q, (13.3.53) 
r 

where C 00 is a constant independent of z. Since the function t �→ 
ξ00(t)℘(t−z) is analytic on C \Q̄per , by the Cauchy integral theorem 

(Ahlfors 1979, Chapter 4) we have 
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488 Solutions to the Periodic Eshelby Inclusion Problem 

ξ00(t)℘(t − z)dt = ξ00(t)℘(t − z)dt on ∀ z ∈ Q, (13.3.54) 
r ∂Y 

where ∂Y denote the counterclockwise contour around the bound
ary of Y . This is the step we use the condition z ∈ Q. Let  

γi (i = 1,2,3,4) be the straight line subdivision of the contour 
∂Y (see Fig. 13.2). Then, for every z ∈ Q we have 

4 L 
C 00 = ξ00(t)℘(t − z)dt 

γii=1 

= [ξ00(t)℘(t − z)− ξ00(t + ω2)℘(t + ω2 − z)]dt 
γ1 

+ [ξ00(t)℘(t − z)− ξ00(t − ω1)℘(t + ω1 − z)]dt 
γ2 

= −ρ2 ℘(t − z)dt + ρ1 ℘(t − z)dt 
γ1 γ2 

ω1 ω1+ω2 = −ρ2ζ (t − z)� + ρ1ζ (t − z)� = −ρ2η1 + ρ1η2, 
0 ω1 

(13.3.55) 

which is indeed independent of z. Substituting (13.3.49) into 
(13.3.55), and then into (13.4.2), we find the right hand side of 

(13.4.2) is equal to zh (c.f. (13.3.42)), and henceforth complete the 
proof of the theorem. 

13.3.3 Solutions to Problem (13.2.2) 

In this section we construct the solution of (13.2.2) with u1 given by 
(13.3.29). As in Section 13.3.2, we will write the second gradient of 

u2 in terms of Cauchy-type integrals and their derivatives. To fix the 
idea, we notice that 

l2u2 = 0  on C \ rper , 

which motivates us to consider û2 : C → IR 

1� � 
û2(z, z̄) = z̄ξ21(z)+ ξ20(z)+ z̄ξ21(z)+ ξ20(z) , (13.3.56)

2 

where ξ21(z), ξ20(z), analytic on every component of C \ rper , are to  

be determined. 
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489 Representation of the Solutions by Analytic Functions 

Direct calculations of the second-order derivatives of (13.3.56) 

reveal that on C \ rper , ⎧ ⎪ ∂2û2 1 d2ξ21(z) d2ξ20(z) ⎪ ⎪ = z̄ + if α = (20), ⎪ ∂z2 2 dz2 dz2 ⎪ ⎨ C )
∂2 1Ĝ α(z, z̄) = û2 = lû2 = 1 dξ21(z) + dξ21(z) if α = (11), ⎪ ∂z∂ z̄ 4 2 dz dz ⎪ ⎪ ⎪ C )⎪⎩ ∂2 ˆ u2u2 ∂2 ˆ= if α = (02),
∂ z̄2 ∂z2 

(13.3.57) 

where α = (α1 α2) are multi-indices for derivatives. In short, we can 
∂2û2write the above the equation as Ĝ α(z, z̄) = for every α1 +∂zα1 ∂ z̄α2 

α2 = 2. Let 
dξ21(z)

4 = ξ10(z)+ z11z+ z10 ∀ z ∈ C \ rper , (13.3.58)
dz 

and hence (c.f., (13.3.22) and (13.3.29)) 

d2ξ21(z) 1 z11 = f (t)℘(t − z)dz+ ∀ z ∈ C \ rper . (13.3.59)dz2 8π r 4 

By (13.3.56) and (13.3.57)2, we have  

lû2 = u1 on C . (13.3.60) 

Since u1 is continuous on C , if  ̂u2 were a solution of (13.3.56), it 
would necessarily have continuous second gradient, i.e., the right

hand sides of (13.3.57) should all be continuous on the complex 

plane C . Therefore, for every t ∈ rω and every ω ∈ L, the quantity 
∂2 ˆ � �u2 d2ξ21(z) d2ξ20(z)

2 = z̄ +
dz2∂z2 z=t dz2 z=t 

i
t f (1)

d2ξ20(z) ��= −  ¯ (t − ω)+ (13.3.61)
4 dz2 =tz

should vanish, where the Plemelj formulas (13.3.14) has been used. 

We now express d2ξ20(z)/dz2 in terms of Cauchy-type integrals. 
Let 

1 if ω = 0 zKω(z) = ,
1 + z if ω �= 0− 1 z+ω ω ω2 

1 if ω = 0
K̂ω(z) = z , (13.3.62)

1 − 1 + z − z2 if ω �= 0 z+ω ω ω2 ω3 
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490 Solutions to the Periodic Eshelby Inclusion Problem 

and 

(ω) 1 t − ω 
f (1)ψ (z) = (t − ω) Kω(t − ω − z)dt,20 2π rω 

4 

(ω) 1 ω 
f (1)φ (z) = (t − ω)K̂ω(t − ω − z)dt. (13.3.63)20 2π rω 

4 

Since the only term in Kω(t− ω − z) and  K̂ω(t− ω − z) that can give  
(ω) (ω)

rise to discontinuity is 1 , we see that both ψ (z) and φ (z) are  t−z 20 20 

analytic on C \ rω and, by the Plemelj formulas (13.3.14), satisfy 

(ω) i
t − ω f (1)[[ψ (t)]] = −  (t − ω)and20 4 

(ω) i 
ω f (1)[[φ (t)]] = −  ¯ (t − ω) ∀ t ∈ rω. (13.3.64)20 4 

Note that Kω(z) (ω ∈ L) are the summands in the infinite 
series (13.3.16) and that 

z2 −z3 
Kω(z) = , K̂ω(z) = if ω �= 0. (13.3.65)

(z+ ω)ω2 (z+ ω)ω3
 

Define
 L Ldσ (z) d 
σ (z) = ω̄K̂ω(z) and  σ �(z) = = ω̄ K̂ω(z).dz dz 

ω∈L ω∈L 

(13.3.66) 

From (13.3.65), we see that the series in (13.3.66) converge 

absolutely in ω and uniformly for z in any compact subset of C \ L. 
Let L 1(ω) f (1)φ (z) = (t)σ (t − z)dtφ20(z) = 20 8π 

ω∈L r 

= −  1 f (t)σ �(t − z)dt (13.3.67)
8π r 

and L 1 t − ω 
f (1)ψ20(z) = [ (t − ω)]Kω(t − ω − z)dt 

2π rω 
4 

ω∈L 

1 
t f (1)= ¯ (t)ζ (t − z)dt. (13.3.68)

8π r 

From (13.3.65) we see that both summations in (13.3.67) and 

(13.3.68) converge absolutely on any compact subset of C \ rper , 
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491 Representation of the Solutions by Analytic Functions 

and so are analytic on every component of C \ rper . From the  

definitions (13.3.67), (13.3.68) and (13.3.64), we have that for every 

ω ∈ L and every t ∈ rω , 

i 
t − ω f (1)[[ψ20(t)]] = −  (t − ω) and  

4 
i 
ω f (1)[[φ20(t)]] = −  ¯ (t − ω). (13.3.69)

4 

Therefore, the following function 

d2ξ20(z) 
:= −ψ20(z)− φ20(z) (13.3.70)

dz2 

is analytic on every component of C \ rper and satisfies 

d2ξ20(z) � i
t f (1)� 

z=t = ¯ (t − ω) ∀ t ∈ rω,
dz2 4 

which implies the quantity (13.3.61) indeed vanishes for every t ∈ 
rω and every ω ∈ L. 

We now calculate the translational property of Ĝ α(z, z̄) under  
z → z + ωi for i = 1, 2. From (13.3.68), by the same calculation 
analogous to (13.3.30) we obtain 

1 
t f (1)ψ20(z+ ωi ) = ¯ (t)ζ (t − z− ωi )dt 

8π r 

= ψ20(z)+ ηi M/4 (i = 1, 2), (13.3.71) 

where we have used  C )1 1 1 1 M
t f (1)¯ (t)dt = −  f (t)dt̄ = −  f (t)dt = −  . 

8π r 8π r 4 2π r 4 

Also, from (13.3.67) and (A.1) we have for i = 1, 2, 

φ20(z+ ωi ) = −  1 f (t)σ �(t − z− ωi )dt 
8π r
 

ω̄i
 = φ20(z)+ f (t)℘(t − z)dt + Si M/4, (13.3.72)
8π r 

where Si (i = 1, 2) are constants defined in (A.2). Direct verification 

of the above equations is rather cumbersome and we postpone it 

to the Appendix. From (13.3.56), (13.3.59), (13.3.70), (13.3.71) and 
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492 Solutions to the Periodic Eshelby Inclusion Problem 

(13.3.72), direct calculations reveal that for i = 1,2, 
∂2û(z+ ωi , z̄+ ω̄i ) d2ξ21(z+ ωi ) d2ξ20(z+ ωi )

2 = (z̄+ ω̄i ) + 
∂z2 dz2 dz2 

d2ξ21(z) d2ξ21(z) d2ξ20(z) = z̄ + ω̄i +
dz2 dz2 dz2 

ω̄i−ηi M/4− f (t)℘(t − z)dt − Si M/4 
8π r 

∂2û(z, z̄) = 2 + ω̄i z11/4− ηi M/4− Si M/4, 
∂z2 

(13.3.73) 

and henceforth
 

∂3û(z+ ωi , z̄+ ω̄i ) ∂3û(z, z̄)
 = . 
∂z3 ∂z3 

From (13.3.57), we conclude 

∂3û(z+ ωi , z̄+ ω̄i ) ∂3û(z, z̄) = ∀ z ∈ C \ rper and α1 + α2 = 3. 
∂zα1∂ z̄α2 ∂zα1∂ z̄α2 

(13.3.74) 

At this point, it seems appealing to express the solution 

of (13.2.2) in terms of û2 defined in (13.3.56). However, with 
dξ21/dz, d2ξ20/dz2 defined as in (13.3.58) and (13.3.70), ξ21, ξ20 
and so û2 might be multiple-valued functions. To remedy this issue, 
we define ũ2 : C → IR through the following steps. 

∂2û(z,z̄)First, we notice that Ĝ α(z, z̄) = is continuous on C for 
∂zα1 ∂ z̄α2 

all α1 + α2 = 2. Since the transformation between (x1, x2) and  
(z, z̄) is linear and nonsingular, by (13.3.1) and (13.3.3) we can write 

∂2ûevery G̃ α(z, z̄) := α1 α2 as a linear combination of Ĝ α(z, z̄). Direct ∂x ∂x1 2 

calculations yield 

G̃ (20) G̃ (11) Ĝ (20) + 2Ĝ (11) + Ĝ (02) i(Ĝ (20) − Ĝ (02)) 

G̃ (11) G̃ (02) 

= 
i(Ĝ (20) − Ĝ (02)) −Ĝ (20) + 2Ĝ (11) − Ĝ (02) 

, 

(13.3.75) 

which are clearly real-valued and continuous on C . Further, we 
verify the following identities ⎧
 ⎪
 ⎪ ∂ G̃ (20) ∂ G̃ (11) ⎨ = 

∂x2 ∂x1 on C \ rper . (13.3.76) ⎪ ∂ G̃ (11) ∂ G̃ (02) ⎪ ⎩ = 
∂x2 ∂x1 

© 2013 by Taylor & Francis Group, LLC



February 1, 2013 16:9 PSP Book - 9in x 6in 13-Shaofan-Li-c13

  
 

 

493 Representation of the Solutions by Analytic Functions 

Second, let z0 = x0 + i x0 ∈ C be an arbitrary but fixed point. We 1 2 

define 

g1(z, z̄) = G̃ (20)dx1 + G̃ (11)dx2,γ (z0,z) (13.3.77)
˜g2(z, z̄) = 

γ (z0,z) 
G (11)dx1 + G̃ (02)dx2, 

where γ (z0, z) denotes a rectifiable integration path from z0 to 
z = x1 + i x2. From equation (13.3.76), Green’s theorem and the 
continuity of G̃ α , we infer that the integrals in (13.3.77) depend only 

on the end points z0 and z, and hence g1, g2 : C → IR are well 
defined on C . More, since 

∂g1(z, z̄) ∂g2(z, z̄) = G̃ 11(z, z̄) = , 
∂x2 ∂x1 

Green’s theorem implies that the integral 

ũ2(z, z̄) = g1dx1 + g2dx2 (13.3.78) 
γ (z0,z) 

depends only on the end points, and henceforth ũ2 : C → IR is well 
defined. In short, the above elaborate definition of ̃u2 is equivalent 
to the second-order tensor field (13.3.75) is the second gradient of a 

scalar field. 

We now study the properties of ̃u2. It is standard to verify that  
ũ defined by (13.3.77)–(13.3.78) is continuously differentiable up 

C 2,1 
to the second order (more precisely, ̃u2 belongs to loc (C )) and 
satisfies that 

∂2ũ(z, z̄) ∂2û(z, z̄) = Ĝ α(z, z̄) = on C ∀α1 + α2 = 2. 
∂zα1∂ z̄α2 ∂zα1∂ z̄α2 

(13.3.79) 

From (13.3.74), we infer that 

∂3ũ(z+ ω, z̄+ ω̄) ∂3ũ(z, z̄) = 
∂zα1∂ z̄α2 ∂zα1∂ z̄α2 

∀ z ∈ C \ rper , ω  ∈ L and α1 + α2 = 3. (13.3.80) 

From the explicit representations (c.f., (13.3.59), (13.3.68) and 

(13.3.67)) and the property of Cauchy integrals (c.f., (13.3.13)), we 
∂3ũ(z+ω,z̄+ω̄)know all the third-order derivatives of ũ, i.e., (α1 + α2 = 

∂zα1 ∂ z̄α2 

3), are uniformly bounded on Y \r. Therefore, there exists constants 

C 1,C 2 > 0 such that 

3|ũ2(z, z̄)| ≤ C 1|z| + C 2 on C . (13.3.81) 
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Further, from (13.2.2), (13.3.60) and (13.3.79), we verify that 

lũ2 = lu2 = u1 on C , 
where u2 is the solution of (13.2.2) and u1 is the solution of (13.2.1) 
given by (13.3.29). Therefore, u2− ũ2 is real and harmonic on C , and  
hence can be expressed as the real part of a power series of z. From  

(13.3.81), we conclude that [1 3 2u2(z, z̄)− ũ(z, z̄) = z23z + z22z + z21z+ z20 
2 ]

+z23z3 + z22z2 + z21z+ z20 on C , (13.3.82) 

where z2k (k = 0, 1, 2, 3) are complex constants such that u2, ∇u2, 
and ∇∇u2 are periodic functions. In particular, z23 is determined by 

∂2u2(z+ ωi , z̄+ ω̄i ) ∂2u2(z, z̄) = (i = 1, 2). (13.3.83)
∂z2 ∂z2 

Let
 

1
 
ηi 

� = (ω̄i z11 − ηi M − Si M ) (i = 1, 2). 
8


From (13.3.73), (13.3.82) and (13.3.83), we have
 

Re[3z23ω1 + η1� ] = 0 i =⇒ z23 = [(η� + η̄� )ω̄1 − (η� + η̄� )ω̄2].2 2 1 1
Re[3z23ω2 + η� ] = 0 6

2

(13.3.84) 

In analogy with Theorem 13.2, we summarize below. 

Theorem 13.4. Let f : r → IR be a smooth real-valued function, 
ξ21 and ξ20 be defined as in (13.3.59) and (13.3.70), φ20 and ψ20 

be defined as in (13.3.67) and (13.3.68), Ĝ α and G̃ α be defined as 
in (13.3.57) and (13.3.75), and ũ2 : C → IR be defined as in 
(13.3.77) and (13.3.78). Then  ũ2 is twice continuously differentiable 
on C , smooth on C \ rper , and satisfies ⎧
 ⎪
 ⎪ llũ2 = 0  on C \ rper , ⎨ 
[[∇lũ2]] = − d f (t(s))n on r,ds ⎪ ⎪ ⎩∇∇∇ũ2(z+ ω, z̄+ ω̄) = ∇∇∇ũ2(z, z̄) ∀ω ∈ L and z ∈ C \ rper 

(13.3.85) 
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495 Representation of the Solutions by Analytic Functions 

where n = [sin γ,− cos γ ] is the outward normal on r. Further, if  
u2 : C → IR is the solution of (13.3.85) with zero average on Y , 
i.e., the solution of (13.2.2) with u1 being the solution of (13.2.1), 
then u2 − ũ2 can be different at most by a harmonic cubic polynomial 
(c.f., (13.3.82)), and henceforth the third-order derivatives of u2 can 
be expressed as ⎧ ⎪ ∂3u2 z̄ d℘(t − z) 1 d ⎪ ⎪⎪ = 3z23 + f (t) dt − [ψ20(z)+ φ20(z)], ⎪ ∂z3 ⎪ 16π r dz 2 dz⎪ ⎪ ⎨ 

∂3u2 1 ∂u1 1 z11 = = f (t)℘(t − z)dt + , ⎪ ∂z2∂ z̄ 4 ∂z 16π 8 ⎪ r ⎪ ⎪ ⎪ ⎪ ∂3⎪⎪ u2 � ∂3u2 � ∂3u2 � ∂3u2 � ⎩ = , = , 
∂z∂ z̄2 ∂z2∂ z̄ ∂ z̄3 ∂z3 

(13.3.86) 

where f : r → IR is given by (13.3.21), z11, z23 are constants given 
by (13.3.32) and (13.3.84), and from (13.3.67)–(13.3.68), [d 1 

t f (1)[ψ20(z)+ φ20(z)] = ¯ (t)℘(t − z)dt
dz 8π r ]

f (1)− (t)σ �(t − z)dt . (13.3.87) 
r 

We note that analogous to Remarks 13.1–13.2, Theorem 13.4 

can be generalized to situations where Q is a collection of multiple 

simply connected inclusions or Y = C . The reader is invited towrite 
down the formulas corresponding to (13.3.86) for these situations. 

13.3.3.1 Specification to a Vigdergauz structure 

We now consider the case u1 is induced by a uniform magnetization 

on Q (c.f., (13.2.1)) and Q is a Vigdergauz structure with matrix 

Q and volume fraction θ (see Section 13.3.2.1). In this case, the 
function f given by (13.3.36) and ξ10(z) satisfies (13.3.44). In 
particular, we notice 

1 
f (t)℘(t − z)dt = −zh − z11 and 

2π r 

d℘(t − z)
f (t) dt = 0 ∀ z ∈ Q. 

r dz 
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496 Solutions to the Periodic Eshelby Inclusion Problem 

Therefore, to evaluate the third gradient of u2 onQ, we only need to 

evaluate (13.3.87) (see (13.3.86)). 

By Theorem 13.3, (13.3.6), (13.3.36) and (13.3.51), we have 

−i
f (1)(t) = [z̄mξ � (t)− zm]. ∀ t ∈ r, (13.3.88)002 

dwhere ξ � (z) = dzξ00(z). Note that the functions t �→ ξ00(t),00

¯t �→ ℘(t − z) and  t �→ σ (t − z) are analytic on C \ Qper . 

Substituting (13.3.51) and (13.3.88) into (13.3.87), by the Cauchy 

integral theorem we obtain that for every z ∈ Q, 
d −zm 
[ψ20(z)+ φ20(z)] = [ξ00(t)℘(t − z)− σ �(t − z)]dt

dz 16π i ∂Y 

z̄m + ξ � (t)[ξ00(t)℘(t − z)
16π i ∂Y 

00

−σ �(t − z)]dt =: I1(z)+ I2(z). (13.3.89) 
The first term on the right hand side of (13.3.89) is clearly a constant 

since (c.f., (13.3.53)) 

−zmI1(z) = [ξ00(t)℘(t − z)− σ �(t − z)]dt 
16π i ∂Y 

−zm −zmC 00 = ξ00(t)℘(t − z)dt = . 
16π i ∂Y 16π i 

By (13.3.48) and (A.1), the second term on the right hand side of 

(13.3.89) can be written as (c.f., Fig. 13.2) 

¯
I2(z) = zm 

ξ � (t)[ξ00(t)℘(t − z)− σ �(t − z)]dt 
16π i 00

∂Y [z̄m � = (−ρ2 + ¯ (t)℘(t − z)dtω2)ξ0016π i γ1 ]
ω1)ξ

�+ (ρ1 − ¯ 00(t)℘(t − z)dt + S2ρ1 − S1ρ2 . (13.3.90) 
γ2 

In general, I2(z) cannot be a constant. Otherwise, I2(z) would be 
equal to this constant on the entire complex plane C , and by the  
Plemelj formulas (13.3.14) we would have 

−z̄m d2ξ00(t)0 = [[I2(t)]] = (−ρ2 + ω̄2) ∀ t ∈ γ1,8 dt2 (13.3.91)−z̄m d2ξ00(t)0 = [[I2(t)]] = (−ρ1 + ω̄1) ∀ t ∈ γ2.8 dt2 

For nonzero zm, the above equation implies either 1) 

ρ1 = ω̄1 and ρ2 = ω̄2, (13.3.92) 
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d2ξ00(t)or 2) dt2 = 0 for every t ∈ γ1 or every t ∈ γ2. From the analyticity 

of ξ00(z) on C \ Q̄per , the latter situation is equivalent to (see Ahlfors 

1963, Chapter 4) 

d2 
ξ00(z) = 0 ∀ z ∈ C \ Qper . (13.3.93)

dz2 

Equation (13.3.92) is clearly impossible if θ �= 1 since it implies 
(c.f. (13.3.19)) 

ρ1ω2 − ρ2ω1 = ω̄1ω2 − ω̄2ω1 = 2i, 

which contradicts (13.3.50)1. On the other hand, if 

equation (13.3.93) holds, we see that ξ00(z) is a linear function of 
z. By (13.3.51), the boundary of Q must consist of parallel lines, i.e., 

Q is a laminate. In this case, from (13.9) and (13.13)we infer that the 

matrix Q must have a zero eigenvalue. The above discussions show 
that the third gradient of u2 is in general not uniform on Q even if 

the magnetization is uniform onQ and the inclusion is a Vigdergauz 

structure. 

With regard to problem (13.8), we have 

Theorem 13.5. Consider the periodic Eshelby inclusion prob
lem (13.8). Assume that the inclusionQ is a Vigdergauz structure with 
a positive definite matrix Q ∈ Q and volume fraction θ ∈ (0, 1) and 

1 0
the eigenstress PH = P0 ∈ IR2×2 is uniform onQ. If P0 � for = asym 0 1  

some a ∈ IR, then the induced strain ∇v is not uniform onQ. 

Proof. Let {e01, e
0} ⊂  IR2 be the basis of our rectangular coordinate 2

system and b the solution of (13.10). From equation (13.2.5) and the 

fact that both b and u2 are bounded on C and have zero average over 
Y , we see that 

C	 )∂b(z, z̄) 1 ∂b(z, z̄) ∂b(z, z̄) = − i
∂z	 2 ∂x1 ∂x2
 

1
 0 0= (u2(z, z̄, e )− iu2(z, z̄, e )),1 22
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and hence for every z ∈ Q, C )∂4b(z, z̄) 1 ∂3u2(z, z̄, e0) ∂3u2(z, z̄, e0) = 1 − i 2

∂z4 2 ∂z3 ∂z3 
1 d 0 0= C 1 − [ψ20(z, e1)+ φ20(z, e1)4 dz

0 0−iψ20(z, e2)− iφ20(z, e2)] [1 = C 2 + (−ρ2 + ω̄2)ξ00(t)℘(t − z)dt 
32π i γ1 ]

+ (ρ1 − ω̄1)ξ
� (t)℘(t − z)dt , (13.3.94)00

γ2 

where C 1, C 2 are constants. In particular, we have used (13.3.86)1 
in the the second equality, and the final equality follows from 

d 0 0[ψ20(z, e1)+ φ20(z, e1)]dz [ ]1 −i �= (t̄(1) − 1)[t̄℘(t − z)− σ (t − z)]dt , 
8π r 2

d 0[ψ20(z, e2)+ φ20(z, e2
0)]

dz [ ]1 −i 
t(1) �= (i ¯ + i)[t̄℘(t − z)− σ (t − z)]dt , 

8π r 2

and similar calculations as from (13.3.88) to (13.3.90). Note that the 

above equations are obtained by plugging (13.3.88) into (13.3.87) 

since zm = 1 if m0 = e0 and zm = −i ifm0 = e02, see (13.3.37). 1 

Since the transformation between (x1, x2) and (z, z̄) is linear and 
nonsingular, by (13.3.1) we have 

∂4b
b,piq j = = (T)pp̃(T)i ĩ (T)qq̃(T) j j̃ b , p̃ĩ q̃ j̃ , (13.3.95)˜

∂xp∂xi∂xq∂x j 

where 

∂b ∂b˜if i = 1, if i = 1,
∂z ∂x1b̃ ,ĩ = and b,i = 
∂b ∂b˜if i = 2 if i = 2.
∂ z̄ ∂x2 

In particular, we have 

∂4b(z, z̄) ∂4b(z, z̄)
b,11qj (P0)qj = c40 + c04 

∂z4 ∂ z̄4 

∂4b ∂4b ∂4b +L , , , (13.3.96)
∂z3z̄ ∂z2z̄2 ∂zz̄3 
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where L(· · · ) denotes a linear combination of its arguments. We 
remark that L(· · · ) is uniform onQ for a Vigdergauz structure since 

4 ∂2b = lb = h, see (13.13). Also, by (13.3.1) and (13.3.95) the
∂z∂ z̄

coefficients c40 and c04 can be written as 

c40 = (T)11(T)11(T)q1(T) j1(P0)qj = (T)q1(T) j1(P0)qj , 

c04 = (T)22(T)22(T)q2(T) j2(P0)qj = −(T)q2(T) j2(P0)qj . 
If the quantity in (13.3.96) is uniform onQ, we infer that 

where u (resp. v) is the real (resp. imaginary) part of Also, 

c40 
∂4b(z, z̄) 

∂z4 
+ c04 

∂4b(z, z̄) 
∂ z̄4 

= (c40 + c04)u + i(c40 − c04)v is uniform onQ, 

(13.3.97) 

∂4b(z,z̄) 
∂z4 . 

∂4b(z,z̄)from (13.3.94) we see that 
∂z4 is in fact analytic on Q, and  

hence u, v satisfy the Cauchy–Riemann equation (13.3.2) on Q. If  
P0 is symmetric, direct calculations show that c40 and c04 cannot 
simultaneously vanish unless P0 is dilatational, i.e., a constant times 
the identitymatrix. Therefore, ifP0 is symmetric but not dilatational, 

∂4b(z,z̄)equations (13.3.97) and (13.3.2) imply 
∂z4 would be uniform on 

Q, which, by (13.3.94) and similar calculations from (13.3.89) to 

(13.3.91), implies either (13.3.92) or (13.3.93) would hold. From 

the discussions following (13.3.93), we see that both (13.3.92) and 

(13.3.93) contradict the hypotheses of the theorem. This completes 

our proof of the theorem. 

13.4 Summary and Discussion 

We have expressed the solution to the periodic Eshelby inclusion 

problem (13.8) in terms of Cauchy-type integrals. To be explicit, 

for given smooth divergence-free eigenstress PH : Q → IR2×2 in 
(13.19) we define f p : r → IR for p = 1, 2 as (see (13.3.21)) 

sf1(s) = −  PHnds1 .f2(s) 0 

Accordingly, the constants zp and zp can be calculated by (13.3.32) 11 23 

and (13.3.84), respectively. Then from (13.2.11), (13.3.33) and 
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(13.3.86) the induced strain for the periodic homogeneous Eshelby 

inclusion problem (13.8) can be written as 

n L1 (p) (μ + λ) (q)
[∇v(x)]pi = [∇u1 (x)]i − [∇∇∇u2 (x)]qpi , 

μ μ(2μ + λ) 
q=1 

(13.4.1) 

where for p = 1, 2, 
(p) (p)

∂u (z, z̄) ∂u (z, z̄) 11 1 p− i = f p(t)℘(t − z)dt + z
∂x1 ∂x2 r 

112π 

(13.4.2) 

and ⎧ 
(p) ⎪ ∂3u p z̄ d℘(t − z) 1 d ⎪ ⎪ 2 3z + dt −⎪ = 23 f p(t) ⎪ ⎪ ∂z3 16π dz 16π dz ⎪ r ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ t f (1) f (1) ⎪ ¯ (t)℘(t − z)dt − (t)σ �(t − z)dt ,⎪ p p⎨ 

r r 

(p) (p) (13.4.3) ⎪ ∂3u 1 ∂u 1 1 ⎪ 2 1 p ⎪ ⎪ = = f p(t)℘(t − z)dt + z11, ⎪ ∂z2∂ z̄ 4 ∂z 16π 8⎪ r ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ (p) (p) (p) (p)⎪ ⎪ ∂3u � ∂3u � ∂3u � ∂3u � ⎪ 2 2 2 2 ⎩ = , = . 
∂z∂ z̄2 ∂z2∂ z̄ ∂ z̄3 ∂z3 

The explicit representation formulas (13.4.1)–(13.4.3) on one hand 

imply a necessary and sufficient condition (see Theorem 13.3) for 

an inclusion to be a Vigderguaz structure, and on the other hand, 

enable us to show that the strain induced by a non-dilatational 

symmetric eigenstress cannot be uniform on a Vigdergauz structure 

(see Theorem 13.5). 

We remark that much of the analysis in this chapter are valid 

as long as the Cauchy principle values exist for almost all points on 

the boundary r. Therefore, the requirements of the contour r being 

smooth and the magnetization being smooth on Q can be relaxed 

considerably. For instance, the formulas (13.4.2) and (13.4.3) are 

valid if r is a piecewise smooth contour. 

The lack of the Eshelby uniformity property of Vigdergauz 

structures prevents us from using the equivalent inclusion method 

(Eshelby 1957; Mura 1987) to solve a generic inhomogeneous 
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Eshelby inclusion problem (13.7) in a periodic setting. Neverthe

less, under suitable conditions, we can solve an important class 

of inhomogeneous inclusion problems for which the equivalent 

eigenstress is dilatational for the homogeneous problem (13.8), see 

(13.15)–(13.18). This enables us to calculate the effective modulus 

of periodic composites with Vigdergauz structures and to show they 

are optimal microstructures in certain sense, see Grabovsky and 

Kohn (1995) and Liu et al. (2008). In the meantime, it is interesting 
to extend the approach in this chapter to solve inhomogeneous 

inclusion problems in both periodic and nonperiodic settings. 

The Plemelj formulas and the calculations in this chapter will be 

useful. 

Appendix: Verification of Equation (13.3.72) 

Equation (13.3.72) follows from the following property of σ �(z) (see 
(13.3.66)) 

σ �(z+ ωi ) = σ �(z)+ ω̄i℘(z)+ Si i = 1, 2, (A.1) 

where the z-independent constants 

ω̄i i ω̄ − 3|ω|2ω2 

Si = −  + 
L ω3 

i . (A.2) 
ωi 
2 

ω∈L\{ωi ,0} ω2(ω − ωi )3 

To show this, by (13.3.62) we have 

L 1 1 2(z+ ωi )
σ �(z+ ωi ) = ω̄ − + − 

(z+ ωi + ω)2 ω2 ω3 
ω∈L\{0} L 

= (ω̄� − ω̄i ) − 1 + 1 

(z+ ω�)2 (ω� − ωi )2 
ω�∈L\{ωi } 
2(z+ ωi )− , (A.3)
(ω� − ωi )3 

where ω� = ω + ωi . Also, 
L 1 1 2z 

σ �(z) = ω̄� − + − . (A.4)
(z+ ω�)2 ω

�2 ω
�3 

ω�∈L\{0} 
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502 Solutions to the Periodic Eshelby Inclusion Problem 

Since both series in (A.4) and (A.3) converge absolutely, subtracting 

(A.4) from (A.3) term by term for ω� ∈ L \ {0, ωi }, we are left with 
1 1 2(z+ ωi )

σ �(z+ ωi )− σ �(z) = ω̄i − +
 
z2 ωi 

2 (−ωi )3
 L 1 1 2(z+ ωi )+ ω̄i − + 
(z+ ω�)2 (ω� − ωi )2 (ω� − ωi )3 

ω�∈L\{ωi ,0} L � 1 2(z+ ωi ) 1 2z + ω̄ − − +�2 �3(ω� − ωi )2 (ω� − ωi )3 ω ω
ω�∈L\{ωi ,0} 

1 1 2z + ω̄i − + 
(z+ ωi )2 ωi 

2 ωi 
3 

= ω̄i℘(z)+ L i (z), (A.5) 

where 

1 2(z+ ωi )L i (z) = ω̄i − + 
ω2 (−ωi )3 i L 1 1 2(z+ ωi )+ ω̄i − + 

ω�2 (ω� − ωi )2 (ω� − ωi )3 
ω�∈L\{ωi ,0} L 1 2(z+ ωi ) 1 2z + ω̄� − − + 

(ω� − ωi )2 (ω� − ωi )3 ω
�2 ω

�3 
ω�∈L\{ωi ,0} 
2z +ω̄i . (A.6) 
ω3 
i 

Clearly, Li (z) is a linear function of z. The coefficient associated with 
z is LdLi (z) 2ω̄i 2ω̄i= −  +

dz ω3 (ω − ωi )3 i ω∈L\{ωi ,0} L 2 2 2ω̄i + ω̄ − + + 
(ω − ωi )3 ω

�3 ω3 
iω∈L\{ωi ,0} L2ω̄i 2 2 = + ω̄ − + , (A.7) 

ω3 (ω − ωi )3 ω3 
i ω∈L\{ωi ,0} 

where we have noticed  L2ω̄i −2ω̄i + = 0 or 
ωi 
3 (ω� − ωi )3 

ω�∈L\{ωi ,0} L2ω̄i 2ω̄i + = 0. (A.8) 
ω3 
i ω�∈L\{ωi ,0} (ω

�)3 
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Let ω� = ωi − ω. The right-hand side of (A.7) can be written as L2ω̄i 2 2 + ωi − ω� − +
 
ωi 
3 (−ω�)3 (ωi − ω�)3
 

ω�∈L\{ωi ,0} L2ω̄i 2ω̄i 2ω̄i = + −
 
ωi 
3 (ω�)3 (ω� − ωi )3
 

ω�∈L\{ωi ,0} L 
− ω̄� 2 − 2 

(ω�)3 (ω� − ωi )3 
ω�∈L\{ωi ,0} L2ω̄i 2 2 dLi (z)= −  − ω̄� − = −  , 
ωi 
3 (ω�)3 (ω� − ωi )3 dz 

ω�∈L\{ωi ,0} 
(A.9) 

From (A.7) and (A.9) we have 

dLi (z) dLi (z) dL i (z)= − =⇒ = 0. (A.10)
dz dz dz 

Next we calculate the constant term in L i (z). From (A.6), (A.8) 
and (A.10) we have 

1 2ωiL i (z) = ω̄i − +
 
ωi 
2 (−ωi )3
 L 1 1 2ωi + ω̄i − + 

ω2 (ω − ωi )2 (ω − ωi )3 
ω∈L\{ωi ,0} L 1 1 2ωi + ω̄ − − 

(ω − ωi )2 ω2 (ω − ωi )3 
ω∈L\{ωi ,0} L ω3ω − 3|ω|2ω2ω̄i i ¯ i= − + = Si . (A.11) 
ωi 
2 ω2(ω − ωi )3 

ω∈L\{ωi ,0} 

where we have used  L 1 1 2ωiTi : = ω̄i − + 
ω2 (ω − ωi )2 (ω − ωi )3 

ω∈L\{ωi ,0} L 1 1 −2ωi = ω̄i − +�2 �3(ω� − ωi )2 ω ω
ω�∈L\{ωi ,0} L 2ωi −2ωi 4|ω̄i |2 = −Ti + ω̄i + = −Ti + . 

(ω − ωi )3 ω3 ωi 
3 

ω∈L\{ωi ,0} 

Equation (A.1) follows from (A.5) and (A.11). 
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Variational Principles, Bounds, and 
Percolation Thresholds of Composites 
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In this chapter, we describe some new aspects of research on 

micro- and nanocomposites in a variational framework. The first 

aspect is the formulation of the stochastic variational principles 

for the emerging scale-coupling mechanics, which extends the 

analysis of composites from classical homogenization to multiscale 

computation. The second aspect is development of new formulae to 

predict the physical properties, particular percolation thresholds, of 

nanocomposites containing nanofillers with large and small aspect 

ratios, which have significant applications in the fast-growing field 

of nanotechnology. 

14.1 Introduction 

Research on the physical behaviors of heterogeneous materials has 

made significant contribution to the development of composites 

Handbook of Micromechanics and Nanomechanics 
Edited by Shaofan Li and Xin-Lin Gao 
Copyright c� 2013 Pan Stanford Publishing Pte. Ltd. 
ISBN 978-981-4411-23-3 (Hardcover), 978-981-4411-24-0 (eBook) 
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technology throughout the second half of the 20th century, as 

summarized in several monographs [11, 14, 15, 20]. In this 

chapter, we describe some new aspects of research on micro- and 

nanocomposites in a variational framework. The first aspect is the 

formulation of the stochastic variational principles for the emerging 

scale-coupling mechanics, which extends the analysis of composites 

from classical homogenization to multiscale computation. The 

second aspect is development of new formulae to predict physical 

properties, particular percolation thresholds, of nanocomposites 

containing nanofillers with large and small aspect ratios, which have 

significant applications in the fast-growing field of nanotechnology 

in the 21st century. 

To evaluate the physical properties of composites, there are 

generally two types of analytical approaches: (1) approximation 

schemes (e.g., self-consistent, differential, Mori–Tanaka, Maxwell– 

Garnett, Bruggeman, etc.); and (2) variational bounds. The ap

plicability of a specific approximation scheme relies on statistical 

features of microstructure, i.e. an approximation reliable to one 

certain composite can be severely inaccurate to another. In this re

gard, generality of variational bounds is appealing since the bounds 

rigorously apply to all kinds of morphology under consideration. 

Formulation of variational bounds on the physical properties of 

composites constitutes one of themost fundamental parts of applied 

mechanics. The bounds serve not only as a verification of various 

approximations, but more importantly, as the theoretical foundation 

for a wide range of diverse applied physics problems including 

elasticity, electrical permittivity, thermal and electrical conductivity, 

magnetic and fluid permeability, diffusivity, etc. 

In Section 14.2 the variational principles are first presented 

for general boundary value problems (BVPs) of composites, which 

generalize the classical scale-decoupling homogenization to scale-

coupling computation. In Sections 14.3 and 14.4, by specializing 

the stochastic variational principles to a Dirichlet domain subjected 

to a constant strain, the classical and elliptical variational bounds 

are derived and estimated for elastic and transport properties of 

composites. Based on the elliptical bounds obtained, in Section 

14.5 the analytical formulae of percolation thresholds are explicitly 
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provided especially for composites containing fillers with large or 

small aspect ratios. 

14.2 Variational Principles for BVPs of Composites 

The classical Hashin–Shtrikman (HS) variational principle [9, 10] 

was formulated in a Dirichlet BVP with the focus on the evaluation 

of effective properties of composites. The HS principle was re

formulated in a Green’s function approach by Walpole [22] and 

re-derived in a probabilistic setting by Willis [24]. It was further 

extended to higher-order bounds and the energy principle by 

Beran [2] and Kröner [8]. In a recent work [25] the above 

infinite body variational principles were generalized to finite 

body composites subjected to general boundary conditions, which 

provides the variational foundation for multiscale computation 

of random composites [31]. Especially the stochastic variational 

principles of random composites are explicitly formulated in [25] 

with distinction from the deterministic principles. 

14.2.1 Stochastic Energy Variational Principle 

The governing equations for a BVP of an elastic composite in a 

domain D are given as ⎧ ⎨ τi j, j + fi = 0  in D 
ui = ũi on ∂ Du (14.1–14.3) ⎩ 
τi j n j = t̃i on ∂ Dt 

1 ∂ui ∂u j
τi j  = L i jklεkl εkl = + (14.4 and 14.5) 

2 ∂x j ∂xi 

with the domain boundary ∂ D = ∂ Du ∪ ∂ Dt and ∂ Du ∩ ∂ Dt = ∅. 
A random composite is characterized with the constitutive tensor 

L(x, ω) that varies in both the domain D and random space 
�. By choosing a reference constant tensor L0 and applying the 

superposition principle, the stochastic BVP (14.1∼14.5) can be 
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decomposed into a reference BVP ⎧ ⎨ τi j
0 
, j + fi = 0  in D 

ui 
0 = ũi on ∂ Du (14.6–14.8) ⎩ 

τ 0 = ˜ ∂ Dtoni j n j ti 

∂u01 ∂u0 
τ 0 = L0 ε0 i j 

i j  i jklεkl 
0 

i j  = + (14.9 and 14.10) 
2 ∂x j ∂xi 

and a fluctuation BVP ⎧ ⎨ τi j
∗ 
, j + f ∗ = 0  in Di 

∗ ui = 0  on ∂ Du (14.11–14.13) ⎩ 
τi j

∗ n j = pi j n j = 0  on ∂ Dt 

  ∗∗ 1 ∂u ∂u 
τ ∗ = L0 ε ∗ = + (14.14 and 14.15) i j  i jklεkl 

∗ 
i j  

i j 

2 ∂x j ∂xi

In (14.11) the “stochastic force” f ∗ ≡ pi j, j is defined as thei 

divergence of the polarization stress p, and the exact solution of 
latter has the following relation with the total strain 

∗ p = (L i jkl  − L0 (14.16)i j  i jkl)εkl 

In the above decomposition it is clear that 

0 ∗ ui = ui + ui , ε j i  = εi j  
0 + εi j

∗ , τ j i  = τi j  
0 + τi j  

∗ + pi j  (14.17) 

By treating the polarization stress as the primary unknown, the 

displacement of the fluctuation BVP is given in terms of the Green’s 

function as  
∗ / /ui (x) = G 0 

i j (x, x )pjk,k(x )dx / (14.18) 
D 

∗ or simply u = G i j  
0 pjk,k. By using the divergence theorem, the i 

fluctuation strain is obtained as 

∗ εi j  = −r0 (14.19)i jkl  pkl [ ]
with r0 ∂2G 0 

l + ∂2G 0 /2.i jkl(x, x /) ≡ ik(x, x /)/∂x j ∂x /
jk(x, x /)/∂xi ∂xl

/ 

Denote (, ) and (, ) the inner product over the domain D and ∂ Dt 

respectively. By using (14.17) and (14.19), the upper bound of the 

potential energy for the original BVP (14.1∼14.5) 
1 ( )

r+(u) = (ε, Lε) − ( f, u) − t̃, u (14.20)
2
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can be rewritten in terms of p as 

+ 0 0r (L 0 , p) = r (L 0)+ ε0 , (L − L0)ε0 − ε0 , (L − L0)r p
 

1 � � 1 � �
 
0 0+ p, r  p + rp, (L − L0)r p (14.21)

2 2 

with the potential energy of the reference BVP 

1 � � � � ( )
0 0 0r (L0) = ε0 , L 0ε0 − f, u − t̃, u (14.22) 

2 

Note in the derivation of (14.21) the relation (τ ∗ + p, ε  ∗) = 0 is  
used as a special case of the weak form of (14.11), i.e. 

0 0 0L0 r p, r  p = p, r  p (14.23) 

Similar to (14.20) by applying the classical complementary 

energy theorem in terms of the compliance tensor M = L −1, the  
lower bound of the potential energy for the original BVP is obtained 

as 

1 � � � �−r (L0 , p) = r 0 − ε0 , L 0(M − M 0)L0ε0 − ε0 , (M − M 0)L0 p
2 

1 � � � � 
0− p, M L0 p + ε0 , L0(M − M 0)L0 r p

2 
1 � � � � 

0 0+ p, r  p + p, (M − M 0)L0 r p
2 
1 � � 

0 0− r p, L 0(M − M 0)L0 r p (14.24)
2 

The bounds (14.21) and (14.24) correspond to BVPs of compos

ites with microstructure information completely given, and we have 

the following deterministic energy variational principle: 

Theorem 14.1. The potential energy of an elastic heterogeneous 
body is bounded from above and below as 

r −(L0 , p) ≤ r ≤ r +(L0 , p) (14.25) 

where the two bounds are explicitly given in (14.21) and (14.24), the 
trial function p satisfies boundary condition (14.13), and the modified 
Green’s function r 0is obtained from Equations (14.11–14.13) 

In engineering practice it is rare, if not impossible, to obtain 

complete information about microstructure, and there is always a 

certain degree of uncertainty. For such random composites, applying 
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510 Variational Principles, Bounds, and Percolation Thresholds of Composites 

of ensemble average, denoted as an overbar, on (14.21) and (14.24) 

directly leads to the stochastic energy and complementary energy 

bounds, respectively, as 

+ 0r (L0 , p) = r (L0)+ ε0 , (L̄ − L0)ε0 − ε0 , (L − L0)r0 p 

1 1 + p, r0 p + r0 p, (L − L0)r0 p
2 2 

(14.26) 

1 � �− 0r (L 0 , p) = r (L 0)− ε0 , L0(M − M 0)L0ε0 

2 

− ε0 , (M − M 0)L0 p − 1 p, M L0 p
2 

+ ε0 , L0(M − M 0)L0r0 p + 1 p, r0 p
2 

+ p, (M − M 0)L 0r0 p 

1 − r0 p, L 0(M − M 0)L0r0 p (14.27)
2 

It follows the stochastic energy variational principle as 

Theorem 14.2. The mean potential energy of an elastic random 
heterogeneous body is bounded from above and below as 

+ 
r −(L0 , p) ≤ r ≤ r (L0 , p) (14.28) 

where the two bounds are explicitly given in (14.26∼14.27), the trial 
function p satisfies boundary condition (14.13), and the modified 
Green’s function r 0 is obtained from Equations (14.11–14.13). Higher 
probabilistic moments of the potential energy can be similarly 
bounded from above and below. 

It is noted that when the above stochastic principle is applied to 

a single sample rather than an ensemble, the condition of ergodicity 

is assumed. 

The exact expression of the polarization stress is given as the 

series expansion following the exact solution (14.16), i.e. 

∞ L[ ]k0p = (L − L0) r (L − L 0) ε0 (14.29) 

k=0 
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For an N -phase composite, the elastic moduli can be expressed 
as 

N 

L(x, ω) = χn(x, ω)L n (14.30) 

n=1 
where the indicator function χn(x, ω) equals 1 when x ∈ Dn the 

domain of Phase-n, and 0 otherwise. Following (14.29–14.30) the 
trail functions for p are constructed, with the first- and second-order 
given, respectively, as 

N 

p(x, ω) = χn(x, ω)pn(x) (14.31) 

n=1 

N 
(1)p(x, ω) = χn(x, ω)p (x)n
 

n=1
 
N N 

0 / / (2) /+L0 χm(x, ω) r (x, x ) χl(x , ω)p (x )dx /
l 

Dm=1 l=1 
(14.32) 

By substituting a trial function into the stochastic energy bounds 

(14.26∼14.27), it is found from the last terms of the both bounds 
that the highest order correlation function involved is always an odd 

number; e.g. with (14.31) the highest is the third-order 

/ //clmn(x , x ) = χl(x, ω)χm(x + x /, ω)χn(x + x //, ω) 
/ // ∈ D∀x, x + x , x + x (14.33) 

14.2.2 Stochastic Hashin–Shtrikman Variational Principle 

The bounds (14.21) and (14.24) can be rewritten, respectively, as 

1 � � + 0r (L0 , p) = r (L0)− H (L0 , p)+ �ε, (L − L0)�ε (14.34)
2 

1 � �− 0r (L0 , p) = r (L0)− H (L0 , p)− L0�ε, (M − M 0)L0�ε 
2 

(14.35) ( )
0with�ε = (L − L0)−1 + r p − ε0 and the HS functional 

1 � � 1 � � � � 
)−1 0H (L0 , p) = p, (L − L0 p + p, r  p − ε0 , p (14.36)

2 2 
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By noting the last terms in (14.34 and 14.35) are non-positive 

or non-negative when L < L0 or L > L 0, it yields the following 
deterministic and stochastic HS principles: 

Theorem 14.3. The potential energy of an elastic heterogeneous 
body is bounded from above and below as 

0r ≤ r (L 0)− H (L 0 , p) when L 0 > L 
0r ≥ r (L 0)− H (L 0 , p) when L 0 < L (14.37) 

where the trial function p satisfies boundary condition (14.13), and 
the modified Green’s function r 0is obtained from Equations (14.11– 
14.13). 

Theorem 14.4. The mean potential energy of an elastic random 
heterogeneous body is bounded from above and below as 

0r ≤ r (L0)− H (L0 , p) when L 0 > L 
0r ≥ r (L0)− H (L0 , p) when L 0 < L (14.38) 

where the trial function p satisfies boundary condition (14.13), and 
the modified Green’s function r 0 is obtained from Equations (14.11– 
14.13). Higher probabilistic moments of the potential energy can be 
similarly bounded from above and below. 

For multiphase composites the optimal reference moduli is simply 

L0 = min{L n} and max {L n} for the lower and upper bounds, 
n n 

respectively, when the elastic moduli of the phases are well ordered. 

In the not-well-ordered case, the optimal tensor consists of mixture 

of moduli (e.g. bulk and shear) from different phases, an example of 

which is that of Walpole’s result [22]. 

By applying the trial functions (14.31 and 14.32) to the stochastic 

HS principle, it is found that the highest order correlation function 

involved is always an even number. As a closing remark of this 

section, the variational principles formulated above on elasticity 

relating to a vector potential are identically applicable to all kinds 

of transport problems involving a scalar potential. 
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14.3 Correlation-Based Variational Bounds 

The earliest derived bounds are Voigt-Reuss’ bounds [17, 21] in 

elasticity or Wiener’s bounds [23] on transport properties, which 

correspond to the simple rule of mixture or first-order bounds 

as only the volume fraction information is employed. The second-

order bounds were formulated by Hashin and Shtrikman [10, 11] 

for morphologically isotropic random composites. The third-order 

bounds of bulk modulus and transport properties were derived in 

[2, 3] which contain a pair of third-order bulk parameters involving 

integration of the triple correlation function. The more complicated 

third-order bounds of the shear modulus were first derived by 

Milton and Phan-Thien [13] and were recently finalized in [26], 

which further involve a pair of third-order shear parameters. In 

addition to the above bounds based on the correlation functions of 

microstructure, there are other types of bounds mainly consisting of 

ellipsoidal bounds (Section 14.4) that directly account for the shape 

of inclusions, and the analytical bounds e.g. the optimal bounds 

using phase-exchange inequality [1]. 

14.3.1	 Correlation-Based Variational Bounds of Elastic 
Moduli 

To derive variational bounds for the effective elastic moduli of a 

random composite, the stochastic variational principles presented 

above for general BVPs are applied to a periodic Dirichlet unit 

domain D̃ subjected to zero body force and a constant strain. The 

correlation length of the microstructure is assumed infinitesimal 

compared with the domain size. For this periodic Dirichlet BVP, the 

reference potential energy (14.22) reduces to 

1 � � 
0r (L0) = ε0 , L0ε0 (14.39)

2 

and the Green’s function is analytically available as 

1 δi j  3κ0 + μ0 ∂2    
G 0 /	  /  

i j (x − x ) = −	 x − x
4πμ0 |x − x /| 8πμ0(3κ0 + 4μ0) ∂xi ∂x j 

(14.40) 

© 2013 by Taylor & Francis Group, LLC



February 4, 2013 15:33 PSP Book - 9in x 6in 14-Shaofan-Li-c14

� � � �

� �

L L L L 

L 

514 Variational Principles, Bounds, and Percolation Thresholds of Composites 

with the modified Green’s function in Fourier space ⎡ ⎤ |ξ |2 ( )
1 ⎢ δikξ j ξl + δi lξ j ξk + δ jkξi ξl + δ j lξi ξk ⎥ 

r 0 = ⎢ 4 ⎥ˆ
i jkl(ξ) |ξ |4 ⎣ ⎦μ0 3κ0 + μ0− ξi ξ j ξkξl 

3κ0 + 4μ0 

(14.41) 

where an isotropic reference elastic moduli is chosen with κ0 andμ0 

the bulk and shear moduli, respectively. 

First-order bounds 

The simplest trial polarization function is p = 0, and by applying the 
stochastic energy principle (Theorem 14.2) to a random composite, 

it yields the Voigt-Reuss’ bounds [17, 21] 

L−1 ≤ L (1) ≤ L̄ (14.42) 

the two equalities of which are realizable only for Young’s modulus 

in the directions parallel and transverse, respectively, to the layers of 

an anisotropic laminate-typemedium. For an N -phase geometrically 
isotropic composite, with the elastic moduli of each phase being 

isotropic, the Voigt-Reuss’ bounds of the bulk and shear moduli are 

therefore 
−1 −1N N N N 

< κ (1) < μ(1)cnκn 
−1 < cnκn cnμ

−
n 
1 < cnμn 

n=1 n=1 n=1 n=1 
(14.43) 

where cn denotes the volume fraction of Phase-n. 

Second-order bounds 

The next simple trial function is obtained from (14.31) by choosing 

a piece-wise constant polarization field as 
N 

p(x, ω) = χn(x, ω)pn (14.44) 

n=1 
By applying (14.44) to the stochastic HS principle (14.38), and 

taking derivative about pn, the polarization for each n is solved, and 
it results in 

N −1 N L L 
L (2) = cm Am cn An L n (14.45) 

m=1 n=1 
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[ ]−1
An = I + S0M 0(L n − L0) (14.46) 

which corresponds to the upper or lower HS bound when L 0 > 

or < L . In the above derivation the spherical Eshelby’s tensor 
(A.2) is obtained via S0M 0 = D r(x)ρmn(x)dx  by assuming the˜

spatial distribution of heterogeneities is isotropic, i.e. the correlation 

coefficients 
cmn(x)− cmcn 

ρmn(x) = (14.47) 
cm (δmn − cn) 

are isotropic for any m, n = 1,2, . . . , N . 
When the elastic moduli of each phase is isotropic, (14.45) 

becomes 

−1N N 

κ (2) 
3κ0 + 4μ0 3κ0 + 4μ0 = cm cnκn (14.48)
3κm + 4μ0 3κn + 4μ0m=1 n=1 

−1N 
5μ0(3κ0 + 4μ0)

μ(2) = cm 
9μ0κ0 + 8μ2 + 6μ1κ0 + 12μ0μ10m=1 

N 
5μ0(3κ0 + 4μ0) cnμn (14.49)

9μ0κ0 + 8μ2 + 6μ1κ0 + 12μ0μ10n=1 

where the optimal referencemoduli are taken as κ0 = max{κn},μ0 = 
n 

max{μn} for the upper bound, and the min operation for the lower 
n 

bound. For the two-phase composites, (14.48 and 14.49) reduce to 

c1c2(κ1 − κ2)2 
κ (2) = (c1κ1 + c2κ2)− (14.50) 

c1κ2 + c2κ1 + κ̃ (2) 
c1c2(μ1 − μ2)

2 

μ(2) = (c1μ1 + c2μ2)− (14.51) 
c1μ2 + c2μ1 + μ̃(2) 

κ (2) 4 μ(2) μn (9κn+8μn)with ̃ = max {μ1, μ2} and ̃ = max for the 
3 6(κn +2μn)n=1,2 

upper bound, and themin operation for the lower bound. In the two

dimensional case, ̃κ (2) = max {μ1, μ2} and ̃μ(2) = max μnκn .
κn +2μnn=1,2 

The two-phase HS bounds are attainable in the well-order case, 

and can be further narrowed in the not-well-ordered case as shown 

below by the third-order bounds. 
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Third-order bounds 

The formulation of the third bounds has been focused on two

phase composites with isotropic moduli for each phase. By applying 

the same trial function (14.44) to the stochastic energy principle 

(Theorem 14.2), and extremizing the potential energy about the 

variables p1, p2, κ0 and μ0 [26], it yields Beran’s bounds for the bulk 

moduli [3] 

c1c2(κ1 − κ2)2 
κ (3) = (c1κ1 + c2κ2)− (14.52) 

c1κ2 + c2κ1 + κ̃ (3) 

� �−1 
κ (3) 

2(d−1) 2(d−1) 
μ−1with ̃ = (μ)ζ and for the upper and lower d d ζ 

bounds, respectively, the dimension d = 2,3, and the average 
operator (a)b = b1a1 + b2a2. The bulk parameters 0 ≤ ζ1, ζ2 ≤ 1 
are defined as [12, 13], 

∞ ∞ +19 c111(r, s, u)
ζ1 = dr ds du P2(u) ζ1 = 1− ζ2 

2c1c2 0 0 −1 rs  
(14.53) 

where P2(u) is the 2nd Legendre polynomial, and c111(r, s, u) is  
the probability of a triangle, with two sides of lengths r and s at 
angle cos −1(u), having all three vertices lie in phase-1 when placed 
randomly in the composite. 

Following exactly the above procedure, the third-order shear 

bounds can be obtained as [12, 26] 

c1c2(μ1 − μ2)
2 

μ(3) = (c1μ1 + c2μ2)− 
c1μ2 + c2μ1 + μ̃(3) 

μ ∗ (9κ ∗ + 8μ ∗ )
μ̃(3) = (14.54)∗∗)6((κ)ζ + 2μ

with 

1 20∗ ∗∗ μ = (μ)ζ (μ)ξ , μ  = (μ)ζ + (μ)ξ
21 21

5 16∗ κ = (μ)ζ (μ)−1 + (μ)−1 (μ)ξ (κ)ζ (14.55)ξ ζ21 21 
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for the upper bound, and � �−1 � �−1 1 � �−1 20 � �−1∗	 ∗∗ −1 −1μ−1	 μ−1μ =	 , μ  = μ + μ
ζ	 ξ ζ ξ21 21 

5 � �−1 � � 16 � � � �−1 
κ ∗ = μ−1 μ−1 + μ−1 μ−1 (κ)ζζ ξ ζ ξ21	 21 

(14.56) 

for the lower bound. The shear parameters 0 ≤ ξ1, ξ2 ≤ 1 are  
defined as [26] 

∞ ∞ +1225	 c111(r, s, u)
ξ1 = dr ds du P4(u) ξ2 = 1− ξ1 

8c1c2	 rs0 0 −1 
(14.57) 

In the two-dimensional case, the so-called the transformation 

modulus ̃μ(3) in (14.54) becomes 
∗ κ ∗ μ 

μ(3)˜ =	 (14.58)∗(κ)ζ + 2μ

14.3.2	 Correlation-Based Variational Bounds of Transport 
Properties 

Thanks to the common underlying Laplace equation for the scalar 

potential, the bounds on transport properties of composites are 

identically applicable to different physical quantities including 

electrical permittivity, thermal and electrical conductivity, magnetic 

and fluid permeability, and diffusivity. Following exactly the vari

ational approach described above, the correlation-based bounds 

for transport properties of multi-phase composites are derived, 

as summarized below with σn the isotropic transport property of 

Phase-n. 
The first-order bounds are known as Wiener bounds [23] 

−1N	 N 
−1 < σ (1)cnσ < cnσn (14.59)n 

n=1 n=1 
The second-order bounds are known as the HS bounds [9] 

σ (2) = 
N L dσ0 

σm + (d − 1)σ0 cm 

−1 N L dσ0 

σm + (d − 1)σ0 cnσn 

m=1 n=1 
(14.60) 
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with σ0 = max {σn} and min {σn} for the upper and lower HS bound, 
n n 

respectively. For two-phase composites, (14.60) reduces to 

c1c2(σ1 − σ2)2 
σ (2) = (c1σ1 + c2σ2)− (14.61) 

c1σ2 + c2σ1 + σ̃ (2) 

σ (2) σ (2)with ̃ = (d − 1)max{σ1, σ2} and ̃ = (d − 1)min{σ1, σ2} for 
the upper and lower bound, respectively. 

The third-order bounds are known as Beran’s bounds [2] 

c1c2(σ1 − σ2)2 
σ (3) = (c1σ1 + c2σ2)− (14.62) 

c1σ2 + c2σ1 + σ̃ (3) 

� �−1 
σ (3) σ−1with ̃ = (d −1) (σ )ζ and (d −1) for the upper and lower 

ζ 

bounds, respectively. 

14.4 Ellipsoidal Bounds and Estimates 

14.4.1 Formulation of Ellipsoidal Bounds 

The correlation-based variational bounds presented above do not 

describe well the effect of shape or more specifically the aspect ratio 

of inclusions, which is the most obvious and important microstruc

ture feature. This limitation has been graphically confirmed by the 

morphological study [7] on the relationship between morphological 

features and correlation functions. The HS bounds (14.60) are 

exactly realized as Hashin’s spherical assemblage. In engineering 

applications particularly nanotechnology many composites contain 

non-spherical fillers, especially characterized with large and small 

aspect ratios. Given the aspect ratios of inclusions, it is desired 

to know what the bounds are for the properties of such a com

posite. This question is closely related to prediction of continuum 

percolation thresholds, a long intriguing and unsolved problem in 

physics and engineering materials. The so-called ellipsoidal bounds 

are formulated and estimated in [27] for transport properties and 

[28] for elastic moduli to directly account for the aspect ratio of 
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fillers, which also leads to a breakthrough in theoretical prediction 

of continuum percolation thresholds. 

Denote the indicator random field χ (i) the domain of i-thn 

ellipsoidal filler of Phase-n, i.e.   
1 x ∈ D (i) 

n 
χ (i)(x, ω) = (14.63) n 

0 x ∈/ D (i) 
n 

In this random morphological model, the filler i is randomly 
located in space but with its shape and orientation fixed. The 

random field for the elastic moduli of an N -phase composite is 
therefore written as 

N−1 Nn LL 
L(x, ω) = L0 + (L (i) − L0)χ (i)(x, ω) (14.64)n n 

n=1 i=1 
L (i)where L0 and indicate the elastic moduli of the hosting matrixn 

and i th-filler of Phase-n, and  Nn the number of Phase-n fillers in the 
unit volume D̃ . For an anisotropic phase n, such as nanotubes, the 
elastic moduli are related to the orientation of the filler i through 
the transformation matrix. In case of polycrystals, N = 2, L0 is 

chosen to satisfy the bounding conditions, i.e. positive or negative 

L (i)semi-definiteness of − L0 for any grain i in any orientation. n 

Define a random field h(i) that is associated with the center pointn 

of the i-th ellipsoid of Phase-n     x − x (i)  
h(i)

1 n (ω) ≤ δ0   (x, ω) = (14.65) n  x − x (i)  0 (ω) > δ0n 

where δ0 is a small positive value sufficiently small approaching zero. 

The random field of the ellipsoid in the domain can be represented 

as 

χ (i) 1 
χ (i) /)h(i) 

/
n (x, ω) = 

(i) ˜n (x − x n (x , ω)dx / (14.66) 
cn D̃

h(i)
4 (i) (i)

ε3 n (x, ω) = << c = χn (x, ω) (14.67)
3 n
 

χ (i)
where ˜ denotes the ellipsoidal domain associated with a n 

particular orientation. Similar to (14.44), construct the filler-wise 

constant trial function 
N Nn LL 

χ (i) (i)p(x, ω) = (x, ω)p (14.68) n n 
n=1 i=1 
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and apply the stochastic HS principle (Theorem 14.4). The extrem

ization of the HS functional yields 

N−1 Nm ( )−1 LL ( /)L (i) (i) (i) 0 (i j)− L0 p c + r x − x cn n n nm 
Dm=1 j=1 ˜( /) ( j) (i)x − x p dx / = ε0c (14.69) m n 

where the correlation function 

(i j) / (i) ( j)c (x − x ) = χn (x, ω)χm (x /, ω) (14.70)nm 

can be further expressed in terms of the correlation coefficient 

ρ(i j)(x) as  nm [ ]
(i j) (i) ( j) ρ(i j) (i) ( j)c (x) = c ) (x)+ c c (14.71) nm n (δi j δnm − cm nm n m 

In general the correlation coefficient ρ(i j) is non-ellipsoidal, nm 

which leads to the following result in terms of the generalized 

Eshelby’s tensor 

0 / (i j) / (i) ( j)S(i j)M 0 r (x − x )c (x − x )dx / = −c cnm n m nm 
D̃ 

i �= j or n �= m (14.72) 

by noting D̃ r 0(x − x /)dx / = 0 for any Dirichlet domain. When 
δi j δnm = 1, we have 

/ (i i) /r(x − x )c (x − x )dx /
nn 

D̃ 

1 / χ (i) // χ (i) //)h(i)= r(x − x )dx / ˜ (x − x ) ˜ (x / − x n (x //, ω)dx //
(i) n n 

cn D̃ D 

(i)S(i)M 0 = c (14.73)n n 

S(i)where denotes the Eshelby’s tensor associated to the ellipsoidal n 

filler-i of Phase-n. With (14.71–14.73), (14.69) is solved as ⎛ ⎞−1 
N−1 Nm LL 

(i) = (L (i) − L0)A(i) ⎝ ( j)Si j  M 0(L ( j) − L0)A( j) ⎠ ε0p I − cn n n m nm m m 
m=1 j=1 

(14.74) 

with the concentration tensor ( )−1
A(i) = I + S(i)M 0(L (i) − L0) (14.75) n n n 
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S̃(i)Define a homogenized Eshelby’s tensor vian 

N−1 Nm LL 
S̃(i)M 0 ( j)(L ( j) − L0)A( j)cn m m m 

m=1 j=1 
N−1 Nm LL 

( j)S(i j)= c M 0(L ( j) − L0)A( j) (14.76)m nm m m 
m=1 j=1 

and accordingly (14.74) becomes ⎛ ⎞−1 
N−1 Nm LL 

(i) (L (i) )A(i) ⎝ S(i)M 0 ( j)(L ( j) )A( j) ⎠ ε0p = − L0 I − ˜ c − L0
n n n n m m m
 

m=1 j=1
 
(14.77) 

Substitution of (14.77) into the stochastic HS function, the 

ellipsoidal bound is derived as [28] 

� −1�N−1 N−1 L L 
L EB = L0+ cn (L (i) − L0)A(i) I − S̃(i) cm M 0 L̄ A 

n n n m 
n=1 m=1 i 

(14.78) 

L̄ A = (L ( j) − L0)A( j) (14.79)m m m j 

Nn 

c(i)where cn = and ()i indicates the ensemble average over alln 
i=1 

the fillers of a particular phase. The ellipsoidal bound (14.77) serves 

as the upper or lower bound when L0 − L (i) > or < 0 for any i = n 

1, 2, · · ·  , Nn and n = 1, 2, · · ·  , N − 1. 

14.4.2 Estimates of Ellipsoidal Bounds of Elastic Moduli 

To estimate the ellipsoidal bounds, we make the isotropic assump

S(i)tion about the homogenized Eshelby’s tensor, i.e. ˜ = S0 then 

spherical Eshelby’s tensor. It has been shown the assumption is 

exactly realizable by the spherical exclusion morphology [32] and 

the self-similar morphology [16]. Such morphologies correspond to 

an isotropicmixture and complete dispersion of fillers in the hosting 

matrix. When the mixture is incomplete or percolation occurs, there 
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522 Variational Principles, Bounds, and Percolation Thresholds of Composites 

will be local anisotropy, e.g. clustering of fillers, and the isotropic 

assumption will become invalid. The estimates [27, 28] provided 

here therefore are applicable to the complete dispersion of fillers 

prior to percolation. 

With the isotropic assumption, (14.78) directly leads to the 

ellipsoidal bounds for the bulk and shear moduli as 

N−1 
κ Acn ¯n 

EBκ = κ0 + n=1 
(14.80)

N−1 
31− cnκ̄ A 

3κ0+4μ0 n 
n=1 

N−1 
μAcn ¯ n 

EB n=1
μ = μ0 + (14.81)

N−1 
1− 6(κ0+2μ0) μAcn ¯5μ0(3κ0+4μ0) n 

n=1 
For spheroidal fillers of Phase-n characterized with transversely 

isotropic or isotropic elastic moduli, the tensor L A = (L (
n

j)− L0)A( j) 
n n 

is transversely isotropic, and it follows 

1 1 1A Aκ̄n = L n
A 
,i i j j , μ̄n = L n

A 
,i j i j  − L n

A 
,i i j j  (14.82)

9 10 3 

In case of spheres, the concentration tensor (14.75) becomes 

(14.46), and the ellipsoidal bounds reduce exactly to the HS bounds 

(14.48 and 14.49). Define the aspect ratio in terms of the three 

semiaxes of ellipsoids as a1 = a2 = a3/η = a. For general spheroidal 
inclusions by using (A.5) the ellipsoidal bounds (14.80 and 14.81) 

can be explicitly given, which however have excessive lengths. Below 

only the closed-form asymptotic bounds are given for two-phase 

composites containing needle-like fillers or voids (η → ∞), disk

like (η → 0) reinforcing fillers, and penny-shape cracks (η → 0). 

Needle-like fillers or voids 

Define the max and min ratios of the elastic moduli as 

μ1 κ1 
γmax = max , 

μ0 κ0 

μ1 κ1 
γmin = min , (14.83)

μ0 κ0 
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and assume γmax/η → 0. By using (A.3) the asymptotic bounds for 
needle-like fillers or voids are derived as [28] 

κ Ac1 ¯EB 1lim κ = κ0 + 
3η→∞ 1− c1κ̄ A 

13κ0+4μ0 

(κ1 − κ0)(3κ1 + 3μ0 + μ1)Aκ̄1 = (14.84)
(3κ0 + 3μ0 + μ1) 

μAc1 ¯EB 1lim μ = μ0 + 
6(κ0+2μ0)η→∞ μA1− c1 ¯5μ0(3κ0+4μ0) 1 ⎡ ⎤ 

3κ0(μ1 + μ0) (3κ1(μ1 + 9μ0)+ 4μ0(3μ1+ ⎦⎣ 7μ0))+ μ0 (3κ1(7μ1 + 3μ0)(μ1 + 7μ0) )+8μ0(8μ
2 + 23μ0μ1 + 9μ2)0 1

μ̄1 
A = � �μ0+μ15 (3κ1 + μ1 + 3μ0)(3κ0(μ1 + μ0)μ1−μ0 

+μ0(7μ1 + μ0)) 

(14.85) 

Disk-like reinforcing fillers 

The disk-like reinforcing fillers have the contrast ratio γmin suffi

ciently large beyond the order O (1/η) when η → 0, and it follows 
16κ0(1− 2ν0)(1− ν0)

lim lim ηκ̄1 
A = (14.86) 

η→0 3π(1+ ν0)(3− 4ν0)γmin → ηs
 

s < −1
 

8μ0(1− ν0)(43− 56ν0)Alim lim ημ̄1 = (14.87) 
η→0 15π(3− 4ν0)(7− 8ν0)γmin → ηs
 

s < −1
 
Define the density of disk-like fillers as 

4 
α = π N1a3 (14.88)

3 

© 2013 by Taylor & Francis Group, LLC



February 4, 2013 15:33 PSP Book - 9in x 6in 14-Shaofan-Li-c14

524 Variational Principles, Bounds, and Percolation Thresholds of Composites 

With (14.86–14.88), the lower bounds of the bulk and shear 

moduli are given in terms of the density α [28] 

κEB− 48(1− ν0)(1− 2ν0)α = 1+	 (14.89)
κ0 (1+ ν0) (9π(3− 4ν0)− 16α(1− 2ν0)) 

μEB − 120(1− ν0)(43− 56ν0)α = 1+ 
μ0 225π(3− 4ν0)(7− 8ν0)− 16α(4− 5ν0)(43− 56ν0) 

(14.90) 

Penny-shaped cracks 

The penny-shaped cracks have the contrast ratio sufficiently small 

beyond the order O (η) when η → 0, and it follows 

f 4κ0(1− ν0
2)

lim lim ηκ̄1 = − 	  (14.91) 
η→0	 3π(1− 2ν0)→ ηsγmax
 

s > 1
 

8μ0(5− ν0)(1− ν0)
lim lim ημ̄

f = − 	  (14.92)1 
η→0	 15π(2− ν0)→ ηsγmax 

s > 1 

With (14.91 and 14.92) and (14.88), the upper bounds of the bulk 

and shear moduli are obtained as [33] 

κEB+� 12(1− ν0)(1+ ν0)α = 1−	 (14.93)κ0 9π(1− 2ν0)+ 4α(1+ ν0)2 

μEB+� 120(1− ν0)(5− ν0)α = 1−	 (14.94)μ0 225π(2− ν0)+ 16α(5− ν0)(4− 5ν0) 

14.4.3	 Estimates of Ellipsoidal Bounds of Transport 
Properties 

Three-dimensional composites 

With the transport property of each phase being isotropic, (14.78) 

reduces to 
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525 Ellipsoidal Bounds and Estimates 

−1N−1 N−1 L L 
EB Iσ = σ 0 I + cn(σn − σ 0) Ān I − S0 cm(σn/σ

0 − 1) Ām 

n=1 m=1 
(14.95) 

which is specialized to two-phase composites as 

σ EB −1 
I = I + c1 1 

Ā−1 − c1 I (14.96)
σ0 n − 1 d 

where n denotes the contrast ratio σ1/σ0 and the concentration ( )−1 
tensor Ā the ensemble average of A(i) = I + (n − 1)S(i) over 

all fillers i . With the isotropic distribution of fillers, it simply yields 
1

A = (A11 + A22 + A33)I (14.97)
3

By using Eshelby’s tensor of spheroids (A.10), (14.96) is 

explicitly given in terms of the aspect ratio as [27] 

σ E B  c1 = 1+ 
σ0

3 − c1 
4 1 3− n+1 1 η·g(η) 1 1 η·g(η)+ + − + + n−1 η2−1 (η2−1)3/2 n−1 η2−1 (η2−1)3/2 

(14.98) 

where the generalized inverse cosine function 

− cosh−1(η), prolate η >  1 
g(η) = √ (14.99)−1 cos−1(η), oblate η <  1 

When η = 1, (14.98) reduces exactly to the HS spherical bound 
expression (14.61) with d = 3. In the extreme cases n → ∞  and 
0, (14.98) with a finite aspect ratio leads to a simplified estimate for 

the lower and upper bounds, respectively, 

(η2 − 1) 9η2(η2 − 2)− 2c1(2− 7η2 + 5η4)
σ EB+ η2 − 1 2(η)−3η 6+ 2c1(η2 − 1) g(η)− 9η2g

lim = [ ] � 
n→∞ σ0 (η2 − 1) 9η2(η2 − 2)+ c1(2− 7η2 + 5η4)

−3η η2 − 1 6− c1(η2 − 1) g(η)− 9η2g2(η) 
(14.100) 

and ⎧ [ ] ⎫ ⎨ (η2 − 1) 9η2 − 2c1(4− 5η2 + η4) ⎬ 
+3η η2 − 1 3(η2 + 1)+ 2c1(η2 − 1)⎩ ⎭ 

σ EB− g(η)+ 9η2g2(η) 
lim = ⎧ [ ] ⎫ 
n→0 σ0 ⎨ (η2 − 1) 9η2 + c1(4− 5η2 + η4) ⎬ 

+3η η2 − 1 3(η2 + 1)− c1(η2 − 1)⎩ ⎭ 
g(η)+ 9η2g2(η) 

(14.101) 
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For a finite c1 with the aspect ratio η → ∞ and 0, (14.98) 

becomes ⎧ c1 ⎪ 1+ , s.t. η → ∞ & n / η → 0 ⎪ 3(n+1)
σ EB ⎨ − c1 

(n−1)(n+5) 3 = (14.102)c1 ⎪σ0 ⎪ ⎩ 1+ , s.t. η → 0 & nη → 0
3n − c1 

(n−1)(2n+1) 3 

When c1 → 0, similar to (14.88) for disks, the density of needles 

is defined as 

α̃ = 4 π N1a2a1 (14.103)33 

it follows 

σ EB+ 9π − 4α 
lim lim = (14.104) 
η→0 σ0 9π + 2αn → ηs 

s > 1 

σ EB− 9π + 16α 
lim lim = (14.105) 
η→0 s σ0 9π − 8αn → η−

s > 1 

σ EB− 9π + 2C α̃
lim lim = (14.106) 

η→∞ n→C η σ0 9π − C α̃

with C ∼ O (1). In the case of needle-like voids with c1 → 0, the 
upper bound trivially reduces to the transport property of thematrix 

phase. 

Two-dimensional composites 

For thin films and laminates containing randomly oriented fillers, 

the ellipsoidal bounds will be discussed together with percolation 

in Section 14.5. For composites containing randomly distributed 

parallel fillers, e.g. fibers, the inclusions are modeled as cylinders 

having elliptic cross sections with 

1
A = (A11 + A22)I (14.107)

2
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In this particular case, the aspect ratio is re-defined as η = a2/a1. 
Substitution of (14.107), (14.75), and (A.7) into (14.96) with d = 2 
yields the following ellipsoidal bound for the in-plane (axis-1 and -2) 

property of the 2D composites [29]: 

σ EB c1 = 1+ (14.108)
2(n + η)(1+ nη)σ0 c1− 
(n2 − 1)(1+ η)2 2 

14.5 Prediction of Percolation Thresholds 

Percolation theories play a center role on phase transition and 

critical phenomena, whichwas initiatedwith latticemodels in 1950s 

[4]. For random composites the lattice percolation theories are not 

suitable and the continuum percolation theories was proposed [18], 

which mainly consist of interpenetrating model e.g. [6, 19] and 

potential model e.g. [5, 34]. There still remains a major theoretical 

question on rigorous determination of percolation thresholds, 

especially for those fillers with large or small aspect ratios far from 

1 that have significant applications in nanotechnology. By using 

the ellipsoidal bounds, universal formulae of percolation thresholds 

for various transport properties of composites are presented 

below for 3D and 2D composites [27, 29]. Since we assume the 

complete dispersion and an arbitrary distribution of filler size, the 

percolation thresholds predicted are considered to be optimal for 

fillers characterized with large or small aspect ratios. The optimality 

refers to the minimum volume fraction of fillers to reach percolation 

when the contrast ratio n is greater or less than 1, respectively.When 
the aspect ratio of fillers is not far away from 1, i.e. nearly spherical, 

the threshold predicted will be close to 1 with the percolation 

morphology similar to the Hashin’s spherical assemblage. In such 

nearly spherical cases the optimality mentioned above becomes 

inapplicable since the effect of size distribution will become big 

enough to serve as a counter-balance to the effect of the aspect ratio. 

14.5.1 Optimal Percolation Thresholds of 3D Composites 

With increase of the content of inclusions towards a critical volume 

fraction c ∗ the ellipsoidal bound will become fast approaching the 
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physical property of inclusions, and percolation occurs. By equating 

the ellipsoidal bound (14.98) to n, the percolation threshold c ∗ is 
obtained for 3D composites as [27] 

(η2 − 1)(η2 − n) η2(n + 1)− 2 − (n − 1)2η2g2(η) 

−(n − 1)η η2 − 1(n + nη2 − 2)g(η)∗ c = � ( )� 
(n + 2)(η2 − 1) (η2 − 1) η2(5+ n)− 4n − 2

9 −3(n − 1)η η2 − 1g(η) 

(14.109) 

which reduces to the 

9η η − η3 − ηg2(η)− η2 − 1(η2 + 1)g(η)
∗ c = � � � (14.110) 

(η2 − 1) 4− 5η2 + η4 − 3η η2 − 1g(η) 

for n → ∞ and 

9η 2η − 3η3 + η5 − ηg2(η)− 2 η2 − 1g(η)
∗ c = � � � (14.111) 

2(η2 − 1) 2− 7η2 + 5η4 + 3η η2 − 1g(η) 

for n = 0. In many engineering applications especially of nanotech

nology, the formula (14.109) can be specially simplified as [29] 

∗ −1.81c = 16η , η ∈ [60,2000], n ≥ 107 (14.112) 

∗ c = 3.5η, η ∈ [1/2000,1/60], n ≥ 107 (14.113) 

with the discrepancy from (14.109) less than 3%. 

When the aspect ratio η → ∞ and 0, by equating (14.102) to n, 
it yields [27] 

⎧ 
9(1+ n) ⎪ ⎨ , η → ∞ & n / η → 0 

∗ (n + 2)(n + 5)c = (14.114)9n ⎪ ⎩ , η → 0&nη → 0 
(n + 2)(2n + 1) 

which shows that, with high contrast ratios, the percolation 

threshold for the needles is nearly 2 times of that for the disks, 

indicated by the gap between two curves in Fig. 14.1 when n >>1. 

The figure also shows clearly the asymmetry and symmetry of 
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Figure 14.1 Asymptotic limit of percolation threshold for 3D composites 

containing needle-like and disk-like fillers. With kind permission from 

Springer Science+Business Media: Acta Mechanica, Ellipsoidal bounds and 
percolation thresholds of transport properties of composites, 223(4), 2012, 

765–774, Xu, X.F. 

needle- and disk-like fillers with respect to the conducting (n >1) 
and insulating (n <1) effects. 

In the limit the volume fraction of fillers c1 → 0, from 

(14.104∼14.106), the percolation thresholds are directly obtained 
in terms of the density as 

9π 
α ∗ 

η→0 4 
lim lim = (14.115) 

n → ηs 

s > 1 

9π 
α ∗ lim lim = 14.116 (14.116) 

η→0 8n → η−s 

s > 1 

9π 
α ∗ lim lim ˜ = (14.117) 

η→∞ n→C η C 
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14.5.2 Optimal Percolation Thresholds of 2D Composites 

2D composites containing randomly distributed and oriented 
fillers 

Laminates and thin films containing needle- or disk-like fillers 

are widely used in engineering composites. Hereby the laminates 

and thin films are strictly defined as those with the thickness t 
comparable to the major diameter of ellipsoidal fillers, and much 

larger than the minor diameter, i.e. 2a3 ∼ t >> 2a1 = 2a2 for 
prolate spheroids, or 2a1 = 2a2 ∼ t >> a3 for oblate spheroids. 
For example, a 10micron-thick film containing 5micron-long carbon 

nanotubes fits the definition above, but a 100micron-thick film does 

not and should be treated as a 3D composite as described above. 

The random orientations of fillers are transversely isotropic 

about the thickness direction x3 (Fig. 14.2). (14.97) is rewritten as 
a function of the angle β due to the finite thickness 

¯̄ ¯A = A(β)p(β)dβ (14.118) 

2π π−β 2π 

Ā(β) = 1 
T AT  tsinθ2dθ1dθ2dθ3, 

8π2 cosβ 0 β 0 

π 
0 ≤ β <  (14.119)

2 

Figure 14.2 The coordinate system of a laminate/film indicated with 

Euler angles. Reproduced with permission from Xu, X.F. (2012). Optimal 

percolation thresholds of two- and three-dimensional composites, Journal 
of Engineering Materials and Technology, 35, 708–717. 

© 2013 by Taylor & Francis Group, LLC



February 4, 2013 15:33 PSP Book - 9in x 6in 14-Shaofan-Li-c14

  

531 Prediction of Percolation Thresholds 

with the rotation matrix T given in terms of Euler angles (Fig. 14.2) 

T = T3T2T1 (14.120) 

with ⎡ ⎤ 
cos θ1 sin θ1 0 ⎢ ⎥ ⎢ ⎥ = ⎢ − sin θ1 cos θ1 0 ,T1 ⎥ ⎣ ⎦ 
0 0 1 ⎡ ⎤ 

cos θ 0 sin θ2 2 ⎢ ⎥ ⎢ ⎥0 1 0T2 = ⎢ ⎥ , ⎣ ⎦ − sin θ2 0 cos θ2 ⎡ ⎤ 
cos θ3 sin θ3 0 ⎢ ⎥ ⎢ ⎥− sin θ3 cos θ3 0T3 = ⎢ ⎥ ⎣ ⎦ 
0 0 1 

Assume the fillers are randomly located and randomly oriented 

in the film under the finite thickness constraint. The probability 

density function (PDF) of the angle β for the fillers is accordingly 

derived as ⎧
 ⎪
 1 1 π ⎪ ⎨ sinβ + 1− δ(β)t̃ ≥ 1, 0 ≤ β <  
t t 2f (β) = ˜ ˜

(14.121) ⎪⎪ 1 π ⎩ −1sinβ 0 < t̃ < 1, cos (t̃) ≤ β <  
t̃ 2 

which is a function of the normalized thickness t̃ = t/L , the ratio 
between the film thickness and L the length of the fillers. 

By substituting (14.118∼14.121) into (14.96) and letting σ EB = 
nσ0, the comprehensive formula of the percolation threshold 

accounting for the thickness effect is derived, the expression of 

which is omitted due to its excessive length. In Figure 14.3 the 

thickness effect is shown by comparison of percolation thresholds 

of a 3D composite (t̃ = 100) and a 2D composite (t̃ = 1). 

For the extreme contrast ratios n → ∞ and 0, the formulae are 

explicitly given in terms of the normalized thickness, respectively, as 

[29] 
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27t̃η −η2(η2 − 1)3/2 − η(η2 + 2)(η2 − 1)g(η) 
2(η2 − 1)3/ − η2 − 1(2η2 + 1)g2(η)− ηg3(η)∗ c = ⎡ ( ) ⎤ 

η(η2 − 1) 3t̃(η2 − 4)+ η2 − 2( )⎣ 2 − 1 ⎦−2 η 3t̃(η2 + 2)− 2η2 − 1 g(η) 

−3(3t̃ − 1)ηg2(η) 

(14.122) 

27t̃η −η2(η2 − 1)3/2 − η(η2 + 2)(η2 − 1)g(η) 
2(η2 − 1)3/ − η2 − 1(2η2 + 1)g2(η)− ηg3(η)∗ c = ⎡ ( ) ⎤ 

η(η2 − 1) 3t̃(η2 − 4)+ η2 − 2( )⎣ 2 − 1 ⎦−2 η 3t̃(η2 + 2)− 2η2 − 1 g(η) 

−3(3t̃ − 1)ηg2(η) 

(14.123) 

2D composites containing randomly distributed parallel long 
fillers 

The percolation threshold is directly derived from (14.19) as 

4(nη + 1)(n + η)∗ c = (14.124)
(n + 1)2(η + 1)2 

which is completely symmetric about either n or η. When n → ∞ or 

0, reduces identically to 

4η∗ c = (14.125)
(η + 1)2 

which clearly shows the effect of the aspect ratio on percolation. 

14.5.3 The Dimensional Effect 

The dimensional effect can be demonstrated by the ratios of 

thresholds between 2D and 3D composites. For needle-like fillers 

with η >> 1, the ratio between the comprehensive formula in 

Section 14.5.2 and the 3D formula (14.109) is asymptotically 

obtained as [29] 

© 2013 by Taylor & Francis Group, LLC



February 4, 2013 15:33 PSP Book - 9in x 6in 14-Shaofan-Li-c14

533 Prediction of Percolation Thresholds 

Figure 14.3 Comparison of percolation thresholds for 3D and 2D compos

ites characterized with normalized thickness t̃ = 100 (solid lines) and t̃ = 1 
(dash lines), respectively. Reproduced with permission from Xu, X.F. (2012). 

Optimal percolation thresholds of two- and three-dimensional composites, 

Journal of Engineering Materials and Technology, 35, 708–717. 

c∗ (2) 3(5+ n)t̃
lim = (14.126) 

η→∞ c∗ (3) 15t̃ − 1+ (1+ 3t̃)n 

which results in two fractions: ⎧ 
3t̃⎪ ⎪ n >> t̃ ∼ O (1)⎨c∗ (2) 1+ 3t̃

lim = (14.127) 
η→∞ ⎪c∗ (3) ⎪ 15t̃⎩ t̃ ∼ O (1) >> n → 0 

15t̃ − 1 
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The first fraction, applicable to conducting nanotubes and 

nanowires, indicates that from 3D to 2D the decrease of the 

percolation threshold can be as large as 25% when t̃ = 1. The 
second fraction close to 1 indicates there is little dimensional effect 

f (2)for insulating needle-like fillers; in fact lim = 27/28 , t̃ = 1 and c 
n→0 
η→∞ 

f (3)lim = 9/10, t̃ → ∞, i.e. both approach 1. c 
n→0 
η→∞ 

For disk-like fillers with η <<  1, the ratio is asymptotically [29] 

c ∗ 
(2) 3(1+ 2n)t̃

lim = (14.128) 
η→0 c ∗ 3t̃ + 1+ (6t̃ − 1)n(3) 

which results in two fractions: ⎧
 ⎪
 6t̃⎪ 
c ∗ ⎨ n >> t̃ ∼ O (1) 
(2) 6t̃ − 1

lim = (14.129) 
η→∞ c ∗ ⎪ 3t̃⎪(3) ⎩ t̃ ∼ O (1) >> n → 0 

3t̃ + 1 
The second fraction, applicable to insulating penny-shaped 

cracks, indicates that from 3D to 2D there is a significant decrease 

of the percolation threshold, which is symmetric to the previous 

case of conducting needle-like fillers. Conversely, the first fraction, 

applicable to conducting nanoplatelets, shows that from 3D to 2D 

the percolation threshold becomes increased. 

The fractions asymptotically obtained above can be directly used 

for many nano-applications with finite aspect ratios. For instance, 

with n ≥ 1000 and t̃ = 1 the ratios are computed as 0.753 and 
1.194 when η = 50 and 0.02, respectively, compared with 0.75 and 
1.20 given by the above asymptotic results (14.124) and (14.126). 

Appendix A. Eshelby’s Tensors of Ellipsoids 

A.1 Fourth-Rank Eshelby’s Tensors in Elasticity 
Si jkl  = S jikl  = Si jlk  

3 2 1− 2ν
S1111 = a1 I11 + I1 

8π(1− ν) 8π(1− ν) 
3 2 1− 2ν

S1122 = a2 I12 − I1 
8π(1− ν) 8π(1− ν) 
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3 2 1− 2ν
S1133 = a3 I13 + I1, S1112 = S1223 = 0 

8π(1− ν) 8π(1− ν) 
a1
2 + a22 1− 2ν

S1212 = I12 + (I1 + I2)  (A.1)  
16π(1− ν) 16π(1− ν)

All other components are obtained by the cyclic permutation of 

(1,2,3). 

Spheres (a1 = a2 = a3 = a) 
4π 4π

I1 = I2 = I3 = , I11 = I22 = I33 = I12 = I23 = I31 = 
3 5a2 

(A.2) 

Needle-like (a1 = a2 << a3) 
4πa2 4πa1I1 = , I2 = , I3 = 0 

(a1 + a2) (a1 + a2) 
4π 4π

I12 = , 3I11 = − I12, 
(a1 + a2)2 a2 1 
4π 

3I22 = − I12, I13 = I23 = I33 = 0  (A.3)  
a2 2 

Disk-like (a1 = a2 >> a3) 

π2a3 3π2a3I1 = I2 = , I3 = 4π − 2I1, I11 = I22 = I12 = I21 = 
a1 4a3 1 

π 4π
I13 = I23 = I31 = I32 = 4 − I12 , I33 = (A.4) 

a2 3a2 1 3 

Spheroids (a1 = a2 = a3/η = a) 
1/2 

2πa2 a3 a2 a31a3 3I1 = I2 = − 1 + g
)3/2(a2 − a2 a1 a2 a13 1 1 

I1 − I3 π 1
I3 = 4π − 2I1, I13 = I23 = , I12 = − I13 a2 − a2 a2 43 1 1 

4π
I11 = I22 = I12, 3I33 = − 2I13 (A.5) 

a2 3 

A.2 Second-rank Eshelby’s Tensors in Transport 

Spheres (a1 = a2 = a3 = a) 
1

S11 = S22 = S33 = (A.6)
3 
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Cylinders with elliptic cross section (a3 → ∞) 
a2 a1S11 = , S22 = , S33 = 0  (A.7)  

a1 + a2 a1 + a2 
Needle-like (η → ∞) 

1 1 1 1 1
S11 = S22 = + 1− log 2+ log + O 

2 2 η η2 η4 

S33 = 1− 2S11 (A.8) 

Disk-like (η → 0) 

S11 = S22 = π 
4
η − η2 + 3π 

8 
η3 + O (η4) 

S33 = 1− 2S11 
(A.9) 

Spheroids (a1 = a2 = a3/η = a) 

S11 = S22 = a2 1a3 
2(a2 3 − a2 1)3/2 

a3 
a1 

a2 3 
a2 1 

− 1 

1/2 

+ g 
a3 
a1 

S33 = 1− 2S11 (A.10) 
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15.1 Introduction 

Heterogeneous solid structures can be viewed as aggregates of 

individual components, which act as material building blocks or 

archetypes. Archetypes in general contain their own substruc
tures, i.e. they are sub-morphic. Archetypes self-assemble to form 
complex mesostructures (conformations) which characterize the 
heterogeneity of materials. A representative example of archetypes, 

mesostructures, and dependent macroscopic phenomenologies is 

shown in Fig. 15.1(a) for alloys. Usually, the archetypes may be 

identified with crystals, and their sub-morphism may be identified 

with dislocation structures. Different archetypes form in response 
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Figure 15.1 The overarching philosophy of the ABC theory. (a) Examples of 

archetypes and their conformations. (b) ABC theory: a connection between 

micromechanics and generalized continuum mechanics. See also Color 

Insert. 

to a favorable energetic state as a result of heat treatment or 

processing of alloys. The plurality of crystals in alloys creates a 

complex mesostructure, whose interaction with excitation energies 

controlsmesoscale and consequentlymacroscale fracture processes. 

Capturing such complexity within the mesoscale (horizontal 
complexity or meso-morphic complexity) and its role in determining 
material performance at the macroscale abounds in research 

opportunities for computational mechanics. Of particular interest 

is the study of evolving strain inhomogeneities across finitely 

deforming heterogeneous solids, which has gained much attention 

in recent years due to a growing need for an understanding of the 

role mesostructure plays in the instigation of strain localization 

and subsequent failure modes of modern mechanical systems 

that are subjected to increasingly extreme operating conditions. 

Direct computational modeling and simulation of the actual, 

rich mesostructures in modern materials was found to be often 

prohibitive, however. The broad field of micromechanics thus 

essays to construct bottom-up constitutive theories that can predict 

effective forces from a heterogeneous material by blending the 
mesostructure into an ‘equivalent’ homogenized continuum that 

captures the influence of mesostructure on evolving strain fields. 

For example, in crystal plasticity, (Asaro and Rice, 1977; Asaro, 
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1983), the lattice is smeared into a continuum, but appropriate 

orientation tensors are constructed to project macroscopic strains 

along crystallographically preferred directions that can capture 

plastic strain anisotropy and bettermodel ensuing shear localization 

bands(McVeigh and Liu, 2010; Asaro, 1983). A common thread to 

micromechanics theories is that they condense all mesostructural 

information into a single constitutive law (thus potential energy), 
which is variationally conjugate to a single mesoscale velocity field 
(thus kinetic energy); see Nemat-Nasser and Hori (1999), Mura 

(1987), Ostoja-Starzewski (2002), and Daniel and Ishai (2006) 

for more extended discussions of such micromechanical methods. 

Strain inhomogeneities can thus only be modeled across material 
points, but neverwithin amaterial point of the continuum. Computa
tionally, this restriction mandates dense meshes to resolve evolving 

strain inhomogeneities for most applications of interest, and often 

yields mesh-dependent predictions of material performance. 

To overcome this restriction, generalized continuum mechanics, 

itself a broad field, attempts to introducemultiplemeasures of strain 

for each material point to capture additional energy terms that 

account for sub-structural deviations from a macroscopic average. 

Thus, the complexity of the mesostructure is summarized by 

additional kinematic variables (displacements or velocities) and/or 

derivatives thereof at each material point, along with additional 

conjugate stresses and/or double stresses. Gradient elasticity 

theories were developed in the mid 1900s (Aero and Kuvshinkii, 

1960; Mindlin and Tiersten, 1962; Toupin, 1964; Mindlin, 1965, eg.) 

and gradient-based research thereafter in both nonlinear elasticity 

(Triantafyllidis and Aifantis, 1986; Triantafyllidis and Bardenhagen, 

1993) and plasticity (Aifantis, 1984; Fleck et al., 1994; Fleck and 
Hutchinson, 1997; Nix and Gao, 1998; Gao et al., 1999) Kroner¨

(1963) represent generalizations of the variational statement to 

include higher derivatives of kinematic variables. As a separate class 

of enriched continuum theories, high-order continua, which began 
with the transformative work by Cosserat and Cosserat (1909), 

introduced additional couple stresses by postulating local micro

rotations independent of the macro-rotations. Later, micromorphic 

extensions of the Cosserat theory were introduced to represent 

even more general sub-scale deformabilities within a material point 
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(Mindlin, 1964; Eringen and Suhubi, 1964; Eringen, 1999; Germain, 

1973; Vernerey et al., 2007; McVeigh and Liu, 2008). 
Though these generalized theories aim to overcome microme

chanics limitations by introducing additional degrees of freedom 

and/or gradients, a disconnect remains between the two fields. 

Generalized continuum theories have assumed sub-structures are 

nested inside a macropoint and separable by scale. An outermost 

constitutive law is assumed to characterize the average material 

point response, and nested scale laws are each assumed to 

drive strain inhomogeneities (Vernerey et al., 2007; McVeigh and 
Liu, 2008; Elkhodary et al., 2012). This top-down approach is 
problematic on two accounts. First, it debars predictive modeling 

of heterogeneous materials, since a ‘macroscopic’ constitutive law 

must be posited from the outset for the same material whose 

‘global’ properties are yet to be predicted. The second problem 

relates to energies. As a deformation mechanism must be active in 

every larger scale enclosing it, constitutive laws at larger scales will 

always account to some extent for any sub-scales they enclose. Care 

must be taken, therefore, that added sub-scale variations do not 

re-count energies. Moreover, heterogeneous materials that exhibit 

extensive horizontal complexity (no scale separation or known 

macro-constitutive law) are inconsistent with these theories. 

The recently proposed archetype-blending continuum (ABC) 

theory (Elkhodary et al., 2012) connectsmicromechanics and gener
alized continuum mechanics (Fig. 15.1(b)) such that the limitations 

ofmicromechanics and previous generalized continua are overcome, 

and strain inhomogeneities can be more easily tracked during 

macroscopic deformation. We expand the true velocity field by 

application of the fundamental theorem of calculus (FTC), and 

require the modeled simple body to satisfy power equivalence 

to the mesostructure it represents. In the theory, each material 

point is partitioned to multiple mesostructural neighborhoods, each 

partition represented by a sampling point. Extended degrees of 
freedom reflect the contribution of partitions of a material point 

within the homogenized mesostructure, rather than nested length 

scales in the generalized theories of old. Moreover, due to the 

modularity ABC theory, only partition-level blend laws need be 

derived from micromechanics, and prediction of macroscopic per
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formance across different combinations of archetypes and blending 

(homogenization) strategies becomes possible from the bottom-

up (i.e. no macro-scale constitutive law is needed), which would 

facilitate modern materials design efforts. No other theory presents 

such clear isolation of material structure and property variables 

in its continuum description of evolving strain inhomogeneity, 

or allows the examination of horizontally-complex mesostructure 

sensitivity on macroscopic performance. 

This chapter applies the ABC theory to a simple continuum 

investigation of strain inhomogeneities as a result of inclusion 

clusters in the vicinity of sharp notches in mesostructured elastic 

media. In particular, different micromechanical laws of blending 

are attempted and compared in this chapter, namely (a) Voigt 

or iso-strain, (b) self-consistent, (c) dilute solute and (d) Mori

Tanaka, each testing different conditions that actual mesostructures 

are thought to satisfy during dynamic elastic deformation. Section 

15.2 summarizes the theoretical formulation of the ABC theory as 

pertains to this chapter, Section 15.3 discusses constitutivemodeling 

of themesostructures, Section 15.4 presents and discusses results of 

anABCfinite elementmodel of the notch, and Section 15.5 concludes 

the work. 

15.2 ABC Formulation 

Following the developments in (Elkhodary et al., 2012), the general 
objective is to capitalize on a simple body geometry and enhance 

the degrees of freedom of each material point in the body so that 

multiple kinetic and potential energies from the mesostructure can 

be represented at a point. 

15.2.1 ABC Kinematics 

In the following, superscript M denotes fields defined on the 
simple body (M ) (i.e. in the model or element domain), while 
superscript C indicates fields defined on the mesostructure (C ). We 
can always map a point from the elemental domain ξ ∈ LM to some 

expansion point p(ξ) ∈ LC in the mesostructural neighborhood. 
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See Fig. 15.2 for a depiction. We then search for some target point 

in the neighborhood, usually one beyond which non-local effects 

become negligible. To construct the velocity field, we sweep the 

neighborhood along an arbitrary smooth path (α-curve) between 

expansion and target points, sampling all velocities on our way. 
MWe can thus describe the velocity v in the simple body at a 

point ξ as a continuous and differentiable function in two sets 
of variables: vM (ξ, l∗ ), where ξ is the position of the point in 
the element domain, and l∗ is the target point distance from 
the expansion point. Let us proceed to construct these velocity 

components, whose directions will be designated by the lowercase 

indices within index notation. Throughout the chapter, upper-case 

sub/superscripts are not indices but part of the variable name, and 

lower-case sub/superscripts are indices. Bold indicates a vector or 

tensor. 

Applying the fundamental theorem of calculus (FTC) along the 

curve α in the mesostructure we obtain the following velocity 
Expansion: � � � � α(l∗) α(l∗) 

M v ξ, l∗ = v p(ξ ),α(0) + dv = v̂+ ∂αv ·dα, (15.1) 
α(0) α(0) 

To make the notation more compact, we define any quantity ̂q ≡ 
q(p(ξ ),α(0)) and call it the intrinsic solution. We can next discretize 
the velocity field in Eq. (15.1) by splitting the integral into as many 

sub-intervals as desired to collect multiple velocity samples from 

the mesostructural neighborhood. If we further assume that each 

relative velocity originates from afinite velocity ‘difference quotient’, 

A ∗n, defined between any two finitely spaced sampling points on the 

curve α, we can re-write the integral as 

1 2 N v M ≡ v̂ + A ∗1 · ,x + A ∗2 · ,x + · · · + A ∗N · ,x , (15.2) 

where ,xn is the vector connecting sampling point n to n − 1. 
,xn may be thought of as a length vector containing ‘non-local’ 

information (due to its finiteness) about the complexmesostructure. 

A ∗ will be supposed to vary smoothly over the element domain, 
as indicated in Fig. 15.2(b). For a more detailed discussion see 

(Elkhodary et al., 2012). The velocity gradient in the simple body 
Mis defined as L i j

M (ξ , l∗ ) ≡ ∂ j (vi ), which then admits a multirate 
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Figure 15.2 Kinematic description of an ABC continuum point. (a) Relating 

mesostructure to single elemental point. (b) Continuous quantities across 

elemental domain. See also Color Insert. 

decomposition of the form 

� � � 22 � 
A ∗1∇ 1 A ∗N ∇ NL M (ξ , l∗ ) = L̂ + · ,x + · · · +  · ,x , or 

(15.3a) 

NL M (ξ , l∗ ) ≡ L̂ + A1 + · · · + A , (15.3b) 

2 
where operator (·) indicates contraction on the second index of a 
tensor. With these quantities defined, velocity field at each material 

point is defined in terms of the degrees of freedom {v̂, A ∗n}. 

Elemental axis 
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15.2.2 ABC Variational Statement 

The equations of motion of heterogeneous materials can be derived 

from the principle of virtual power, 

δ Ėkin = δ Ė imp − δ Ėdef, (15.4) 

where δ Ėkin is the kinetic power of the motion, δ Ė imp is the 

impressed power due to external and body forces, δ Ėdef is the 

deformational power that generates forces internal to the simple 

body. 

The ABC theory aims to satisfy this variational principle 

Eq. (15.4) by varying all degrees of freedom {v̂, A ∗n} independently, 
cf. Fig. 15.3(b), and stipulating a power equivalence between the 
simple body and mesostructure. ABC theory thus acts in an 

expanded configuration space to compute forces at sampling points 

(a) 

Ė kin 

Ė 1 
kin 

Ė 2 
kin 

Ė 3 
kin 

Ė 1 
def 

Ė 2 
def 

Ė 3 
def 

Ė def 

Kinetic power Potential power 

e 1 

e 2 

e 3 
{e }meso 

IV  

{e }meso 
III  

{e }meso 
II  

{e }meso 
I 

Resultant force 

Resultant velocity 

Expanded force 

Expanded velocity 

(b) 

Figure 15.3 Using an expanded space for an enhanced variational 

statement. (a) Breaking down kinetic power to solve for components of 

potential power. (b) Forces and velocities in original and expanded spaces. 
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in the mesostructure conjugate to the expanded velocities {v̂,A∗n}. 
Once force balance is achieved in an ABC simulation, the assembly 

of expanded forces will be power equivalent to a resultant force 

vector f M conjugate to vM in ordinary configuration space. Formore 

details see Elkhodary et al. (2012). 

15.2.2.1 Kinetic power 
MThe kinetic energy density is defined as ekin = ρM v · vM /2, so that 

the total kinetic energy variation is  
M MδEkin = v · δv M dV

L

ρ      
M v + A∗n n v + A∗n n= ˆ · ,x · δ ˆ · ,x dV , (15.5)

L

ρ

where ρM is the simple body point density,a and the latter equality 

came from plugging in Eq. (15.2). The summation convention on 

two indices, e.g. n = 1,2, . . . , N , is also assumed (unless they 
are enclosed in parentheses). Taking the material time derivative 

of Eq. (15.5), with the assumptions explained in (Elkhodary et al., 
2012), the variation of kinetic power is written as 

   
δ Ėkin = γ̇ · δv̂ + ṫn : δA ∗n dV , (15.6) 

L

where, the terms γ̇ and ṫ are given as 

  
M ˙ A∗n nγ̇ = ρ v̂ + ˙ · ,x (15.7a) 

nṫn = γ̇ ⊗ ,x (15.7b) 

Of note in this formulation of the kinetic power is that archetypes 

are coupled kinetically, meaning off-diagonal terms will exist in the 

matrix representation of the mass. 

aThis can be taken as the average density of the mesostructural neighborhood 

represented by this body point. Alternatively, an expansion of densities using FTC 

can also be envisioned but will not be pursued here. 
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15.2.2.2 Impressed power 

The impressed power is divided into a surface and body term such 

E � E Lthat δ Ė imp = δ ˙ imp + δ ˙ imp, which admit the following forms: 

nδ Ė � v + T n δA ∗imp = t · δ ̂ : dS, (15.8a) 
�t 

nδ Ė L = b · δv̂ + Bn : δA ∗ dV , (15.8b)imp 
L 

where t, T n are specific surface tractions andmoments, respectively, 

and b, Bn are specific body forces and moments conjugate to the 

relative kinematic measures. 

15.2.2.3 Deformational power 

The deformational power (internal power) is a sum of the powers 

due to all strains at a material point and their first gradients. Taking 

the first variation produces 

. . n . n.δ Ėdef = σ : δ L̂ + s : δAn + σσ .δ L̂∇ + ss .δAn∇ dV , (15.9) 
L 

Note that second-order tensors σ and s and third-order tensors σσ 
and ss take on themeaning of stresses and double stresses conjugate 
to the velocity gradients and second gradients, respectively. 

15.3 Constitutive Modeling 

15.3.1 General Concept 

Here we discuss the ABC constitutive modeling strategy. The basic 

idea is to partition a material point in the continuum into as many 

partitions as desired (Fig. 15.4), in a manner that resembles a 

‘domain decomposition’. Depending on the span of mesostructure 

represented by a material point, different partitioning strategies 

may be envisioned. For instance, in Fig. 15.4(a) it may be desirable 

to assign a sampling point representing the behavior of the matrix, 

one for the inclusion (or any heterogeneity), and one for the 

interphase. For a larger span of mesostructure, it may be convenient 

to simply decompose the material point into general partitions, as 
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Mesostructural span of material point 
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(c) 

Figure 15.4 Decomposing a material point into partitions to better capture 

velocity variations. (a) Three concentric partitions. (b) Four general 

partitions. (c) Mesostructural Velocity field. See also Color Insert. 

in Fig. 15.4(b) according to clustering of inclusions, which is the 

approach we will take in this chapter. The objective in all cases is 

to better capture the expected variation of a velocity field across the 

mesostructural span represented by thematerial point (Fig. 15.4(c)) 

so that resulting kinetic energies in the ABC formulation may pick 

up strain inhomogeneities from the relative motions (velocities) 

within each material point. As seen in Fig. 15.4, the sampling points 

may represent dissimilar spans of mesostructure, so that proper 

weighting of their contribution to effective material properties 

would in general be needed, as noted in (Elkhodary et al., 2012). 
Generally, three elements are needed to construct a constitutive 

law at a material point: (a) component level stress–strain laws 

for all archetypes, and for their interactions in each partition, (b) 

micromechanics blending laws to generate effective stresses and 

double stresses for each partition, using mesostructural descriptors 

that parameterize the blend laws as explained in (Elkhodary et al., 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 14:59 PSP Book - 9in x 6in 15-Shaofan-Li-c15

  

550 Inclusion Clusters in the Archetype-Blending Continuum Theory 

2012), and (c) coupling laws across sampling points (as indicated by 

the arrows in Fig. 15.4). 

There should be coupling between the sampling points, just 

as with any ‘domain decomposition’ approach, since partitions 

behave collectively as a unit, i.e. a material point. Certain continuity 

conditions, for example, could be enforced across the boundaries 

of partitions. In this chapter, we will assume only simple uni

directional coupling from sampling point n − 1 to n for illustration. 
As such, we define the stresses s and double stress ss at a 
sampling point (n), conjugate to the relative velocity gradients and 
second gradients in Eq. (15.9), respectively, by the first-order update 

equations � �n � � 
(sn)t+,t = (sn)t + αC

n− 1
2 · Ae �t + (1− α) ,σn − ,σn−1 ,sym 

(15.10a) 

n(ss ) t+,t = 0, (15.10b) 

where 

,σn + ,σn−1 
C

n− 1 
2 ≡ f(,σn ,,σn−1 , . . .) = 

2�t � �−1 
(De)n + (De)n−1 

× .(15.10c)
2 

2Tensor Cn− 1 designates an apparent resistance (a ‘pseudo

stiffness’) of material in between (and coupling) sampling points 

n and n − 1. It may be visualized as a spring connecting the two 
sampling points, the stiffness of which is computed as an average 

from its end-point stress and strain values. The suggested functional 

forms of Eq. (15.10c) are of course subject to revision according 

to more detailed material modeling that respects deformation 

constraints and conditions of interest across sampling points. This 

form, however, assumes in addition to the ‘average’ term a ‘jump’ 

term for every stress increment, which arises due to the relative 

motion of neighboring partitionswithin amaterial point. Both terms 

are combined for simplicity by a single weight factor α; we assume 

α = 0.5. 
Moreover, we may write the stress increment at a sampling point 

representing the nth partition of mesostructure as (Elkhodary et al., 
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2012) 

� ◦ ψ ,τm 
,σn = H omMn+Q n , (15.11a)

ω ◦ � ,ςq 

,σσ n = 0,	 (15.11b) 

where H omMn+Q n is some homogenization operator that blends all 

computed stress increments from archetypes (,τm) and interac

tions (,ςq) in partition n. m = 1 . . .  Mn and q = 1 . . .  Q n, with Mn 

being the total number of quadrature points taken for all archetypes 

in partition n, and  Q n being the total number of quadrature points 

taken for the interactions in the same partition. We assume in this 

chapter that double stresses and strain gradients are negligible. 

The set {ψ, �} defines the mesostructural properties of the nth 

partition, based off experimental images, statistical descriptions of 

the mesostructure, or literature. {ψ, �} specifies how the archetype 

and interaction mechanisms are currently distributed over the 

partition to be blended. The set {�,ω} defines weighting factors 
for the archetypes and interactions with respect to a studied 

macroscopic response of the heterogeneousmaterial. In this chapter 

we select four special forms for Eq. (15.11) for heterogeneous 

mesostructures. These are: (a) the Voigt or iso-strain model, (b) the 

self-consistent model, (c) the energy-based dilute model, and (d) 

the Mori-Tanaka model. Each model represents different conditions 

that mesostructures are thought to satisfy during deformation, as 

explained in the following section. Furthermore, wewill assume that 

all archetypes are elastic, isotropic and elliptical in shape, so that we 

may directly apply the proposed micromechanics blending laws in 

their analytical forms. Granted these assumptions, we now turn our 

attention to the computation of sampling point stress increments, 

,σn . 

15.3.2	 Four Blending Laws: Effective Moduli for Sampling 
Points 

As we have assumed elastic archetypes, dealing with elastic moduli 

in place of stress increments will permit the immediate generation 

of effective moduli for the blend, using classical mircomechanical 

methods, to predict ,σn . As we will be simplifying most details of 
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coupling across sampling points in this chapter, we will suppose a 

partition’s constitutive law may be modeled by an infinite matrix 

with multiple imbedded inclusions. We now summarize the four 

micromechanical models used to generate the blend stresses in this 

study. 

15.3.2.1 Voigt model 

This model (Voigt, 1889) assumes that strain rate for all the 

archetypes within a partition is the same as the blended strain rate 

D n For archetype r , we have the elastic (objective) stress rate kl . 

strain rate relationship: 

σ ∇r = C(r) D(r): (15.12) 

Based on the Voigt assumption one obtains 

σ ∇r = Cr : Dn (15.13) 

The average stress rate for the nth blend is defined by 

Mn Mn
1 Vr 

σ ∇n C r σ ∇n Dn= σ ∇ dV  = : Dn , = frCr :
Vn VnVn r=1 r=1 

(15.14) 

Where fr defines the volume fraction of archetype r . Thus, the 
effective elastic modulus for the blend is given by (in indicial 

notation) 

Mn 

C n = fr C r (15.15)i jkl  i jkl  
r=1 

The model satisfies compatibility of deformation across 

a mesostructural partition. However, traction forces across the 

imbedded boundaries need not remain continuous under this 

assumption, making it an upper energetic bound for the actual 

mesostructural deformation Hill (1965); Daniel and Ishai (2006). 

15.3.2.2 Self-consistent model 

In the self-consistent approach (Hill, 1965), we consider a 

mesostructure such as the one shown on the left of Fig. 15.5. To 

account for the interaction between archetypes more effectively, 
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Actual mesostructure 
with two poplulations 
of inclusions 

Decomposing the mesostructure 
into multiple configurations, 
retaining only one inclusion in each. 

effective 
effective effective matrix 
matrix matrix 

Figure 15.5 The self-consistent model. 

the following procedure is used. Suppose only one archetype at a 

time is retained, and all others are dissolved into the matrix, then 

we obtain n different configurations, as shown in the bottom of 
Fig. 15.5. Note that as we dissolve the inclusions into the matrix 

the n configurations will display modified matrix properties. It will 
be further assumed that the modified matrix is the same in each 

configuration. We can notice that each configuration is analogous to 

an Eshelby problem (Eshelby, 1957) with far-field loads. Then the 

strain rate in inclusion c in configuration r can be obtained from Hill 

(1965) and Mura (1987). 

�−1 + Cmod(Dc)r = C∗ + (Cc)r : C∗ : Dn (15.16) 

C∗ = Cmod S−1 Cmodwhere : − I , with S designating the fourth
order Eshelby tensor (Eshelby, 1957), which is a function of the 

modified matrix properties relating applied strain to the strain in 

the inclusions. Hence, if we assume isotropic inclusions, the Eshelby 

tensor takes the following analytic form (Hill, 1965) (in indicial 

notation for clarity) 

1 1 � � 
Si jkl  = (α − β) δi j δkl + β δikδ j l  + δi lδ jk  (15.17)

3 2 
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in which 
3K 6 (K + 2G )

α = , β = (15.18)
3K + 4G 5(3K + 4G ) 

K and G are the bulk and shear moduli of the modified matrix, 
respectively. The corresponding stress rate for the blend may be 

computed by further assuming a linear superposition of configura

tions, so that (Hill, 1965) 
Mn M � �−1 � � 

σ ∇n + Cmod= fr (Cc)r : C∗ + (Cc)r : C∗ : Dn (15.19) 

r=1 
From which we can define the blend’s elastic modulus 

Mn M � �−1 � � r r + CmodCn = fr (Cc) : C∗ + (Cc) : C∗ (15.20) 

r=1 

15.3.2.3 Two energy-based models 

Suppose we have a mesostructure as shown in a configuration A of 

Fig. 15.6. Strain is applied to the boundary of the mesostructure, 

and the inclusions are again dissolved in the matrix, resulting 

in configuration B of Fig. 15.6 with modified material properties 

for the matrix. The energy-based models (Budiansky, 1965; Mura, 

1987; Nemat-Nasser and Hori, 1999) argue that the strain power 

in configuration A must equal that in configuration B. Through 

a comparison of powers the effective modulus for the blend can 

be obtained. The strain power in configuration B can be easily 

computed by 

C−1 σ ∇U B = (σ : D) Vn = σ : : Vn, (15.21) 

Figure 15.6 The energy-based model. 
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where Vn is the volume of the nth partition. On the other hand, the 
strain power in configuration A can be in written as 

U A = σ : DdV . (15.22) 
Vn 

After appropriate manipulations and simplifying assumptions, see 

(Budiansky, 1965; Mura, 1987) for more details, this power may be 

re-written as 

U A = σ : B : σ ∇ Vn (15.23) 

where compliance for the blend is (given in indicial notation for 

clarity)   
MMn−1

1 [ l
Bi jkl  = μi jkl  + fr δimδ jn  + δinδ jm − μi jabC abmn 

r 
mnkl ,Ar 

2
r=1 

(15.24) 

with μi jkl  being the elastic compliance of the pure matrix, and the 

strain rate in inclusion r being approximated by 

Dr ∼ : σ ∇ .= Ar (15.25) 

Hence, we may set 

C −1 
i jkl  = Bi jkl . (15.26) 

When different approximations are used in Eq. (15.25) different 

micromechanical models result as discussed below. 

Dilute model 

When small volume fractions of inclusions are present, it can be 

assumed that interactions in themesostructure areweak, so that the 

dilute model becomes suitable. Each inclusion r , is thus viewed as 
imbedded in purematrix. The result is very similar to a basic Eshelby 

problem, and for Eq. (15.25) we can use (Budiansky, 1965; Mura, 

1987) 

−1 + CmatAr = (C∗ + Cr) : C∗ : μ (15.27) 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 14:59 PSP Book - 9in x 6in 15-Shaofan-Li-c15

� � 

� � 

556 Inclusion Clusters in the Archetype-Blending Continuum Theory 

Mori–Tanaka model 

The Mori–Tanaka (Tanaka and Mori, 1972) model considers 

interactions in the mesostructure in a more elaborate way. Each 

inclusion r is still embedded in pure matrix, but allowed to stress 
differently from the average stress spanning the mesostructural 

partition. The approximation Eq. (15.25) thus uses (Tanaka and 

Mori, 1972) 

−1 + Cmat −1Ar = (C∗ + Cr ) : C∗ : μ : (Q+ R) (15.28) 

where � � �−1 � �Mn −1 C∗ + CmatQ = k=1 fk C∗ + Ck : : μ : Ck , (15.29) 

and 

Mn−1 M 
R = 1− fk I (15.30) 

k=1 
The tensorsQ and R represent dimensionless modifiers that encode 
effects from the inclusions and matrix, respectively. 

15.4 Modeling Inclusion Clusters by ABC 

15.4.1 The ABC Model 

In this section we present a model for a notch, with dimensions as 

summarized in Fig. 15.7. Moreover, in the present implementation 

the non-dimensionalization scheme in Table 15.1 was used. 

Two elastic mesostructures that represent two idealizations 

of inclusion clustering are accordingly modeled. We define two 

corresponding material points as shown in Fig. 15.8. The first 

Table 15.1 The non-dimensionalization scheme 

Dimensional quantity Non-dimensional quantity Reference value 

Length x x � = x/lref, lref = 1000 bAl , where bAl = 0.3 nm  

Time t t� = tcref/lref, cref = 4900 m/s 
Mass density ρ ρ � = ρc2 ref/Eref, Eref = 69 GPa 
Stress σ σ � = σ/Eref, ρref = 2700 kg/m3 

Note: The properties of aluminum were used for these reference values. 
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µm 

µm 

µm 

µm 

degrees 
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(a) (b) 

Figure 15.7 Notch Model and Mesh. (a) Model showing boundary condi

tions. (b) Values assigned to model dimesions 

material point is partitioned into two parts, represented by sampling 

point I and II, respectively.a The first partition contains pure matrix 

and the second has a cluster with two types of nanoscale inclusions, 

call them A and B, at volume fractions of 0.2 and 0.1, respectively 

(Fig. 15.8(a)). The second material point also defines two partitions 

Fig. 15.8(b), for which partition II is identical to partition II in 

Fig. 15.8(a). However, partition I in this case has a cluster with 

inclusion B at a volume fraction of 0.2, instead of pure matrix. The 

bulk and shear moduli in inclusions A and B are taken as 2× and 3× 
those of thematrix, respectively. Both sampling pointswill be spaced 

at 0.3μm apart in direction [111], which is to be interpreted as a 

basic measure for inter-cluster spacing that captures the associated 

non-local effect. 

The objective of the following simulations is to investigate how 

strain inhomogeneities evolve as a function of the blend laws in the 

vicinity of a notch, with an aim to capture the effect of clustering 

implicitly by the additional degrees of freedom introduced by the 

ABC formulation. 

The mesh used for the simulations contains approximately 

27, 000 brick elements, Fig. 15.7. The element formulation is 8
node, iso-parametric and trilinear. A 2 × 2 × 2 Gauss quadrature 
aThe assumed two partitions suggest ‘bands’ of inclusions are generated across the 

mesoscale by these material points. More partitions and sampling points may of 

course be introduced for amaterial point to generatemore complex cluster patterns. 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 14:59 PSP Book - 9in x 6in 15-Shaofan-Li-c15

558 Inclusion Clusters in the Archetype-Blending Continuum Theory 

Partition I Partition II Partition I Partition II 

(a) (b) 

Figure 15.8 Material point definitions. (a) Case I: Pure matrix (Left) and 

cluster of inclusions A and B (Right). (b) Case II: Replace pure matrix (Left) 

with cluster of inclusion B. 

scheme was used. The ABC element was implemented in LSDYNA as 

a user element FORTRAN subroutine (dyn21b. f ) with 12 degrees 
of freedom per node: 3 degrees of freedom for the velocities (v̂) of  

sampling point I, and 9 for the velocity difference quotient (A ∗ ) at  

sampling point II. LSDYNA default hourglass control and artificial 

damping were both used to stabilize the dynamic simulation, 

combined with a mass scaling of 10 to speed up the calculations. 

A nominal strain rate of 50,000 s−1 was applied in mode-I crack 
opening by pulling on the horizontal faces ahead of the notch. For 

a plane strain approximation, all velocity components with a z

direction were set to zero (v3 = � ∗ = � ∗ 
32 = � ∗ 

13 = � ∗ 
23 = � ∗ = 31 33 

0) across the model. Moreover, to excite strain inhomogeneities 

more visibly at the notch, a relative velocity, 10% of the normal 

velocity at sampling points I, was applied to sampling points II along 

the horizontal faces ahead of the notch; i.e.� ∗ = 0.1v2 was applied22 

along the horizontal faces (Fig. 15.7) for a period of 1μs, while 

setting all other � ∗ = 0 on that boundary. Notice that this loading i j  

condition is essentially anti-symmetric. On the lower horizontal face, 

� ∗ = 0.1v2 < 0, which implies sampling point II moves faster 22 

toward sampling point I and possibly compresses the material in 

between sampling points. Conversely, on the upper horizontal face, 

� ∗ = 0.1v2 > 0 implies sampling point II moves faster and22 

away from sampling point I, yielding possible tension between them. 

The sign on relative shear between sampling points correspondingly 
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flips. We further note in passing that wave speeds at both sampling 

points are different due to their different material properties. 

15.4.2 Results and Discussion 

Figure 15.9 shows a plot of relative shear component � ∗ activated 21 

between sampling points for the four blending laws. The top row is 

for the case where sampling point I is defined by pure matrix (call 

it case I), while the bottom row adds inclusion B at sampling point 

I (call it case II). The first general prediction is that �21 
∗ is not very 

sensitive to choice of blending laws. Aside from the very simple Voigt 

model, which takes no account of inclusion-matrix interaction at a 

sampling point, we can see that the dilute, self-consistent and Mori– 

Tanaka models make quite comparable predictions for the evolving 

strain inhomogeneity around the notch (see insets in Fig. 15.9). 

Any choice from these three laws could thus be adequate as a 

blending law. The second prediction from Fig. 15.9 is that inclusion

matrix interactions, which are captured in increasing degree by 

the dilute, self-consistent and Mori–Tanaka models, respectively, 

alleviate the concentration of strain inhomogeneities at the notch. 

This can be seen from the insets in Fig. 15.9, where the � ∗ 
21 

iso-surfaces are most spread out in the Mori–Tanaka model, and 

most concentrated in the Voigt model, while the dilute and self-

consistent models lay in between. The third prediction, which is 

key to this study on inclusion clusters, is that �21 
∗ predicted in case 

I is much larger that in case II, roughly 2× to 3× larger. Case I 
and case II have the same properties assigned to sampling point 

II, but sampling point I is less stiff in case I as it only represents 

pure matrix. The mismatch in properties across partitions within a 

material point is thus larger in case I than case II, which amplifies 

strain inhomogeneities as predicted by this ABC simulation. Note 

however that predicted � ∗ patterns away from the notch and  21 

nearer the boundaries gradually lose the expected anti-symmetric 

distribution, though their predicted magnitudes remain essentially 

anti-symmetric as expected. This effect may be explained by two 

numerical artifacts. The use of �x = [111] in Eq. (15.3a) implies 
relative strains from the x- and  z directions will contribute to 
those in the y direction. Hence, farther afield, where y components 
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Figure 15.9 Plot of� ∗ iso-surfaces. Color contours in all sub-figures vary from−0.0005 (blue) to 0.0005 (red), spanned by 3621 

iso-surfaces. Values here are non-dimensional. Snapshots taken at non-dimensional time point t � = 105. See also Color Insert. 
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do not dominate, errors from derivatives of comparable x and z 
components pollute the predictions. Also, it would appear that wave 

interactions with the boundaries yield higher spatial frequency 

variations in strain inhomogeneity patterns, which were possibly 

not well resolved with the given mesh intensity. As we are only 

interested in this study in notch tip stress and deformation patterns, 

we pay attention only to the corresponding region in the mesh 

(shown in the insets of the figures), and terminate the simulation 

prior to the propagation of these noisy boundary effects towards the 

notch. 

Plots of shear stresses at sampling point 1 (σ n=1) for  the two  12 

cases are shown in Fig. 15.10. For case I, the top row, sampling 

point 1 corresponds to pure matrix; hence, for whatever blending 

law applied at sampling point II the stresses match identically. This 

result is a consequence of the uni-directional coupling of sampling 

points used in this chapter. As Eq. (15.10c) suggests, the stresses 

evolving at sampling point I are allowed to change the response 

at sampling point II, but not the converse. This result is therefore 

subject to revision upon introduction of more elaborate sampling-

point coupling schemes. On the other hand, Fig. 15.11 plots σ n=2, i.e.  12 

the shear stress at sampling point II, where the top row shows the 

stress dependence on blending strategy for case I and the bottom 

row for case II. The figure shows that choice of blending strategy has 

very limited effect on the predicted magnitudes and trends, with the 

Mori–Tanaka, dilute and self-consistent models being essentially in 

agreement, and the Voigt model being a little off. It may be noted 

that stress predictions may be ordered as follows, from Fig. 15.10 

and Fig. 15.11: 

Mori–Tanaka< Self-consistent< Dilute< Voigt. 

The Voigt model generates an upper-bound on energy (Daniel 

and Ishai, 2006), so for displacement controlled finite element 

simulations where strain is prescribed, the predicted stresses are 

expected to be largest, which is confirmed by our modeling. The 

remainder of this ordering may be understood in terms of the extent 

of inclusion-matrix interaction, or load-sharing, considered by the 

blending laws. The Mori–Tanaka model considers this interaction 

most elaborately and generates the greatest effective stiffness, 
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putting it at the tail of the sequence. The dilute model accounts 

for these interactions most simplistically, thus only trails the Voigt 

upper bound in its prediction. 

More interesting is the comparison of shear stresses for case 

II with case I, especially at sampling point II. Two predictions are 

worthy of note. First, the stresses at sampling point II are decreased 

on going from case I to case II, i.e. by adding inclusions at sampling 

point I, while stresses at sampling point I correspondingly increase. 

This result makes clear the role of the sampling point coupling 

law defined in Eq. (15.10c). The idea is, adding stiff inclusions at 

sampling point I stiffens the corresponding partition, and makes 

its properties more comparable to those at sampling point II. 

Strain inhomogeneity� ∗ evolving between sampling points is thus 21 

attenuated (cf. Fig. 15.9), which results in enhanced load sharing 

between sampling points and causes sampling point I to stress 

more and sampling point II to stress less as predicted. The simple 

rule proposed in Eq. (15.10c) is thus capable of capturing this 

expected effect. The second prediction is that of non-locality due to 

mesostructure. From Fig. 15.11, not only is stress decreased in case 

II with respect to case I, but from the insets it can also be seen that 

the zone ahead of the notch that bears the brunt of stress is notably 

larger for case II than case I (dark red and dark blue regions). Stress 

is therefore less localized, which is in agreement with the purpose of 

adding mesostructure to alloys. 

15.5 Conclusions 

The ABC theory has been applied to elastic mesostructures, and 

was shown to be capable of predicting implicitly the evolution of 

strain inhomogeneities between clusters, which was achieved by 

partitioning material points to two sampling points, each sampling 

point with different properties of the mesostructure, depending on 

the volume fraction of inclusions they enclose. The sensitivity of the 

model to blending laws has been investigated by application of four 

micromechanical laws; namely the Voigt, self-consistent, dilute and 

Mori–Tanakamodels. Results indicate that trends andmagnitudes of 

strain inhomogeneity between inclusion clusters (or material point 
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partitions) are not very sensitive to choice of blending law.Moreover, 

a simple uni-directional coupling law was introduced between 

sampling points and was shown to give consistent predictions for 

load sharing between them. However, more descriptive coupling 

laws between sampling points will be the subject of future research. 

Non-locality effects of mesostructure ahead of the sharp notch 

were also captured by this ABC formulation, which appeared as 

an enlargement of the stress-bearing zone ahead of the notch. It 

should be noted that no strain gradients were needed for this end, 

but only the introduction of a second sampling point in the ABC 

formulation. Finally, it was noted that there was a gradual loss in 

anti-symmetry of predictions of strain inhomogeneity and shear 

stress toward the far field boundaries, which has been explained 

in terms of two numerical artifacts. When resolving these dynamic 

wave interactions accurately is of interest, developing elements with 

A ∗nhigher-degree interpolation for the fields, relating to the non

local measure�xn , may be considered. 
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Chapter 16
 

Microstructural Characterization of 
Metals Using Nanoindentation 

George Z. Voyiadjis and Danial Faghihi 
Department of Civil and Environmental Engineering, 
Louisiana State University, Baton Rouge, LA 70803, USA 
voyiadjis@eng.lsu.edu 

It is well known by now that the micro and nanoindentation 

hardness of metallic materials displays a strong size effect. The 

objective of this work is to formulate a micromechanical-based 

model for temperature and rate indentation size effects (TRISE) 

encountered in nanoindentation experiments of metals. In this 

regard, two physically based models are proposed here in order 

to capture the TRISE in single and polycrystalline materials by 

considering different expressions of the geometrical necessary 

dislocations (GNDs) density evolution. 

A micromechanical-based model of variable material intrinsic 

length scale used in conjunction with gradient theories is also 

developed in the present work. The proposed length scale allows for 

variations in temperature and strain rate and its dependence on the 

grain size and accumulated plastic strain. 

The results of indentation experiments performed on various 

metals are used here to implement the aforementioned framework 
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in order to predict simultaneously the TRISE and variable length 

scale at different temperatures, strain rates and various grain sizes 

(i.e., distances from the grain boundary). Numerical analysis is 

performed using the ABAQUS/VUMAT software with a physically 

based viscoplastic constitutive model. 

16.1 Introduction 

The modeling of plastic deformations in metallic components 

become more complex when it is subjected to inhomogeneous 

plastic flow and its size reduces from a few tens of micrometers 

to a few hundreds of nanometers. However, since conventional 

continuum plasticity theories do not acquire any regularization (i.e., 

localization limiter), they cannot be used to adequately address the 

following problems during the inelastic deformation: 

(i) The classical (macro-mechanical) test results such as increase 

in the macroscopic yield strength and strain-hardening rate of 

particle-reinforced composites and polycrystalline metals with 

decreasing the particle size and the grain diameter (the later 

so called Hall–Petch behavior). More examples can be found 

in fracture design where fracture toughness decreases with 

increasing thickness and the size of the process zone ahead of a 

crack tip decreases with increasing yield stress (see e.g., [1–3]). 

(ii) Size dependency of metallic components such as flow stress 

or hardness observed from micro-mechanical experiments in

cluding those from nano/micro-indentation, torsion of micron

dimensioned wires, and bending of micron-dimensioned thin 

films (see, for example, [4–6]). 

(iii) Mesh-independency in the numerical calculation of localized 

regions and the widths of shear bands. This is due to the 

loss of ellipticity of the underlying field equations for strain 

softeningmaterialswhich gives rise to ill-posed boundary value 

problems (see, for example, [7–11]). 

In order to overcome the aforementioned problems, one needs to 

consider the effect of the microstructure and its evolution in the 

course of plasticity deformation. It is known that the observed size 
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effect is mainly due to the interaction between statistically stored 

dislocations (SSDs), which increases with the plastic strain and 

density of geometrically necessary dislocations (GNDs), which are 

induced by the plastic strain gradients [12]. This can be addressed 

by the aid of multiscale modeling procedures. These approaches 

introduce additional internal variables in order to characterize the 

microstructure behavior into the classical continuum in modeling 

the mechanical behavior at the micro and nano scales. This gives 

rise to a large variety of generalized continuum models based on 

well-established continua such as the Cosserat continuum, second 

gradient, andmicromorphic theories [13], as well as themore recent 

plastic strain gradient approaches [14–20]. It has been proven that 

these enhanced continuum mechanics frameworks are useful in 

describing thermomechanical processes at submicron scales in an 

effective and computationally robust manner. 

Enhanced nonlocal strain gradient plasticity theories are devel

oped on the continuum level and are used to bridge the gap between 

themicromechanical and classical continuum inelasticity. A nonlocal 

quantity at a specific point is incorporated in the spatially weighted 

average of the corresponding local field quantity over a finite 

volume surrounding the point. Commonly, the nonlocal quantity is 

computed with an integral format, in which the associated intrinsic 

length scale influences the weight amplitude in the vicinity of a 

material point [21]. The gradient-enhanced plasticity formulations 

avoid this integral format by approximating the nonlocal kernel with 

a Taylor series expansion, which yields a differential format [22]. 

These gradient formulations are in fact higher-order extensions of 

the local plasticity theory. Later, they evolved as a popular tool 

in the investigations of shear banding, localization of deformation 

[23–25], phase transitions [26–29], and softening [15, 30–34]. 

Moreover, using strain gradient plasticity enables one to capture 

other phenomena such as size effects, interfaces and elimination of 

dislocation singularities. The main issue in strain gradient plasticity 

is the determination of the material intrinsic length scale £ that 
scales with strain gradient using the stress–strain behavior from 

macroscopic tests as well as information from micromechanical 

tests. It is known that indentation experiments (nano/micro) are 

the most effective tests for measuring the length scale parameter £ 
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[35]. In this work, an attempt is made to determine this parameter 

through nanoindentation experiments. 

Nanoindentation is commonly employed to explore the mechan

ical behavior of materials that have micro- or nanometers scale 

features or constraints. Significant size effects on the initial elasto

plastic behavior have been observed during indentation of struc

tures, which is generally referred to as the indentation size effect 

(ISE). The classical continuum plasticity only predicts a constant 

hardness and it is unable to predict the size dependency. However, 

strain gradient plasticity is successful in explaining such size effects 

encountered in many micro- and nano- advanced technologies 

due to the incorporation of an intrinsic material length scale into 

the material model. It is shown that these theories have given 

reasonable agreement with the aforementioned size dependence 

encountered in micro- and nanoindentation experiments (e.g., [35, 

38–42]). 

Using the gradient theory and crystal plasticity, an expression 

that describes the hardness as a function of indentation depth 

can be derived. Combining this expression with the outcomes of 

nanoindentation experiments of a material allows one to determine 

the value of the material intrinsic length scale £. Nix and Gao 

[38] proposed a mechanism based strain gradient theory in order 

to determine the constant length scale based on nanoindentation 

experimental results. Voyiadjis and Abu Al-Rub [43] improved Nix 

and Gao’s (1998) theory with regard to the interaction between 

dislocations. However, investigation of the length scale indicates that 

it is not a fixed material parameter [38, 44, 45], but changes with 

the deformation of the microstructure, and therefore depends on 

dislocation evolution, temperature, and rate effects in addition to the 

grain size. 

Nanoindentation experiments show that for materials deforming 

by dislocation, the hardness decreases with increase in indentation 

depth [46–50]. Recently, experiments have shown that, at small 

nanometer depths from the surface [51–58], some metals expe

rience a local increase in hardness with increase in indentation 

depth. This phenomenon is termed hardening/softening behavior 

and a typical curve is illustrated in Section 16.3. A number of 

authors (e.g., [56, 59–62]) have shown also that nanoindentation 
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measurements in the direct proximity of grain boundaries in body

centered cubic (bcc) metals show typical yield excursions under 

certain conditions. Based on the indentation load and depth atwhich 

these excursions are observed, it was proposed that there are certain 

bursts due to dislocation pileup and subsequent transmission across 

the boundary. That is, in this new type of size effect, the hardness 

at which the excursion takes place increases as the indenter tip to 

boundary distance decreases. 

It is known that in the polycrystalline materials, hardness always 

decreases with increasing grain size due to lower dislocation den

sity. Gracio [63] indicated that small grains are significantly affected 

by the behavior of surrounding grains, inducing a rapid evolution 

of the dislocation density and the development of closed cells. In 

large grains, however, the level of intergranular accommodation was 

lower and a dislocation structure, similar to that observed in steel 

deformed under plane strain conditions [64, 65] appeared in some 

grains; this is in agreement with the existence of a lower number of 

operative slip systems. Subgranularmicro and nanohardness testing 

has been used widely to explore grain boundary hardening effects 

due to solute segregation in polycrystalline materials [66, 67]. The 

possibility of measuring an intrinsic hardening contribution of the 

grain boundary, as a result of the difficulty in slip transmission 

across the boundary, has recently come under investigation with the 

widespread availability of the nanoindentation technique. Low-load 

indentation experiments [61, 68] have shown significant hardening 

effects within a distance of the order of 1 μm from the boundary. 

Such experiments could potentially offer detailed information about 

the intrinsic mechanical properties of individual grain boundaries. 

Yang and Vehoff [52] studied the dependence of nano-hardness on 

grain size by performing indentation experiments in the center of 

individual grains and changing grain sizes orderly. They captured 

the hardening/softening effect for small grain sizes as a result 

of the higher dislocation density produced in the grain. This is 

in agreement with the findings of Gracio [65] that during plastic 

deformation, large grains behave like single crystals. Widjaja [69] 

summarizes the factors responsible for the grain-size dependency 

of the indentation size effect into three main aspects: first, the 

distance between grain boundaries on the slip plane limits the 
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slipped distance of a dislocation and consequently the quantity of 

plastic strain per dislocation; second, the development of dislocation 

pileups at the grain boundaries causes hardening, the amount of 

which depends on the grain size; third, material sink-in, caused by 

plasticity near the tip, affects the contact length and thereby the 

hardness. 

Hardness, as well as flow stress in metals, is known to be 

sensitive to the strain rate and temperature. On themicro-scale level, 

strain rate is known to be related to the dislocation density and 

average dislocation velocity through the Orowan equation [70]. In 

addition, flow stress can be related to dislocation density using the 

Taylor hardening law [71]. Hardness is also known to decrease with 

increasing temperature for bulkmetals, single crystals and thin films 

[72–77]. However, conducting the nanoindentation experiments 

at elevated temperatures is very challenging because specialized 

equipment and sample preparation is necessary and some indenter 

parts are not vacuum-compatible. Therefore only a limited number 

of studies consider the effect of elevated temperature during 

indentation. 

The objective of this work is to develop a physically based model 

with temperature and rate indentation size effects (TRISE) for single 

and polycrystalline metals. This model is also able to capture the 

hardening/softening effect encountered in polycrystalline materials 

by considering the effect of the grain boundary. Moreover, the 

variable material length scale parameter £ for gradient isotropic 
hardening plasticity is identified through calibrating the physically 

based model of the length scale using nanoindentation experiments. 

The proposed models are investigated in order to capture the 

behavior of the FCC and BCC materials for different grain sizes 

(or the distance of indenter from grain boundary in the coarse 

grained metals), accumulated plastic strains, rates of strain and 

various temperatures. Results from nanoindentation experiments 

on different FCC and BCC metals are used to evaluate the proposed 

length scale. Furthermore, a method for identifying the material 

length scale parameters from indentation tests is presented, and the 

variable length scale of the metals is obtained. 

The outline of the presented materials is as follows: in Section 

16.2, the physically based expression for the variable material 
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length scale is obtained by means of bridging the macro to micro 

flow stress. The details regarding the TRISE models for single 

and polycrystals based on the GNDs evolution as well as the 

required parameters for these models are extensively elucidated in 

Section 16.3. The mechanisms involved in the hardening/softening 

phenomena are also discussed in this section. Capability of the 

presented approach to capture the indentation size effect along with 

the identifying the material intrinsic length scale is presented in 

Section 16.3 using the nanoindentation test results. The experiments 

used here are conducted on both single and polycrystalline metals. 

16.2 Physical Interpretation of Length Scales 

Gradient plasticity is introduced through the non-local weak form 

of the conventional effective plastic strain. In general, the non-local 

form ( p̂) is written in terms of its local counterpart (p) and  high  
order gradient terms [33] as follows: 

γp̂ = [p + (£η)γ ]1/γ (16.1) 

where £ is the length scale parameter that is required for 
dimensional consistency, η is the effective plastic strain gradient of 
any order and γ is an interaction coefficient. The flow stress (σ ) can  
be written at the macroscopic level using a power law (σ = k p̂1/m), 

and combining this with Eq. (16.1) yields: 

γ 1/mγ
σ = k [p + £γ ηγ ] (16.2) 

where k and m are material constants. 
One method to enhance the coupling between statistically stored 

dislocation (SSDs) and geometrically necessary dislocation (GNDs) 

at the microscopic level is to assume that the overall shear flow 

stress, τ f , has two components: one arising from SSDs, τs , and  

another component due to GNDs, τG . Ashby [78] has pointed out 

that, in general, the presence of GNDswill accelerate the rate of SSDs 

storage and that an arithmetic sum of their densities, as considered 

by Nix and Gao [38], gives a lower limit on total dislocation density 

(ρT), so that a higher total dislocation density can be obtained. The 

following general functional form for τf is then chosen as follows in 
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the spirit of Eq. (16.2) [79]: 
β β

τf = [τS + τG ] (16.3) 

where β is considered as a material constant, termed the interaction 
coefficient, and used to assess the sensitivity of predictions to the 

way in which the coupling between SSDs and GNDs is enhanced 

during the plastic deformation process. Using Eqs. (16.3) along with 

Taylor’s hardening law for τS and τG, the overall flow stress at the 

micro scale can be obtained as follows: ]2/β 
τf = αSG bS 

√ 
ρT with ρT = ρ

β/2 + (α2b2ρG/α2b2)β/2 (16.4)S G G S S

where bS and bG are the magnitude of the Burgers vector for SSDs 
and GNDs, respectively, G is the shear modulus, ρS and ρG denote 
the density of SSDs and GNDs respectively, ρT is total dislocation 

density, and αS and αG are the statistical coefficients that account 

for the deviation from regular spatial arrangements of the SSDs and 

GNDs populations, respectively. 

A number of authors showed that the gradient in the plastic 

strain field is accommodated by the GND density ρG such that the 

effective strain gradient η introduced in Eq. (16.1) is defined as [80] 
ρGbG 

η = (16.5) 
r̄

where r̄ is the Nye factor introduced by Arsenlis and Parks 
[80] to reflect the scalar measure of GND density resultant from 

macroscopic plastic strain gradients. Gao et al. [40] indicated that 
the Nye factor is an important parameter in the predictions of the 

gradient plasticity theories as compared to the experimental results. 

The plastic shear strain γ p can be defined as a function of the SSD 

density ρS as follows [81]: 

γ p = bSL SρS (16.6) 

where L S is the mean spacing between SSDs. Using Schmidt’s 
orientation tensor, Mi j  , to link the plastic strain in micro and macro 

scales and deriving the expressions for ρS and ρG as a function 

of the effective plastic strain p and the effective plastic strain 
gradient η, respectively, and substituting them in Eqs. (16.4), yields 

an expression for τ . Combining this expression with σ = Z τ (Taylor 
law [71]) finally yields the flow stress at the microscopic level: � ( ]1/β

β/2 ηβ/2σ = αSGZ bS/L SM p + αG
2bGL SM r̄/αS

2bS 
;β/2 

(16.7) 
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In Eq. (16.7), M is the Schmidt factor and Z is a constant 
that varies depending on the material type. The Taylor factor Z 
acts as an isotropic interpretation of the crystalline anisotropy at 

the continuum level [40]. Comparing Eqs. (16.2) corresponding to 

macro and (16.7) corresponding to micro flow stress yields the 

following expression for the material length scale, which bridges the 

gap between the two scales: 

£ = (αG/αS)2 (bG/bS) L SMr̄ (16.8) 

In order to account for its rate and temperature dependency, the 

equation for L S proposed by Gracio [65] is modified by Voyiadjis and 

his co-workers [58, 82–84] for single and polycrystalline materials 

as a function of temperature (T ) and the equivalent plastic strain 
rate ( ṗ). Substituting these expressions into Eq. (16.8), the following 
physics-based equations for the material length scale of single- and 

polycrystalline materials is obtained, respectively:   ( ( rr2 /RgT )αG bG δ1e−(Er

£ = M r̄ ( ; (16.9) 
1+ δ2 p(1/m) p)qαS bS (1+ δ3 ( ˙ )  ( r ( r

αG
2 bG δ1de−(Er/RgT ) 

£ = M r̄ ( ; . (16.10)
αS bS 1+ δ2dp(1/m) (1+ δ3 ( ṗ)q)

where Rg is the gas constant, Er is the activation energy (energy 

per mole), m is the hardening exponent corresponding to strain, d 
is the grain size, and δ1, δ2, and  δ3 are material constants that can 

be obtained using nanoindentation tests and will be explained in the 

next section. 

16.3 Model for Temperature and Rate Indentation Size 
Effect (TRISE) 

Following Nix and Gao’s [38] approach in considering the generation 

of GNDs under the indenter during hardness experiments, Voyiadjis 

and Abu Al-Rub [85] derived amore general framework of equations 

that can be used to identify the material intrinsic length scale 

parameter using micro-hardness results of spherical and pyramidal 

indenters. They proposed the following relation for microhardness: [ ]1/β
β/2 β/2H = Z καSG bS ρS + (αGbG/αSbS)βρ (16.11) S 
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They also defined the macro-hardness H0 as the hardness 

experienced at greater indentation depths, where there are no size 

effects in the absence of the strain gradient (and thus GNDs) using 

the following equation: 
√

H0 = Z κτS = Z καSGbS ρS (16.12) 

Making use of Eqs. (16.11) and (16.12) and simplifying the result 

under the assumption that αS = αG and bS = bG yields the following 
hardness ratio: ( rβ ( rβ/2H ρG = 1+ (16.13)

H0 ρS 

By considering Eqs. (16.6) and (16.8) and Tabor [86] relation for 

mapping from the hardness–indentation depth curve to the tensile 

stress–plastic curve (i.e., H = κσf), the expression of ρS for conical 

indenter can be obtained as follows: 

cr̄α2bG tan θ 
ρS = G (16.14) 

£b2α2 S S 

where c is a material constant with a value of c = 0.4. 
The difference between single- and poly-crystal TRISE comes to 

the formulation as a result of the various expressions of the ρG. The  

expression of the GND density for single crystals is obtained based 

on the approach of Nix and Gao [38] in the generation of GNDs under 

the indentation as follows: 

3 tan2 θ 
ρG = (16.15)

2bGh 

where in both expressions of GND and SSD densities θ is the angle 
between the surface of the conical indenter and the plane of the 

surface. Substituting these equations into Eq. (16.13) along with Eq. 

(16.9) and the assumption of αS = αG and bS = bG, the TRISE for 
single-crystal materials is obtained as follows: ⎡ ⎤ � 1/β 

δ1e−(Er/RgT ) 
� β/2 

3M tan θ ⎦H = H0 
⎣1+ ( ;

1+ δ2 p(1/m) (p��)q2c(h − h1) (1+ δ3 )

(16.16) 

where h1 in this equation is a material parameter. 
However, in the case of polycrystalline materials, the harden

ing/softening effect needs to be included through the concept of 
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the plastic zone beneath the indenter, which is explained by many 

researchers (e.g., Soer and De Hosson [61]) and formulated by Yang 

and Vehoff [52], Voyiadjis and Peters [57], and Faghihi and Voyiadjis 

[83]. 

It is known from prior indentation studies that as the indenter 

tip approaches the grain boundary of a polycrystalline metal, 

a distinct plateau is observed in the load versus displacement 

nanoindentation plot (see e.g., [60–62]). This plateau (termed 

the grain boundary pop-in by some researchers) results in a 

local hardening in the hardness–indentation depth curve, which is 

termed the hardening/softening effect [54, 57]. This phenomenon is 

schematically shown in Fig. 16.1. 

Comparing the curve showing a yield excursion to the bulk 

response in Fig. 16.1(a), clearly shows that there is an extra energy 

stored near the grain boundary prior to the excursion. Soer et al. [59] 
proved that although there might be several other potential sources 

of this phenomenon, this amount of energy can be accounted for by 

a dislocation-based mechanism as follows: 

Indenting next to an individual grain boundary injects dislocations 

(i.e., GNDs) into the material, due to the deformation under 

the indenter. This area of deformation, the plastic zone, spreads 

out from the indenter as the indentation load is increased until 

dislocations intrude on the grain boundary (see Fig. 16.2(a)). 

The grain boundary could then act as a barrier to dislocation 

motion. The resistance to slip transfer is strong if the boundary 

misalignment is such that it is difficult for direct slip to transfer 

into the next grain. In these circumstances, the hardness– 

displacement curve for the indentation shows a hardening effect 

due to the back stresses from the dislocation pileups that form 

as the dislocation motion is blocked at the grain boundary (local 

hardening region in Fig. 16.1(b)). With additional increasing 

the load, more GNDs are pushed into the pileup, leading to an 

increasing stress concentration at the head of the pileup (see Fig. 

16.2(b)). Eventually, the softening occurs in the hardness–depth 

response (i.e., strain burst in load–depth curve) due to the release 

of the pileup into the adjacent grain. Direct observation of the 

process using transmission electronmicroscopy (TEM) shows that 

the main mechanisms for the aforementioned slip transmission 

are the dislocation absorption and re-emission (for the low angle 
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(a) 

(b) 

Figure 16.1 (a) Load–displacement curve showing the grain boundary 

pop-in, (b) typical hardness–displacement curve showing the harden

ing/softening effect. 

boundaries) (see Fig. 16.2(c)) and the dislocation nucleation in the 

adjacent grain (for the high angle boundaries) [87]. This plastic 

deformation relieves the back stress that had been generated by 

the blocked dislocation pileup and leads to a release of energy, 

which is seen as an increment in the indentation penetration at 

near constant load [62]. 

In the release of the pileups into the adjacent grain, several 

mechanisms may be active, including direct transmission across 

the boundary (for screw components if the slip planes in both 

grains intersect the boundary in a common line), absorption 
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Figure 16.2 The expansion of the plastic zone in three different regions. 

(a) Hardening decreases with increasing the indentation depth; (b) GNDs 

are obstructed by the grain boundary, due to ongoing indentation the 

GND density increases, resulting in an increase in hardness; (c) the plastic 

zone spreads out to the neighboring grains (softening) (after Voyiadjis and 

Faghihi [84]). See also Color Insert. 

by dissociation in the boundary, and dislocation absorption and 

subsequent re-emission [88]. 

The proposed mechanism of dislocation absorption and re

emission is supported by in situ transmission electron microscopy 
studies of slip propagation across boundaries in BCC metals [89], 

which is visualized in Fig. 16.2. In some cases, dislocations were 

found to stop at a short distance from the grain boundary and cross

slip into a plane nearly parallel to the boundary [90]. 

The aforementioned phenomenon has been included into the 

formulation based on the work of Yang and Vehoff [52], which 

leads to the following expression of GNDs density for polycrystalline 

materials: 

π h2 
λ bG tan θ

ρG = = (16.17)πVplastic δ4 d3 − 8.19h3 
12
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where λ is the total length of the injected GND loop and Vplastic is 
the volume of the plastic region under the indenter. Making use of 

this result for ρG and the variable material length scale leads to the 

following expressions for the hardness in polycrystalline materials 

[116, 117]. 

Mπ(h − h1)2 H	 = H0 (1+ C (h)) 1+ ( ;
π d3 + 8.19(h − h1)3 c tan2 θδ4 12 ⎤1/β 

/RgT )δ1de−(Er

 �β/2 

× ( ;	 ⎦ (16.18) 
1+ δ2dp(1/m) (1+ δ3 ( ṗ)q)

where δ1, δ2, and  δ3 are material parameters that are determined 

experimentally. Furthermore, the term (1+ C (h)) is included in the 
model so as to use the cyclic plasticity model developed by Voyiadjis 

and Abu Al-Rub [91] and Voyiadjis and Basuroychowdhury [92], √ 
where C (h) = 1/h. 

Thematerial constants δ1, δ2, δ3, and δ4 can be obtained by fitting 

Eqs. (16.16) and (16.18) through the nanoindentation test results. 

Once these constants are calibrated experimentally, the material 

length scales can be obtained using Eqs. (16.9) and (16.10). 

In order to make the aformentioned fitting, an expression for 

the macro-hardness (H0) is required as well as the variation of the  

equivalent plastic strain (p) as a function of the indentation depth. 
Also a relation between the material parameter h1 and grain size (d) 
needs to be determined. The relations and the approaches used for 

finding these parameters are explained in the following. 

•	 By using the expression of the ratio of the effective radius to 
the contact radius suggested by Feng and Nix [93], Faghihi and 

Voyiadjis [83] suggested the following relation between the 

grain size and the parameter h1: 

−h1/δ6 )d = 4.35h1(1+ δ5e	 (16.19) 

where δ5 and δ6 are fitting parameters. Using this equation and 

knowing δ5 and δ6, the value of h1 can be obtained from the 
grain size. 

• In order to find the value of H0 for different temperatures and 

strain rates, the physically based model based on dislocation 

mechanisms developed by Almasri and Voyiadjis [94] is taken 
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into account. According to this model the hardness behavior is 

divided into two regions: (a) at low strain rate (ε̇ ≤ 103) the  
hardness (and the flow stress) is governed by the thermally 

activated mechanism; (b) at high strain rates the rates of 

viscous drag mechanism becomes the main mechanism and 

the hardness increases rapidly with increasing strain rate. This 

model is as follows [94]: ⎧ ( ( rr ( r 
U0 lb2H0 ⎪ κ Z	 ε̇ H0b K T  − 

κ Z K T  ⎪ ⎨ U0 − K T ln	 e � 1
lb2 M Nl2bv vκ Z l BH0 =	 ( r 

lb2H0⎪ U0 ⎪ κ Z B  H0b ⎩ K T  − 
κ Z K T  

ε̇ e
M Nlb2 vκ Z l B

(16.20) 

where N is the number of themobile segments per unit volume, 

l is the mean distance between the forest dislocations,U0 is the 

energy required to form a jog (U0 ≈ G b3/2), v is the frequency 
factor, K is the Boltzmann constant, B is the dislocation drag 
coefficient, T is the absolute temperature, M is the Schmidt 
factor [95], and Z and κ are the Taylor factor (σf = Z τf) [71] 

and the Tabor factor (H = κσf) [86], respectively. The term Nl 
also characterizes the total length of the moving segments per 

unit volume or density of moving dislocations. 

•	 The amount of the equivalent plastic strain as a function of 
the indentation depth (p = p(h)) is obtained using a finite 
element analysis of the indentation problem. In this regard, 

the physically based viscoplastic constitutive relation for BCC 

and FCC metals proposed by Voyiadjis and Abed [96, 97] 

are taken into account. These models are developed within 

the framework of additive decomposition of thermal and a 

thermal yield stress and based on thermal activation analysis 

as well as dislocation interaction mechanisms. The physically 

based thermal/dynamic yield function is used in deriving the 

evolution of the governing equations. The dynamic flow rule for 

the different materials is as follows: 

f th − σ th p, T )− R th 
d	 = σeq − Ya y (p, ˙ (p, ṗ, T ) = 0 (16.21) 

where ( ( ;;1/q
�1/q2 

:	 Rth vp  1
for FCC metals (p, ṗ, T ) = R̂ 1− −β̄2T ln η̄ ṗ0 

(16.22) 
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σ th y = 0 (16.23) 

for BCC metals : Rth (p, ṗ, T ) = 0 
(16.24) � �1/q2( ( ;;1/q1

σ th = R (p)+ Y th vp 
y , where Y th = Ŷ 1− −β2T ln η0 ṗ

(16.25) 

Herein Ya denotes the athermal yield stress, R represents the 
strain hardening, and Ŷ and R̂ are the threshold yield stress 

and hardening stress at which the dislocations can overcome the 

barriers without the assistance of thermal activation respectively. 

σ thMoreover, and Rth denote the yield stress and hardening as a y 

function of temperature and rate. 

The constants 0 < q1 ≤ 1.0 and 1.0 < q2 ≤ 2.0 define the shape 
of the short-range barriers. Their typical values, however, are 3/2 

and 2 for the latter that is equivalent to a triangle obstacle profile 

near the top and 2/3 and 1/2 for the former, which characterizes the 

tail of the obstacle [50]. The material parameter β2 = k/G 0 and the 
vp vp

viscosity parameter η0 = (M bρid)−1tw0 and η̄0 = (M bd(ρi+m(1− 
exp (−ka p))/ka))−1tw0 are defined in terms of the microstructure 
quantities where k is the Boltzmann constant, G 0 the Gibbs energy 

at zero Kelvin temperature, M can be interpreted as the Schmidt 
orientation factor, b is the magnitude of the Burgers vector, d the 
average distance the dislocation moves between the obstacles, ρi 
the initial dislocation density, m is the multiplication factor, ka is the 
dislocation annihilation factor and tw is the average waiting time of 
dislocations at an obstacle. The viscosity parameter depends on the 

viscoplastic strain and helps in introducing a proper definition for 

the length scale. It should be noted that in Eq. (16.1), the thermally 

activated flow stress of metal alloys is additively decomposed here 

(Y th ˆinto two parts, the so-called thermal yield stress = Y ϑ) and  

thermal hardening (Rth = R̂ϑ). 

The equivalent plastic strain as a function of the indenter depth 

is then obtained by performing the finite element analysis for the in

dentation problem using the aforementioned models. In this regard, 

the proposed viscoplasticity constitutive model is implemented in 

the commercial finite element program ABAQUS/Explicit (2008) via 

a user’s material subroutine coded as VUMAT including the radial 

return algorithm. 
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16.4 Application of the Proposed Model to Different 
Metals 

In this section, the proposed models are investigated in order to 

capture the behavior of various BCC and FCC metals for different 

accumulated plastic strains, rates of strain, grain size, distance from 

the grain boundary, and various temperatures. For BCC metals the 

results of nanoindentation on single-crystal iron [73] at different 

temperatures, polycrystal tungsten [98] at various strain rates, and 

polycrystal niobium [60] and polycrystal iron [56] for different 

distances from the grain boundary are taken into account. For FCC 

metals, single and polycrystal copper and aluminum [58] at various 

strain rates, gold thin film [72] at different temperatures, and single

crystal platinum [77] and polycrystal nickel [52] with different grain 

sizes are considered. 

16.4.1	 Copper and Aluminum (Single and Polycrystal 
Comparison) 

The nano-indentation experiments on Copper and Aluminum 

conducted by Voyiadjis et al. [58] for different strain rates are used in 
this section in order to verify the capability of the proposed physics 

based model for size effects and length scales at various rates of 

strain. These experiments are performed at 0.05/s, 0.08/s, and 0.1/s 

strain rates and at room temperature. Voyiadjis et al. [58] indicated 
that the equipment is not able to capture the hardening/softening 

effect at higher rate of strains due to the lack of data points reported 

by the instruments. They also performed additional experiments 

on single-crystal material in order to check the validity of the 

concept assumed here for local hardening in nano indentation. First 

a summery regarding the sample preparation and nanoindentation 

experiment will be provided here followed by the examination of the 

proposed theory. 

16.4.1.1 Nanoindentation experiments and sample preparation 

To capture the ISE, one needs to verify the quality of the aluminum 

and copper specimens (Fig. 16.3). The surface oxidation layer is 
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Figure 16.3 Specimens of (a) copper and (b) aluminum polycrystals before 

preparation [58]. See also Color Insert. 

first checked. This is an unavoidable phenomenon caused by the 

chemical reaction between the surface of the metal and the oxygen 

in the air. To limit the influence of the oxidation layer, one needs to 

conduct the indentation tests as soon as possible after polishing the 

specimen. Furthermore, the first 10 nm of depth is not considered 

in the results. For the nanoindentation experiments, one chooses 

polycrystalline materials of very high purity to guarantee excellent 

homogeneity in the sample. 

It is easy to realize that the result for each indentation will 

differ significantly from that of samples with rough surfaces [58]. 

This is attributable to a completely different surface topography for 

each indentation. In this regard, machine-polished samples were 

chosen for the nanoindentation experiments in the present work. 

The samples were polished in several steps using grindstones with 

different grid grades. First, the samples were encapsulated in epoxy. 

This increases the surface being pressed onto the grindstone and 

minimizes wobbling of the sample to ensure a flat sample. A rough 

grindstone was used to expose the sample surface by removing 

the epoxy layer above it. Two glass plates were then sprinkled 

with a mixture of 800 and 1000 grid. The sample was ground on 

both plates until a relatively smooth, shiny surface was reached. 

Then the sample was fine polished by using a grind stone with 

a 1200-grid mixture sprinkled on it. Each material was machine 

polished at the top surface at the end. To check the difference in 

surface roughness, scanning electron microscope (SEM) images of 

the surface were made before and after polishing. It was observed 
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(a)	 (b) 

Figure 16.4 Surface (a) with manual polishing; (b) without polishing [57]. 

that the roughness decreased significantly, and just some small 

surface defects remained. 

As shown in Fig. 16.4(a), it is impossible to identify the grain 

boundaries on a polished sample for the indentation test. Figure 

16.4(b) shows that the surface of an unpolished sample is not flat. 

This figure shows the surface of a manually polished sample; the 

surface is very flat, and one can only observe small black marks 

that correspond to the pulled-out particles caused by polishing. 

In Fig. 16.4(a), the result of machine polishing can be observed; 

the surface is very smooth and is adequate to conduct reliable 

nanoindentation tests. 

Nanovisionwas also used to scan the area and to choose a smooth 

indentation position to ensure that roughness will not interfere 

with the experimental results. The nanoindentation experiments are 

performed on the copper and aluminum samples using anMTSNano 

Indenter XP system equipped with a pyramidal Berkovich tip. Every 

specimen was subjected to a 2 × 2 array of indentations with a 
spacing of 50,000 nm, so that the hardening effect from adjacent 

indentations is negligible. Load-controlled indentations were made 

to different depths with a targeted strain. 

16.4.1.2	 Comparison of experimental results with the 
developed model 

As it has been explained before, in order to calibrate the proposed 

TRISE model with the experimental data at various strain rates and 
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temperatures, the variation of the equivalent plastic strain with the 

indentation depth, p(h), and the value of the macro-hardness are 
required. For the former, the finite element analysis is conducted 

using the aforementioned physically based constitutive models for 

FCC metals (Eqs. (16.21) and (16.22)), while the physically based 

relation of macro-hardness (Eq. (16.20)) is taken into account for 

the later. 

Figure 16.5 shows a scanned profile of the sample surface after 

indentation as viewed through the microscope in the MTS Nano 

Indenter XP along with the finite element results. Clearly visible are 

the pileup regions at the sides of the indenter (the light areas). This 

is attributable to high indentation occurrence in small vicinity that 

allows the material to pile up at the periphery of the indenter. 

By obtaining the p(h) from the finite element analysis using 
the aforementioned micromechanical-based constitutive model for 

FCC metals and H0 from the physically based equation, one is 

able to compare the developed TRISE with the experimental data. 

Figure 16.6(a) compares the proposed model with the hardness 

experimental data in the case of copper. The macro readings are 

obtained discretely at millimeter scale, in contrast to the results of 

indentations obtained by the nano indenter, which mostly start at 

about 7–10 nm up to few micrometers. Increase in hardness due 

to increase in strain rate can be also seen in Fig. 16.6(a). Moreover, 

strong hardening/softening effect is noticed from the experimental 

results, which agree well with the observations of other researchers 

[54, 57]. It should be noted that the experimental data are smoothed 

in order to determine the material parameters. The experimental 

data for hardness versus depth at 0.1/s of strain rate are also shown 

in this figure. The local hardening in this case is not as clear as for the 

other curves. One may conclude that for this device there is a lower 

strain rate limit that can capture the hardening/softening effect. 

The results of comparison of the proposed model with the 

experimental results of the single-crystal copper aswell as the single 

and polycrystalline aluminum are also shown in Fig. 16.6(a). 

From the comparison of the model with the experiments in 

Fig. 16.6, it can be concluded that the proposed model is adequate 

in describing the TRISE for different low strain rates. Furthermore, 

it is able to capture the local hardening even when a strong 
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Y (micron) X (micron) 

TestWorks 3D Test 5 - Scan Profile  Level in X and Y 

(a) (b) 

(c) 

Figure 16.5 (a) Microscope; (b) nanovision images; (c) finite element 

model results of vertical displacement in copper sample with indentation 

over 2000 nm. See also Color Insert. 

hardening/softening effect is exhibited. It is also observed that the 

physics-based model for predicting the macro-hardness proposed 

in the previous section gives relatively accurate predictions of H0 at 

different strain rates. 

Also from the experimental results of single-crystal material, it 

can be inferred that the assumption of grain boundary mechanism 
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(a) (b) 

(c) (d) 

Figure 16.6 Comparison of the proposed TRISE model with the experi

mental results of (a) polycrystalline copper; (b) single-crystal copper; (c) 

polycrystalline aluminum; (d) single-crystal aluminum (experimental data 

taken from Voyiadjis et al. [58]). 

for hardening/softening effect, is justified as it does not occur in 

single crystals. 

Different mechanism may be active for the insignificant harden

ing effect observed in the single-crystal copper subjected to 0.08/s 

of strain rate. This type of behavior may be explained in terms of a 

(super) dislocation model driven by the change in shear stress from 

elastic loading to fully plastic indentation [99] or creation of jogs 

during the indentation process, which will be removed by applying 

more load at higher indentation depths. Moreover, the loads at 

which the excursions occur vary considerably throughout the grain 

interior. This is thought to be mainly due to variations in dislocation 

density and surface stresses introduced by mechanical polishing of 

the surface [59]. 
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The calibrated material parameters (δ1, δ2, and δ3) obtained  

through curve fitting in Fig. 16.6 are used along with Eqs. (16.9) and 

(16.10) (for the single and polycrystalline materials, respectively) in 

order to obtain the variation of material intrinsic length scale with 

plastic strain. 

It can be inferred from the proposed expression of the length 

scale that the value of the Nye factor r̄ is the key point in finding the 
length scale. Arsenlis and Parks (1998) investigated the geometrical 

properties of GNDs and SSDs on a crystallographic dislocation basis 

for an FCC crystal lattice based on the integrated properties of 

dislocation line within a reference volume. They reported that the 

Nye factor for FCC polycrystalline has a value of r̄ = 1.85 in bending 
(edge GND) and r̄ = 1.93 in torsion (screw GND). The value of 
r̄ = 1.9 (considering edge and screw dislocation) is assumed in this 

paper in order to determine the length scale. 

Using the assumed value for the Nye factor, the material length 

scale can be obtained using the physically based expression of 

the length scale (Eqs. (16.9) and (16.10)) for the single and 

polycrystalline copper and aluminum as shown in Fig. 16.7 with 

reference to the equivalent plastic strain (p). 
It can be seen from this figure that the length scale decreaseswith 

increasing the accumulated plastic strain, which can be interpreted 

as having £ = 0 at high values of plastic strain. Furthermore, one 
can infer from these figures that the length scale in single-crystal 

FCC materials is larger than that for polycrystalline metals. Also, 

with increasing the plastic strain, the length scale of polycrystalline 

copper and aluminum approaches zero much faster than for single 

crystals. 

16.4.2 Iron 

BCC iron was chosen as one of the materials for this study because 

iron-based alloys are some of the most widely used in structural 

applications. In order to verify the capability of the proposed 

physically based model for size effects and length scales at different 

distances from the grain boundary and various rates of strain, the 

nanoindentation results reported by Aifantis et al. [56] and Bahr 
et al. [73] are used respectively. 
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(a) (b) 

(c) (d) 

Figure 16.7 Variation of material length scale with equivalent elastic strain 

for (a) polycrystalline copper; (b) single-crystal copper; (c) polycrystalline 

aluminum; (d) single-crystal aluminum. 

Figure 16.8(a) compares the proposed TRISEmodel (Eq. (16.18)) 

with the hardness experimental data at different distances from 

the grain boundary. Increase in hardness as the grain boundary 

is approached can be seen in this figure, which agrees with the 

prior indentation studies [59, 67, 100]. It can be also inferred from 

this figure that for shorter distances from the grain boundary, the 

local hardening is successfully captured by the physically based 

model. For higher distances (d > 1 μm), the hardness decreases 
with the indentation depth. Since the same parameters are used for 

macro-hardness Ho (Eq. (16.20)), all three curves converge to the 

same value of hardness for higher indentation depths. Making use 

of Eq. (16.18) allows one to interpret properly the effect of grain 

boundary on the hardness. In addition the local hardening effect 

vanishes for large distances from the grain boundary (i.e., coarse 

grained size materials). 

© 2013 by Taylor & Francis Group, LLC

http:Figure16.8(a)comparestheproposedTRISEmodel(Eq.(16.18


March 6, 2013 15:2 PSP Book - 9in x 6in 16-Shaofan-Li-c16

593 Application of the Proposed Model to Different Metals 

(a) 

(b) 

Figure 16.8 (a) Comparison of the proposed TRISE model with the 

experimental results of iron at various distances from the grain boundary 

(experimental data taken from Aifantis et al. [56]); (b) variation of material 
length scale with equivalent plastic strain for polycrystalline iron using the 

physically based model 
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The material parameters obtained through curve fitting are then 

used along with Eq. (16.10) to obtain the material intrinsic length 

scale shown in Fig. 16.8(b) with reference to the equivalent plastic 

strain (p). It can be seen from this figure that the intrinsic material 

length scale decreases from an initial value at yield (this value can 

be obtained following the procedure proposed by Voyiadjis and 

Abu Al-Rub [43], regarding the constant length scale) to a final 

value of £ → 0 for very high values of accumulated plastic strains 
(corresponding to the classical, local plasticity limit). The values 

of constant length scale obtained from Voyiadjis and Abu Al-Rub 

approach and reported by Aifantis et al. [56] using the current 
experimental data are also shown in this figure. Moreover, it can 

be inferred that the difference in grain size affects the value of the 

length scale obtained from Eq. (16.10) for lower plastic strains. In 

the case of higher strains, the value of the length scale is the same 

for various grain sizes. 

Bahr et al. [73] performed nanoindentation experiments on Fe
3% Si single crystal for different temperatures at the strain rate of 

5 nm/s. The results of hardness as a function of indentation depth 

are shown in Fig. 16.9(a) as well as the curves obtained from the 

physically based model for single-crystal metals. It can be seen from 

the experimental results that the assumption of grain boundary 

mechanism for hardening/softening effect is justified, as it does not 

occur in single crystals. This figure also shows that both experiments 

and proposed physically based models for TRISE (Eq. (16.16)) and 

macro-hardness show the decrease in hardness with increase in 

temperature. 

The calibrated material constants δ1, δ2, and  δ3 are used to 

obtain the variable material length scale for the single-crystal iron. 

The variation of the intrinsic material length scale with equivalent 

plastic strain (p) is shown in Fig. 16.9(b). It is observed that higher 
temperature results in higher length scales. 

16.4.3 Nickel 

In this section, the results of nanoindentation on nickel with 

different grain sizes performed by Yang and Vehoff [52] are used 

to measure the material constants of the proposed TRISE model. 
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Figure 16.9 (a) Comparison of the proposed TRISE model with the 

experimental results of Fe-3% Si at various temperatures (experimental 

data taken from Bahr et al. [73]); (b) variation of material length scale with 
equivalent plastic strain for single-crystal iron using the physically based 

model. 

The nanoindentation was conducted in the center of the individual 

grains on an NC nickel plate of high purity (>99.97%) and very low 

porosity with grains of approximate diameter 80 μm, 1350 nm and 

850 nm. 

In order to compare the proposed TRISE model with the 

hardness curves of nickel, first the h1 versus d relation needs to 
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be obtained. Based on the value of h1 from the experiments on 
nickel with 1350 and 850 nm grain sizes (h1 = 23 and 9.51 nm 
respectively), the corresponding δ5 = 12.146 and δ6 = 160.28 are 
evaluated from Eq. (16.19). In this regard the value of h1 for nickel 
with 80 μm of grain size is h1 = 18, 500 nm. 

Figure 16.10(a) shows the comparison of the physically based 

model with the nano hardness experiments provided by Yang and 

Vehoff [52]. It can be seen from this figure that for smaller grain 

sizes, the local hardening is successfully captured by the physically 

based model. In the coarse grain size (d = 80μm), the hardness 
decreases with the indentation depth. It is also inferred from this 

figure that the proposed model provides a good description of the 

TRISE for different grain sizes. Furthermore, with inclusion of the 

grain boundary effect, it is able to capture the hardening/softening 

effect for smaller grain sizes. 

Using the assumed value for theNye factor (r̄ = 1.9), thematerial 
length scale can be obtained using the physically based expression of 

the length scale (Eq. (16.10)) for the polycrystalline nickel as shown 

in Fig. 16.10(b) with reference to the equivalent plastic strain (p). It 
can be seen from this figure that the intrinsic material length scale 

decreases from an initial value at yield to a final value of £ → 0 for  
very high values of accumulated plastic strains corresponding to the 

classical, local plasticity limit. Moreover, it can be inferred that the 

difference in grain size affects the value of the length scale obtained 

from Eq. (16.10) for lower plastic strains while for the higher 

strains, the value of the length scale is the same for various grain 

sizes. 

16.4.4 Niobium (Nb) 

Niobium is a BCC metal with a melting point of 2741 K that is used 

as an alloying agent in carbon and alloy steels and in non-ferrous 

metals, as it improves the strength of the alloy. Wang and Ngan 

[60] conducted a sequence of nanoindentation tests on cylindrical 

specimens with a 6.35 mm diameter and 5 mm length of niobium 

with 99.99% purity made by an electron beam melting method. 

These specimens were then annealed for 20 days at a temperature 

of 1200◦C in a vacuum of approximately 10−5 Torr, followed by 
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(a) 

(b) 

Figure 16.10 (a) Comparison of the proposed TRISE model with the 

experimental results for nickel at various grain sizes (experimental data 

taken from Yang and Vehoff [52]); (b) variation of material length scale with 

equivalent plastic strain for polycrystalline nickel using the physically based 

model. 

furnace cooling to room temperature. The resultant grain size was 

500 ± 200 μm. To reveal the grain boundary, the samples were 
etched in an etchant containing 60 ml HF (48% concentration), 

40 ml H2O2 (30% concentration), and 0.55 g NaF, for about 10– 

20 s. A Berkovich indenter was used for making indents along 
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selected grain boundaries on the Nb sample. Since grains with 

sectional dimensions of larger than 300 μm were always selected 

for indentation, and the Berkovich indenter is in fact a very blunt 

indenter with an apex angle of 140.6◦ , the grain boundaries were 
highly unlikely to develop sharp curvatures within a depth of only 

about 1 μm below the surface and to be intersected by the indenter 

below the surface 

Nano-hardness experiments results at the distance of 3.82 μm 

and 6.81 μm from grain boundary are used here to examine the 

validity of the proposed formulation for niobium. An extensive 

approach to obtain the different material constants needed for the 

proposed micro-structural based constitutive model is presented 

here. True stress–strain curves of niobium at temperatures ranging 

from 77 to 800 K and for various strain rates (0.001–8000/s) 

obtained by Nemat-Nasser and Guo [101] are used in this case. 

Material parameters are obtained through a three step procedure. 

The first step is to acquire the initial threshold stress Ya. This is  
done by plotting the change in yield stress with the change in tem

perature. The yield stress decreases with increasing temperature up 

to a point where it becomes almost constant, which is the initial 

threshold stress, Ya. The next step is to use a stress–strain curve at a 
temperature higher than 650 K (where there is no thermal stress) in 

order to determine the plastic strain related parameters. According 

to Kocks [102], the typical values of the exponent q1 are 3/2 and 
2, which is equivalent to the triangle obstacle profile near the top 

of the obstacle profile for the flow stress. On the other hand, the 

typical values of the exponent q2 are less than 1 and it is chosen here 
to be 1/2, which characterizes the tail of the obstacle. Once these 

exponents are determined for a particularmechanism, they are used 

as material constants. 

The p(h) results obtained from the conducted finite element 
analysis by means of the aforementioned parameters for the 

constitutive model is used in the TRISE model for polycrystallines to 

compare with the nanoindentation experiments provided by Wang 

and Ngan [60]. As previously mentioned, the parameter d in the 
equation is assumed to be equal to the distance between indenter 

and the grain boundary. Figure 16.11 shows the comparisons of 

hardness with reference to indentation depth at the distance of 
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(a) 

(b) 

Figure 16.11 (a) Comparison of the proposed TRISE model with the 

experimental results for niobium at various distances from the grain 

boundary (experimental data taken from Wang and Ngan [60]); (b) 

variation of material length scale with equivalent plastic strain for 

polycrystalline niobium using the physically based model. 

3.82 μm and 6.81 μm from the grain boundary. Comparison of 

the experimental data and simulations in Fig. 16.11(a) show that 

the proposed models of TRISE for polycrystalline materials agree 

well with the response of the metals at various distances from the 

grain boundary. The backscattered SEM images from the performed 

indentation near the grain boundary are also presented in this 

figure. In this figure, the regions with brighter contrast encircled 

by dotted lines near the grain boundary show the extent of lattice 
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rotation around the indents [60]. The material intrinsic length 

scales obtained using the calibrated parameters are presented in 

Fig. 16.11(b). 

16.4.5 Tungsten 

Tungsten is a steel-gray BCC metal that is used by forging, drawing, 

extruding, or sintering. Of all the metals in pure form, tungsten 

has the highest melting point (3422◦C), the lowest vapor pressure, 
and (at temperatures above 1650◦C) the highest tensile strength. 
The low thermal expansion and high melting point and strength 

of tungsten are due to strong covalent bonds formed between 

tungsten atoms by the 5d electrons [103]. Alloying small quantities 

of tungsten with steel greatly increases its toughness. 

Tungsten is mainly used in the production of hard materials 

based on tungsten carbide, one of the hardest carbides, with a 

melting point of 2770◦C. Since WC is more efficient electrical 
conductor thanW2C, it is used tomakewear-resistant abrasives and 

cutters and knives for drills, circular saws, milling and turning tools 

used by the metalworking, woodworking, mining, petroleum and 

construction industries [103]. Tungsten’s high melting point makes 

tungsten a good material for applications such as rocket nozzles, 

for example in the UGM-27 Polaris Submarine-launched ballistic 

missile [104]. Superalloys containing tungsten, such as Hastelloy 

and Stellite, are used in turbine blades and wear-resistant parts and 

coatings. 

Vadalakonda et al. [98] provided load–displacement curves of 
nanoindentation tests on polycrystalline tungsten in various strain 

rates. The samples were foils with 1.5 mm thickness, <99.9% 

purity, and grain sizes of 6 μm. These samples were mechanically 

polished and the nanoindentation experiments were carried out 

in an MTS Nanoindenter XP instrument. The reason for polishing 

is to reduce the friction effect of the surface and indenter in the 

obtained results. On the other hand, the density of dislocations will 

be affected by polishing and if the density is higher, the amount 

of dislocations in the pileup required to generate the critical shear 

stress will be reached earlier during the loading cycle [56]. Tests 

were conducted with different strain rates, ranging 0.003–0.1/s 
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in the displacement control mode using the XP Basic Hardness, 

Modulusmethod (standardmethod prescribed for theNanoindenter 

XP instrument). 

The experimental results using the Berkovich indenter are used 

in this section to verify the capability of the proposed physically 

based model for size effects and length scales at various rates of 

strain. These experiments are performed at 0.003/s, 0.01/s, and 

0.1/s of strain rate and at room temperature. Standard method 

proposed by Oliver and Pharr [105] is used in order to deter

mine the hardness–indentation depth curves from the provided 

load–depth. 

In order to obtain the equivalent plastic strain as a function 

of indentation depth, p(h), the constitutive model parameters of 
Tungsten reported by Wei et al. [106] and Dummer et al. [107] are 
taken into account. By obtaining the p(h) from the finite element 
analysis and H0 from the physically based equation, one is able to 

compare the developed TRISE model with the experimental data. 

Figure 16.12(a) compares the proposed model with the hardness 

experimental data in the case of Tungsten. The macro readings are 

obtained discretely at millimeter scale, in contrast to the results 

of indentations obtained by the nanoindenter, which mostly start 

at about 7–10 nm up to a few micrometers. Increase in hardness 

due to increase in strain rate can be also seen in Fig. 16.12(a). 

Moreover, strong hardening/softening effects are noticed from the 

experimental results. The experimental data for hardness versus 

depth at 0.1/s of strain rate are also shown in this figure. 

From the comparison of the model with the experiments in 

Fig. 16.12(a), it can be concluded that the proposed model is 

adequate in describing the TRISE for different low strain rates. 

Furthermore, it is able to capture the local hardening even when a 

strong hardening/softening effect is exhibited. It is also observed in 

this figure that the physically based model for predicting the macro

hardness proposed in the previous section gives relatively accurate 

predictions of H0 at different strain rates. 

The physically based model parameters are used in obtaining 

H0. The material parameters obtained through curve fitting in 

Fig. 16.12(a) are used along with Eq. (16.10) in order to obtain the 

material intrinsic length scale, which is shown in Fig. 16.12(b). As 
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(a) 

(b) 

Figure 16.12 (a) Comparison of the proposed TRISE model with the 

experimental results for tungsten at various strain rates (experimental data 

taken from Vadalakonda [98]); (b) variation of material length scale with 

equivalent plastic strain for polycrystalline tungsten using the physically 

based model. 

indicated in Fig. 16.12(b), the length scale increaseswith an increase 

in the strain rate. 

16.4.6 Gold Thin Film 

Volinsky et al. [72] performed high-temperature nano-hardness 
experiments using a local heating approach on 2.7 μm gold film  
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sputter-deposited onto polished <100> silicon substrate. A series 
of increasing temperature indentations were conducted followed 

by room temperature experiments. Since both load–depth curves 

performed at room temperature before and after heating were 

identical, one can ensure that there were no annealing effects. 

The temperature effect is more pronounced for the nanocrys

talline and also it shows more strength compared to the bulk 

material. In order to determine the constitutive model (for FCC 

metals) parameters used in the finite element simulation of the 

indentation test, the yield stress–temperature curves obtained by 

Volinsky et al. [72] for the thin film aswell as the stress–strain curves 

of the gold micro wire at different strain rates [108] are used. This 

allows one to obtain the values of p(h) that are closer to the real 
behavior of the thin film gold. 

The results of hardness as a function of indentation depth, as 

well as the curves obtained from the physically based model, are 

shown in Fig. 16.13. Volinsky et al. [72] indicated that the effect of 
substrate became apparent at about 200 nm of indentation depth, 

and therefore the experimental data points after this depth are not 

considered in the curve fitting process in Fig. 16.13(a). Also, the 

value of 200 nm is also used as the grain size in the proposed 

expressions of TRISE and length scale. 

It can be inferred from this figure that both experiments and 

proposed physically based models for TRISE and macro-hardness 

show a decrease in hardness with increase in temperature. The 

physically based model parameters are used in obtaining H0. The  

calibrated material constants δ1, δ2, and δ3 are used to obtain the 

variable material length scale for the thin film gold. The variation of 

the intrinsic material length scale with equivalent plastic strain (p) 
is shown in Fig. 16.13(b). It is observed that higher temperatures 

result in higher length scales. 

16.4.7 Single-Crystal Platinum 

In order to investigate the capability of the proposed approach in 

determining the length scale for single-crystal materials at different 

temperatures using Eqs. (16.9) and (16.16), the nano-indentation 

experiments conducted by Lund et al. [77] are taken into account. 
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(a) 

(b) 

Figure 16.13 (a) Comparison of the proposed TRISE model with the exper

imental results of for gold thin film at various temperatures (experimental 

data taken from Volinsky et al. [72]); (b) variation of material length scale 
with equivalent plastic strain for polycrystalline gold using the physically 

based model. 

The experiments were conducted on a (100)-oriented single-

crystal platinum of 99.999% purity and the tests were performed 

at 20◦C, 100◦C and 200◦C. Prior to the indentation experiments, the 
Berkovich geometry diamond indenter tip was brought into contact 

with the platinum specimen surface at a very light load (∼2μ)N and 

thewhole systemwas allowed to thermally equilibrate formore than 
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(a) 

(b) 

Figure 16.14 (a) Comparison of the proposed TRISE model with the 

experimental results for single-crystal platinum at various temperatures 

(experimental data taken from Lund et al. [77]); (b) variation of material 
length scale with equivalent plastic strain for single-crystal platinum using 

the physically based model. 

an hour. Lund et al. [77] presented the load–depth (P –h) curves 
for three different temperatures obtained from indentations under 

a 103 μN/s loading rate. In order to find the variation of hardness 

with indentation depth, the standard method proposed by Oliver 

and Pharr [105] is used. This consists of dividing the load (P ) by the  
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area of the indenter (Ac). In this work, the area function of an ideal 
Berkovich indent and without tip bluntness (Ac = 24.56h2) is used 
in order to find the hardness–depth from the p–h curves presented 
by Lund et al. [77] 

The experimental strain–stress curves of Weiland et al. [109] at 
temperatures in the range of 1873 K to 2273 K, and Jonnalagadda 

and Chasiotis [110] at strain rates in the range of 0.006/s to 

10/s, are considered here in order to determine the different 

material constants needed for the proposed micro-structural based 

constitutive model of platinum using Eqs. (16.21)–(16.23). After 

determining the constitutive model parameters, the numerical 

simulation of the indentation problem for platinum is performed 

in order to find the variation of the equivalent plastic strain with 

indentation depth for the TRISE model. 

The comparison between the proposed model, Eq. (16.16) and 

the experimental hardness for single-crystal platinum is shown in 

Fig. 16.14. It is shown in this figure that no hardening/softening 

effects are encountered in the experiment. As it is mentioned in the 

introduction, this mainly occurs because in single-crystal materials, 

there is no dominant barrier (grain boundary) to the motion of the 

dislocations and the spreading of the plastic zone. Moreover, Fig. 

16.14 shows that the proposed model of TRISE for single-crystal 

material and the macro-hardness H0 (Eqs. (16.16) and (16.20), 

respectively) are able to capture the hardness behavior of the 

material at elevated temperatures. 

16.5 Conclusion 

Through the use of gradient plasticity, the behavior of the mi

crostructure is incorporated into the classical continuum theory 

in order to address problems involving strain localizations and 

instabilities. As the associated local deformation gradients become 

sufficiently large in comparison with the characteristic dimension of 

the system, one needs to introduce these refined continuum theories 

with their associated length scales. It follows that experiments 

are needed to quantify such length scales. Such experiments may 

be difficult to design and interpret. The work presented here 
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provides an extensive effort in calibration of the strain gradient 

plasticity theory and size effects. Physically based models to 

predict simultaneously the Temperature and Rate Indentation Size 

effect (TRISE) and length scale from nanoindentation experiments 

are proposed here for both single and polycrystalline materials. 

This model is based on the evolution of geometrically necessary 

dislocations (GNDs) beneath the indenter, which is nonlinearly 

coupled to the evolution of statistically stored dislocations (SSDs) 

through the Taylor hardening law. The hardening/softening effect 

observed in polycrystalline materials is included in the model by 

involving the effect of grain boundaries as barriers to the spreading 

of the plastic zone. In general, there are three factors contributing 

to the resistance to slip transfer leading to local hardening: (i) 

Geometric condition: the angle between the lines of interaction of 

the incoming and outgoing slip planes with the grain boundary; (ii) 

resolved shear stress condition; and (iii) residual grain boundary 

dislocation condition. The Burgers vector of the residual dislocation 

is determined from the difference between the Burgers vectors of 

incoming and outgoing dislocations [111]. The higher magnitude of 

the Burgers vector of this residual dislocation leads to a stronger 

hardening/softening effect. This and the resolved shear stress 

condition determine the active slip direction. The aforementioned 

factors, which are supported by both experimental and theoretical 

studies [112–114], are considered in the proposed TRISE model 

through contributing the material constants. 

Moreover, based on the aforementioned theory, a relation 

between grain size (or distance from grain boundary in course 

grainedmetals) (d) and the indentation depth regarding to initiation 
of the local hardening (h1) is obtained.  

The nanoindentation experiments on the various FCC and BCC 

metals are used to evaluate the capability of the proposed model for 

different low strain rates. The equivalent plastic strain is determined 

using the finite element simulation for the nanoindentation problem 

along with a microstructural physically based viscoplastic (rate 

and temperature dependent) constitutive model implemented into 

ABAQUS/Explicit [115] as a user subroutine in VUMAT. It is 

worth noting that making use of a gradient dependent material 

model results in more accurate results. However, as it is explained 
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before, the strain gradient is included in the formulation through 

the GNDs evolution under the indenter and in order to account 

for rate and temperature effects the proposed temperature and 

rate dependent constitutive model is considered. Furthermore, the 

micromechanical based model based on the behavior of dislocation 

densities developed by Almasri and Voyiadjis [94] is used to acquire 

the macro-hardness for different strain rates. 

The proposed framework is then investigated using experimental 

results in order to capture the behavior of the materials for 

different accumulated plastic strains, rates of strain, distance from 

the grain boundary, and various temperatures. Comparison of the 

experimental results and the proposed models show that one 

can capture the TRISE at different strain rates, temperatures, and 

various grain sizes. In addition, it can be concluded that the effect of 

the grain boundaries play the major role in the hardening/softening 

effect since no major local hardening effect is captured in the single

crystal materials, as previously discussed by Voyiadjis et al. [58]. 
Also, combining the relation between the grain size and h1 with 
the TRISE model for polycrystalline metals leads to the vanishing 

of the hardening/softening effect for coarse grain sizes (i.e., larger 

distances between indenter and the grain boundary) in this model. 

Material length scales for the tested materials at different strain 

rates, distance from grain boundary and elevated temperatures 

are determined. The physically based model is calibrated using 

the nanoindentation test. This model is defined in terms of the 

Nye factor (characterizes the microstructure dimension), Schmidt’s 

orientation factor (characterizes the lattice rotation), the Burgers 

vector (characterizes the displacement carried out by each dislo

cation), and the empirical constant α (characterizes the deviation 
from regular spatial arrangement of the SSDs or GNDs population). 

The proposed physically based model introduces strain rate and 

temperature dependency in a coupled form through the expression 

of the average distance between SSDs. The obtained length scales 

from this model vary with the accumulated plastic strain, strain rate, 

temperature and grain size (or distance from grain boundary). 

The proposed physically based model gives good predictions for 

the length scales in both single- and polycrystalline materials. These 

models are used within a wide range of accumulated plastic strains. 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:2 PSP Book - 9in x 6in 16-Shaofan-Li-c16

609 References 

The proposed length scale is shown to decrease significantly with 

the accumulated plastic strain. At high strains the length scale tends 

to zero, corresponding to the local plasticity theory. It is noted also 

that the length scale increases with the increase in temperature 

and grain size (distance from grain boundary) and decreases with 

the increase in strain rate. In general, it can be concluded that 

the harder materials have smaller values of length scales, since 

materials with smaller length scales require greater loads in order 

to create the same contact area, which states that the additional 

amount of hardening during deformation increases as £ increases. 
Therefore, the indentation size effect is expected to be affected by 

both prior dislocations and additional work hardening that takes 

place during indentation. Also, it has been shown that in small 

amounts of equivalent plastic strain, higher distances from grain 

boundaries lead to higher values of the length scale. However, when 

the plastic strain increases, the length scale for various distances 

merges to the same value. This indicates that the effect of the grain 

boundary is only prominent in the first stage of loading, where the 

boundary can obstruct the movement of GNDs. After overcoming 

this barrier, the length scalewill be the same at higher plastic strains. 
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Many complex materials require multiscale and/or multiphysics 

research to connect structure to properties and ultimately to 

function. The unique amalgamation of the discrete multiple length 

spectrum and its multiple physics principles creates a unprece

dented area whose evolution can only be unveiled through the 

marriage of advancement of theoretical studies, exploitation of com

putational methods, and non-traditional experimental validation. 

This chapter presents a coarse-grained molecular dynamics (CG

MD) simulation method coupling with thermal, mechanical and 

electrical mechanism, aiming at a seamless transition from the 

atomistic to the continuum description of multi-element crystalline 

solids (which has more than one kind of atom in the unit cell). By 
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accounting for the upgraded Nos´ thermostat and Lorentz e–Hoover

force, we put forth a novel way to appreciate the full benefit of 

coupling the thermal, mechanical and electromagnetic fields at 

nano/micro scale. Contrary to many multiscale approaches, the 

CG-MD simulation method proposed here is naturally suitable for 

the multiphysics analysis of multi-element crystals. Taking both 

efficiency and accuracy into consideration, we adopt a cluster-based 

summation rule for atomic force calculations in the FE formulations. 

When coarse mesh is used, the majority of the degrees of freedom 

can be eliminated, hence, the computational cost can be reduced, 

accompanying the decrease of the accuracy of the simulation results. 

When the finestmesh is used, any lattice site is a finite element node, 

and the model becomes identical to a full-blown MD model, which 

is the standard model manifesting the discrepancies or accuracies 

of others by comparisons. It is possible to envision that the use of 

this newmethod in support of diverse applications, ranging from the 

exploitations of critical physical phenomena such as crack extension 

and dislocation initiation, at nanoscale to the energy harvesting at 

micro scale. 

17.1 Introduction 

For several decades, continuum theory has been a dominating 

theoretical framework for the analysis of materials and structures. 

This approach to predict material deformation and failure, by 

implicitly averaging atomic scale dynamics and defect evolution 

spatially and temporally is valid only for large system. It is realized 

that as technologies extend to the nanometer range, continuum 

mechanics at this new arena is questionable. Whereas atomic-

scale modeling and simulation methods, e.g., molecular dynamics 

(MD), have provided a wealth of information for nanosystems by 

elucidating the atomistic mechanisms that govern deformation and 

rupture of chemical bonds, thesemethods can only handle problems 

limited in length/time scales. Yet, ultimately we aim at the design 

and manufacture of synthetic and hierarchical material systems or 

structures in which the organization is designed and controlled 

on length scales ranging from nano to micro, even all the way to 
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macro. Therefore multiscale modeling, from atom to continuum, is 

inevitably needed. 

Many complex materials require multiscale and/or multiphysics 

research, to connect structure to properties and ultimately to func

tion [1]. The unique amalgamation of the discrete multiple length 

spectrum and its multiphysics principles creates a unprecedented 

area whose evolution can only be unveiled through the marriage of 

advancement of theoretical studies, exploitation of computational 

methods, and non-traditional experimental validation. Simulation-

based engineering science has emerged as a powerful tool rev

olutionizing engineering and science in the 21st century [2]. It 

plays a major role in multiscale material modeling and design. 

Research opportunities, education and challenges in mechanics 

and materials, including experimental, numerical and analytical 

methods in multiscale/multiphysics modeling are discussed as 

follows. 

Experimental techniques have gained unparalleled accuracy in 

both length- and time-scales, as reflected in the development and 

utilization of atomic force microscopy [3], magnetic and optical 

tweezers [4], nuclear magnetic resonance, X-ray crystallography 

[5] or nanoindentation [6] to investigate and analyze a variety 

of materials. Additionally, the development of devices based on 

Microelectromechanical systems provides exciting opportunities to 

bridge the gap of material characterization between the nanoscale 

and macroscale [7, 8]. 

Modeling and simulation have evolved into predictive tools that 

complement experimental investigations at comparable length- and 

time-scales. The past several years have witnessed the explosive 

growth of interest in theory and modeling of microscale, nanoscale 

and multiscale material behaviors. One of the most popular 

concurrent multiscale modeling approaches is to incorporate a 

hand shaking region between the FE and the MD regions. To 

begin with, the coupling of length scale method (CLSM) was 

a pioneering work developed by Abraham et al. [9] and Rudd 
and Broughton [10], which incorporated the coupling of quantum 

mechanics approximation,MD, and FEmethods. Belytschko and Xiao 

[11] and Xiao and Belytschko [12] developed the bridging-domain 

method (BDM), in which the continuum and molecular domains 
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were overlapped in a bridging subdomain, and the Hamiltonian 

was taken to be the linear combination of the continuum and 

molecular parts. The compatibility in BDM was enforced by method 

of Lagrangemultipliers.Wagner and Liu [13] developed the bridging 

scale method (BSM), in which the molecular displacements were 

decomposed into fine and coarse scales. At the interface, they used 

a form of the Langevin equation to eliminate spurious reflections. 

Excellent result for the one-dimensional problem was obtained. The 

atomistic-to-continuum (AtC) method by Fish et al. [14] and by 
Parks et al. [15] was a force-based method in which the coupling 
between atomistic and continuum regions was achieved by blending 

at the level of forces. In these fashions, the computational power is 

harnessed, resulting in an optimum compromise between numerical 

accuracy and computational overhead. The multiscale simulation 

technique based on the meshless local Petrov–Galerkin method 

was developed by Shen and Atluri [16], in which several alternate 

time-dependent interfacial conditions, between the atomistic and 

continuum regions, are systematically studied, for the seamless 

multiscale simulation, by decomposing the displacement of atoms 

in the equivalent continuum region into long and short wavelength 

components. Ma et al. [17] also developed a multiscale simulation 
method using generalized interpolation material point method 

(GIMP) and molecular dynamics. In their theory, a material point in 

the continuum is split into smaller material points using multilevel 

refinement until it has nearly reached the atom size to couple 

with atoms in the MD region. Consequently, coupling between 

GIMP and MD is achieved by using compatible deformation, force, 

and energy fields in the transition region between GIMP and 

MD. Raghavan and Ghosh [18] established an adaptive multiscale 

computational modeling of composite materials that combines 

a conventional displacement based finite element model with a 

microstructural Voronoi cell finite element model for multiscale 

analysis of composite structures with non-uniform microstructural 

heterogeneities as obtained from optical or scanning electron 

micrographs. Compared with direct atomistic simulation, the basic 

concept of which is to calculate the dynamical trajectory of each 

atom in the material, by considering their atomic interaction 

potentials, by solving each atom’s equation of motion, leading to 
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positions, velocities and accelerations, these techniques provide 

the exciting potential to produce significant time and length scale 

gains by treating smoothly varying regions of the configurational 

space collectively. Generally speaking, however, in all those above

mentioned coupled methods, the idea is to use a fully atomistic 

description in the critical regions and a continuum description 

in other regions, thereby resulting in a phonon scattering and 

wave reflection at the interface. Also, the detailed treatment of the 

material in the “transition region” or the boundary between the 

atomistic and continuum regions remains challenging as a critical 

aspect of those approaches. 

Another popular bottom-up approach is the quasicontinuum 

(QC) method, developed by Tadmor et al. [19] and extended by 
Knap and Ortiz [20]. The core of this method is energy minimization 

and aims to reproduce the results of standard lattice statics at a 

fraction of the computational cost. Recently, this method has been 

extended to treat systems with finite temperature by replacing 

the conventional position-dependent interatomic potentials with 

position-temperature dependent ones, and treating time-dependent 

phenomena as a sequence of incremental problems [21]. In QC 

method, triangular elements or tetrahedral elements are adopted 

in 2D or 3D simulations, respectively, thereby leading to a locally

uniform deformation gradient. Linear interpolation functions in 

triangular or tetrahedral elements require only one Gauss-point 

for numerical quadrature. As a consequence, the application of 

the Cauchy–Born rule (CBR) implies that in the energy calculation 

the summation over the number of lattice sites boils down to the 

number of finite elements. Therefore, there will be a limitation for 

the QC method due to the validity of the kinematic assumption of 

CBR; in other words, the QCmethod is unable to determine the state 

when the non-affine deformation is possible due to instabilities or 

inhomogeneities of the underlying atomic system (Stienmann et al., 
2006) [22]. One has to mention that Tadmor et al. [23] extended the 
QC method to simulate materials with multiple atoms in a unit cell. 

However, from the view point of practice and efficiency, the Cauchy– 

Born rule certainly is not appropriate for materials with multiple 

atoms in a unit cell, or, to say the least, the Cauchy–Born rule needs 

to be generalized before it can be applicable. 
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It is worthwhile to mention that the atomistic field theory (AFT), 

constructed by Chen and co-workers [24–26] and its corresponding 

numerical algorithm by Lee et al. [27, 28], are another successful 
example in concurrent multiscalematerial modeling and simulation. 

AFT views a crystalline material as a continuous collection of lattice 

cells and a group of discrete and distinct atoms situated within each 

lattice cell. It presents a formalism that analytically links atomic 

variables to continuously distributed local properties and that leads 

to a concurrent two-level representation of balance laws for atom

istic systems with general lattice structure. By decomposing atomic 

motion/deformation into homogeneous latticemotion/deformation 

and inhomogeneous internal atomic motion/deformation, and also 

decomposing momentum flux and heat flux into homogeneous 

and inhomogeneous parts, field description of conservation laws 

at atomic scale has been formulated. Subsequently, a field repre

sentation of atomistic system is obtained, leading naturally to an 

atomistic/continuum theory. It has been demonstrated that AFT has 

the advantages both of an atomic model and of microcontinuum 

model, offering the potential capability to deal with several grand 

challenging problems in nano/micro physics [27–37]. It should be 

emphasized that, in contrast to atomistic simulation or most other 

multiscale simulation model, temperature in AFT is an independent 

variable governed by the law of conservation of energy, not just a 

function of the velocity field as in MD simulations. In other words, 

one needs to tackle the formidable energy equation to capture 

the temperature field in AFT. The challenge of AFT, reproducing 

the temperature field through the energy equation, is line with its 

advantage, capability to treat thermomechanical coupling problems 

as a field theory although it is atom-based. 

In this chapter, we propose a coarse-grained molecular dy

namics simulation method coupling with thermal, mechanical and 

electromagnetic mechanism, aiming at a seamless transition from 

the atomistic to the continuum description of crystalline solids 

and a general formulation for multi-element crystals from the 

multiscale and multiphysics perspective. Each unit cell of a multi

element crystal has multiple discrete and distinct atoms. To enhance 

the computational efficiency, we present a cluster-based force 

calculation rule in the coarse-grained formulation. The organization 
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of the remainder of the paper is as follows: In Section 17.2, we briefly 

present basic concepts of lattice dynamics and derive the governing 

equations of atomic system based on the generalized Lagrange 

equation; by means of virtual work and kinematic constraints, 

we formulate the coarse-grained molecular dynamics simulation 

method. Section 17.3 introduces a way to couple the thermal, 

mechanical and electromagnetic fields in a single framework by 

encompassing the upgraded Nose–Hoover thermostat and´ Lorentz 

force. Finally, we conclude this chapter with a brief summary and 

discussion in Section 17.4. 

17.2 Multiscale Modeling 

17.2.1 Lattice Dynamics 

Note that a crystalline material is distinguished from other states 

of matter by a periodic arrangement of the atoms, which can be 

represented as a collection of unit cells and a group of discrete and 

distinct atoms situated within each unit cell as depicted in Fig. 17.1. 

Consider a system consisting of Nl unit cells; each unit cell consisting 

of Na atoms with massmα , [α = 1,2,3, . . . , Na], positions Xkα in the 

reference configuration, xkα(t) in the current configuration at time 
t. Herein, the superscript kα refers to the α-th atom in the k-th unit 
cell. The displacements and velocities are ukα(t) = xkα(t)− Xkα and 

u̇kα ≡ dukα/dt. 
The initial configuration of each unit cell in a single crys

talline material can be identified by its lattice coordinates k = 
(k1, k2, · · ·  , kd) ∈ Z d , where d denotes the dimensions of space. So 

Lattice Basis 

= + 
Figure 17.1 Atomistic view of crystal structure. See also Color Insert. 

© 2013 by Taylor & Francis Group, LLC

http:denotesthedimensionsofspace.So


March 6, 2013 15:5 PSP Book - 9in x 6in 17-Shaofan-Li-c17

 

 

  

    

626 A Multiscale Modeling of Multiple Physics 

k th unit cell 
kX

kaΔX 
kaX 

ath atom 

Figure 17.2 Position descriptions in the reference configuration. 

the spatial initial position Xk of the k-th unit cell is obtained as 

d 

Xk = kaBa (17.1) 

a=1 
where Ba are the basis vectors spanning a simple d-dimensional 
Bravais lattice. 

The positions, shown in Fig. 17.2, in the reference configuration, 

displacements and velocities between atoms and the center of the 

unit cell are 

Xkα = Xk + �Xkα (17.2) 

kα k kαu (t) = u (t)+ �u (t) (17.3) 

kα k kαu̇ (t) = u̇ (t)+ �u̇ (t) (17.4) 

kαwhere �Xkα , �ukα , and  �u̇ are the internal positions, internal 

displacements and internal velocities of the α-th atom in the 

k-th unit cell, respectively. The unit cell deformation uk(t) is  

homogenous, while the internal displacement �ukα (t) contributes 
to inhomogeneous deformation. 

It is assumed that the total potential energy V of the system can 

be additively computed as the sumof potential energies of each atom 

V kαV = (17.5) 

k α 

where the potential energy associated with the α-th atom in the 

k-th unit cell, V kα , is the sum of the energies due to any atomic 

interaction, such as pair-wise interaction of the atoms, three-body 

potentials or other many-body potentials, including the Tersoff and 
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the Stillinger–Weber potentials. V kα can be expressed in a general  

form     
V kα 1 1kα lβ kα lβ mγ= V2(x , x )+ V3(x , x , x )+ · · ·  

2! 3!
l β l,m β,γ 

(17.6) 

with the understanding (k, α)  = (l, β)  = (m, γ )  = . . . .  
The particular form of the interatomic potential energy depends 

on the model of atomic interactions. In this work, we employ pair 

potential and the potential energy of atom kα is expressed as     
V kα 1 kα lβ 1 

V kα−lβ kα lβ= V2(x , x ) ≡ (x , x ) (17.7) 
2 2

l β l β 

Let the kinetic energy and the dissipative energy of this system 

be   1 α kα)2K = m (ẋ (17.8)
2

k α 

  
1 kα)2mα(ẋ
2

D = k α 
(17.9)

τ 
where D is ordinarily known as Rayleigh’s dissipation function and 
represents the rate at which mechanical energy is converted to heat 

during a viscous process; τ is a characteristic damping time [38]. 
We start from the generalized Lagrange equation for holonomic 

non-conservative systems, in which non-potential forces exist:   
d ∂L ∂L ∂ D − + = φ(x, ẋ, t) (17.10)
dt ∂ ẋ ∂x ∂ ẋ

where L(x, ẋ, t) = K –V is the Lagrangian and φ(x, ẋ, t) is the  
generalized non-potential forces. 

Substituting Eqs. (17.7–17.9) into Eq. (17.10) and assuming 

that the forces on any atom are additive, after complicate but 

straightforward derivations, we have the governing equation of any 

atom kα in the system with damping 

kα kα kαmαü + cαu̇ = fkα + φ (17.11)   kα kα kα kα cα fkα−lβwhere u̇ = ẋ ; ü = ẍ ; ≡ mα/τ ; fkα = β ;l

kα
φ is the external force acting on the kα atom; fkα−lβ is the atomic 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:5 PSP Book - 9in x 6in 17-Shaofan-Li-c17

� � 

628 A Multiscale Modeling of Multiple Physics 

force acting on the kαatom due to the lβ atom, which is the negative 
kαderivative of the potential energy V kα−lβ (x , xlβ ) with respect to the 

kαatom’s current position vector x
kα∂V kα−lβ (x , xlβ )

fkα−lβ = −  (17.12)
∂xkα 

and here we also assume that the potential energies depend only on 
lβthe relative interatomic distance dkα−lβ = �xkα − x �, so 
  

∂V kα−lβ (dkα−lβ ) ∂dkα−lβ
 

fkα−lβ = −  
∂dkα−lβ ∂xkα 

lβ∂V kα−lβ (dkα−lβ ) xkα − x= −  = −flβ−kα (17.13)
∂dkα−lβ dkα−lβ 

17.2.2 Kinematic Constraints 

For the purpose of large-scale simulation of collaborative material 

behavior, to reduce the computational time while maintaining the 

accuracy of the computational scheme, we seek an approximation 

solution to Eq. (17.11). Following the works by Knap and Ortiz 

[20] and by Eidel and Stukowski [39], the reduction of degrees of 

freedom is accomplished by virtue of kinematic constrains, may 

also be named as shape functions in finite element (FE) method 

or Cauchy–Born rule. Some judiciously selected unit cells, called FE 

nodes, retain their independent degrees of freedom and feature the 

deformation response of the system. Z is the set of all unit cells; Z N 

is the set of all FE nodes; Z N ⊆ Z . The nodal displacements together 
with shape functions are employed to determine a displacement 

field, in other words, all other unit cells are forced to follow the 

motion of the nodes— this is what we called “kinematic constraint,” 

which is the practice in every FE analysis. The most general 

requirements to the discretization are first, to reduce the number 

of FE nodes, and second, to ensure high density of FE nodes up to 

fully atomic resolution in critical regions, where defects nucleate 

and evolve, like dislocation cores, crack tips. When coarse mesh 

is used, the majority of the degrees of freedom can be eliminated, 

hence, the computational cost can be reduced while accompanying 

the decrease of the accuracy of the results associated with the 

computational scheme adopted. When the finest mesh is used, any 

lattice site is a finite element node, and the model becomes identical 
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to a full-blown MD model, the standard model manifesting the 

discrepancies or accuracies of others models by comparisons. The 

compromise is a trade-off between efficiency and accuracy. The 

density of FE nodes is controlled by a criterion that measures how 

strong the deformation varies spatially. 

Kinematic constraint means that the displacement ukα is approx

imated by 

kαu = �I (k)Uα 
I (17.14) 

I 

where�I (k) is I -th shape function evaluated at the k-th unit cell; 
Uα 

I is the displacements of the α atom at the I -th node of the element 
inwhich the k-th unit cell resides. The finite element shape functions 
exhibit the properties 

�I (k) = 1 (17.15) 

I 

�I ( j) = δI j  ∀ j ∈ Z N (17.16) 

According to Eq. (17.15), shape functions follow the rule of 

“partition of unity” over Z , which ensures the exact representation 
of constant fields. Since the virtual work done by the atomic force fkα 

on the kα-th atom is 

fkα · δukα = fkα · �I (k)δUα = {�I (k)fkα } · δUα 
I ; (17.17) I 

I I 

therefore, the nodal force contributed by the atomic force can be 

obtained as 

Fα = fkα�I (k) (17.18)I 

Following the standard procedure of principle of virtual work, we 

have the weak form of Eq. (17.11) as follows: 

α ¨ kα kα α ˙ kα kα fkα−lβ kαm u δu + c u δu = δu
k α k α k α l β 

kα kα+ φ δu (17.19) 

k α 

In light of fkα−lβ = −flβ−kα , we rewrite Eq. (17.19) as 

kα + kαmαükαδu cα u̇kαδu

k α k α
 
1 {fkα−lβ − flβ−kα }δukα + kα kα (17.20)= φ δu
2 

k α l β k α 
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which can also be written as 

mα ¨ kαδukα + cα ˙ kαδukαu u
k α k α 
1 kα (17.21)kα= fkα−lβ {δukα − δulβ } +  φ δu
2 

k α l β k α 

kαBy utilization of δu = I �I (k)δUα 
I , the governing equations 

for nodal displacements Uα 
I can be expressed: 

M α Üα + C α U̇α = Fα 
I + �α (17.22)IJ J IJ J I 

J J 

where 

αMIJ 
α = m � J (k)�I (k) = M α (17.23)JI 

k 

αC α = c � J (k)�I (k) = C α (17.24)IJ JI 
k 

Fα 1 
fkα−lβ 1 

fkβ−lα
I = �I (k)− �I (l) (17.25) 

2 2
k l β k l β 

�α kα
I = φ �I (k) (17.26) 

k 

The existence of superscript α in Eq. (17.22) implies that 
the atomic information is naturally built in this coarse-grained 

molecular dynamics (CG-MD) method and the internal deformation 

is allowed in each node to represent an atomistic multi-element 

system, thereby eliminating the mismatch of phonon descriptions in 

atomic and continuum regions. Hence CG-MD is inherently suitable 

for the study of polarizations and phase transformations in multi

element crystals at continuum level which cannot be reproduced 

by the classical continuum field theory. It is also noteworthy that, 

in Eqs. (17.25) and (17.26), full-blown nonlocality, nonlinearity and 

atom-based constitutive relation are automatically rooted in the 

force calculation, indicating that we propose a fully nonlocal CG-MD 

formulation which can appreciate the full benefit of the molecular 

dynamics while maintaining the computational efficiency due to the 

employing of the kinematic constraints. It is possible to envision 

that the use of this modeling methodology in support of diverse 
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Figure 17.3 Schematic picture of coarse-grained model with force distrib-

utions. See also Color Insert. 

applications, ranging from the simple full MD simulations to the 

simulations of MEMS and NEMS devices. 

For the sake of practical implementation, the consistent mass 

matrix is commonly replaced by a lumped mass matrix resulting in 

computational convenience. Here, we utilize the “row-sum” lumping 

technique enjoying a great popularity in dealing with the mass 

matrix, then Eq. (17.22) can be rewritten as 

M̃ I 
α Üα 

I + C IJ 
α U̇α 

J = Fα 
I + �α 

I (17.27) 

J 

The complexity that arises in investigating the dynamics behav

ior ofmaterial system is vastly due to the fact thatmany deformation 

phenomena involve multiple length and time scales, for example, 

from dislocation nucleation at atomic scale to the formation of 

multiple slip bands at submicron scale, to the observable effect of 

plastic deformation at the macro scale. Our attempts to unveil the 

distinctive physical phenomena across multiple scales in a single 

framework require modeling the material system in two distinctive 

regions: continuum region (Nl unit cells; each unit cell has Na 

atoms) with finite element meshes and atomic region (N atoms), 
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as shown in Fig. 17.3 (here a 2D picture is shown for the purpose 

of illustration). We can extend CG-MD method to a concurrent 

multiscale modeling method which addresses multiple length and 

time scale by encompassing different methods in a single analysis. 

Then the governing equations of this composite system can be 

expressed as 

Continuum region [α = 1,2,3, . . . , Na] 

αM̃ αUα C α Uα 
I 
¨

I + I J  
˙

J = Fα 
I + �I (17.28) 

J
 

where the interatomic force Fα 
I is a little bit different from Eq.
 

(17.25) because we should include the interaction with atoms in the
 

atomic region:
 

Fα 1 
fkα−lβ 1 

fkβ−lα
I =	 �I (k)− �I (l)

2	 2
k l β	 k l β 

N 

fkα−η+	 �I (k) (17.29) 

k η=1 

The diagonalized mass matrix M̃ I 
α , the damping matrix C IJ 

α and 
αthe external force � are the same as in Eqs. (17.23), (17.24), andI 

(17.26). 

Atomic region [η = 1,2,3, . . . , N ] 

η ηmηü (t) = Fη(t)+ � (t) (17.30) 

where �η(t) is the external force acting on the η-th atom, and the 
interatomic force acting on the η-th atom Fη(t) is  

−kα −ξFη fη fη= +	 (17.31) 

k α ξ 

17.2.3 Summation Rules on Force Calculations 

All summations in Eqs. (17.23)–(17.26), (17.29), and (17.31) are 

normally carried out by numerical quadrature. In Fig. 9.3, it is seen 

that around each node (an open circle), say the k-th node, there is 
a cluster (a shaded area), named ψk. From now on, force calculation 

is no longer performed for all unit cells in the entire system but for 

all clusters. A representative l unit cell (a black solid square) is the 
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one within one of ψk = {l : |Xl − Xk| ≤ Rk}. Notice that there is no 
overlapping of clusters. Xl is the position of the l-th unit cell and Rk 

is the radius of the cluster ψk centered at the k-th unit cell, which 
happens to be a FE node. We postulate that the cluster summation 

rule for Eq. (17.29) reads: 

Fα 1 
fkα− 1 

fklβ	 β−lα
J	 = � J (k)− � J (l)

2	 2
k l β	 k l β 

N	 wi Nl Na 

fkα−η 1	 
f jα−lβ+ � J (k) ≈	 � J ( j)

2
k	 η=1 i∈ZN j∈ψi l=1 β=1 

wi 
wi Nl Na j∈ψi N 

1 
f jβ−lα	 f jα−η−	 � J (l)+ � J ( j)

2
i∈ZN j∈ψi l=1 β=1 i∈ZN η=1 

(17.32) 

where wi (i ∈ Z N ), the weight of the i th cluster, is calculated under 
the requirement that the summation over all linear interpolation 

functions must be exact [20, 39]. When the clusters shrink to nodes, 

i.e., ψi = {i}∀ i ∈ Z N , it holds  �I (i) = δI i , and the cluster 

summation rule boils down to a node-based summation rule 

wi Nl Na wi Nl Na 

Fα 1	 lβ − 1 fiγ −lα
J = δ J i fiα−	 � J (l)

2	 2
i∈ZN l=1 β=1 i∈ZN l=1 γ =1 

wi N
 

fiα−η
+	 δ J i  (17.33) 

i∈ZN η=1 
In this case, the weighting factor wi is the number of unit cells 

represented by i -th node, thus wi = Nl �i ( j) ∀i ∈ Z N . On the  j=1 
other extreme case, wi = 1∀ i ∈ Z N implies all pairs of interatomic 

forces are calculated. In all cases w j = Nl holds.i∈ZN j∈ψi 

Figure 9.3 shows the numerical procedures to calculate the 

interatomic force between any two atoms. The force between any 

two atoms in the atomic region is treated exactly the same way as 

in MD simulation. In the continuum region the force between any 

two atoms in different or same unit cells should be distributed to 

all the nodes of the elements, in which the two unit cells reside. For 

example, there is a unit cell l located in cluster ψH with weighting 
lβfactor wH and another generic unit cell k; {fkα− , flβ−kα } represents 
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a pair of interatomic forces acting on the kα-th atom and the lβ
fkα−lβ flβ−kαth atom = − ; through shape function �kI  = �I (k), 

forcewH �kI  fkα−lβ is distributed to the α-th atom of node I ; similarly, 
lβ lβwH �kJ  fkα− , wH �kK fkα−lβ , and wH �kL fkα− are distributed to the 

kαα-th atom of nodes  J , K , and L ; in the same way, wH �l J  flβ− , 
kαwH �l K  flβ−kαwH �lG  flβ−kα and wH �l H  flβ− are distributed to the β

th atom of nodes J , K , G , and H . Let {fmα−η, fη−mα } represent a pair 
of interatomic forces acting on the mα-th atom in the continuum 

region and the η-th atom in the atomic region. 

17.3 Multiple Physics 

In the past decade, the fact that “small is different” has been estab

lished for a wide variety of multiple physical phenomena, including 

electrical, thermal, magnetic, and mechanical behavior. However, 

our attempts to analyze and reconcile the discrepancies between 

simulation-based results and experimental ones inmultiple physical 

materials are hindered by our lack of fundamental understanding 

of these materials’ intricate multiple physics background within a 

single theoretical or computational framework. It is our hope that 

after reading this section the thermal-mechanical-electromagnetic 

coupling will simulate extensive research, establishing an apex 

shared between many discipline promoting integration and collabo

ration. 

17.3.1 Non-Equilibrium Molecular Dynamics Simulation 

Classical molecular dynamics simulations are performed in the 

microcanonical ensemble, meaning that we control the volume, 

the number of atoms and the energy. It is unable to provide 

statistical characters to the physical problem that it simulates. To 

extrapolate statistical thermodynamics information from molecular 

dynamics simulations, the performance of equilibrium ensemble 

molecular dynamics are required at a fixed temperature or fixed 

pressure or specified chemical potentials. Several methods have 

been introduced to keep the temperature constant while using the 

microcanonical ensemble. Popular techniques to control tempera

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:5 PSP Book - 9in x 6in 17-Shaofan-Li-c17

� �

 

635 Multiple Physics 

ture include velocity rescaling [40–46], theNosé–Hoover thermostat 

[47, 48], Nose–Hoover chains [49], and the Berendsen thermostat´

[50]. The central idea is to simulate in such a way that we obtain 

a canonical distribution. Here, we briefly introduce the essence of 

Nos´ equilibrium MD, which is the most popular schemee–Hoover 

within molecular dynamics community. 

In order to control the temperature of a specific region through 

which the thermal effects are brought into picture, the atomistic 

or molecular controlled system is regularized by a Nose–Hoover ´

thermostat. The governing equation of the conventional Nosé– 

Hoover MD simulation takes the following form: 

i i i imi ẍ (t) = fi (t)+ φ (t)− m χ(t)ẋ (t) (17.34) 

where xi (t) is the position of the i -th atom;mi is its mass; fi (t) is the  
interatomic force acting on the i -th atom; φi (t) is the external force 
acting on the i -th atom; ẋi (t) = dxi (t)/dt; ẍi (t) = d2xi (t)/dt2; and  
χ(t) is a friction coefficient that may be controlled by the following 
equation: 

dχ(t) 1 T = − 1 (17.35)
dt τ 2 Teqb 

where Teqb is the expected temperature; τ is a specified time 
constant (normally in the range between 0.5 ps and 2 ps; T is the 
temperature, which can be calculated as a space-averaged variable 

N 
i i − ¯3N kBT = m (v v)2 (17.36) 

i=1 

In Eq. (17.36), kB is the Boltzmann constant; N is the total 
number of atoms in the controlled region; for atoms that do not 

reside in the controlled region, χ(t) = 0; vi = ẋi ; v̄ is the mass
weighted average velocity of the controlled region. 

The action of the thermostat, featuring the interaction between 

the controlled region and its surrounding environment, is evidently 

an artificial force endowed on the controlled region offering an av

enue for temperature control. Whenever the (kinetic) temperature 

of the atoms in the whole system T is larger than Teqb, χ(t) will 
increase and eventually become positive. Accordingly, the friction 

acts as a dissipation agent which will reduce the temperature. 
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Since the opposite occurs whenever the temperature falls below 

Teqb, the Nos´ m xi (t) acts e–Hoover thermostat represented by− i χ(t) ˙
as a stabilizing feedback, similar to the controller in the robotic 

system. 

The total artificial force F and the total artificial moment L due to 
the action of thermostat are calculated as 

N 
iF ≡ −χ m vi ≡ −χP (17.37) 

i=1 

N 
i iL ≡ −χ m x × vi ≡ −χH (17.38) 

i=1 

We may call P and H as artificial linear momentum and artificial 

angular momentum, respectively. However, from Eqs. (17.37) and 

(17.38), the procedure of thermostat fails to make the artificial 

momenta vanish. In general, the artificial momenta should be 

zero; otherwise, the heat exchange between the system and 

the environment will lead to rotations and translations of the 

whole system, contradicting the observable macroscopic physi

cal phenomena. Failure to guarantee the vanishing of the ar

tificial momenta due to the implementation of the thermostat 

insinuates that the conventional Nosé–Hoover thermostat may 

mistakenly bring the unphysical phenomenon into the theory or 

simulation, spoiling the dynamic characterization of the whole 

system. 

To overcome the unphysical phenomenon emanating from the 

thermostat, we propose an upgraded Nose–Hoover thermostat for ´

non-equilibrium processes. Let the evolution of the atoms in the 

region which has thermal contact with the heat reservoir be ruled 

by 

i ˙ i i i im v (t) = fi (t)+ φ (t)− m χ(t)(v + �vi − v̄) (17.39) 

where �vi (t) is called the thermostat’s auxiliary velocity to make 
sure that the artificial momenta of the thermostats vanish during the 

whole process. The dynamics of χ is still governed by Eq. (17.35). 
To illustrate the procedure of the upgraded Nosé–Hoover 

thermostat, we need to define the following quantities: 
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The position vector of the centroid of the temperature-controlled 
region consisting of N atoms 

N N 
i xi i xim m

i=1 i=1R ≡ 
N 

≡ (17.40)
M 

mi 

i=1 
The relative position vector of atom i 

ri ≡ xi − R (17.41) 

The average velocity of the controlled region 
N 

i vim
v̄ ≡ i=1 ≡ P (17.42)

N M 
mi 

i=1 
The angular momentum relative to the centroid 

N 
i i i �H̄ = m r × v , H̄ ≡ �H̄ (17.43) 

i=1 
The moment of inertia of the controlled region 

N 
i i iI ≡ m r · r (17.44) 

i=1 
Now we propose the following procedures: 

Step 1 

ṽi ≡ vi − v̄
It is seen that 

N N
 

˜ i ˜ i i
P ≡ m v = m (vi − v̄) = P− M 
P = 0
M

i=1 i=1 

N N N 
i i i i i i i iH̃ = m x × ṽ = m (R+ r )× (vi − v̄) = m r × v = 0 

i=1 i=1 i=1 

Step 2 

v̂i ≡ ṽi + �vi 

© 2013 by Taylor & Francis Group, LLC

http:H�(17.43


March 6, 2013 15:5 PSP Book - 9in x 6in 17-Shaofan-Li-c17

   

  
 
  

   

 
� � 

638 A Multiscale Modeling of Multiple Physics 

where 

i i�v = r × H̃/I 

Then the artificial linear momentum and the artificial angular 

momentum, P and H, based on v̂i are calculated as 

N N N 

ˆ i ˆ i i i i i iP ≡ m v = m (ṽ + �v ) = P̃+ m r × H̃/I = 0 
i=1 i=1 i=1 

N N 
i i i i i i iĤ = m x × v̂ = m (R+ r )× (ṽ + �v ) 

i=1 i=1 
N 

i i i= H̃+ m (R+ r )× �v
i=1 

N N 
i i i i i i= H̃+ m r × r × H̃/I = m (r · H̃)r /I  = 0 

i=1 i=1 

Step 3 
Calculate 

i i�v = r × Ĥ/I 

and update v̂i as 

v̂i ← v̂i + �vi 

Step 4 
iThe artificial momenta, P̂ and Ĥ, based on the updated v̂ are 

calculated as 

N N N 

ˆ i ˆ i i i i iP ≡ m v = m �v = m r × Ĥ/I = 0 
i=1 i=1 i=1 

N 
i i iĤ = m x × v̂

i=1 

Now we make a test. If  �Ĥ� /H̄ is less than a specified tolerance, 

go to Step 6; otherwise go to STEP 5. 

Step 5 
i i�v = r × Ĥ/I 
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i i i iv̂i ← v̂ + �v = v̂ + r × Ĥ/I 

Go to Step 4 

Step 6 
Finally the upgraded Nos´	 ase–Hoover Thermostat is expressed

i	 ii ˙ = fi i − χ(t)mi ˆm v + φ v

N 
i3N kB T = m (vi − v̄)2 

i=1 

17.3.2	 Coarse-Grained Non-equilibrium Molecular 
Dynamics Simulation 

To improve the computational efficiency and to broaden the applica

tions of non-equilibrium molecular dynamics (NEMD) simulation, it 

is necessary to develop a coarse-grained non-equilibriummolecular 

dynamics (CG-NEMD) simulation technique with direct simulations 

of non-equilibrium systems with spatial temperature gradients. 

Figure 17.4 is a conceptual illustration of the CG-NEMD algo

rithm. In Fig. 17.4, the gray solid circle means a unit cell; the blue 

solid circle means a FE node; the area surrounded by the red line 

is named as nodal ensemble with node I , i.e., the Wigner–Seitz 
region of node I, which contains a large number of unit cells. In the 
proposed model, we assume that each nodal ensemble is viewed as 

Figure 17.4 Coarse-grained finite elementmeshes and the nodal ensemble. 

See also Color Insert. 
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a thermal reservoir, of which a unique temperature is defined. Note 

that the nodal ensemble is defined by Wigner–Seitz region, which 

depends on the FE discretization. 

The essence of the proposed CG-NEMD algorithm is: the FE 

nodes’ motion is determined by the external mechanical and 

thermal loading; whereas the atom’s motion in each finite element 

is controlled by the corresponding FE nodes through the shape 

functions; each FE node’s temperature is calculated through the 

motion of atoms in the corresponding nodal ensemble. The 

comparison between the temperature of nodal ensemble and the 

desired temperature, a feedback to the controllable FE node, drives 

the system. 

Since at the coarse scale level the temperature distribution is not 

uniform and evolves with time, the FE nodal temperature changes 

from node to node and from time to time. Therefore, if one wants 

to control the temperature of a set of specified nodes, a distributed 

e–Hoover network ensureNos´ thermostat is necessary to that each 

nodal ensemble reaches to a desired temperature. This is called 

a generalized Nos´ ´e–Hoover thermostat. The conventional Nose– 

Hoover thermostat renders the MD system a canonical ensemble, 

while this proposed model offers a coarse-grained canonical 

ensemble, a generalized notion of canonical ensemble in non

equilibrium simulation. 

Following the idea of Nos´ ae–Hoover thermostat, damping force, 

with possible positive and negative damping coefficient, is used as 

an external force in FE analysis for coarse-grained non-equilibrium 

process. Following Eq. (17.28), assuming the damping coefficient cα 

vanishing, the upgraded Nosé–Hoover thermostat is proposed at the 

coarse level for each FE node as 

M̃ I 
αÜα 

I = Fα 
I + �α 

I − χI M̃ I 
α (Vα 

I − V̄I + �Vα 
I ) (17.45) 

where Vα = U̇α is the velocity of the α-th atom at node I ; �Vα isI I I 

the auxiliary velocity to make sure that the action of the thermostat 

itself does not alter the linear and angular momenta of the I -th 
nodal ensemble; V̄I is the mass-weighted average velocity of all the 

atoms associated with node I -th node; the governing equation of χI 
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is given as 

dχI 1 TI = − 1
dt τ 2 Teqb−I 

NI Na 

α3NI NakBTI = m (vkα − V̄I )
2 (17.46) 

k=1 α=1
 
kα
where v = I �I (k)Vα is the velocity of the kα-th atom in theI 

nodal ensemble; NI is the number of unit cells associated with node 

I -th node; Teqb−I is the desired temperature of the I -th node. 
Note that in a specific non-equilibrium problem, not all FE 

nodal temperatures are controlled, so the upgraded Nose–Hoover ´

thermostat is merely employed at the FE nodes of interest, of which 

the temperature are controlled. On the other hand, if one wants to 

control the temperature of a group of FE nodes, one can assemble 

the group of FE nodes as a single thermal reservoir. 

17.3.3 Electromagnetic Effects 

Advances from the integration of theoretical, computational and 

experimental techniques over the past years have revealed that 

piezoelectric materials have great potential for a variety of ap

plication ranging from energy harvesting, sensing, actuation, to 

artificial muscles. More recently, a plethora of attentions have 

concentrated on exploring the nature of the electromechanical 

coupling at nanoscale, lending insights into the design principles for 

novel engineering piezoelectric devices. For example, Wang and co

workers presented remarkable works demonstrating how electrical 

energy can be harvested from bending the ZnO nanowires by 

using atomic force microscope [51]. The quantitative exploitations 

of nanoscale mechanisms from the materials science perspective 

have advanced our ability to identify many unprecedented physical 

notions such as creating piezoelectric effects from non-piezoelectric 

materials, giant piezoelectricity in inhomogeneously deformed 

nanostructures, and ferroelectric properties, etc. 

Polarization, from the continuum viewpoint, restricts to non

centrosymmetric crystal systems, featuring that an applied uniform 

strain can induce an electric polarization and vice versa. However, 

from the atomistic perspective, the polarization, associated with 
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piezoelectric properties, is a function of charges and positions of 

atoms in a unit cell. 

At atomic level, the polarization P is defined as the dipole 
moment per unit volume 

P = e 
Z nRn (17.47)

�V 
n 

where Rn is the position vector of charge Z n, e is the unit of charge, 
�V is the volume containing all the atoms in question. Consequently, 
it is straightforward to show the polarization density P(xk , t) of a  
lattice point in the coarse-grained molecular dynamics model as 

Na
1k α kαP(x , t) = q �x (17.48) 

Vcell 
α=1 

where qα is the charge of the α-th atom, Vcell is the volume of the unit 

cell, �xkα is the current relative position of the kα-th atom with re

spect to the centroid of unit cell k. Equation (17.48) can give us both 
the local and bulk values of the polarization of a finite size specimen. 

Similarly, we can formulate the voltage and electrical field 

induced by the motion of the charged particles, which characterize 

the basis of the electromechanical coupling physics to appreciate the 

full benefits of energy harvesting. The induced voltage and electrical 

field can be expressed as 

Nl Na 
(xk − xl )

V ind k α lα(x , t) = q �x · � � (17.49)
3 �xk − xl � 

l=1, xl =xk α=1 

Nl Na
 

Eind k α lα
(x , t) = q �x
l=1, xl =xk α=1 

3(xk − xl )⊗ (xk − xl ) I × � � − � � (17.50)
5 3 �xk − xl � �xk − xl � 

It is noticed that all the electrical quantities including po

larization, voltage and electrical field are expressed in terms of 

atomic motions. The atomic motions can be obtained from the 

balance law of linear momentum with interatomic potentials, 

leading to positions, velocities and accelerations. The coarse-grained 

molecular dynamics model proposed in this chapter inherently 
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holds the ability for elucidating the mechanism of polarization 

at nanoscale and serves as a novel avenue to the fundamental 

understanding of the nanoscale electromechanical and nanoscale 

energy harvesting. 

The riveting scenario, the mechanical deformations trigger the 

evolution of the electrical quantities, has been extensively discussed 
kαin the above sections. On the other hand, since φ is the force 

due to external fields, it can be the Lorentz force due to the 

external electromagnetic field, which will generate the mechanical 

and electrical responses. The Lorentz force is depicted as 

kα α kαφ = q (E+ v × B/c) (17.51) 

where qα is the charge of the α-th atom; c is the speed of light; 
E is the electric field; and B is the magnetic induction; vkα is the 

velocity of the kα-th atom. Therefore, by accounting for the external 

Lorentz force, induced electrical quantities, and non-equilibrium 

temperature effects, the coarse-grainedmolecular simulationmodel 

presented in the chapter offers a novel path to investigate the 

thermal-mechanical-electromagnetic coupling phenomena. 

17.4 Summary 

Simulation-based engineering science has emerged as a powerful 

tool revolutionizing engineering and science in the 21st century. 

It plays a major role in multiscale material modeling and design. 

While serving as a corner stone of many novel applications 

in all engineering disciplines from the nanoscale to macroscale, 

multiscale modeling and simulation has been revolutionized in the 

past decade by the emergence of experimental and computational 

techniques to study the properties and behaviors of materials 

near atomic/molecular scales. A fundamental understanding of the 

structure-property relationships of materials from the atomic scale 

to continuum scale within the multiple physics picture offers a 

novel avenue to make a breakthrough in current materials design 

technology. However, it remains elusive as to how the structural 

organization affects the material properties such as mechanical, 

thermal, electrical, and other properties. 
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With this impetus, this chapter presents a novel coarse-grained 

molecular dynamicsmethodology for dynamics simulationswith the 

coupling effects of thermal, mechanical, and electromagnetic fields, 

offering a viable and high-potential research avenue to unravel the 

mechanism of how the multiscale structures and the multiphysics 

interact in the following three ways: 

1. Literature in multiscale material modeling and simulation has 

struggled to strike a reliable balance over years between the 

computational efficiency and the accuracy of results involved 

in systems. Here, the authors choose a cluster-based summa

tion rule for atomic force calculations in the finite element 

formulations. By implementing the different discretization, the 

simulation model in question can be evolved from a nodal-based 

simulation, to a cluster-based simulation, all the way to a full

blown molecular dynamics simulation. 

2. Many complex materials consist of more than one kind of 

chemical elements, for example, PbTiO3, which hinders lots of 

multiscale material modeling methods incapable of capturing 

some exciting physical phenomena such as polarization, phase 

transition. It should be emphasized that the concept of unit 

cell (for example, considering PbTiO3 as a unit cell with five 

independent atoms) has laid a unique foundation for the CG

MD proposed in this chapter, which bestow our methodology 

its invaluable property to investigate the missing physical 

phenomena uncovered in many other methods. 

3. Multiple length and multiple physics have emerged as an indis

pensible process of designing novel materials and charactering 

complex material properties. Up until now, theories describing 

multiple length and multiple physics in a single framework 

are still lacking. By accounting for the upgraded Nosé–Hoover 

thermostat and Lorentz force, we put forth a novel way to 

appreciate the full benefit of coupling the thermal, mechanical 

and electromagnetic fields at nano/micro scale. 

No research, however, provides a perfect answer, with this work 

being no exception to the rule. Based on current assumptions 

employed in implementing CG-MD, more work remains to be done. 

Specifically, the coupling of electromagnetic is one-coupling, which 
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means the magnetic field has no effect on the electric fields. 

Thus, more theoretical work should be devoted to explore and 

complement the full spectrum of the multiphysics coupling. The 

authors hope that this study can catalyze further work in the 

multiscale modeling of multiple physics. 
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Chapter 18 

Coarse-Grained Atomistic Simulations of 
Dislocation and Fracture in Metallic 
Materials 

Liming Xiong, Qian Deng, and Youping Chen 
Department of Mechanical and Aerospace Engineering, 
University of Florida, Gainesville, 32611, USA 
lmxiong@ufl.edu 

18.1 Introduction 

Fracture and plasticity are problems that society has faced for 

as long as there have been man-made structures or materials. 

Historically, classical continuum mechanics has provided the ma

jority of theoretical and computational tools for understanding 

fracture or plasticity. However, the mathematical framework that 

has been developed for continuum mechanics is not well suited 

to the simulation of discontinuities such as cracks or dislocations, 

since the governing equations of continuum mechanics are partial 

differential equations and the presence of the spatial derivatives 

requires continuity of the material. Therefore, cracks within a 

material have to be treated as surface boundaries of the material, 
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and it is very difficult to model dislocations or slips by classical 

continuummechanics-based methods. 

Many numerical methods have thus been developed to overcome 

this barrier by modifying the discretized governing equations to 

allow for predefined or arbitrary discontinuities. Popular con

tinuum simulation techniques include the cohesive zone model 

that describes the traction-displacement relationship between 

continuum elements (Needleman, 1987; Camacho and Ortiz, 1996; 

Park et al., 2009), and the extended finite element method (X
FEM), in which a standard displacement based approximation is 

modified by incorporating discontinuous displacement fields (Fries 

and Belystschko, 2006). There is also a theoretical attempt to 

improve the situation through reformulation of elasticity theory. By 

replacing the spatial derivative of stress with internal force density 

in the balance equation of linear momentum, Peridynamics (Silling, 

2000) does not involve any spatial derivatives. The advantage of this 

formulation has been well demonstrated through simulations of the 

fragmentation process of elasticmaterials (Silling and Askari, 2005). 

With the advent of high-performance computers, atomic-level 

molecular dynamics (MD) simulation has become a powerful tool to 

study fracture and dislocations at the atomic scale. The governing 

law of the dynamics of atoms in MD simulations is Newton’s 

equations of motion for each of all atoms. The equations are 

discretized in time and do not involve spatial derivatives. Therefore, 

in addition to the unique advantage that MD simulation can provide 

the atomic scale mechanism of fracture, it possesses no barrier 

in modeling and simulation of arbitrary crack growth, branching, 

deflection, and arrest. The main limitation of MD is the length/time 

scales. Current state-of-the-art supercomputer MD simulations can 

handle about 109 to 1010 atoms, amounting to a volume of near 

a cubic micron. It is unlikely, in the near future, for MD to solve 

complex fracture or plasticity problems with realistic material size. 

The limitations of MD have motivated tremendous efforts in the 

research of coarse-graining atomistic methods for study of complex 

phenomena that involve large length and time scales. 

There have been many coarse-grained models developed. In 

fact, coarse-grained (CG) models existed before atomistic models 

if we define that the process of representing a system with fewer 
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degrees of freedom than those actually present in the system as 

coarse-graining (Espanol, 2004). Many phenomenological theories, 

e.g., classical thermodynamics and macroscopic mechanics, are 

all coarse-grained models, in which the majority of degrees of 

freedom are eliminated. These phenomenological CG models were 

usually constructed with a judicious balance of physical intuition, 

simplicity, and respect of symmetries. They start from a few 

empirical observations, which are organized and axiomatized in 

the form of physical laws, and arrived at a CG model of a few 

parameters. However, molecular information is usually absent in 

these phenomenological approaches of coarse-graining. In contrast 

to phenomenological theories of coarse-graining methods, which 

may be called phenomenological CG models, most of the recent 

developments on CG descriptions are from atomistics, and hence 

we may call them CG atomistic models. Only by coarse-graining 

atomistic models one can expect to relate a CG model with the 

underlying molecular systems and can predict the properties and 

behavior of the systems from the interaction of atoms and the 

molecular structures of the systems. 

The fundamental process of coarse-graining is to eliminate 

degrees of freedom. Reducing the representation of an atomistic 

model can increase the length/time scales of the computational 

models. Eliminating degrees of freedom, on the other hand, 

necessarily gives rise to models which reproduce fewer features 

of the atomistic systems. Chen et al. (2011) have summarized 
three kinds of CG models that have been developed to reduce the 

degrees of freedom of an atomistic system: (1) reducing the particle 

representation of the molecular structure (e.g., super-atom method, 

united-atom method, MS-CG, DPD), (2) assuming collective motion 

of atoms in crystalline materials (QC, CGMD), and (3) using field 

representation (micromorphic, AFT). One key challenge to all CG 

methods is to model critical material behavior. 

The objective of this chapter is to present a coarse-grained 

methodology based on field representation of atomistic systems for 

dynamic simulation of discontinuousmaterial behavior, in particular 

dislocations and fracture, and to test the accuracy and efficiency 

relative to fully atomistic models. Following the introduction, the 

continuum representation of balance equations is formulated from 
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atomistic N-body dynamics and presented in a mathematical form 

that facilitates the simulation of discontinuities in Section 18.2; 

finite element implementation of the formulation is introduced 

in Section 18.3; numerical examples of coarse-grained atomistic 

simulation of single-crystal copper are shown in Section 18.4; 

coarse-grained simulation results of the dynamic processes of brittle 

fracture is presented in Section 18.5; the fundamental difference 

between the present methodology and existing coarse-graining 

methods or multiscale methods is summarized in Section 18.6, 

where limitations of the present coarse-graining method are also 

discussed. 

18.2 Atomistic Formulation of Microscopic Balance 
Equations 

Continuum description of physical quantities is by means of 

continuous functions of the spatial coordinates x and time t. 
Microscopic dynamic quantities in classical N-body dynamics, on the 

other hand, are functions of phase-space coordinates (r, p), i.e., the 
positions and momenta of atoms: 

r = Rk , k = 1,2,3 . . . n 
kVkp = m , k = 1,2,3 . . . n (18.1) 

Here, R2 is the position vector and Vk the velocity vector of the 

k-th atom, m2 is the atomic mass, and n is the total number of 
atoms in the system. Following the instantaneous microscopic rep

resentation (Hardy, 1982; Evens and Morriss, 1990), rather than the 

ensemble-based Irvine–Kirkwood formulation (1951), the link be

tween a phase-space dynamic function A(r, p) and the correspond
ing local density function a(x, t) in physical space can be defined as 

n 

a(x, t) = A(r(t), p(t))δ(R2(t)− x). (18.2) 

k=1 

Here, the localization function, δ(R2 − x), has units of inverse 
volume. It can be a Dirac δ-function (Irving and Kirkwood, 1950) 

or a distribution or weighting function (Hardy, 1982). The time 

dependence of the densities is contained in the time dependence of 
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the positions and velocities of the individual particles (Hardy, 1982; 

Chen, 2006). 

In classical statistical mechanics, density functions of the form in 

Eqs. (18.1) and (18.2) are called localized quantities or microscopic 
local densities, and  the  macroscopic local densities, ā(x, t), are 
defined as averages of the microscopic density functions via 

ensemble averaging. The general form is J J nt
ā(x, t) = A(r, p)δ(Rk − x) f (r, p, t)drdp, (18.3) 

k=1r p 

where f (r, p, t) is the distribution function. Eqs. (18.2) and (18.3) 
distinguish microscopic field quantities from ensemble-averaged 

macroscopic field quantities. 

From Eq. (18.2), the microscopic local mass density ρ (mass per 
unit volume), momentum density ρv , and total energy density ρe 
(energy per unit mass) can be defined as (Hardy, 1982; Chen, 2006) 

n t 
kρ(x) = m δ(Rk − x), (18.4) 

k=1 
n t 

kVkδ(Rk − x),ρ(x)v(x) = m (18.5) 

k=1 
n   t 1 kρ(x)e(x) = m (Vk)2 + U k δ(Rk − x), (18.6)

2
k−1

1where U k is the potential energy, mk(V k)2 + U k = E k is the atomic 
2

site energy of the k-th atom, and v is the velocity fieldwith v = ρv/ρ. 

With Newton’s second law and the identity 

∇Rk δ(Rk − x) = −∇x δ(Rk − x), (18.7) 

the time derivatives of Eqs. (18.4–18.6) are found to be 
nt∂ρ = −∇x · mV kδ(Rk − x). (18.8)

∂t 
k=1 

n 
∂(ρv) t

∂t 
= F kδ(Rk − x)+ fext − ∇x
 

k=1
   
nt

× mkṼ k ⊗ Ṽ kδ(Rk − x)+ ρv ⊗ v , (18.9) 
k=1 
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n t∂(ρe) = (F k · V k + U̇ k)δ(Rk − x)+ fext · v − ∇x 
∂t 

k=1 
n t 

× Ṽ k E kδ(Rk − x)+ vρe (18.10) 

k=1 

Here, fext(x) is the external force field, F k is the total interatomic 

force acting on k-th atom, Ṽ k = V k − v(x) is the difference 
between the phase space particle velocity and the local velocity field. 

The momentum flux density (the atomic counterpart of stress) is 

generally defined by t(x) = tkin(x) + tpot(x), with tkin and tpot given 
by 

n t 
tkin(x) = −  mkṼ k ⊗ Ṽ kδ(Rk − x), (18.11) 

k=1 

n t 
∇x · tpot(x) = fint(x) = F kδ(Rk − x), (18.12) 

k=1 
where fint(x) is the internal force density; the symbol “⊗” represents 
a tensor product; tkin and tpot are referred as kinetic and potential 
stresses, respectively, and tpot follows the classical definition of 
macroscopic stress (Sommerfeld, 1950; Nye, 1957) as “any tensor 

field that satisfies the condition that its divergence is the vector force 

field”. Similarly, the conductive flow of internal energy (the heat flux) 

is defined by q(x) = qkin(x) + qpot(x) with qkin and qpot being given 
by 

n t 1 
qkin(x) = −  Ṽ k m(Ṽ 2)2 + U k δ(Rk − x), (18.13)

2
k=1 

n t 
∇x · (qpot + tpot · v) = (F k · V k + U̇ k)δ(Rk − x). (18.14) 

k=1 
Substituting the definitions of linear momentum, momentum 

flux and heat flux into Eqs. (18.8)–(18.10), we obtain 

∂ρ + ∇x · (ρv) = 0, (18.15)
∂v 

∂(ρv) = ∇x · (t − ρv ⊗ v)+ fext, (18.16)
∂t 
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∂(ρe) = ∇x · (q + t · v − vρe)+ fext · v. (18.17)
∂t 

For systems with pair interaction forces, Irving and Kirkwood 

(1950), Hardy (1982), Chen and Lee (2003a,b) have obtained the 

formulae for stress and heat flux. For general three-body interaction 

forces, Chen (2006) has obtained the internal force density as 
1 J t1 

Ri j  ⊗ F̂ i jfint(x) = −  ∇x · δ(Ri λ− R j (1−λ)−x)dλ, (18.18)
2 

0 i, j
 
i �= j
 

and the stress and heat flux as 
1n J t t 

i ˜
1 

Ri j ⊗F̂ i j it(x)=− m V i ⊗Ṽ i δ(Ri −x) δ(Ri λ+r (1−λ)−x)dλ, 
2

i=1 0 i, j=1
 
i �= j
 

(18.19) 
n t 

Ṽ i i V i + U i δ(Ri − x)q(x) = −  1 
m ( ˜ )2 

2
i=1 
1 J t1 

Ri j  ⊗ F̂ i j  Ṽ i− · δ(Ri λ + R j (1− λ)− x)dλ, (18.20)
2 

0 i, j=1
 
i �= j
 

1
where δ(Rkλ + Rl(1 − λ) − x)dλ represents a line segment that 

0 

Ri jlinks Rk and Rl and passes through x, = Ri − R , F̂ i j  = F i j  = 
−∂U i j /∂ Ri j  for pair interactions while F̂ i j  = −  k �=i, j ∂(U j i  + 
U jk).∂ Ri for three-body interactions, and the many-body potential 

function, including the Tersoff (1986) and the Stillinger-Weber 

(1985) potential functions, is expressed in a general form (Chen, 

2006) as t t1 
U i j  U i j  U i j (Ri j  , Rik  , R jkU = , = ). (18.21)

2 
i, j k �=i, j
 

i �= j
 
An instantaneous expression for the temperature in classical 

many-body dynamics is expressed in terms of the mean-squared 

velocity relative to the local velocity field (Hoover, 1986, 1991) 
n t1 iT (x) = m (V k − v)2δ(Rk − x)

3ρN kB k=1 
n t1 = m(Ṽ k)2δ(Rk − x), (18.22)

3ρN kB k=1 
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n
where ρN = δ(Rk − x) is the number density (number k=1 
of atoms per volume), kB is the Boltzmann constant, and the 

kinetic temperature defined in Eq. (18.22) is a measure of the 

velocity fluctuation (Evans and Morriss, 1990). Equation (18.9) now 

becomes 

∂(ρv) + ∇x · (v ⊗ ρv)+ γ ∇x T = fint + fext, (18.23)
∂t 

where γ = 3kB ρN . In deriving Eq. (18.23) we have assumed that 

the kinetic temperature (velocity fluctuation) is isotropic at thermal 

equilibrium, and hence 

tkin(x) = −γ T (x)I (18.24) 

18.3 Numerical Implementation by Finite Element 
Method 

Equations (18.15)–(18.17) are the microscopic balance equations 

expressed in terms of local densities and are identical in form 

to the balance equations of classical continuum mechanics. Thus, 

continuum modeling techniques such as the finite difference, 

finite element or meshless methods can be used to solve for the 

displacement field, and different meshes can be used in various 

regions of interest. Coarser meshes can be used in regions where 

the material deforms cooperatively or where local densities do not 

change rapidly in space; if needed, a coarse mesh can be refined to 

the atomic scale during simulation to resolve important atomic scale 

phenomena. In other words, the discretized governing equations at 

the atomic scale are identical with the governing equations in the 

atomistic N-body dynamics. Using the concept of shape functions, on 

the other hand, atomic displacements can be constrained to reduce 

the majority of degrees of freedom in coarse-scale finite element 

simulations. 

Equation (18.23) is an alternative form of the balance equation of 

linear momentum. Together with the conservation equation of mass 

or the definition of mass density and a specified internal force field, 

they completely govern the material behavior in space and time for 

systems with a specified temperature, and should reproduce the 
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results of constant-temperature molecular dynamics simulations 

that employ a thermostat. In such a case, we have 

ρü(x)+ γ∇x T (x) = fint(x)+ fext(x), (18.25) 

where u (x) is the displacement field, and generally J 
fint(x) = f (u(x), u(x ))dx � , (18.26) 

ω(x �) 

is a nonlocal and nonlinear function of relative displacement and can 

be obtained through fitting to experimental measurements and/or 

first principles calculations. 

To seek a coarse-grained description of the atomistic system, we 

consider a finite element (FE) that contains a collection of material 

points (i.e., primitive unit cells). We approximate the displacement 

within this element by 

û(x) = �ξ (x)U ξ , or ûi (x)�iξ (x)U ξ , i = 1,2,3, ξ  = 1,2, . . . n, 
(18.27) 

where U ξ are FE nodal displacements, �ξ (x) is the standard FE 
shape function, n is the number of all unknown parameters in 
the approximation function, (n = 8 for a linear 8-node 3D solid 
element), and ̂u(x) represents the interpolated displacement field 
within the element. The weak form of Eq. (18.25) can be obtained 

by the Galerkin method as J 
¨�η(x) ρ�ξ (x)U ξ + γ∇x T (x) 

�(x) J 
− fint�ξ (x)Uξ ,�ς (x )Uς )dx � − fext(x) dx  = 0. (18.28) 

�(x�) 

The matrix form of Eq. (18.28) can be written as 

M ̈U = Fint(U)+ Fext (18.29) 

where J 
M = ρ�η(x)�ξ (x)dx  (18.30) 

�(x) J J 
Fint(U ) = �η(x) fint �ξ (x)U ξ ,�ς (x )Uς dxdx � (18.31) 

�(x) �(x �) 
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J 
Fext = �η(x)(−γ ∇x T (x)+ fext(x))d�(x) (18.32) 

�(x) 

Equations (18.30–18.32) can be computed through numerical in

tegration methods such as Gauss integration or nodal integration. In 

this work, Gauss integration and nodal integration are implemented 

to calculate the integrals for the dislocation and fracture simulations, 

respectively. The explicit time integration algorithm of the central 

difference method is used to solve the governing equations. Since 

the only constitutive law is the nonlocal internal force–displacement 

relation and no spatial derivatives are involved in the governing 

equations for systems with a homogeneous temperature field, 

connectivity between neighboring elements is not required. Also, 

the simulation results can be displayed in terms of the FE mesh or 

in terms of atoms by backmapping the atomic positions from the FE 

nodal displacements using the interpolation functions. 

18.4 Simulation Results of Dislocation Dynamics 

This section summarizes the simulation results on dislocation 

dynamics based on the numerical simulation tool detailed in Section 

18.3 (Xiong et al., 2011). We present here six CG simulations and six 
corresponding MD simulations of initially dislocation-free notched 

single crystal specimens and one submicron-sized CG simulation. 

The Lennard–Jones (LJ) potential (Kluge et al., 1990) is used to 
determine the internal force density, with parameters ε0 = 0.167 
eV and σ0 = 2.3151 A,˚ which leads to the lattice constant (a0) 
value of 3.616 Å in the case of Cu. This LJ model potential has a 

smooth cut off between the fourth- and fifth neighbors at 1.49a0. 
Because the stable stacking fault energy of FCC lattice via the LJ 

potential is low, the equilibrium width of the stacking-fault ribbons 

between the two partials is 9.6a0 (Kogure et al., 1987), whereas the 
width in the actual Cu crystals is 5a0 (Hull and Bacon, 2001; Mishin, 
2001). Although the LJ potential is considered to be unsuitable 

for describing dislocation core structures in FCC metals, it has 

been shown that the resulting defect configurations modeled by 

fully atomistic simulations have rather similar appearances to those 
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obtained using the more accurate EAM potential (Kimizuka et al., 
2003). Here, to demonstrate the present method, we employ the 

simple LJ model. There is no conceptual difficulty in employing the 

EAM potential. 

For the purpose of comparing the CG simulation results with 

those of MD, the general-purpose parallel MD simulation code 

DL-POLY (Smith and Forester, 2001) with the Hoover constant 

temperature ensemble (NVT) (Hoover, 1985) is employed for the 

MD simulations. In this work, we concentrate onmechanical aspects 

of dislocation nucleation and migration; hence, the temperature is 

set at T = 0.2 K in all MD and CG simulations presented in this 
chapter. To simulate finite-sized copper thin sheets under tensile 

loading by both CG and MD, a constant velocity of 5 m/s is applied 

(corresponding to a strain rate on the order of 108/s) on the two 

horizontal ends of each specimen with all of the other surfaces 

traction free. 

18.4.1 Dislocation Nucleation and Migration 

Figure 18.1 shows the computational set-up for each of three CG 

models designed to investigate dislocation nucleation andmigration 

as well as the effect of mesh size of the CG method. Table 18.1 

summarizes physical dimensions of the specimens and the different 

(a) (b) (c) (d) 

Figure 18.1 (a) CGModel 1-3; (b) Specimen; (c) 3D rhombohedral element; 

(d) Boundary conditions. See also Color Insert. 
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Table 18.1 CG models for three different specimens 

Dimensions 

Number of 

atoms 

Number of 

elements 

Atoms per 

element 

Model 1 

Model 2 

Model 3 

25 nm× 12 nm× 2.3 nm 
46 nm× 20 nm× 4.3 nm 
56 nm× 25 nm× 5.4 nm 

79,750 

465,102 

849,178 

638 

638 

638 

125 

729 

1331 

FE mesh sizes employed in the CG simulations. Each model has 

nearly the same width/length ratio but different thicknesses. All 

the three specimens are discretized into 638 elements with element 

surfaces along {111} close-packed planes, as shown in Fig. 18.1c. 
The rhombohedral shape of the finite elements is adopted to mimic 

the shape of the primitive unit cell of single crystal copper. The 

rhombohedral-shaped element ensures that, following nucleation, 

dislocations can glide between elements on either of two (111) 

or (11̄1) slip systems along element boundaries, in spite of the 

limitation that the displacement field within each finite element 

is interpolated from nodal displacement using linear interpolation 

functions. As summarized in Table 18.1, there are 125 atoms in each 

finite element in the CGModel 1, 729 atoms in CGModel 2, and 1331 

atoms in CG Model 3, corresponding, respectively, to 6%, 1%, and 

0.6% of the degrees of freedom of the corresponding fully atomistic 

model. 

The stress–strain curves for each specimen simulated using both 

the CG method and MD are compared in Figs. 18.2–18.4. The points 

atwhich the first dislocation nucleates aremarked as “Nucleation” in 

each of the figures. The values of these threshold stress/strain values 

are also summarized in Table 18.2. Prior to dislocation nucleation, 

stress–strain behavior in both CG and MD simulations overlay for 

all three sets of simulations. While the threshold stress/strain value 

obtained from the CG Model 1 is very close to that from MD 

simulations, those from CG Model 2 and CG Model 3 are slightly 

higher than those from MD simulations (Figs. 18.3 and 18.4). 

Unlike a typical smooth stress–strain plot of bulk single crystals, 

these stress–strain curves are composed exclusively of elastic 

loading segments followed by discrete strain bursts, a phenomenon 

observed in experiments (Brinckmann et al., 2008). These bursts 
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Figure 18.2 Stress-strain curves: Model-1. 

Figure 18.3 Stress–strain curves: Model-2. 

have been found to be correlated with the avalanche of dislocations 

activated in the glide planes. The amplitude of those bursts in 

the stress–strain curves by CG models is larger than that in MD 

simulations. This may be caused by the assumption of the linear 
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Figure 18.4 Stress–strain curves: Model-3. See also Color Insert. 

Table 18.2 Threshold stresses/strains for dislo

cation nucleation 

Threshold stress/strain Threshold stress/strain 

(from CG simulations) (from MD simulations) 

Model 1 3.96GPa/0.012 3.96GPa/0.012 

Model 2 1.90GPa/0.007 1.75GPa/0.006 

Model 3 1.58GPa/0.005 1.35GPa/0.005 

shape function employed in CG models, and/or by the Nose–Hoover 

(NVT) algorithm in MD simulation to enforce constant temperature, 

which seems to have an effect of attenuating the frequency of the 

stress fluctuations. It should be noted, however, that the stress– 

strain curves obtained from CG simulations agree well with those 

from MD simulations in an average sense up to a strain ε ≈ 0.03 for 
CG Model 1 and ε ≈ 0.025 for CG Model 3. Moreover, the specimen 
size dependence from MD is captured by CG modeling. 

Figure 18.5 plots mesh deformation from the CG simulations. 

Under tensile loading, we see that the finite elements in the CG 

models are stretched to accommodate the elastic deformation. 
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(a) (b) (c) 

Figure 18.5 Mesh deformations from CG simulations: (a) CG Model-1 (125 

atoms per element) CG Model-1 at ε ≈ 0.026; (b) CG Model-2 (729 atoms 
per element) CG Model-2 at ε ≈ 0.018; (c) CG Mode1-3 (1331 atoms 
per element) (red lines are drawn to assist visualization) CG Model-3 at 

ε ≈ 0.017. 

Meanwhile, neighboring elements are sliding along the {111} slip 
planes (red lines are drawn to assist visualization) corresponding to 

the dislocation migration and formation of stacking faults. 

Figure 18.6 presents a strain sequence of snapshots of atomic 

arrangements of the largest specimen with the coarsest mesh, 

Model 3, comparing CG and MD simulations. Fig. 18.7 presents 

the evolution of the dislocations (blue atoms) and stacking faults 

(red atoms) visualized through the centrosymmetry parameter 

(Kelchner et al., 1998) implemented in AtomEye (Li, 2003). It is seen 
that dislocations nucleate at ε ≈ 0.005 and are then emitted from 
the notch tips, leaving stacking faults behind, with the dislocation 

line being perpendicular to the (110) surface plane, a process that 

has been observed in all of the simulations conducted in this work. 

Comparing Fig. 18.6a and Fig. 18.6b, we see that the CG simulations 

have produced similar dislocation structures and stacking faults to 

those of MD simulations. The CG simulation results start to diverge 

from MD results at ε ≈ 0.01 when the MD notch tips begin to blunt, 
while the CG tips do not. This is likely a consequence of the uniform 

coarse mesh, the assumption of a linear shape function employed 

in the CG method, and the occurrence of dislocation glide along the 

element interfaces. 
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(a) 

(b) 

Figure 18.6 Strain sequence of snapshots of atomic arrangements, Model

3. (a) Atomic arrangements from CG simulation (1331 atoms per element), 

Model-3. (b) Atomic arrangements from MD simulation, Model-3. 

18.4.2 Dislocation–Dislocation Interactions 

To investigate the dynamics of dislocation-dislocation interactions, 

two computer models of notched single-crystal copper specimens 

with symmetric geometry and boundary conditions are constructed 

with different FE mesh sizes, as shown in Fig. 18.8. The models 

contain 79,750 atoms (25 nm× 12 nm× 2.3 nm, noted as CG Model 
4) and 849,178 atoms (56 nm × 25 nm × 5.4 nm, noted as CG 
Model 5), respectively. Both are discretized into 638 elements with 

element surfaces along {111} planes. The stress–strain curves from 
CG Model 4 and MD are compared in Fig. 18.9. It is seen again the 
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(a) 

(b) 

Figure 18.7 Strain sequence of snapshots of dislocations and stacking 

faults, Model-3; (a) Dislocations and stacking faults from CG simulation 

(1331 atoms per element), Model-3; (b) Dislocations and stacking faults 

from MD simulation, Model-3. 
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Figure 18.8 CG Model 4-5: (a) the specimen; (b) CG model; (c) boundary 

conditions. 

Figure 18.9 Stress-strain curves, Model-4. See also Color Insert. 
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(a) 

(b) 

Figure 18.10 Strain sequence of atomic arrangements, dislocations and 

stacking faults: (a) Results from CG simulation (125 atoms per element), 

Model-4; (b) Results from MD simulation, Model-4. 

stress–strain curve produced from CG simulation agrees well with 

MD simulation on average. 

Figure 18.10 shows the atomic rearrangements, dislocation 

structures (blue atoms), and stacking faults (red atoms) simulated 

by CG and MD for Model 4, respectively. It is seen that dislocations 

are emitted from the notch tips and propagate to the specimen 

interior. Although the geometry, loading and boundary conditions of 

the computational model are perfectly symmetric, we see that the 

dislocation nucleation and migration is not symmetric. When the 

strain reaches ε ≈ 0.0215 in the CG simulation, or ε ≈ 0.0205 in the 
MD simulation, dislocations emitted from the two notch tips interact 

and appear to form what is known as a Lomer–Cottrell or stair-rod 

lock (Weertman, 1992; Hirth and Lothe, 1992; Yamakov et al., 2003). 
Both the CG and MD simulations have found that this lock hinders 

further glide on the two slip planes and provides a barrier to other 
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(a) 

(b) 

Figure 18.11 Strain sequence of atomic arrangements, dislocations and 

stacking faults; (a) Results from CG simulation (1331 atoms per element), 

Model-5; (b) Results from MD simulation, Model-5. 

dislocations. Thereafter, we observe dislocations move towards the 

surface of the specimen along [110] direction in the CG simulation, 

while the notch tips start to blunt in the MD simulation. Again, the 

notch tip blunting phenomenon is not reproduced in CG simulation, 

indicating the need for mesh refinement in the vicinity of the tips of 

the notches. 
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Figure 18.11 shows the atomic rearrangements, dislocations 

(red atoms) and stacking faults (blue atoms) from MD and CG 

simulations of Model 5; 1331 atoms are embedded within each 

element. Although a much coarser mesh has been employed in this 

CG simulation, the same phenomena associated with dislocation 

interactions are observed. This leads us to conclude that the 

CG method can capture the phenomenon of Lomer–Cottrell locks 

formed by dislocation interactions over this range of mesh size. 

18.4.3 Dislocation-Stacking Fault Interactions 

To simulate the dynamics of dislocation-stacking fault interactions 

in the early stages of plastic deformation, a CG model of a notched 

single-crystal copper specimen with asymmetric notches (the notch 

size on the right side is larger than that on the left side) is 

constructed, as shown in Fig. 18.12. The model (noted as CG Model 

6, 56 nm × 25 nm × 5.4 nm) contains 857,164 atoms. It is 
discretized into 644 elements with each element containing 1331 

Figure 18.12 CG Model-6: (a) the specimen, (b) FE model; (c) boundary 

conditions. 
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Figure 18.13 Stress–strain curves, Model-6. 

atoms. The stress–strain curve from CG is comparedwithMD results 

in Fig. 18.13. 

Figures 18.14 and 18.15 show snapshots of atomic rearrange

ments, dislocation structures (blue atoms) and stacking faults (red 

atoms) from CG and MD simulations for Model 6. Compared with 

MD simulation results, the CG simulation captures the essential 

features of dislocation migration and formation of stacking faults. 

However, the thickness of the stacking fault ribbons from the CG 

Figure 18.14 Strain sequence of atomic arrangements, dislocations and 

stacking faults from CG, Model-6. 
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Figure 18.15 Strain sequence of atomic arrangements, dislocations and 

stacking faults from MD, Model-6. 

simulations is found to be two atomic layers in Fig. 18.14b–c, but 

the thickness of the ribbons in MD simulations is nonuniform, 

as shown in Fig. 18.15b–c. Such differences between CG and MD 

simulations are believed to be caused by the assumption of linear 

finite element shape functions. As a result of this assumption, the CG 

simulations cannot fully reproduce the incipient stages of stacking 

fault formation observed in MD. 

Figures 18.16 and 18.17 present 3D views of the dynamic 

dislocation interaction processes (blue atoms) and stacking faults 

Figure 18.16 Strain sequence of dislocations and stacking faults from CG, 

Model-6 (3D view). 
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Figure 18.17 Strain sequence of dislocations and stacking faults from MD, 

Model-6 (3D view). 

(red atoms) from CG and MD simulations. It is seen from Figs. 

18.16b and 18.17b that when the dislocation approaches the two 

layers of stacking faults, its elastic field unfolds the stacking fault 

layers. In Figs. 18.16c and 18.17c, we see that the stacking faults 

have been split into two segments. This is also consistent with 

the observations reported in a previous atomistic simulation by 

Yamakov et al. (2003), and in both direct atomistic simulation and 
dislocation dynamics simulation of FCC crystals by De Koning et al. 
(2003). The mechanism of the splitting was traced to a spontaneous 

nucleation of new partials within the stacking faults, clearing the 

faults and restoring the normal FCC coordination across their area 

(De Koning et al., 2003). 

18.4.4 Dislocations in a Submicron Thin Sheet Specimen 

Figure 18.18 shows the computermodel (Model 7) of a single crystal 

copper sheet (0.12 μm × 0.1 μm × 8.3 nm) containing ∼6 million 
atoms. The specimen is discretized into 4167 elements with each 

element containing 1331 atoms. Tensile loading is applied on the 

two edges of the specimen with all of the other surfaces free. Due 

to the large number of atoms involved in this simulation, only a thin 
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Figure 18.18 CG Model-7 (a) specimen (0.12 μm × 0.10 μm × 8.3 nm, 
∼6 million atoms); (b) boundary conditions; (c) extraction of the slice, the 
cutting plane (the shaded plane) and its normal direction. 

slice of this specimen is displayed for dislocation visualization. The 

extraction of the slice is shown in Fig. 18.18c. 

Figure 18.19 shows a series of simulation results for atomic 

rearrangements, dislocations, and stacking faults for strain values 

from ε ≈ 0.0076 to ε ≈ 0.0221. In Fig. 18.19b, the stacking faults 
(red atoms) are split by the incoming dislocations (blue atoms), and 

then allow the dislocations to pass through. In Figs. 18.19c–d, more 

and more dislocations are nucleated and stacking fault ribbons are 

formed as the tensile strain is increased. 

At ε ≈ 0.0265, dislocations and stacking faults in the specimen 
are presented in Fig. 18.20a. Figure 18.20b plots the corresponding 

local stress field showing stress component normal to the (110) 

plane, calculated via Eqs. (18.2)–(18.19). The dislocation density is 

not increased or even slightly decreased although the tensile strain 

has been increasing. One reason is that some dislocations have 

moved out of the sample to the surfaces. Another possible reason 

is that dislocation annihilation has occurred due to interactions 

between dislocations with opposite Burgers vectors. It is clearly 

seen in Fig. 18.20b that, due to nonlocal constitutive relation 

(i.e., internal force-displacement relationship) employed in the CG 

simulation, the stress field does not exhibit the singularity predicted 

by the classical local elastic field theory. Rather, around each 

dislocation core, the stress fields exhibit peak value at distances in 

the range of several angstroms and decrease rapidly within the core 

itself. 
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(a) 

(b) 

(c) 

(d) 

Figure 18.19 Strain sequence of atomic arrangements, dislocations and 

stacking faults from CG Model-7. 

In summary, in this section, we have presented a new coarse

graining methodology for dynamic simulation of dislocation nucle

ation and glide, with application to FCC crystals. The methodology 

combines an atomistic formulation of balance equations and a 

modified finite element method employing rhombohedral-shaped 

3D solid elements. As such, it is able to predict dislocation nucleation 

and splitting into partial dislocations in a manner that mimics 

atomistic simulations. Seven CG computer models with different 
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(a) (b) 

Figure 18.20 (a) Dislocations and stacking faults and (b) Stress field from 

CG Model-7: Stress distribution. See also Color Insert. 

mesh sizes and/or different geometries were utilized to test the 

accuracy and efficiency of the CG method relative to fully atomistic 

models inmodeling the dynamics of dislocations. The CGmethod has 

predicted the threshold stress/strain for the dislocation nucleation 

and specimen size effect in good agreement with that obtained 

by fully atomistic models, and has also given good estimates 

for average stress–strain responses of notched specimens under 

tension. Although the majority of the degrees of freedom (more 

than 99%) of the simulated atomistic system has been eliminated 

by coarse-graining, the CG simulations have captured key phe

nomena of dislocation dynamics, including dislocation nucleation 

and migration, formation of stacking fault ribbons, dislocation

dislocation interactions, dislocation-stacking fault interactions, and 

the formation of stair-rod dislocations, not in exact correspondence, 

but similar to that from MD simulations without strong evidence 

of FE mesh-size dependence. In the simulation of a submicron

sized specimen under tension, a significant number of dislocations 

have been nucleated and multiple stacking fault ribbons are formed 

simultaneously. It appears that the CG method is applicable to 

mesoscale simulations and complex dislocation activities such as 

dislocation annihilation, dipole formation, junction formation, etc. 

18.5 Simulation of Brittle Fracture 

The first significant MD simulation of crack propagation in a 2D 

triangular lattice was described by Arhurst and Hoover (1976) 
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in a landmark paper using about 1000 atoms. Large-scale MD 

simulations in parallel computers were performed about 20 years 

later, for examples, by Holian and Ravelo (1995), Zhou et al. (1996), 
Abraham et al. (1994, 1996, 1997, 1998, 2000), Buehler et al. (2003), 
Buehler andGao (2006). In all of those simulations, the 2D triangular 

lattice model was again employed, with the computer models 

containing atoms from thousands to millions of atoms. Harmonic 

potentials or Lennard–Jones potential function were employed in 

most of the simulations to describe the interaction between atoms. 

A common goal of all these simulations is to model dynamic fracture 

behavior with general features common to a large class of real 

physical systems rather than to a particular material. 

This section summarizes our CG simulation results on dynamic 

fracture simulation (Deng et al., 2010). To demonstrate the 
applicability of the CG method, we also use the 2D triangular lattice 

model in both the FE and the MD simulations. The well-tested and 

well-tuned Lennard–Jones (LJ) potential used in above-mentioned 

MD simulations is also employed in this work to represent an 

idealized “brittle” material. We take the LJ parameters in the works 

by Abraham et al. in 1996 and also Holian and Ravelo in 1995, i.e., 
ε = 0.415 eV, σ = 0.2277 nm and t0 ≈ 2 fs, for the material system 
to be simuated in this work. 

The geometry of the computer model is shown in Fig. 18.21. The 

rectangular slab of the 2D triagular lattice has the slab length and 

width L andW, respectively. A crackwith length a is cut in themiddle 

of the left boundary. The slab is loaded in model I in the direction 

perpendicular to the crack with a constant stain rate. 

18.5.1 Comparison of FE and MD Simulations 

We present here two cases. The goal is to test the performance of 

the finite element model by comparing its results with that by MD 

simulations. In both cases, the physical length of the finite-sized slab 

is about 565 nm and the width about 177 nm. In case 1, trapezoidal 

notch with a sharp triangular tip was cut in the middle of the left 

vertical boundary. The notch length is about 26 nm. Both of the FE 

and MDmodels are loaded in model I in the direction perpendicular 

to the crack with a constant stain rate about 108 per second. We 
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Figure 18.21 Computational model and moundary conditions. 

employ the open source MD code LAMMPS for the MD simulation 

in this work. 

The finite element (FE) model is shown in Fig. 18.22. Each 

element contains 55 unit cells. There are 32,060 triangular 2D 

Figure 18.22 The finite element mesh of the computer model. 
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elements and 96,180 nodes in the FE model of the specimen. There 

is no connectivity between elements. The corresponding MD model 

contains 1,767,200 atoms (∼1.8 million atoms). The degrees of 
freedom to be solved in the FEmodel are about 5% of that in the MD 

model. We run a serial FE code to comparewith the parallel MD code 

for the simulation of the 2D slab specimen. The results are plotted in 

Figs. 18.23 and 18.24. 

In Fig. 18.23, we present a temporal sequence of snapshot 

pictures for the crack dynamics from the simulation by the FE 

model and that by the MD model. At a critical strain, about 1%, 

the crack begins to open up at the weakest spot, namely the lower 

tip of the crack or the left corner of the notch, where the stress is 

most concentrated. The path of crack propagation is not horizontal 

because of the unsymmetric shape of the crack tip. When the strain 

reaches about 3%, we observe that the crack bifurcates. It is seen 

that the pattern of the crack propagation in the FE simulation does 

not exactly resemble that in MD simulation. Nevertheless, the FE 

model does have reproduced the strains for crack initiation and 

branching similar to that observed in MD simulation. Being unable 

to output the crack velocity history from LAMMPS, we do not output 

crack speed in this case. However, from the temporal sequence of 

the snapshot pictures of the propagating crack and the distance 

it traveled, we see that the crack propagation velocities in the FE 

model are close to that MDmodel. 

The local stress distribution is plotted also in Fig. 18.23. For 

the purpose of comparison, we output local stress calculated using 

virial stress formula. We understand that the virial stress formula 

is not appropriate for the description of local stress because it 

is not consistent with the concept of Cauchy stress in continuum 

mechanics and does not satisfy the continuum mechanics balance 

equations (Chen, 2006). However, since LAMMPS output only local 

viral stress, for the purpose of comparison we also output the local 

virial stress in the FE simulation. It is seen from Fig. 18.23 that the 

distribution of the local virial stress are similar in both simulations, 

but the maximum local stress obtained in the FE simulation is lower 

than that obtained in the MD simulation. Noticed that MD model 

contains about 1.8 millions of atoms and the stress is calculated per 

atom, while the stress in the FE model is calculated per element 
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Figure 18.23 Comparison between FE and MD simulations results (defor

mation and stress distribution) for case 1. Left: MD simulation results (∼1.8 
million atoms). Right: FE simulation results (∼32K elements). 
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Figure 18.24 Average stress vs. strain by (a) FE and (b) by MD. 

and the specimen contains only 32,060 elements. Therefore, the MD 

model has a resolution that is significantly higher than that of the FE 

model. As a result, the pictures taken fromMD simulation havemuch 

higher resolution and the maximum stresses are also higher. 

Figure 18.24 shows the average stress – strain curve of the 

specimen obtained from both FE and MD simulations. It is seen that 

there is similarity in the two curves and the magnitude of the stress 

obtained by FE simulations agrees well with that obtained by MD 

simulation in the sense of average. However, Fig. 18.24 also shows 

that there is obvious discrepancy in the ductility and hence the work 

of fracture of the simulated specimen. This implies that the FEmodel 

is more brittle than the MD model, which, we believe, is caused 

by the assumption of the linear shape function made in the finite 

element implementation. 

In case 2, we cut a line crack with the length of about 26 nm in 

the left vertical boundary as opposed to a trapezoidal notch in case 

1. We also change the strain rate from 108 per second in case 1 to 

1.8× 107 per second. A temporal sequence of snapshot pictures for 
the crack dynamics and also local stress distribution by MD and FE 

is shown in Fig. 18.25. Note that we use the same fixed color bar for 

both MD results and the results by our finite element method. 
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Figure 18.25 (Continued) 
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ε = 2.06% 

Figure 18.25 Comparison of FE and MD simulations results (deformation 

and stress distribution) for case 2. Left: MD simulation results (∼1.8 million 
atoms), Right: FE simulation results (∼32K elements). 

Figure 18.26 shows the local stress distributions in front of the 

crack tip at the time when the crack starts to propagate. It is seen 

that the stress distributions in these two models are very close. The 

MD curve is a collection of 132 points, while there is only 16 points 

for the FE curve. It is seen that, as a result of the different resolutions 

in MD model and FE model, the stress at the crack tip is lower in FE 

model. 

18.5.2 Large-Scale FE Simulations 

We present in this section a series of FE simulations with relatively 

larger specimen models with the same idealized brittle material as 

Section 18.5.1. The goal is to investigate the effect of the interaction 

of reflected waves with the propagating crack. We simulate the 
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Figure 18.26 Stress distribution in front of crack tip when crack start to 

propagate. 

dynamic responses of five models with different specimen size, 

shape, crack length, and loading rate. The details of the five models 

are given in Table 18.3. 

Figure 18.27 shows the local stress distributions in front of 

the crack tip for the five models measured in the time interval 

during which the cracks start to propagate. It is seen that the 

five models predict almost the same critical stress value for crack 

initiation indepdent of the specimen size and the crack lentgh. We 

also calculate the stress intensity factor, K I C  , for each model. The 

results are shown in Table 18.4, from which one can find a nearly 

identical K I C  value for all the 5 models. 

In Fig. 18.28, we present the temporal sequence of snapshot 

pictures of the dynamic process of crack initiation, proagation, and 

Table 18.3 Geometric parameters and loading rates for the five models 

Models A B C D E 

Specimen length (L x ) (nm) 1127 1127 1127 566 1127 

Specimen width (L y) (nm) 354 354 354 354 708 

Crack length (a) (nm) 56 225 450 225 450 

Number of nodes 384,480 384,480 384,480 192,480 768,960 

Number of elements 128,160 128,160 128,160 64,160 256,320 

Number of atoms 7,048,800 7,048,800 7,048,800 3,528,800 14,097,600 

Applied strain rate (1/s) 4.6×106 4.6×106 4.6×106 9.2×106 4.6×106 
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Figure 18.27 
propagate. 

Stress distribution in front of crack tip when crack start to 

Table 18.4 K IC for models A–E 

Models 

K IC(MPa 
√ 
m) 

A 

1.77 

B 

1.71 

C 

1.71 

D 

1.73 

E 

1.65 

braching for model E, the largest specimen (1.127 μm by 0.708 

μm). Figure 18.28a shows stress waves emitting from the crack tip 

when the crack starts to propagate, and the waves are undisturbed. 

However, in Fig. 18.28b, it is seen that the stress waves have been 

reflected back from the horizontal boundaries and interfered with 

the forward propagating crack. As a result, the stress waves are 

disturbed, and the crack starts to branch. From Fig. 18.28c, we see 

that stress waves are more disturbed and the crack have branched 

into two cracks. In Fig. 18.28d, we observe that each of the two 

branched cracks further branches into two cracks, which seems to be 

also resulted from the interaction of propagating crack with stress 

waves reflected back from the horizontal boundaries. Two newly 

branched cracks soon arrest, leaving two main cracks continue to 

propagate. This iswhywe see kinks in Fig. 18.28e,f, and the twomain 

branches propagate to the right boundary of the specimen in a zigzag 

pattern. 
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Figure 18.28 (Continued) 
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Figure 18.28 FE results of dynamic crack propagation. The pictures are 

taken at strain (a) 0.49%, (b) 0.58%, (c) 0.75%, (d) 0.97%, (e) 1.07%, 

(f) 1.18%. 
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Figure 18.29 Crack speedmeasured formodel E during crack initiation and 

first branching. 

We plot the time history of the crack speed in Fig. 18.29 for 

the period of crack initiation and first branching, in which cR is 

the Rayleigh wave speed. It is seen that the first sudden sharp 

increase in crack speed occurs when the reflected waves meet with 

the forward propagating stress waves at the strain around 0.58% 

(cf. Fig. 18.28b). Then, we observe a sharp drop of the crack speed 

after the branching (cf. Fig. 18.29). Point A and B correspond to the 

crack initiation and the first crack branching.We see before and after 

branching events, the crack speed oscillates at about 0.4 Rayleigh 

speed. From Figs. 18.28 and 18.29, we conclude that the sudden 

increase of crack speed is caused by the interaction of forward stress 

waves with reflected stress waves, which in turn cause the crack to 

branch, namely the dynamic instability of brittle fracture. 

In Fig. 18.30, we present the snapshot pictures taken at 

approximately the time of the first crack branching for all the five 

models. Pictures in the left are zoomed in pictures at the crack tips. 

Again, it is seen that cracks in all the five models branch as a direct 

result of the interaction between the reflected stress waves and the 

forward propagating cracks. 

Table 18.5 shows the time for different waves to emit from and 

travel back to the crack tip and also the time interval (the output 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:11 PSP Book - 9in x 6in 18-Shaofan-Li-c18

688 Coarse-Grained Atomistic Simulations of Dislocation and Fracture in Metallic Materials 

Table 18.5 Time of arrival of reflected stress waves and time interval when 

crack branching occurs 

Models A B C D E 

Time interval for branching (ps) 80∼120 160∼200 160∼200 160∼200 320∼360 
Time of arrival of tl 

left(ps) 85 243 464 249 828 

longitudinal wave tl 
up - down(ps) 176 176 176 176 352 

Time of arrival of ts left(ps) 147 421 803 431 1433 

shear wave ts up - down(ps) 305 305 305 305 609 

Time of arrival of tR left(ps) 158 453 863 463 1541 

Rayleigh wave tR up - down(ps) 328 328 328 328 655 

time interval in the FE simulation) duringwhich the crack branching 

occurs. Here, tl ts and tR stand for the time for longitudinalwaves, left left left 

shear waves, and Rayleigh waves to emit from and travel back to 

crack tip, respectively. It is found that in all of the five models, the 

longitudinal waves always arrive at the crack tip slightly before the 

crack branching. The shear waves and Rayleigh waves arrive at the 

crack tip after the crack branching, and in all the five models it is 

the longitudinal waves that causes the crack speed to increase and 

subsequently the cracks to branch. 

In summary, in this section, we have presented dynamic 

simulation of crack initiation and propagation of an idealized brittle 

material.We have shown that the coarse-scale FEmethodwith about 

5% degrees of freedom of the corresponding MD model can predict 

the dynamic evolution of the crack tip stress, crack propagation 

speed, and also the complex pattern of the crack path and branching, 

not in exact correspondence, but qualitatively and quantitatively 

similar with that obtained by the atomic-level molecular dynamics 

simulations. 

Using a series of larger-scale models, we have demonstrated that 

the interaction of the stress waves emitting from the propagating 

crack tip with the stress waves reflected back from the boundaries 

of the specimen has a strong influence on the crack speed, crack 

propagation direction, and the complex pattern of the crack path and 

crack branching. Thus, a strong size effect of the specimen on the 

dynamics of fracture can be expected, which may justify the need of 

multiscale simulation for dynamic phenomena. 
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Figure 18.30 Stress waves at the time of crack branching in models A–E 

Left: zoomed in the crack tip. 
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18.6 Discussions 

Most contemporary coarse-graining methods begin with the deter

mination of the total potential energy of a system as a function 

of the degrees of freedom. A Hamiltonian or an effective potential 

is constructed or numerically obtained in terms of representative 

atoms or a group of atoms. The coarse-grained Hamiltonian is 

then minimized to find the equilibrium state (Tadmor et al., 1996, 
1999; Abraham et al., 1998; Knap and Ortiz, 2001; Muller-Plathe, 
2002; Dupuy et al., 2005), or used to derive the coarse-grained 
equations of motion to model the dynamics of the systems (Rudd 

and Broughton, 1998). We have introduced at here a new coarse-

graining methodology. The fundamental difference between this 

new method and existing coarse-graining or multiscale methods 

is that we start with the dynamics of atoms, derive the exact 

field representation of balance equations from atomic variables, 

and then solve for the dynamic response of the coarse-grained 

system. 

The dislocation dynamics (DD) method is the most popular 

CG method employed in simulation of dislocations (Amodeo and 

Ghoniem, 1990a,b; Van der Giessen and Needleman, 1995; Zbib 

et al., 1998; Rhee et al., 1998; Schwarz, 1999; Ghoniem et al., 
2000; Devince et al., 2001). The DD method has been successfully 
employed in the study of a host of important problems in 

dislocation mechanics and has the potential of directly connecting 

the physics of dislocations with the strength and strain hardening 

of crystals. Fundamentally different from the present CG method, 

DD focuses on individual dislocations, and explicitly simulates the 

migration, multiplication and interaction of discrete dislocation 

lines; accordingly, the number of active degrees of freedom can 

increase dramatically during the course of the simulation (Arsenlis 

et al., 2007). The focus of DD is typically placed on mesoscopic 
scales associated with dislocation substructures, since the theory 

does not consider regions of the domain with full atomic resolution. 

The present CG method is intended to address problems involving 

mesoscale description of dislocation structure (e.g., pileups) and 

associated long range fields with certain regions of interest (e.g., 

interfaces) treated with full atomic resolution to take advantage 
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of predictive capabilities of MD, as in the aforementioned CADD 

formalism. 

The only constitutive law involved in this formulation is the 

interaction of atoms, the atomistic counterpart of constitutive 

relations. Therefore, in the finite element implementation, connec

tivity between finite elements is not required even with standard 

finite element method, similar to the key feature of cohesive 

zone model (Needleman, 1987). By using a traction-displacement 

relation between finite elements, the cohesive zone model can 

simulate separations of finite elements and has therefore enjoyed 

a great popularity in simulations of crack propagation. One major 

difference between the present formulation and the cohesive zone 

model is that we use the same constitutive relation between finite 

elements as well as within a given finite element. Thus, nucleation of 

dislocations or initiation of cracks (i.e., separation of finite elements) 

would emerge naturally as a direct consequence of the governing 

equations, i.e., the balance equations supplemented by internal force 

fields. 

Note that when the balance equation of linear momentum is 

expressed in terms of internal force density, as in Eqs. (18.2)– 

(18.23), instead of the divergence of stress as is in the usual 

continuum mechanics representation, it then becomes very similar 

to the governing equation of peridynamics (Silling, 2000), except 

that we have a temperature gradient term in the balance equation of 

linear momentum. On the other hand, since there is a temperature 

gradient term in the balance equation of linear momentum, together 

with the energy equations, the present method can take account of 

finite temperature or solve for local temperature, thereby achieving 

thermo-mechanical coupling. 

A number of numerical methods have been developed using 

discontinuous basis functions in the finite element implementation 

to accommodate discontinuities. Popular methods include the dis

continuous Galerkin (DG) method and the extended finite element 

method (XFEM). In the XFEM, discontinuities are incorporated 

into the continuum model using the enrichment of the standard 

FEM approximation by the Heaviside step function (Gracie and 

Belytschko, 2009). In the DG method, the approximated displace

ments are discontinuous across finite elements. The DG method 
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was developed for high-order accuracy on unstructured meshes, 

local hp- refinement, and high parallel efficiency. It also provides a 

framework that can naturally incorporate the cohesive zone model 

or XFEM for simulation of fracture (Stan, 2008; Abedi1 et al., 2010; 
Gracie et al., 2007). Different from many continuum models that 
require special numerical treatment for simulation of discontinuous 

phenomena, the governing equations of the present CG model 

can be recast in a mathematical form that permits discontinuities 

and hence facilitates simulation of the initiation and evolution of 

discontinuities. 

Compared with MD simulations, the present coarse-graining 

approach is more efficient (0.6% in terms of degrees of freedom 

and <2% in terms computer operations with current numerical 

algorithms for the largest model in this work), yet it is still 

able to capture key phenomena of the dynamics of dislocations. 

Constrained by the assumptions of cooperative deformation of unit 

cells within a finite element and homogeneous temperature, the 

thermal fluctuation of atoms is smoothed out. As a result, the CG 

simulations yield a description of dislocation dynamics and dynamic 

crack propagation that are less accurate than, but qualitatively 

comparable to, MD results. 

The accuracy of the coarse-grained simulation depends on the 

constitutive relations, that is, the underlying interatomic potential 

or the force fields, in addition to the numerical implementation 

method, including the size and shape of the finite elements. The 

rhombohedral-shaped element enables simulation of dislocations 

glide between elements on (111) or (11̄1) slip systems along 

element boundaries. However, according to the standard Thompson 

tetrahedron representation of dislocations in FCC crystals, such 

a rhombohedral-shaped element still cannot completely capture 

all possible dislocation kinematics. For example, climb or cross-

slip would be constrained in the current CG models implemented 

with only rhombohedral-shaped elements. Also, as a result of 

the coarse mesh at notch tips, the CG simulations are unable 

to model crack tip blunting, excessive nucleation frequency, and 

consequently, CG simulation results diverge fromMDat large strains. 

Future work will include more sophisticated force fields to better 

describe stacking fault energy, tetrahedral-shaped elements to admit 
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more dislocation kinematics, more advanced shape functions to 

include formation of stacking faults within finite elements, adaptive 

remeshing to distinguish regions of higher defect concentration 

from coarse-grained regions, and/or linking to fully atomistic model 

in a concurrent atomistic-continuum simulation. In addition, this 

chapter only presents a special case of systems with a homogeneous 

temperature field at a very low temperature. It should be noted 

that dealing consistently with finite temperatures in coarse-grained 

modeling is not necessarily straightforward. Future work will 

include the effect of thermal fluctuation for systems at high 

temperature and also thermo-mechanical coupling for large plastic 

deformation and for dynamic crack propagation. 
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Atomistic simulations have a unique capability to reveal the 

nanostructured material deformation mechanisms along with the 

revelation of the corresponding deformation based constitutive 

behavior. However, atomistic simulations are limited by accessible 

length and time scales. In the present work, an advancement 

in the form of an equivalent crystal lattice method is presented 

to be able to perform classical atomistic simulations at micron 

length and seconds time scales. In the equivalent crystal lattice 

method, the equivalent lattices with lattice constants that are 

multiples of a material’s unit cell crystal lattice are developed 

while preserving the fractional coordinates, cohesive energy values, 

elastic constants, defect energy values, and phonon dispersion 

relations. The present work focuses on establishing the method for 

understanding nanowire and nanocrystalline material deformation 

mechanics. The material system of focus is silicon (Si). Specifically, 
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the objectives are (1) to compare the equivalent crystal lattice 

method based predictions with classical molecular dynamics (MD) 

based predictions by performing simulations based on the two 

methods (the equivalent crystal latticemethod andMD) atMD strain 

rates (since MD strain rates cannot be reduced much without a 

significant increase in computational cost); and (2) to predict the 

size related mechanical properties of [100] oriented Si nanowires 

as well as thin film and bulk polycrystalline Si with dimensions in 

the range of existing experimental measurements. Analyses reveal 

that at lower lattice constant values, the equivalent crystal lattice 

method reproduces classicalMD results. The dynamical deformation 

analyses of Si nanowires that have experimental dimensions predict 

that the nanowire Young’s moduli values approach bulk values at 

approximately 100 nm cross-section dimension. This finding is in 

accordance with the experimental results. Analyses also predict 

a transition in nanowire failure mechanism from being ductile to 

being brittle with increase in nanowire cross-sectional dimensions 

in accordance with experiments. The analyses based on the method 

are then used to predict the effect of nanowire specimen surface to 

volume ratio on nanowire peak strength at the μm length scales cur

rently inaccessible to MD. It is shown that below a critical surface to 

volume ratio value, the peak nanowire strength is independent of the 

effect of surfaces. In the case of nanocrystalline Si analyses revealed 

that the Young’s moduli and peak stress values follow inverse Hall– 

Petch relation in the case of both bulk and thin film polycrystalline 

Si with the thin film polycrystalline Si showing significantly higher 

softening. Investigation of fracture mechanism indicated that the 

softening of thin films can be attributed to surface defects con

tributing to fracture. An extrapolation of the thin film stress–strain 

relations to lower strain rate values indicated that the quantitative 

predictions of the equivalent lattice framework are close to the 

experiments measurements on polycrystalline Si thin film fracture. 

19.1 Introduction 

Silicon (Si) has been the primary material for semiconductor 

devices since the invention of transistor in the 1940s. Recently 
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with new developments in nanotechnology, polycrystalline Si (or 

polysilicon) has also become one of the most important structural 

materials for micro-electromechanical systems (MEMS) and nano

electromechanical systems (NEMS). The average grain sizes in the 

polycrystalline Si samples range from a few nanometers to a few 

micrometers. 

Table 19.1 lists experimental studies of polycrystalline Si 

mechanical deformation in cases where samples had nm to μm 

average grain sizes. The polycrystalline Si mechanical properties at 

the nanoscopic and the microscopic length scales have shown to 

be uncorrelated to those measured at larger length scales due to 

various physical effects arising out of an increased surface to volume 

ratio value at smaller length scales. Atomistic simulations have 

the unique capability to reveal the polycrystalline Si deformation 

mechanisms at nm and μm length scales along with the revelation 

of the corresponding deformation based constitutive behavior. 

However, atomistic simulations are limited by accessible length and 

time scales. Similar to the case of polycrystalline Si, Si nanowires 

are an important technological invention with applicability to new 

electronic devices, energy generation devices etc.6,7 Such usage 

requires mechanistic understanding of the nanowire deformation 

at the length scales of a few nm to a few  μm. Despite numerous 

advances in the development and experimental characterization 

of nanowires, the computational characterization of nanowire 

mechanical deformation at the length scale of experimentally 

manufactured nanowires has not been performed using atomistic 

simulations. 

In the present work, an advancement in the form of an equivalent 

crystal lattice method is presented to be able to perform classical 

atomistic simulations at micron length and seconds time scales. In 

the equivalent crystal lattice method, the equivalent lattices with 

lattice constants that are multiples of a material’s unit cell crystal 

lattice are developed while preserving the fractional coordinates, 

cohesive energy values, elastic constants, defect energy values, and 

phonon dispersion relations. The present work focuses on estab

lishing the method for understanding nanowire and nanocrystalline 

material deformation mechanics. The material system of focus is Si. 

© 2013 by Taylor & Francis Group, LLC
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700 Table 19.1 Experiments on polycrystalline Si 

Specimen size (length× Experimental Young’s modulus Peak strength 

Observer width× thicknessμm) method (GPa) (GPa) 

Greek and Johnson1 10× 10× 250–1000 Simple tension 167 1.25 

Chasiotis and Knauss2 50–80× 2× 400 AFM-based study 132 NA 

Koskinen et al.3 3.3μm2 (crosssectional Simple tension 164–176 2.7 to 3.4 

area)× 30 (thick) 
Tsuchiya et al.4 2 to 5× 2× 30–300 Simple tension 163 2.0 to 2.8 

Sharpe et al.5 6–600× 250–4000× Simple tension 158±10 1.1 to 2.05 

1.5 to 3.5 

Note: NA, not available. 

Table 19.2 Properties of single crystalline Si nanowire predicted through simulations

Young’s modulus Peak stress Peak 

Dimension (nm) Method Potential (GPa) (GPa) strain (%) 

Kang and Cai9	 5 (dia)× 50 MD Baskes 139 13.2 18 

Menon et al.10	 3 to 4 (dia)× 7.3 MD SW 147.3 NR 13 

tetrahedral

3 to 4 (dia)× MD SW 94.4 NR 14 

11.2 cagelike 

Lee and Rudd11	 0.61–4 (width)× DFT 29.4–122.5 NR NR 

unknown length 

Hoffmann et al.12	 90–190 (width)× FEM 7–18.1 NR 

500–2000 (length) 
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Note: SW Stillinger–Weber; SWmod, Stillinger–Weber modified; NR, not reported. 
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The method is integrated in a scalable parallel molecular dynamics 

(MD) simulation code (DLPOLY).8 

Nanowire deformation mechanics is an extensively studied 

field.13 Due to vast literature in this field, here the focus is only on 

reviewing work related to the Si nanowire deformation mechanics. 

Different simulation methods (e.g. the finite element method (FEM), 

MD, and ab initio methods such as those based on the density 
functional theory (DFT)) have been used for analyzing the Si 

nanowire deformation mechanics (see, for example, Table 19.2. 

Continuum simulations based on FEM require less time and 

computational effort in comparison to the atomistic simulations. 

However, the size scale limit at which continuum analyses fail 

is an important and yet unresolved issue. Both MD and DFT based 

analyses have been used in the past to analyze nanoscale size effect 

in the Si nanowires. However, DFT is computationally expensive. 

Using DFT calculations, Dubois et al.14 have predicted that at least 
two shear systems, {111} <1 1> and {110} < 1 0>, are responsible 
for the limitation of ideal strength of Si. Roundy and Cohen15 have 

predicted that dislocations may not be visible at low temperature 

because entire lattice can become unstable before a dislocation is 

induced. MD is the most popular tool for analyzing Si nanowire 

deformation mechanics attributed to its capability to simulate 

behavior of systems with millions of atoms. However, currently it is 

challenging to useMD to simulate nanowiremechanical deformation 

when the nanowire diameter is larger than 10 nm and the nanowire 

length is more than 100 nm at experimentally accessible strain rates 

(∼10–1/sec).13 
There are two important questions that need to be answered 

in order to thoroughly understand the mechanical deformation 

characteristics of Si nanowires (Table 19.3). First, one should 

answer what would be the origin of specimen size effect on 

mechanical properties, i.e. whether the size effect occurs due to 

diameter, length, surface area, or other structural effect related 

to a nanowire specimen. Reported origins of specimen size effect 

have been predicted as length4,12 diameter16,17 surface area5 and 

surface roughness.18 Atomistic simulations have offered limited 

resolution because of the length and time scale limitations. Second, 

the size limit below which brittle to ductile fracture transition 
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Table 19.3 Properties of single crystal Si nanowire predicted using experiments 

Nanowire size Experimental method Young’s modulus (GPa) Peak stress (GPa) 

Li et al.20 74× 510× 50000 nm Indentation 72 NR 

San Paulo et al.21 120–190 nm (dia)× 8–12μm AFM 186 NR 

Hoffmann et al.12 90–190 nm (dia)× 500–2000 nm AFM NR 12 (average) 

Namanzu et al.18 200× 255× 6000 nm AFM NR 17.53 

300× 255× 6000 nm AFM NR 15.26 

800× 255× 6000 nm AFM NR 11.56 

TabibAzar et al.22 140 nm (Dia)× 10000 nm AFM 93 0.85 

200 nm (Dia)× 10000 nm AFM 150–250 0.3–0.56 

Heidelberg et al.23 100 to 200 nm (Dia)× unknown length AFM 158 NR 

Han et al.16 15–70 nm (Dia)× unknown length Tension 55–80 NR 

Li et al.17 12–300 nm (thickness)× unknown length Resonant frequency 53–170 NR 

Note: AFM, atomic force microscope; NR, not reported. 
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occurs for Si nanowires is not known. Using tensile experiments Han 

et al.16 have reported that the brittle to ductile transition occurs 
at approximately 60 nm nanowire diameter. However, brittle to 

ductile transition has been observed to occur at approximately 4 nm 

nanowire diameter during MD simulations.19 Based on the results 

shown in Tables 19.2 and 19.3, it is clear that the existing gap 

between experimental and simulation predictions could be filled if 

simulations could be performed to answer nanowire deformation 

mechanics related queries posed in experiments at experimental 

length scales. 

Similar to the case of nanowires, atomistic simulations of 

polycrystalline materials have been extensively performed. Due 

to vast literature in this field, here only the work related to 

polycrystalline Si is reviewed. A range of simulation methods 

have been used to investigate the mechanical deformation of 

polycrystalline Si: e.g. FEM,24–26 MD,27–29 and DFT.30 Keblinski 

et al.27 have performed MD simulations of polycrystalline Si with up 
to 7.3 nm average grain sizes using the Stillinger–Weber potential. 

Their results show that polycrystalline Si can be treated as a two

phase system consisting of an ordered crystalline phase inside the 

grains and an amorphous grain boundary phase. Demkowicz et al.28 

have investigated plastic deformation of polycrystalline Si using the 

Stillinger–Weber potential. They observed up to 117% deviatoric 

strain during deformation. The deformationmechanism consisted of 

plastic deformation taking place entirely in grain boundary regions 

with no dislocation observation in grain interiors. During the plastic 

deformation, processes such as rotation of grains and formation of 

nanoscale voids were noticed. Alfthan et al.29 examined structural 
order as a function of temperature in (001) twist grain boundaries 

of polycrystalline Si using Tersoff potential. They found that the 

grain boundaries display structural order at all temperatures up to 

melting point. Kim and Windl30 used density functional theory to 

find out the critical grain size of polycrystalline Si at which grain 

boundaries start influencing elastic properties. They found out that 

an approximate grain size of 6 nm is the critical limit below which 

the bulk modulus (or elastic properties) of polycrystalline Si shows 

significant grain boundary related effects. From the review, it is clear 

that atomistic simulations of the polycrystalline sample deformation 
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at experimental length and time scales can reveal rich information 

on material behavior. 

Tremendous research effort has been directed towards perform

ing atomistic simulations at experimental length and time scales 

with limited success. Again, due to vast literature in this field and due 

to limited space, only a few approaches are cited. The approaches 

include utilizing large number of processors,31 MD temperature 

acceleration methods,32 and Hybrid Monte Carlo method (HMC).33 

In the present work, an equivalent crystal lattice framework is 

used to address this problem. Specifically, the objectives are (1) to 

compare the equivalent crystal lattice method based predictions 

with classical molecular dynamics (MD) based predictions by 

performing simulations based on the two methods (the equivalent 

crystal lattice method and MD) at MD strain rates (since MD strain 

rates cannot be reduced much without a significant increase in 

computational cost); and (2) to predict the size related mechanical 

properties of [100] oriented Si nanowires as well as thin film and 

bulk polycrystalline Si with dimensions in the range of existing 

experimental measurements. The method is specific to Si. Further, 

for reasons of simplicity, the focus of this research is on only [100] 

oriented nanowires. The present work for the first time reports 

atomistic analyses of polycrystalline Si deformation at average grain 

sizes approaching 135 nm and the sample sizes approaching 0.2 

μm. The equivalent crystal lattice method can be used to predict 

results at experimental strain rates. However, in order to compare 

themethod results with theMD simulation results, the present work 

reports analyses only at MD strain rates. 

19.2 Method and Framework 

Si is the target material in this research. However, the method 

can be applied to other materials. The investigation focused on 

analyzing nanowire mechanics with the nanowire diameter ranging 

from 2.17 nm to 1.74 μm and polycrystalline Si mechanics with 

average grain sizes ranging from 3.4 nm to 135 nm. It is important 

to note that, the equivalent lattices effectively reproduce classical 

properties. Therefore, the property limitation on MD (such as 
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inability to calculate electronic properties) still applies. In addition, 

the framework solely focuses on mechanical properties. 

19.2.1 Interatomic Potential 

Si has diamond cubic crystal structure with lattice constant value of 

5.43 ̊A. The lattice constants of the equivalent lattices in the present 

work are based on the multiples of Si unit cell lattice constant 

(10.86 A (2˚ × 5.43 ˚ A, and 1086 ˚A), 108.6 ̊ A). The equivalent lattice 

unit cells have the same crystal structure as actual Si unit cell. 

Figure 19.1 illustrates this graphically. The well-known potentials 

for atomistic simulations of Si are Stillinger and Weber (SW),35 

Tersoff (T2 and T3),34,36 Dodson (DOD),37 and Biswas and Hamann 

(BH)38 potentials. None of these potentials have been established as 

superior. SW, T3, and to some extent DOD are good for simulating 

elastic properties.39 T3, SW, DOD, T2 and BH give fairly good 

values for predicting structures and energetic of intrinsic defects.39 

Only T3 correctly predicts the phase transformation from diamond 

structure to β-tin phase.39 Based on these observations, T3 is 

chosen as the potential from of choice for the equivalent lattices. 

The inter-atomic potentials of the equivalent lattices are obtained 

by fitting bulk properties such as cohesive energy values, bulk 

elastic constants, and lattice constants while maintaining the same 

fractional coordinates. The bulk modulus as well as the elastic 

constants of the equivalent crystal lattices should be the same as 

those of the original crystal lattice (5.43 ˚ since those properties A) 

are not influenced by the lattice unit cell size. The total lattice energy 

and atomic mass of an equivalent lattice unit cell should be rescaled 

in proportion to the volume ratio compared to the original (will be 

also called ordinary cell from now on) lattice unit cell. Table 19.4 

lists inter-atomic potential parameters of the equivalent lattices. The 

detail information of symbols in Table 19.4 can be found in the work 

of Tersoff.40 

Table 19.5 lists the experimental values of the elastic constants 

of Si and compares those values with the predictions made by the 

potentials for different equivalent crystal lattices. The fitting error is 

within the range of 20% of experimental values which is similar to 

the error range of the T3. 
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Figure 19.1 Illustration of constructing equivalent crystal lattice unit cells. 

Blue and green dots are the fraction coordinates of Si atoms. The equivalent 

lattices preserve the Si crystal structure, albeit with larger lattice constants. 

See also Color Insert. 

Table 19.4 Tersoff empirical potential parameters for equivalent lattices 

and original Tersoff potential parameters 

Lattice constant 5.43 ˚ 10.86 ˚ 108.6  ̊ 1086 ˚A (T3)34 A (this work)  A (this work) A (this work)  

A (eV) 1830.8 2911.8 9682.2728 12256.2453586 

B (eV) 471.18 1500 2500.0 28469.546054 

λ1 (Å
–1) 2.4799 0.2125 0.4195 0.04235 

λ2 (Å
–1) 1.7322 1.8166 1.08071 0.008282 

α 0 0 0 0 

n 0.78734 0.78734 0.78734 0.78734 

β 1.0999E-06 1.0699E-06 1.0699E-06 1.0699E-06 

N 0.78734 0.78734 0.78734 0.78734 

c 100390 100390 100390 100390 

d 16.218 16.418 16.418 16.418 

h –0.59826 –0.59826 –0.59826 –0.59826 

Table 19.5 A comparison of properties predicted for the equivalent lattice 

unit cells with the properties predicted for Si unit cell 

Tersoff (T3) New potential 

Target values Lattice parameters(Å) 

Properties (experimental) 5.43 Å 10.86  Å 108.6  Å 1086 Å

C11 (GPa) 165.741 142.5 (14) 137.0 (17) 134.86 (18.6) 136.6 (17.5) 

C12 (GPa) 63.941 75.4 (18) 70.0 (9.7) 68.13 (6.63) 73.5 (15) 

C44 (GPa) 79.641 69 (13.3) 67.42 (15) 67 (15.8) 64.8 (18.6) 

B (GPa)  9842 98 (0.0) 98.5 (0.6) 90.37(7.7) 94.5 (3.5) 

Lattice E (eV) –37.3642 –37.04 (0.9) –36.175 (0.14) –37.29 (0.1) –37.32(0.05) 

Atomic mass 28.0855 28.0855 224.684 224684 224684000 

Note: C, elastic constants; B, bulk modulus; E, total lattice energy (% error in parenthesis). 
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Table 19.6 A comparison of cohesive energy values predicted 

by the potentials for the equivalent lattices with the original 

Tersoff potential (T3) predictions for different polytypes of Si 

(unit is eV) 

5.43 ̊A39 Original 

Polytypes of Si Tersoff (T3) 10.86 ̊A 108.6 ̊A 

Diamond –4.63 –4.52 –4.66 

Simple cubic –4.31 –4.42 –4.54 

Face center cubic –3.87 –4.30 –4.38 

Body center cubic –4.20 –4.40 –4.49 

Cohesive and defect energy values for different Si structural 

forms predicted using interatomic potentials of the equivalent 

lattices are compared with those predicted by the original Tersoff 

potential in Tables 19.6 and 19.7. A maximum error of 11% is 

observed in the cohesive energy calculations and a maximum error 

of 13% is observed in the defect energy calculations. These error 

values are of the same order as predicted using T3. 

19.2.2 Satisfaction of Dynamical Requirements 

The next step in ensuring correct prediction of properties using 

potentials for the equivalent lattices is that the time step of 

the atomistic simulations based on the equivalent crystal lattice 

framework reproduces correct dynamical information. One way 

to ensure such a reproduction is to ensure that the time steps 

sufficiently resolve atomic vibration frequencies for the equivalent 

crystal lattices. In order to satisfy the conservation of mass 

requirement, the atomic mass in the equivalent lattices is scaled as 

Table 19.7 Comparison of defect energies between 

the interatomic potentials of the equivalent lattices 

and the original Tersoff potential (T3) (unit is eV) 

5.43 Å34 Original 

Defect Tersoff (T3) 10.86 Å 108.6 Å

Vacancy 3.7 3.4 3.5
 

Interstitial (tetrahedral) 3.8 3.3 3.7
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Figure 19.2 Phonon dispersion relations for (a) original Si crystal lattices, 

(b) crystal lattice scaled 2 times, (c) crystal lattice scaled 20 times, and (d) 

crystal lattice scaled 200 times. 

the lattice constants are scaled up. This is expected to change the 

phonon dispersion curves for the new lattices. In order to examine 

this issue, phonon dispersion relations (first four acoustic branches) 

corresponding to all three lattices examined in this research are 

plotted in Fig. 19.2. As shown, the phonon dispersion relations are 

exactly reproduced. The frequency magnitudes, however, are scaled 

down in accordance with the scaling magnitude of lattice constant. 

For 2 times scaling of lattice constant, frequency magnitudes are 

reduced by 1/2. For 20 times scaling, the frequency magnitudes are 

reduced by 1/20.We have examined phonon dispersion relations for 

higher frequency braches as well. The trend observed (not shown 

here for clarity) is repeated in the exact same manner. 

Since frequencies reduce in amanner directly proportional to the 

increase in the lattice constant values, it can be concluded that the 

maximum MD time step should increase in a directly proportional 

manner as well. The scaled up time step values based on this 

criterion can further be modified by considering two practical 
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issues: (1) time step should be such that atoms are constrained to 

move not more than 1/20th of the nearest-neighbor distance at five 

times the maximum thermal velocity among all atoms in a system; 

and (2) time step should be such that atoms are constrained to 

move not more than 1/20th of the nearest neighbor distance at 

the maximum absolute velocity among all atoms in a system.43 We 

also need additional considerations to be addressed before finalizing 

the maximum time step with equivalent crystal lattices. Namely, we 

need to satisfy the requirement of ergodicity as well as stability of 

NPT (grand canonical ensemble), NVE (microcanonical ensemble), 

and NVT (canonical ensemble) equations of motions.44 Final time 

steps of choice after taking into account all the above considerations 

were 0.5 ps for 1086 Å lattice constant, 0.05 ps for 108.6 Å lattice 

constant, and 0.005 ps for 10.86 ̊A lattice constant. 

19.2.3 Simulation Details 

All the simulations are performed at 300 K. Constant stress Nσ T 
ensemble (Constant number of particles, stress, and temperature) 

is used as statistical thermodynamic description of the system. 

Velocity Verlet integration algorithm is used for integrating classical 

equations of motion. In order to control the temperature and stress, 

Nose’-Hoover thermostat and barostat are used. VMD (Visual MD)45 

software is used for visualization of the atomic deformations. Three 

different types of nanowire supercell are constructed corresponding 

to each equivalent lattice (Table 19.8). Along the lateral supercell 

surfaces enough gap is provided (calculated based on cutoff radius) 

so that the nanowires examined have free surfaces. The smallest 

dimension of the nanowire is 2.17× 2.17× 17.36 nm,which is based 
on the 5.43 A Si lattice. The dimension increases up to 1.74× 1.74×˚

3.48 μm when 1086 ̊ caseA equivalent lattice is employed. In the of 

polycrystalline Si, three identical sized supercells, which have three 

different numbers of grains (8, 27 and 64 grains), are constructed 

corresponding to each equivalent crystal lattice (Table 19.9). Table 

19.9 lists details on the average grain size for polycrystalline Si 

samples analyzed. The smallest supercell based on 5.43 Å lattice 

constant value is sized at 10.1 × 10.1 × 10.1 nm. The dimension 
is increased up to 202 × 202 × 202 nm when 108.6 Å equivalent 
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Table 19.8 Comparison of nanowire sizes and number of atoms in nanowires 

Supercell size	 5.43 ˚ 10.86 ˚ 108.6 ˚ 1086 ˚A Lattice constant A Lattice constant A Lattice constant A Lattice constant 

4× 4× 32	 2.17× 2.17× 17.36 nm 4.34× 4.34× 34.8 nm 43× 43× 348 nm 0.43× 0.43× 3.48μm 

(4096 atoms) (4096 atoms) (4096 atoms) (4096 atoms) 

8× 8× 32	 4.34× 4.34× 17.36 nm 8.7× 8.7× 34.8 nm 87× 87× 348 nm 0.87× 0.87× 3.48μm 

(16384 atoms) (16384 atoms) (16384 atoms) (16384 atoms)

16× 16× 32	 8.7× 8.7× 17.36 nm 17.4× 17.4× 34.8 nm 174× 174× 348 nm 1.74× 1.74× 3.48μm 

(65536 atoms) (65536 atoms) (65536 atoms) (65536 atoms) 

Table 19.9 A comparison of average grain sizes of diff erent 

samples of polycrystalline Si examined in the present work 

Average grain size for Average grain size for Average grain size for

No. of 5.43 ˚ 10.86 ˚ 108.6 ˚A lattice A lattice A lattice 

grains samples (nm) samples (nm) samples (nm) 

8 6.749 13.497 134.97 

27 4.499 8.998 89.98 

64 3.374 6.749 67.49 
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lattice is employed. It is important to note that samples with a fixed 

number of grains butwith different equivalent lattices have the same 

orientation distribution of grains. 

19.3 Results and Discussions 

Before proceeding with the equivalent crystal lattice method based 

analyses, the MD predictions of stress–strain curves for a 8 × 8 × 
32 lattice constant supercell nanowire made up of original Si crystal 

lattice atoms were compared with the predictions of stress–strain 

curves for a 4 × 4 × 16 lattice constant supercell nanowire made 
up of 10.86 A equivalent crystal lattice˚ atoms. This supercell choice 

results in nanowires with exactly the same sizes. The comparison 

is shown in Fig. 19.3. As shown, the agreement in Young’s moduli 

value prediction between the two supercells is within 1% error and 

the agreement in peak stress prediction is within 1.5% error. The 

results and discussions on nanowire mechanics focus on Young’s 

moduli and peak stress values. In the case of nanowires made up 

of equivalent lattices with lattice constants of 108.6 Å and 1086 A,˚

Figure 19.3 Stress vs. strain curve for 4× 4× 16 lattice constant supercell 
of 10.86 ̊ A lattice. A lattice and 8× 8× 32 lattice constant supercell of 5.43 ̊
The dimension is 4.34 nm× 4.34 nm× 17.36 nm for both nanowires. 
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8×8×32 at 32% 4×4×16 at 30% 

8×8×32 at 34% 4×4×16 at 32% 

(a) (b) 

Figure 19.4 Comparison of fracture behavior between (a) 8× 8× 32 lattice 
constant supercell nanowire based on 5.43 Å lattice and (b) 4 × 4 × 16 
lattice constant supercell nanowire based on ˚10.86 A equivalent lattice. The 

supercell choices correspond to nanowires with exactly same sizes. See also 

Color Insert. 

a direct comparison with the results for a corresponding nanowire 

made up of 5.43 ̊A lattice constant Si atoms is not achievable because 

of the computational infeasibility of simulating billions of atoms at 

infeasible strain rates necessary for such comparison. However, as 

shown later, the stress–strain curves of the nanowires made up of 

larger lattice constants correspond closely to those of the nanowires 

made up of 5.43 ̊ constant A lattice constant unitA lattice and 10.86 ̊

cells. 

Figure 19.4 shows fracture mechanism comparison between 

the 8 × 8 × 32 lattice constant supercell nanowire made up 
of original Si crystal lattice atoms and the 4 × 4 × 16 lattice 
constant supercell nanowire made up of 10.86 Å equivalent crystal 

lattice atoms. As shown, both, the MD and the equivalent crystal 

lattice method predict same fracture initiation location and fracture 

strain. The fracture separation occurred in ductile fashion. Prior 

to separation, crystalline to amorphous structural transition was 

observed in regions near the fracture surfaces. This mechanism 

has been reported in the experiments by Han et al.16 as well as 
in simulations by Menon et al.10. Almost in all cases, the failure 
initiated at the nanowire surfaces. Sometimes, multiple failure

initiation points are observed on the surfaces. 

The applicability of inter-atomic potentials based on the new 

equivalent lattices is also examined by comparing tensile defor

mation behavior of two polycrystalline supercells with the same 

size: first supercell with 8 grains and 5.43 Å lattice constant Si 
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(a) (b) 

Figure 19.5 A comparison of stress–strain curves in the cases of 20.2 × 
20.2 × 20.2 nm sized (a) bulk polycrystalline Si supercells and (b) thin 
film polycrystalline Si supercells based on 5.43 Å Si unit cell and 10.86 Å

equivalent crystal lattice. 

atoms and the second supercell with 8 grains and 10.86 Å lattice 

constant Si atoms. The supercells have the same overall dimension 

of 20.2 × 20.2 × 20.2 nm. The orientation and size distribution 
of grains in the supercells were identical. The MD simulation of 

the nanomechanical deformation of the first supercell made up 

of 5.43 Å lattice constant (total 396674 atoms) unit cells used 

the T3 potential. The atomistic simulation of the nanomechanical 

deformation of the second supercell made up of 10.86 Å lattice 

constant (49356 atoms) unit cells used new parameters listed in 

Table 19.4. Figure 19.5(a) shows the resulting stress–strain relations 

in bulk polycrystalline Si setting and Fig. 19.5(b) shows the resulting 

stress–strain relations in polycrystalline Si thin film setting. As 

shown, the new potential replicates the result of original potential 

up to 20% of strain which corresponds to peak stress. After peak 

stress, the stress value predictions based on the new potential 

showed deviation from the predictions based on the T3 potential. 

19.3.1 Analyses of the Si Nanowire Deformation 

Figure 19.6 shows stress–strain plots for all nanowires described 

in Table 19.8. The following sections focus on analyzing the plots 

presented in Fig. 19.6. 
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(a) (b) (c) 

Figure 19.6 Stress–strain curve comparison for (a) 4 × 4 × 32 lattice 
constant supercell nanowireswith all lattice constants, (b) 8× 8× 32 lattice 
constant supercell nanowires with all lattice constants, (c) 16 × 16 × 32 
lattice constant supercell nanowires with all lattice constants. 

1. Effect of Specimen Size on Peak stress from Nanometer to 
Micron Scales 

During analyses of specimen size effect in Si nanowires, either 

nanowire diameter or nanowire length has been used as the most 

influencing variable. Researchers also have noticed that a large 

surface to volume ratio in the case of nanowires is responsible for 

the nanowire mechanical properties being different from the bulk 

counterparts. To analyze the effect of surface to volume ratio on the 

nanowire mechanical properties, the peak stress values are plotted 

as a function of the surface to volume ratio in Fig. 19.7. 

Figure 19.7 Peak stress as a function of surface to volume ratio. 
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Sincemultiple samples correspond to the same surface to volume 

ratio, Fig. 19.7 also shows error bar. As shown, the error bar is 

unaffected by the change in the value of surface to volume ratio. 

However, the peak stress values become independent of the surface 

to volume ratio at the values of the ration lower than 0.05. The 

peak stress values converge to a value in the vicinity of 25 GPa as 

the surface to volume ratio approaches zero. It is well documented 

that the nanowires surfaces act as defect nucleation sites. With 

increase in the surface to volume ratio, the available surface area 

increases. This directly leads to higher extent of defect formation 

and the corresponding lowering of peak stress leading to nanowire 

softening. When compared to the experimental peak stresses shown 

earlier in Table 19.3, the peak stress predicted in MD and equivalent 

crystal lattice simulations are higher than those of experiments 

(values range from 11–18 GPa). The reasons for this higher stress 

are partly the effective strain rate of current simulations and partly 

that the simulated supercells do not contain any initial defects. 

Experimental calculations are at lower rates and, possibly, in the 

presence of defects (based on discussion with Si nanowire growers). 

2. Transition Diameter for Young’s Modulus 

The transition diameter, as discussed in the nanowire mechanics 

literature, is the maximum nanowire diameter beyond which the 

nanowire Young’s modulus value approaches the corresponding 

bulk value. Since, the reported simulations in the present work 

employed a wide range of nanowire sizes, the predicted Young’s 

moduli can be used to obtain a trend as a function of the nanowire 

diameter. MD simulations by different researchers have reported 

different transition diameters values for Si nanowires ranging from 

4 nm to 30 nm. Figure 19.8 shows the Young’s moduli values for 

Si nanowires predicted by different researchers as a function of 

nanowire diameter. A dotted line is drawn to form a two-part least 

square fit to the experimental data. The fit is a good approximation 

to the overall data with the exception of data by Ref. 16. As shown 

the present work results closely approximate the fit. Additionally, 

the trend predicted in the present work also falls in line with the 

trend predicted by DFT simulations of Ref. 11. Based on Fig. 19.8, 
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Figure 19.8 A comparison of Young’s moduli predictions as a function of Si 

nanowire diameter in experiments and in current simulations. 

it can be said that the experimental value of transition diameter 

in the case of Si is 100 nm.13,17,23 The simulation results closely 

approximate the experimental trend. It is to be noted that different 

experiments had different Si nanowire growing methods, different 

surface roughnesses, and different textures. Therefore, an exact fit 

between simulations and experiments is not likely. 

3. Fracture Mechanism 

Using MD simulations, it has been observed that [110] nanowires 

with diameters less than 4 nm fail by ductile fracture even at the 

room temperature while thicker nanowires fail by brittle fracture 

mechanism.19 Through tensile experiments, Han and coworkers 

have reported brittle to ductile transition occurred around 60 nm 

diameter for [110] Si nanowires.16 In our simulations, we also 

observed the ductile to brittle transition in fracture of Si nanowires, 

Fig. 19.9. Figure 19.9(a) illustrates the fracture behavior of 8.7× 8.7 
× 17.36 nm Si nanowire, which clearly shows the ductile fracture 

mechanism. Figure 19.9(b) illustrates the fracture behavior of 17.4 

× 17.4 × 34.8 nm Si nanowire, which clearly shows the brittle 
fracture mechanism. In all the fracture surface examinations, it was 

revealed that the final separation is preceded by amorphization at 
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32% 

34% 

36% 

(a)	 (b) 

Figure 19.9 Ductile and brittle fracture mechanisms, respectively, in the 

cases of (a) 8.7 × 8.7 × 17.36 nm Si nanowire and (b) 17.4 × 17.4 × 34.8 
nm Si nanowire. 

the fracture location. This observation agrees with the experimental 

and computational observations made by other researchers and 

groups. Discrepancy in the simulation predictions and experimental 

predictions can be attributed to the (1) the nanowire orientation 

being different from the earlier experiments and calculations and 

(2) the nanowires not being of exact same shape as examined in the 

experiments. 

19.3.2	 Analyses of the Thin Film and Bulk Polycrystalline Si 
Deformation 

After verifying the predictability of the atomistic simulations based 

on the equivalent crystal lattice framework with the MD simulations 

based on the T3 potential, tensile deformation simulations were 

performed on the supercells listed in Table 19.9. Figure 19.10 shows 

stress–strain curves in the case of 8 grain bulk polycrystalline Si 

samples with all lattice constants and 8 grain thin film polycrys
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(a) (b) 

Figure 19.10 A comparison of stress–strain curves in the case of (a) 8 grain 

bulk polycrystalline Si samples with all lattice constants and (b) 8 grain thin 

film polycrystalline Si samples with all lattice constants. 

talline Si samples with all lattice constants. Trends for 27 grain and 

64 grain samples were the same and are not shown here to preserve 

space. As shown earlier, the equivalent lattice potentials reproduce 

T3 potential results for Young’smoduli and peak stress values (albeit 

with smaller number of atoms and with accelerated time steps). 

Focus of the further analyses, therefore, is on comparing Young’s 

moduli and peak stress trends for the polycrystalline samples listed 

in Table 19.9 

1. Effect of Grain Size on Bulk and Thin Film Polycrystalline Si 
Properties 

Hall–Petch effect is a well-known grain size dependent phenom

enon. Kumar et al.46 have pointed out that in many metals the 
Hall–Petch mechanism is valid down to 10 nm average grain 

size. However, below 10 nm grain size the inverse Hall–Petch 

effect dominates. Koskinen et al.3 performed tensile deformation 
experiments on polycrystalline Si thin films. The cross sectional 

area of the specimens in their experiments was 3.3 μm2 and the 

length was 30 μm. They reported that the average tensile strength 

increases from 2.86 GPa to 3.37 GPa as the average grain size 

increases from50 nm to 500 nm. They also reported that the average 

tensile strength slightly decreases from 2.86 GPa to 2.69 GPa as the 

grain size increases from 50 nm to 100 nm. Comparing the large 
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(a) (b) 

Figure 19.11 (a) Young’s modulus as a function of grain size in the case of 

bulk polycrystalline Si and (b) Young’s modulus as a function of grain size in 

the case of thin film polycrystalline Si. 

increase of tensile strength (0.51 GPa) between 50 and 500 nm 

average grain sizes, it was not clearly explained whether the slight 

decrease (0.17 GPa) of tensile strength between 50 and 100 nm 

average grain sizes has originated from experimental error or from 

a brief manifestation of Hall–Petch mechanism. 

No simulations of tensile deformation of polycrystalline Si with 

average grain size in the vicinity of 500 nm have been reported in 

the literature. Therefore, a mechanistic understanding in this area 

is lacking. In order to understand this issue for systems analyzed 

in this study, Young’s modulus values as a function of grain size 

variation for the bulk and thin film polycrystalline Si are examined in 

Fig. 19.11. The trends corresponding to individual equivalent lattice 

supercells point to inverse Hall–Petch effect. Overall trend in the 

Young’s values (shown using the dotted blue lines) also indicates 

inverse Hall–Petch relation. The slope of the relation is nearly zero 

in the case of bulk polycrystalline Si. Thin film, however, shows 

an appreciable inverse Hall–Petch relation slope. Encouraged by 

these findings, peak stress variation as a function of grain size in 

the case of thin film and bulk polycrystalline Si is examined in Fig. 

19.12. Similar to what was observed in Fig. 19.11, the overall trend 

(indicated by dotted blue line) indicates inverse Hall–Petch relation. 

Fan et al.47 havemodeled the inverse Hall–Petch equation as a linear 
function of grain size. They calculated the Hall–Petch relation slope 

using experimental data. They found that the slope is 24MPa/nm for 
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(a) (b) 

Figure 19.12 (a) Peak stress as a function of grain size in the case of 

bulk polycrystalline Si (slope of linear inverse Hall–Petch equation is 35.1 

MPa/nm) and (b) Peak stress as a function of grain size in the case of 

polycrystalline Si thin films (slope of linear inverse Hall–Petch equation is 

80.1 MPa/nm). 

polycrystalline copper when grain size is less than 24 nm. Following 

their calculations, the slope between peak stress variation and grain 

size variation was calculated for Fig. 19.12 data. The slope value 

was found to be 35.1 MPa/nm for bulk polycrystalline Si and 80.1 

MPa/nm for thin film polycrystalline Si. 

The analyses reported are performed at significantly high strain 

rates. The grain size of polycrystalline Si is 67.4 nm for 64-grain 

supercell of 108.6 Å equivalent lattice and 135 nm for 8-grain 

supercell of 108.6 A equivalent lattice (Table 19.9). These grain sizes ˚

are in between the 50 nmand 500 nmgrain size limits of the samples 

used in Koskinen et al.’s3 experiments. Since the length scale of the 
3analyses is within the range of experiments by Koskinen et al., a 

quantitative comparison of analyses results with lower strain rate 

experiments can be performed by extrapolating the high strain rate 

data to the experimental lower strain rate values. One relation that 

can be used for this purpose is the strain-rate sensitivity index based 

relation postulated by Zhu et al.,48 which is given as  � �m
σ ε̇= (19.1)
σ0 ε̇0 

In the above equation, σ is stress, m is the strain rate sensitivity 

index, and ε̇ is strain rate. The subscript 0 is used to denote 
reference values. The calculation of strain rate sensitivity index 
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can be performed if the values σ and σ0 are available at ̇ε and 
ε̇0, respectively. In the present work, polycrystalline Si thin film 

samples with 67.49 nm, 90 nm, and 135 nm average grain sizes 

were simulated for nanomechanical deformation at strain rates 

of 2 × 109/sec (ε̇) and  2  × 108/sec (ε̇0) based on the constant 
strain rate methodology presented in Tomar.33 The simulations of 

polycrystalline Si thin films at 2 × 109/sec strain rate predicted a 
peak stress value of 26 GPa (σ ) at 67.49 nm average grain size, a 
peak stress value of 28.8 GPa at 90 nm average grain size, and a 

peak stress value of 29.6 GPa at 135 nm average grain size. Similarly, 

at 2 × 108/sec strain rate the simulations predicted a peak stress 
value of 20 GPa (σ0) at 67.49 nm grain size, a peak stress value of 

21.4 GPa at 90 nm grain size, and a peak stress value of 23.8 GPa at 

135 nm grain size. These values of strain rates and corresponding 

peak stresses can be used to calculate strain rate sensitivity index as 

a function of grain size using relation in Eq. 19.1. 

The strain-rate sensitivity index value is 0.112 at 67.49 nm 

average grain size, 0.104 at 90 nm average grain size, and 0.077 

at 135 nm average grain size. Koskinen et al.3 did not report 
the experimental strain rate in their data. We can presume that 

these experiments were performed at quasi-static strain rates of 

1× 10−3/sec or 1× 10−2/sec. Based on sensitivity index values the 
peak stress as well strain rate values for different grain sizes in the 

atomistic simulations can be used to calculate the peak stress values 

at the Koskinen et al.’s quasi-static strain rate values. The results 
of such calculations can predict peak stresses as a function of grain 

size at quasi-static strain rates. The results of these calculations are 

plotted in Fig. 19.13. As shown, the results compare favorably with 

the experiments by Koskinen et al.3 in terms of qualitative trend as 
well as quantitatively. 

2. Investigation of Fracture Mechanism 

Polycrystalline Si is generally considered as a brittle material at 

room temperature. However, at molecular scale the effect of surfaces 

may change the fracture mechanism in the case of polycrystalline Si 

thin films. In order to examine this issue, fracture mechanism in all 

polycrystalline Si sample was examined visually. The results didn’t 
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Figure 19.13 A comparison of the equivalent crystal lattice method based 

atomistic simulation predictionswith experiments by Koskinen et al.3 based 
on Eq. (19.1). 

change with change in the samples with different number of grains. 

Therefore, in the following only the fracture in 8 grain samples in the 

bulk and thin film settings is discussed. In Fig. 19.14, the viewgraphs 

of 8-grained bulk and thin film polycrystalline Si samples as a 

function of final fracture strain are shown. Almost in all cases, 

fracture initiated at the grain boundaries. At smaller grain sizes the 

initial crack propagated along grain boundaries until turning into 

a trans-granular crack before final fracture. At higher grain sizes, 

the fracture mechanism is found to be invariably intergranular in 

nature. The fracture initiation points in all 8 grain microstructures 

were the same. Thismay be attributed to themicrostructures having 

the same grain orientation. Bulk setting resulted in brittle fracture 

mechanism. However, thin film setting resulted in surface ductility 

contributing to the final separation. The findings for sample with 

grain sizes less than 10 nm agree with the literature reported 

findings on deformationmechanisms. This is the first work to report 

fracture mechanisms for samples with grain sizes higher than 10 

nm. Experimentally the fracture mechanism for such samples has 

not yet been reported. From Fig. 19.14, it is also clear that the 
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Results and Discussions 

(a) (b) (c) 

Figure 19.14 Illustration of fracture in 8-grain bulk and thin film 

polycrystalline Si samples based on (a) 5.43 ̊A lattice (6.75 nm average grain 

size), (b) 10.86 ̊ nm ˚A lattice (13.5 average grain size), and (c) 108.6 A lattice 

(135 nm average grain size). See also Color Insert. 

equivalent crystal lattice framework based atomistic simulations 

show agreement with the MD simulation results. 

3. An Assessment of Using Equivalent Lattices in Speeding-Up of 
Atomistic Simulations 

At the beginning of section III, tensile deformation behavior of 

two supercells was compared: first supercell made up of 8 grains 

of Si with 5.43 Å lattice constant and the second supercell made 

up of 8 grains of Si with 10.86 Å lattice constant. The supercells 

had the same overall dimension of 20.2 × 20.2 × 20.2 nm. A 
comparison of computational performance during simulations of 

the nanomechanical deformation of these two supercells is shown 

in Table 19.10. Using the equivalent lattice of 10.86 ̊A instead of the 

5.43 Å original lattice, the number of atoms required to construct 
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Table 19.10 A comparison of the number of atoms and the computational 

speed for performing simulations on 20.2 × 20.2 × 20.2 nm sized  

supercells made up of A lattice constant and A lattice constant5.43 ̊ 10.86 ̊


unit cells
 

5.43 ̊A lattice 10.86 ̊A lattice 

constant constant 

Number of atoms required for 202× 202× 202 ̊A Si 
Time step (ps) 

Number of processors used 

Number of atoms per processor 

Computational speed (sec/timestep) 

396,674 

0.001 

128 

3099 

3.2 

49,356 

0.005 

128 

386 

0.31 

a supercell of 20.2 × 20.2 × 20.2 nm dimension is reduced by 
approximately 8 times while computational speed is reduced by 

about 10 times (Table 10.10). Since the method scales both in length 

and time scale, a significant reduction in computing time can be 

achieved. Based on the results, it is clear that approximately 100 

times computational savings are possible with 50 times time step 

increase. 

19.4 Conclusions 

Atomistic simulations of Si nanowires as well as bulk and tin 

film polycrystalline Si are performed using an equivalent crystal 

lattice method. The method replaces original Si crystal lattices 

with larger-scale exact replicas (called equivalent lattices) that 

have the same dynamical properties as approximated by the 

Tersoff potential for the original Si crystal lattice. The use of the 

equivalent lattices increased the atomistic simulation time step 

significantly by an order of 500. The approach is implementable 

in standard MD codes (DLPOLY in this case). Using the approach, 

atomistic simulations of [100] oriented Si nanowires deformation 

with diameter approaching 1.74 μm and of thin film and bulk 

polycrystalline Si with sample size approaching 0.2 μm were  

performed. Before using the method to predict physical behavior 

at MD-inaccessible length scales, simulations focused on verifying 

the stress–strain curves and fracture mechanism predicted using 
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the equivalent crystal lattice method by classical MD simulation 

results. After verifications, analyses at higher length scales using the 

equivalent crystal lattice method were performed. Strain rates were 

limited to MD strain rates. 

The dynamical deformation analyses of Si nanowires that 

have experimental dimensions predict that the nanowire Young’s 

moduli values approach bulk values at approximately 100 nm 

cross-sectional dimension. This finding is in accordance with the 

experimental results. Analyses also predict a transition in failure 

mechanism from being ductile to being brittle with increase in 

nanowire cross-sectional dimensions in accordance with experi

ments. The analyses based on the method are then used to predict 

the effect of nanowire specimen surface to volume ratio on nanowire 

peak strength at the μm length scales currently inaccessible to MD. 

It is shown that below a critical surface to volume ratio value, the 

peak nanowire strength is independent of the effect of surfaces. 

The dynamical deformation analyses in the case of polycrys

talline Si revealed that the Young’s moduli and peak stress values 

follow inverse Hall–Petch relation in the case of both bulk and thin 

film polycrystalline Si. The slope of the relation is higher and the 

peak stress values are lower in the case of thin films indicating 

the softening of polycrystalline microstructures in the presence of 

surfaces. Investigation of fracture mechanism indicated that the 

softening of thin films is not because of the formation of dislocation 

like flaws. The fracture initiationmechanism remained unchanged in 

the cases of bulk and thin film samples irrespective of the grain size 

variation. At smaller grain sizes the initial crack propagated along 

grain boundaries until turning into a trans-granular crack before 

final fracture. At higher grain sizes, the fracture mechanism is found 

to be invariably intergranular in nature. The softening of thin films in 

comparison to the bulk polycrystalline samples can be attributed to 

surface defects contributing to fracture. An extrapolation of the thin 

film stress–strain relations to lower strain rate values indicated that 

the quantitative predictions of the equivalent lattice framework are 

close to the experiments measurements on polycrystalline Si thin 

film fracture. Since the method scales both in length and time scale, 

a significant reduction in computing time can be achieved. 
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This chapter introduces some common numerical methods, includ

ing molecular dynamics, homogenization techniques for nanoscale 

continuum approximation, and multiscale methods. These methods 

are employed to model and study the following carbon nanotube 

based composites and devices: nanotube-embedded aluminum 

composites, nanotube-based co-axial oscillators, and nanotube

based resonant oscillators. It can be seen that molecular dynamics 

can elucidate complex physical phenomena while the multiscale 

method can model large nano systems. 
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20.1 Introduction 

Current advancements in nanotube technology have occurred 

predominantly in the area of accelerated carbon nanotube (CNT) 

development for CNT-based composites and devices, including 

nanoelectromechanical systems (NEMS), in order to take advantage 

of the unique structural, mechanical, thermal, and electrical proper

ties of CNTs [13, 14, 23, 102, 113, 142]. CNTs have been proposed 

as ideal fibers for manufacturing the next generation of composite 

materials with mechanical and thermal management applications 

[28, 89]. Because polymers have low density and are easy to shape, 

they are the first choice as the matrix of nanocomposites [53, 56, 

76, 104, 105, 106, 124]. The other matrix materials include ceramics 

[16, 97, 128] and metal [8, 21, 36, 71, 129]. In addition, it has been 

demonstrated that CNT-based devices [27, 41, 68, 77, 79, 86, 87] 

exhibit some interesting and unique characteristics, including a high 

oscillation frequency [72, 96, 107, 125, 149]. 

To accelerate and foster maturation of technology that will 

enable future civil capabilities to become smaller, lighter, multi-

functional, and autonomous, simulation techniques play an impor

tant role in exploiting revolutionary new concepts and engineering 

design procedures. Molecular dynamics (MD) has been a powerful 

tool to clarify complex physical phenomena at the nanoscale. 

Therefore, it is one of the candidates for simulation techniques in 

nanoengineering designs of novel materials and devices. 

As a power tool for elucidating complex physical phenomena, 

MD was employed to study nanocomposites. Frankland and her 

coworkers [42] studied the influence of chemical cross-links 

between a CNT and a polymer matrix on the CNT/polymer shear 

strength via MD simulations. Their simulations predicted that shear 

strengths and critical lengths required for load transfer could be 

enhanced or decreased, respectively, by various levels of cross

link formation between the CNT and the polymer. Chowdhury and 

Okabe [23] investigated the effects of the matrix density, chemical 

cross-links at the interface, and geometrical defects in the CNT on 

the interfacial shear strength of CNT/polyethylene composites. In 

addition, Mokashi et al. [94] presented a study on the mechanical 
properties of polyethylene and CNT-based polyethylene composites. 
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Grujicic et al. [51] studied the effect of covalent functionalization of 
CNTs on the atomic-level mechanical properties of CNT-reinforced 

epoxy polymer using MD simulations. Other valuable work can be 

found in the literature as well [48, 49, 50, 84, 98]. MD was also 

employed to study CNT-based devices. Srivastava [115] discussed 

and tested a phenomenological model of a single laser-powered 

molecular motor through MD simulations. This motor is used to 

power CNT-based gears. Another concept of CNT motor was pro

posed by Kang and coworkers [65]. They investigated a linear CNT 

motor serving as the key building block for nanoscalemotion control 

by using MD simulations. In addition, Popov et al. [101] reported 
three new types of NEMS systems based on multi-walled carbon 

nanotubes (MWNTs): an electromechanical nanothermometer, a 

nanorelay, and a nanomotor. Other MD simulations of CNT-based 

devices can be found in the literature [60, 61, 62, 63, 117]. 

Since MD cannot simulate large models of nanocomposites 

and nanodevices, some researchers employed continuum models, 

including micromechanics models and electromechanical models. Li 

and Saigal [75] developed a micromechanics model for assessing 

the interfacial shear stress transfer in CNT-reinforced polymer 

composites. In their model, a capped, hollow CNT is utilized as 

the innermost cylinder that is completely surrounded by a matrix 

cylinder, which is, in turn, embedded in a composite cylinder. 

They performed a continuum-based analysis based on the elasticity 

theory to obtain an analytical solution for computing the interfacial 

shear stress across the matrix/nanotube interface. Fisher et al. 
[40] developed a model combining finite element method (FEM) 

results and micromechanical methods to determine the effective 

reinforcing modulus of a wavy embedded nanotube. FEM with a 

micromechanical model was also employed to study the mechanics 

of nanocomposites by other researchers [3, 44, 57, 59, 78, 83, 118]. 

Liu, Nishimura, and Otani [82] conducted large-scale modeling and 

simulations of CNT-based composites via a fast multiple boundary 

element method. Similarly, Zhang and Tanaka [148] developed a 

hybrid boundary node method, in which the fast multipole method 

was combined to reduce the computational scale. Such a method 

was employed to evaluate overall properties of CNT composites 

through a representative volume element (RVE) with a number of 
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CNTs embedded. In other pioneeringworks, Luo et al. [85] predicted 
the effective stiffness of non-continuous CNT/polymer composites 

by the homogenization method with exact periodic boundary 

conditions. The results were compared well with those from the 

Mori–Tanaka and Halpin–Tsai theories. Seidel and Lagoudas [109] 

obtained effective elastic properties for CNT-reinforced composites 

through a variety of micromechanics techniques. First, they used 

the in-plane elastic properties of grapheme to calculate the 

effective properties of CNTs via utilizing a composite cylinders 

micromechanics technique. Then, such effective properties were 

used in the self-consistent and Mori–Tanaka methods to obtain 

effective elastic properties of CNT composites. 

In electromechanical models, the electric fields and the config

uration of CNTs are modeled via continuum approaches. Axelsson 

et al. [7] presented theoretical and experimental investigations of 
three-terminal NEMS relays based on suspended CNTs. They de

scribed two modes of operation: a contact mode and a non-contact 

mode where electrical contact between the CNT and the drain 

electrode is made via a field emission current. Their CNT model is 

based on the classical continuum elasticity theory. Ke and Espinosa 

[66] examined a switchable CNT-based NEMS system with closed-

loop feedback. The device consists of a cantilever CNT clamped to a 

top electrode and actuated by a bottom electrode. They investigated 

the pull-in/pull-out and tunneling characteristics of the system by 

means of an electromechanical analysis, in which themodel includes 

the concentration of electrical charge via an empirical function, and 

the van der Waals force via a continuum approximation. Dequesnes 

et al. [30] numerically studied the pull-in voltage characteristic 
of several nanotube electromechanical switches, including the 

double-walled CNTs suspended over a graphitic ground electrode. 

They proposed parameterized continuum models for three coupled 

energy domains: the elastostatic energy domain, the electrostatic 

energy domain, and the van der Waals energy domain. In other 

research, Bichoutskaia [15] employed an electromechanical model 

to study interwall interactions in CNTs. Poot et al. [100] developed 
a model for flexural oscillations of suspended nanotubes based on 

the theory of continuum mechanics. Ke et al. [67] employed the 
assumption of continuummechanics to derive a complete nonlinear 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:20 PSP Book - 9in x 6in 20-Shaofan-Li-c20

733 Introduction 

equation of the elastic line of the CNT for modeling and simulating 

CNT-based NEMS devices. Ustunel et al. [120] presented a general 
study of oscillations in suspended one-dimensional elastic systems 

clamped at each end, exploring a wide range of slack (excess length) 

and downward external forces. 

However, both MD and continuum approximation have sig

nificant limitations with respect to length and time scales. Such 

limitations prevent one from using those methods in studying nu

merous phenomena, including material failure and function failure 

in nanotube-based composites and device systems. Therefore, the 

development of efficient numerical methods capable of addressing 

various length and time scales is very important for the design 

and analysis of nanocomposites and nanodevices. Recently, the 

development of efficient multiscale methods [38, 46, 68] that 

are capable of addressing large length and time scales has been 

addressed in the community of computational nanotechnology. 

Multiscale methods can be divided into two classes: hierarchical and 

concurrent multiscale methods. 

One of the typical hierarchical Multiscale methods is the 

quasicontinuum (QC) method, in which the intrinsic properties of 

the material are determined at the atomic level and embedded in a 

continuum model using a homogenization procedure. Tadmor et al. 
[116] developed this QC method, which permits the analysis of 

problems requiring the simultaneous resolution of continuum and 

atomistic length scales as well as associated deformation processes 

in a unifiedmanner. Smith et al. [114] and Shan et al. [110] extended 
the local QC model to simulate silicon nanoindentation since the 

interpretation of nanoindentation experiments is complicated by 

the multiple length scales involved. E et al. [35] studied the accuracy 
of the QC method by reformulating the summation rules in terms 

of reconstruction schemes for the local atomic environment of the 

representative atoms. Other hierarchicalmultiscalemethods include 

Discontinuous Galerkin (DG) methods within the framework of the 

Heterogeneous Multiscale Method (HMM) [19], and coarse-grained 

MD [108], in which a coarse scale domain is used to represent 

the fine scale by superimposing the atomistic Hamiltonian on a 

continuum Hamiltonian. In addition, the generalized mathematical 

homogenization theory [20, 39] was developed to assist deriving a 
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constitutive law-free continuum thermo-mechanical equation, while 

an asymptotic homogenization [26] was used to calculate effective 

mechanical properties. 

Concurrent multiscale methods employ an appropriate model 

in different subdomains to treat each length scale simultaneously. 

In a pioneering work, Abraham et al. [1] developed a methodology 
called MAAD (macro-atomistic-ab initio-dynamics), in which a tight
binding quantum mechanical calculation is coupled with MD and, 

in turn, coupled with a FEM continuum model. They illustrated and 

validated the methodology for brittle crack propagation in silicon. 

Most developed concurrent multiscale methods involve the coupling 

of molecular simulations and continuum approaches [93]. Wagner 

[80, 81, 121] developed a multiscale method in which the molecular 

displacements are decomposed into fine scale (molecular) and 

coarse scale (continuum). Fish and Chen [37] developed a new 

concurrent multiscale approach based on multigrid principles with 

the intent of solving large molecular statics and molecular dynamics 

systems. Kobayashi et al. [70] proposed a simple method for 
dynamical coupling of MD and coarse-grained-particle method. 

On the other hand, a time-parallel compound wavelet matrix 

method [43] was introduced for modeling the temporal evolution 

of multiscale andmultiphysics systems. Other concurrent Multiscale 

methods can be found in the literature [5, 6, 22, 24, 88, 123]. 

With the development of multiscale methods numerical mod

eling and simulations of nanotube based composites and devices 

have been extended. Namilae and Chandra [95] linked MD and 

the FE method through atomically informed cohesive zone model 

parameters to represent the CNT/matrix interfaces. Unnikrishnan 

and Reddy [119] used MD simulations to investigate mechanical 

behavior of core nanotubes embedded in nanocomposites and then 

these interactions are subsequently idealized into a homogenization 

model. In addition, Ghanbari and Naghdabadi [45] used a computa

tional homogenization scheme via various RVEs to study nanotube

reinforced polymer composites. Shi et al. [112] established a hybrid 
atomistic/continuum mechanics method to study the deformation 

and fracture behaviors of CNTs in composites. In their method, 

the CNT was modeled via MD and the polymer matrix was treated 
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as classical continua. They employed the Mori–Tanaka effective 

field method of micromechanics to take into account the effects 

of CNT/polymer interaction. Li and Chou [73, 74] proposed a 

multiscale modeling for CNT-reinforced composites, in which the 

molecular structure of a CNT was surrounded by an FE model of 

the matrix while Van der Waals interaction was applied between 

the FE nodes and the carbon molecules. They also assumed a 

perfect interface between the CNT and the matrix for chemical 

covalent interaction. On the other hand, some researchers combined 

the classical MD simulations with continuum electric models to 

study nanotube-based NEMS devices. For example, Kang et al. [64] 
employed this combined method to study suspended CNTs for 

memory applications. However, such a combined strategy does not 

result in length and time scale coupling. Dequesnes et al. [31] 
reported a combinedMD/continuum simulation of CNT-basedNEMS 

switches. In their research, a multiscale method that combined the 

nonlinear beam theory with the MD method is presented to model 

and simulate CNTs. 

The outline of this chapter is as follows: In Section 2, we 

describe a number of numerical methods, including molecular dy

namics, nanoscale continuum approximations, and bridging domain 

coupling method. Section 3 discusses the role of vacancy defects 

on CNT fracture. CNT-based aluminum composites are studied 

via both molecular dynamics and the bridging domain coupling 

method in Section 4. Then, we study CNT-based co-axial oscillators. 

After studying CNT-based resonant oscillators, Section 7 gives the 

conclusions. 

20.2 Numerical Methods 

20.2.1 Molecular Dynamics 

In an isolated system of atoms or molecules, the total energy, or 

the sum of the kinetic and potential energies of the molecules, is 

constant in time and identified as the Hamiltonian H M , which is  
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given by 

� � 1M	 M MH M xI (t) , p (t) = p · p + W M (xI (t)) = constI	 I I2mII 
(20.1) 

where mI is the mass of atom I , xI is the position of atom I , and  
xI = XI + dI (XI is the original position of atom I and dI is the 

Mdisplacement of atom I ). pI is the momentum and is defined by 

pM
I = mI ẋI = mI ḋI	 (20.2) 

W M (x) is the potential function, which is the sum of the energies 

due to any force fields, such as pair-wise interaction of the atoms, 

three-body potentials, or others. It can be written as: 

W M (xI ) = W1 (xI )+ W2 (xI , x J ) 

I I, J >I 

+	 W3 (xI , x J , xK )+ · · ·  (20.3) 

I, J >I,K> J 

Here, we assume that the potential is due only to a constant 

external force, fext , such as electrostatic forces, and a pair-wise I 

interatomic potential denoted by wI J  = wM (xI , x J), so the total 

potential is 

ext + W int fext W M = −WM = −  dI + wM (xI , x J) (20.4)M I 
I I, J >I 

The well-known Hamiltonian canonical equations of motion are 

∂W M	 M∂ H	 ∂ H p˙ṗM
I = −  = −  , ẋI = dI = M = I (20.5)

∂xI ∂xI ∂p mII 

Equations (20.5) can be combined to yield the following 

momentumequationswhich are updated via time integration during 

molecular dynamics simulations. 

ext ∂W int∂W M ∂WM M = fext − fint¨mIdI = −  
∂xI 

= 
∂dI 

− 
∂dI 

I I (20.6) 

fint ∂W intwhere = M /∂dI . A Hoover thermostat [54] is implemented I 

so a constant temperature can be maintained during MD simula

tions. 
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20.2.2 Continuum Approximation 

The continuum approximation we introduce here is aimed at 

crystalline or amorphous solids, and it is assumed that the 

deformations are sufficiently small so that voids or dislocations 

do not develop in the continuum model. The continuum is mainly 

governed by the conservation of linear momentum equations 

∂ P ji  + ρ0bi = ρ0üi (20.7)
∂ X j 

where X is the material coordinates in the reference configuration. 
ρ0 is the initial density,P is the first Piola–Kirchhoff stress tensor,b is 
the body force per unit mass and u is the displacement, superposed 
dots denote material time derivatives. The first Piola–Kirchhoff 

stress can be obtained from the potential of the continuum by 

∂wC (F)P = (20.8)
∂F 

where F is the deformation gradient and wC is the potential energy 

per unit volume of the continuum. The potential energy depends on 

the elongations and angle changes of the atomic bonds that underlie 

the continuummodel. The above serves as the constitutive equation 

for a continuum based on atomistic potentials via homogenization 

techniques. The total potential, WC , of the continuum model with 

the reference (undeformed) configuration ofQC is defined by 0 J
WC = wC (F) dQC (20.9)0 

QC 
0 

In some nanoscale continuum approximations, the constitutive 

equation is constructed via the Cauchy–Born (CB) rule by the QC 

approach, Tadmor et al. [116]. The CB rule assumes that there 
are locally homogeneous deformations in the continuum model. 

Therefore, the atomic-level lattice follows the deformation given by 

the macroscopically imposed deformation gradient. For example, an 

undeformed lattice vector A in the reference configuration can be 
mapped into a deformed lattice vector a in the current configuration 
via 

∂x 
a = FA, F = (20.10)

∂X 
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where F is the gradient of deformation, x are Eulerian coordinates 
and X are Lagrangian coordinates in the continuummodel. Then, the 

total potential energy, also called the strain energy of the continuum 

model, in the reference configuration QC can be calculated via 0 

Equation (20.9). 

For curvedmonolayer crystallinemembranes such as nanotubes, 

an extension of the CB rule called the exponential Cauchy–Born 

(ECB) rule is used, see Arroyo and Belytschko [4]. 

In the continuummodel, the Hamiltonian is given by J 
1 T CH C = K C + WC = ρ0v vdQ + WC (20.11)02 

QC 
0 

J 
WC = −Wext + W int = −Wext C+ (20.12)C C C ρ0wC (F) dQ0 

QC 
0 

where v is the velocity field in the continuum model. Numerically, 

the continuum model will be discretized to derive the equations of 

motion via the FEM [10] or the meshfree particle method (MPM) 

[103]. If it is discretized by the FEM, the velocity in the continuum is 

v (X, t) approximated by 

v (X, t) = NI (X) vI (t) or vi (X, t) = NI (X) vi I  (t) (20.13) 
I I 

where NI (X) are the shape functions, and vI is the nodal velocity at 

node I . The following discrete equations are then obtained: 

f ext C − f intCM I ¨ = (20.14)ui I  i I  i I  

where M I is the lumped mass of node I ; f extC and f intC are thei I  i I  

external and internal nodal forces, respectively, given by 

∂Wext 

f ext C C 
i I  = 

∂ X i I  
(20.15) 

J J 
∂ NI (X) ∂WC ∂ NI (X)f ext C 

i I  = dQ0 = P ji dQ0 (20.16)
∂ X j ∂ Fi j  ∂ X j 

Q0 Q0 
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20.2.3 Temperature-Related Homogenization 

Most homogenization techniques including the CB rule provide 

a link between molecular and continuum models. However, the 

continuum model is usually assumed to be at a zero temperature. 

As a result, temperature effects at the nanoscale cannot be 

investigated via most currently existed continuum approximation. 

A Temperature-related Cauchy-Born (TCB) rule was developed by 

Xiao and Yang [135, 139, 146] to enhance multiscale/multiphysics 

modeling and simulations. 

In the TCB rule, the Helmholtz free energy, i.e., the effective 

energy [32–34, 111], rather than the potential energy at the 

nanoscale is considered. The assumptions include: (1) atoms have 

locally homogeneous deformation; (2) atoms have the same local 

vibration modes; (3) the vibration of an atom is harmonic; and (4) 

coupled vibration of different atoms is negligible. Consequently, in 

the continuum model of a crystalline solid that contains N atoms in 
a temperature field of T (X), the total free energy,WH , can bewritten 

as ⎡ ⎤ 
1 J J 
2n¯


WH (F, T ) = wC (F)dQ + nκB ρnT ln ⎦dQ
C � D (F) C ⎣ 
0 0 

QC QC κB T 
0 0 ⎡ ⎤ 

Fq 1Nq Nq 2n � � 
Fq � � 

q � D̄ i ⎣ ⎦ = wC i Ai + nκB ni Ti
q 
ln 

κB T q 
ii i 

(20.17) 

where n is the number of degrees of freedom per atom; κB is the 

Boltzmann constant; ρn is the number of atoms per unit volume; 

� = h/2π , h is Planck’s constant; Nq is the number of quadrature 

points in the continuum model; and Ai is the volume associated 
q

with the quadrature point, Xq
i , which represents n atoms and is ati 

the temperature of T q 
. D̄ at each quadrature point is calculated by i 

diagonalizing the local dynamic matrix, D, which is defined as 

1 ∂2W M 

D I α J β = √ (20.18) 
mI mJ ∂xI α∂xJ β 

where xI α is the vibrational coordinate in direction α for atom I , and  
mI is the mass of atom I . 
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The first term on the right-hand-side (RHS) of Equation (20.17) 

is the continuum level strain energy when the temperature is equal 

to zero. In the continuum model, the deformation gradient and the 

temperature are evaluated at each quadrature point. With the TCB 

technique, all the bonds and atoms in Ai are assumed to be subject 

to the same deformation and the same temperature. Then, the strain 

energy density, wC , and the dynamic matrix can be calculated using 

the unit cell model for each quadrature point. 

Consequently, the continuum-level first Piola–Kirchhoff stress 

for continuum approach to finite-temperature nano systems as 

follows: 

∂wH (F, T )
P (F, T ) = (20.19)

∂F 

where wH is the free energy density, and it is a function of 

the deformation gradient and the temperature. Equation (20.19) 

can serve as a temperature-dependent constitutive relation that 

can be implemented in most multiscale methods to investigate 

temperature-related physical behavior of nanostructured materials 

and devices. 

20.2.4 Bridging Domain Coupling Method 

The bridging domain coupling method [12, 130] was developed 

to couple different domains with various length scales, mainly the 

molecular domain and the continuum domain. 

Figure 20.1 demonstrates the schematic of the bridging domain 

coupling method, in which a scaling parameter α is introduced in 
the bridging domain, i.e., the overlapping subdomain, Qint

0 , between 

Figure 20.1 The schematic of the bridging domain coupling method. 

© 2013 by Taylor & Francis Group, LLC

http:Thefirsttermontheright-hand-side(RHS)ofEquation(20.17


March 6, 2013 15:20 PSP Book - 9in x 6in 20-Shaofan-Li-c20

�	 � � 

741 Numerical Methods 

the molecular domain QM and the continuum domain QC . The  0	 0

parameter α is defined as ⎧ 
QC − Qint ⎨ 1 in 0 0 

Qintα = [0, 1] in 0	 (20.20) ⎩ 
QM − Qint0 in 0 0 

The total Hamiltonian for the complete domain is taken to be a 

linear combination of the molecular and continuum Hamiltonians 

H = (1− α) H M + α H C
 

� M M
 
I I = (1− α (XI ))
p · p + (1− α)W M 

2mII � C C 
I I+	 α (XI )
p · p + αWC (20.21) 

I 
2M I 

If the temperature-related homogenization technique is em

ployed in the continuum domain, the total free energy instead of the 

total potential will be used in Equation (20.21). The molecular and 

continuummodels are constrained on the overlapping domain by 

gI = {gi I } = {ui (XI )− di I } = NJ (XI ) ui J  − di I  = 0 
J 

(20.22) 

i.e., the atomic displacements are required to conform to the 

continuum displacements at the positions of the atoms in the 

bridging domain. The constraints are applied to all components 

of the displacements. With the Lagrange multiplier method, the 

equations of motion can be derived as 

= fext C − fintC − fLC  CM̄ I üI I in Q0I I 

= fext − fint	 M¨m̄IdI − fL in Q (20.23)I I I	 0 

where 

M̄ I = α (XI ) M I m̄I = (1− α (XI ))mI (20.24) 

The external nodal forces including the scaling factors are 

defined to be J	 J 
fextC	 C 

I	 = α (X) NIρ0bdQ0 + α (X) NI t̄d�t 
0 

QC	 �t 
0	 0 

fext I = (1− α (X I )) f̄I	 (20.25) 
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Similarly, the internal forces are J 
∂wC (F)fintC C 

I = α (X) ρ0 dQ0 (20.26) 
QC ∂uI
0 

∂wM (xI , x J )fint I = (1− α (XI )) 
∂dI 

(20.27) 

I, J >I 

The constraint forces, fLC  and fL
I , are due to the constraints I 

enforced by the Lagrange multipliers λ and they are 

fLC  T ∂g J T = λ = λ J G
C 

I J J I∂uIJ J 

T TfL ∂g J
J G

M= λ = λ (20.28)I J J I 
  
J 

∂dI J
 

An explicit algorithm [130] including a coupling technique in the 

bridging domain was developed for solving the above equations of 

motion. At first, so-called trial velocities are obtained independently 

in the continuum and molecular domains from Equation (20.23) 

without the consideration of constraint forces. Then, constraints are 

applied to calculate the Lagrange multipliers. Finally, the constraint 

forces are considered to correct the nodal/atom velocities in 

the bridging domain. This coupling method can eliminate wave 

reflection automatically [130], and it has been proven to be stable 

[52]. The bridging domain coupling method can be extended to the 

bridging domain multiscale method which couples multiple length 

scales and time scales with the implementation of high performance 

computing [141]. 

20.3 Carbon Nanotube 

Some previous theoretical analyses and numerical simulations 

predicted failure strengths of up to 300 Gpa for CNTs [11, 143, 145]. 

However, low failure stresses, which are in the range of 21 Gpa to 

63 Gpa, were observed in the experiments [147]. Such observation 

conflicted with theoretical and numerical analyses outcomes. It has 

been pointed out the significant effects of defects on CNT fracture 

[92]. Defects in CNTs include chemical defects [17, 90], topological 
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defects [58, 144], and incomplete bonding defects [9]. Fracture of 

SWNTs with various vacancy defects [55, 133] is demonstrated here 

via MD simulations. 

20.3.1 Molecular Dynamics Simulation 

The modified Morse potential [11] is employed here to describe the 

interaction between bonded carbon atoms in SWNTs. This potential 

can be written as 

E = Estretch + Eangle (20.29) 

� �2−β(r−r0)Estretch = De 1− e − 1 (20.30) 

1 � � 
Eangle = kθ (θ − θ0)2 1+ ks (θ − θ0)4 (20.31)

2 

where Estretch is the bond energy due to bond stretching or 

compressing, Eangle is the bond energy due to bond angle-bending, 

r is the current bond length, and θ is the angle of two adjacent 
bonds representing a standard deformation measure in molecular 

mechanics. The parameters are 

r0 = 1.42× 10−10m, De = 6.03105× 10−19Nm, 

β = 2.625× 1010m −1 

θ0 = 2.094 rad, kθ = 1.13× 10−18Nm / rad2 , 

ks = 0.754 rad−4 

It has been shown that this potential function results in 

reasonable Young’s modulus and Poisson’s ratio of CNTs compared 

with experimental investigations. Belytschko and his coworkers [11] 

showed that the modified Morse potential could predict nanotube 

fracture better than the Brenner’s potential [18]. 

Before MD simulation, the equilibrium state of SWNTs needs to 

be obtained via energyminimization. During the simulation, one end 

of the tubes is fixed and the other end is loaded with prescribed 

displacements. For each displacement increment, e.g., 0.005 nm 

here, the tube was equilibrated for 1000 time steps. It is also called 

relaxation process. In addition, another 100 time steps are used 
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to calculate the time-averaged axial external force F . The applied 
external force F can be calculated by summing the internal forces 
applied on the prescribed displaced atoms. One can obtain the stress 

via 

F 
σ = (20.32)

π D h  

where D is the tube diameter and  h is the tube thickness, i.e., 
0.34 nm. 

20.3.2 Fracture of SWNTs with One Vacancy Defect 

The vacancy defects are modeled by taking out atoms and then 

reconstructing bonds. Although there are a few possible configu

rations [92], including symmetric and asymmetric configurations, 

during the reconstruction, only the symmetric one is considered 

here because it results in a lower potential than asymmetric 

configurations. It is assumed that one vacancy defect presenting in 

the middle of nanotubes first. Consequently, a vacancy defect will 

result in an initial crack in the middle of the simulated SWNT. The 

initial crack length depends on the number of missing atoms and 

the way of bond reconstruction. 

Fracture of (40,0) zigzag SWNTs containing one-atom and four

atom vacancy defects are investigated and compared with a pristine 

(40,0) zigzag nanotube. All the nanotubes have the length of 6.0 

nm and the radius of 1.5 nm. One-atom and four-atom vacancies 

result in initial cracks with the lengths of 0.48 nm and 0.73 nm, 

respectively. Various temperatures are considered here. At the room 

temperature of 300 K, the failure stress of the pristine nanotube is 

91 Gpa while the failure stresses of nanotubes with one-atom and 

four-atom vacancy defects are 62 Gpa and 51 Gpa, respectively. In 

addition, it is observed that higher temperatures result in lower 

failure stresses. The temperature effects on fracture of vacancy

defected nanotubes are not as significant as those effects on fracture 

of pristine nanotubes. The strength of the pristine (40,0) zigzag 

nanotube at 2000 K is reduced by 25% compared with its strength 

at 0 K. However, for defected (40,0) zigzag nanotubes, the strengths 

are reduced only by 15%. 
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Figure 20.2 Failure stresses of defected nanotubes at 30 K (Ref. [133]). 

Furthermore, size effect of vacancy defects on nanotube fracture 

at room temperature of 300 K is studied. Initial cracks with various 

lengths up to 2 nm are considered. Figure 20.2 compares failure 

stresses of (40,0) vacancy-defected zigzag nanotubes and those of 

(23,23) vacancy-defected armchair nanotubes. It should be noted 

that both (40,0) zigzag nanotubes and (23,23) armchair nanotubes 

have the similar length and diameter. It can be seen that the pristine 

armchair nanotube has a higher failure stress than the pristine 

zigzag nanotube. Belytschko and his coworkers [11] also gave the 

same conclusion. Similarly, vacancy-defected armchair nanotubes 

have higher failure stresses than vacancy-defected zigzag nanotubes 

if the initial crack lengths are the same. The exception is that when 

the initial crack length is 0.48 nm, failure stresses are the same for 

both armchair and zigzag tubes. 

This phenomenon is due to different fracture models occurring 

in different nanotubes. For a zigzag nanotube with an initial crack, 

the crack propagates along its circumference until the tube is 

broken. The fracture is mode I fracture. For an armchair tube with 

an initial crack of length 0.48 nm, a mode I fracture is mainly 

observed. Therefore, its failure stress is similar to that of a zigzag 

tube containing the initial crack with the same length. For other 

vacancy-defected armchair nanotubes, cracks propagate along the 
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angle of 30 degrees with the axis of the tube due to the chirality of 

armchair tubes. Therefore, amixedmode I/II fracture occurs and the 

calculated failure stresses are higher than those of zigzag nanotubes 

containing initial cracks with the same length. 

From Fig. 20.2 it also can be seen that the vacancy-defected 

zigzag tubes with longer initial cracks up to 1.0 nm have lower 

failure stresses. When the length of an initial crack is larger than 

1.0 nm, size effects of initial cracks on zigzag nanotube fracture is 

not significant. Therefore, a length of 1.0 nm can be viewed as the 

critical length for size effects of initial cracks on zigzag nanotube 

fracture. Such a critical initial crack length for armchair nanotubes 

is 1.4 nm as illustrated in Fig. 20.2. It should be noted that the initial 

crack lengths are fairly small compared to the circumference length 

of nanotubes. Therefore, size effects of nanotubes can be ignored. 

20.3.3	 Fracture of SWNTs with Randomly Located Vacancy 
Defects 

In the above studies, only a single vacancy defect was considered 

and located in the middle of SWNTs. However, the number, location, 

and type of vacancy defects are not deterministic variables, and 

their randomness is induced by CNT growth procedures, the 

oxidative purification process, or surrounding temperatures. Here, 

the vacancy defects are classified into three basic types: one-

atom vacancy defects, two-atom vacancy defects, and cluster-atom 

vacancy defects. A spatial Poisson point process is adapted to 

randomize vacancy defects [55]. 

Obviously, a three-dimensional (3D) random field model is 

needed to describe the uncertainties of vacancy defects on nan

otubes. However, due to the unique structures of SWNTs, they 

can be mapped onto two-dimensional (2D) graphene planes with 

a thickness of 0.34 nm. Therefore, a 3D model can be simplified 

as a 2D surface problem. One of the primary uncertainties of 

vacancy defects considered here is the number of missing atoms per 

area, represented by the missing atom density (nm –1). Figure 20.3 

demonstrates one of possible configurations for a (10,0) nanotube 

containing randomly located vacancy defects. 
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Figure 20.3 A (10,0) nanotube with randomly located vacancy defects 

(Ref. [55]). 

The histogram in Fig. 20.4 illustrates the frequencies of oc

currence of failure stresses for (10,0) zigzag nanotubes when 

the missing atom density is 1.6 nm–2. In this case, the average 

number of missing atoms is 20, and the average volume fraction 

of vacancy defects is 4%. One hundred simulations are conducted, 

and nanotube failure stress fits normal distribution as shown in Fig. 

20.4. The calculated mean value of failure stress is 38.3 GPa, and the 

standard deviation is 4.50 GPa. 

The relationship between the failure stress and the missing atom 

density is illustrated in Fig. 20.5 for both (10,0) zigzag nanotubes 

and (6,6) armchair nanotubes at the room temperature of 300 K. 

Since the missing atom density determines the average volume 

fraction of vacancy defects, Fig. 20.5 also indicates the effect of 

volume fraction of vacancy defects on nanotube fracture. It has 

been predicted that pristine zigzag nanotubes have a failure stress 

of 91 GPa while pristine armchair nanotubes have a failure stress 

of 110 GPa [11]. Figure 20.5 shows that even a small average 

volume fraction of 0.2% (themissing atom density is 0.08 nm–2) can  

Figure 20.4 Frequency of occurrences of nanotube failure (Ref. [55]). 
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Figure 20.5 Failure stresses of vacancy-defected nanotubes. (solid and 

dashed lines represent mean values of failure stresses; vertical lines 

represent+/− one standard deviation) (Ref. [55]). 

dramatically reduce nanotube failure stresses: the average failure 

stresses are 60 GPa and 70 GPa for zigzag nanotubes and armchair 

nanotubes, respectively. From Fig. 20.5 it also can be seen that 

larger defect sizes result in lower failure stresses. When the average 

volume fraction of vacancy defects is increased to 5% (the missing 

atom density is 2.0 nm –2), mean failure stresses of zigzag and 

armchair nanotubes are reduced to 36 GPa and 40 GPa, respectively. 

20.4 CNT-Embedded Aluminum Composites 

Xiao and Hou [133, 136] also studied mechanics of CNT-embedded 

aluminum composites via both MD simulations and multiscale 

simulations. They also studied the role of both pristine nanotubes 

and vacancy-defected nanotubes in the reinforcement of nanocom

posites. 

20.4.1 Molecular Modeling and Simulations 

The unit cell model of nanotube-embedded aluminum (Al) com

posites is shown as in Fig. 20.6, in which only long continuum 

tubes are considered. It is also assumed that the nanotubes 

are homogeneously distributed with uniaxial alignment. Periodic 
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(a) (b) 

Figure 20.6 CNT-embedded aluminum composites (Ref. [133]). 

boundary conditions are employed. The total potential of the 

simulated CNT/Al nanocomposite unit cell can be written as 

E = ECNT + EAL + ELJ (20.33) 

where ECNT is the potential of the embedded carbon nanotube and 

is calculated from Equation (20.29), and EAL is the potential of 

the aluminum matrix. An embedded-atom method (EAM) potential 

function [2, 29] is used for Al–Al bonds and it is 

1 � � 
EAL = V ri j  + F (ρ̄i ) (20.34)

2 
i j  i 

where V ri j  is a pair-wise potential as a function of distance 

between atom i and atom j , and  F is the “embedding energy” as 
a function of the “atomic density” ρ̄i that represents environment 

effects by all surrounding atoms in the system. 

Since only weak CNT/Al interfaces were observed in the 

experimentation [71], the Lennard-Jones potential [47] as follows 

is used to describe nonbonded interaction between the embedded 

carbon nanotube and the aluminummatrix. � � �6�12 
ELJ = 4ε − (20.35) 

σ σ 

r r 

The parameters for the interactions between carbon atoms and 

aluminum atoms are obtained from the Lorentz–Berelot combining 

rules: ε = 0.038 eV and σ = 0296 nm. 
The unit cell with the following dimensions is considered first: 

length of 2.16 nm, width of 2.16 nm, and depth of 4.32 nm. A (5,5) 

armchair nanotube, which has diameter of 0.679 nm and length 
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Figure 20.7 Failure stresses of nanocomposites compared with those of Al 

crystalline (Ref. [133]). 

of 4.32 nm, is embedded in the unit cell of composite materials. 

Consequently, there are a total of 1712 aluminum atoms and 320 

carbon atoms in this unit cell model. The volume fraction of CNTs in 

the nanocomposite is 20%. The prescribed displacement is applied 

along the axial direction of the nanotube to investigate fracture of 

nanocomposites. Both the pristine tube and the defected tube with 

a two-atom vacancy are considered. 

Figure 20.7 shows the failure stresses of nanocomposites 

compared with those of Al crystalline at various temperatures. 

Obviously, high temperatures result in low strengths. It also can 

be seen that the pristine nanotube can enhance the strength of 

nanocomposites to 200% of that of Al crystalline. However, if 

the defected tubes with a two-atom vacancy are employed as 

inclusions, the enhancement of nanocomposite strength is only 25%, 

as illustrated in Fig. 20.7. The above phenomenon is due to the fact 

that defected nanotubes have much lower strengths than pristine 

nanotubes as discussed in the previous section. 

An interesting phenomenon is observed: the pristine CNTs 

can improve failure strains of nanocomposites but the defected 

CNTs decrease failure strains of nanocomposites even though the 

strengths are improved. Such phenomenon occurs because Al 

crystalline has a failure strain (12.4% at 300 K) lower than a pristine 

CNT (19.6% at 300 K) but higher than a defected tube. The defected 
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(5,5) nanotube with a two-atom vacancy fails at the 7.5% strain at 

the room temperature of 300 K. When the nanocomposite with the 

pristine (5,5) nanotube was under tension, it is observed that the Al 

matrix fails first, and the nanotube bridges the cracks inside of the 

matrix. 

The above studies are based on the assumption in that 

the volume fraction of embedded CNTs is 20%. The effects of 

volume fraction of embedded nanotubes on strength of CNT/Al 

nanocomposites are illustrated in Fig. 20.8. The pristine (5,5) 

nanotube and the defected (5,5) with two-atom vacancy are still 

employed. The size of unit cell is changing to vary the volume 

fraction of CNTs in nanocomposites. If the pristine (5,5) nanotubes 

are embedded, a lower strength of CNT/Al is calculated for a 

smaller volume fraction of nanotubes. The nanocomposite strength 

is similar to the strength of aluminum crystalline when the volume 

fraction is less than 5%. As well, an interesting phenomenon is 

observed if defected (5,5) nanotubes are embedded. When the 

volume fraction of defected nanotubes is less than 14%, it can be 

seen that nanotubes cannot reinforce but instead weaken CNT/Al 

composites as shown in Fig. 20.8. This phenomenon is due to 

the different roles of failure stress and failure strain of defected 

nanotubes in nanocomposites. As discussed above, the failure stress 

Figure 20.8 Effects of volume fraction of embedded CNTs on strength of 

CNT/Al composites (Ref. [133]). 
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of a two-vacancy defected (5,5) nanotube is larger than that of Al 

crystalline, while its failure strain is less than that of Al crystalline. 

Therefore, the failure stress of defected nanotubes plays a role in 

reinforcing CNT/Al nanocomposites (i.e., increasing the strength of 

nanocomposites), while the failure strain plays a role in weakening 

the nanocomposites (i.e., decreasing the failure strain and in turn 

the strength of nanocomposites). When the volume fraction of 

defected nanotubes is 20%, the failure stress of nanotubes plays a 

more important role than their failure strain. Consequently, defected 

nanotubes slightly reinforce the CNT/Al nanocomposites. At the 

volume fraction of 14%, the effects from both failure stress and 

failure strain of the defected nanotube are balanced. Therefore, 

nanocomposites have the same strength as Al crystalline. If defected 

nanotubes with lower volume fractions are embedded, the role of 

their failure strain ismore significant than that of their failure stress. 

Then, such a phenomenon, in which nanocomposites are weakened 

by defected nanotubes as inclusions, is observed. 

20.4.2 Multiscale Modeling and Simulations 

Xiao and Hou [136] also studied CNT-embedded aluminum compos

ites via the bridging domain coupling method. They first considered 

SWNTs and assumed that long SWNTs are aligned unidirectionally 

and distributed homogeneously in the Al matrix. A multiscale unit 

cell model of nanocomposites is shown in Fig. 20.9. In thismultiscale 

model, the SWNT is embedded in the center of the unit cell. The 

bridging domain is a circular band between the molecular and 

continuummodels of the Al matrix. 

To calculate Young’s moduli of nanocomposites, the stress–strain 

relations of nanocomposites are investigated first. The prescribed 

displacement is applied on the top of the unit cell, while the 

bottom of the unit cell is fixed. Since the long tube is considered 

and the periodic boundary condition is employed, the prescribed 

displacement is applied on both the nanotube and the Al matrix. The 

stress is evaluated at every 0.1% strain during the simulation via 

summing the internal forces on the nodes/atoms on the top of the 

unit cell and then dividing it by the cross section area of the cell. 

Young’s modulus is then calculated as the slope of the stress–strain 
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Figure 20.9 Bridging domain coupling model of SWNT/Al nanocomposites 

(left: 3D review; right: top review) (Ref. [136]). 

relation curve. In this section, various volume fractions of embedded 

CNTs at the room temperature of 300 K are mainly considered. 

At first, two pristine SWNTs are considered, respectively, as 

inclusions in the Al matrix material. One is the (5,5) SWNT with a 

diameter of 0.68 nm, while the other is the (21,21) SWNT with a 

diameter of 2.85 nm. The size of the unit cell is varied so that various 

volume fractions of embedded tubes can be achieved. Table 20.1 

illustrates the calculated Young’s moduli of nanocomposites with 

various tube volume fractions at the room temperature of 300 K. 

Apparently, a larger volume fraction of embedded SWNTs results 

in a larger Young’s modulus of nanocomposites. It also can be 

seen that Young’s moduli of nanocomposites are similar no matter 

which SWNTs are embedded for a given CNT volume fraction. 

In other words, CNT size has no effect on Young’s modulus of 

nanocomposites. This is because size effects on CNTs’ stiffness 

are significant only for nanotubes with small diameters [134]. 

Table 20.1 Young’s moduli (GPa) of SWNT-embedded 

Al nanocomposites (Ref. [136]) 

1.3 

SWNT volume fraction (%) 

1.8 4.1 7.3 11.4 

SWNT (5,5) 

(21,21) 

85.0 

84.2 

86.8 

86.4 

89.4 

90.1 

96.6 

97.7 

101.4 

103.2 
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Figure 20.10 Bridging domain coupling model of MWNT/Al nanocompos

ites (left) and SWNT bundle/Al nanocomposites (right) (Ref. [136]). 

Therefore, there is no effect of CNT size on Young’s moduli of 

nanotube-reinforced composites 

As utilized in the experiments [147], most fabricated CNTs are 

MWNTs or SWNT bundles. An MWNT contains a number of co-axial 

SWNTs, and the interlayer distance between SWNTs is 0.34 nm. In 

SWNT bundles, SWNTs are packed in two-dimensional triangular 

lattices. The nearest distance between two neighboring SWNTs is 

also 0.34 nm. Consequently, Al composites containing MWNTs or 

SWNT bundles are also considered via multiscale unit cell models 

as shown in Fig. 20.10. 

The Lennard-Jones potential [47], similar to Equation (20.35), is 

employed to describe nonbonded interaction between two carbon 

atoms that are located at different SWNTs in MWNTs or SWNT 

bundles. The parameters are: ε = 0.0025 eV and σ = 0.34 nm. 
Inmultiscalemodeling as shown in Fig. 20.10, a (21,21)MWNT is 

selected, and it contains (21,21), (16,16), (11,11) and (6,6) SWNTs. 

In addition, a (5,5) SWNT bundle is selected and it contains seven 

(5,5) SWNTs. It should be noted that all the (21,21) SWNT, (21,21) 

MWNT, and (5,5) SWNT bundle have the similar diameters so that 

the CNT volume fractions are the same when unit cell models 

with the same size are considered. Figure 20.11 compares the 

roles of the above three nanotube inclusions in the reinforcement 

of nanocomposites. It is evident that the MWNT results in the 

most significant reinforcement, followed by the SWNT bundle. The 

SWNT results in the least significant reinforcement compared to 
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Figure 20.11 Young’s modulus of nanocomposites (Ref. [136]). 

the other two inclusions. As an instance of 10% CNT volume 

fraction, the nanocomposite containing (21,21) SWNTs has Young’s 

modulus of 100 GPa. However, the nanocomposite containing (5,5) 

SWNT bundles can have Young’s modulus of 110 GPa, and the one 

containing (21,21) MWNTs can have Young’s modulus of as high as 

135 GPa. 

Fracture of CNT/Al nanocomposites embedded with various 

CNT inclusions is also investigated via the bridging domain 

coupling method. (21,21) SWNTs, (21,21) MWNTs, and (5,5) 

SWNT bundles are still considered here as nanotube inclusions. 

Mode I fracture is studied, and the CNT volume fractions in all 

the simulated nanocomposites are the same as 5.78%. Similar 

prescribed boundary conditions are applied to these composites as 

before. The temperature is maintained as the room temperature 

of 300 K. Figure 20.12 compares the stress–strain relations of 

nanocomposites subject to mode I fracture. It also illustrates the 

roles of those three CNT inclusions in resisting the crack propagation 

in nanocomposites. It can be seen that the MWNT results in the 

most significant improvement to the composite strength, followed 

by the SWNT bundle. The SWNT results in the least significant 

improvement compared to the other two inclusions. Figure 20.12 

also shows that CNT-reinforced composites are brittle materials. 

Once the tube is broken, the composites fail quickly. 
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Figure 20.12 Stress–strain evolutions for mode I fracture of nanocompos

ites (Ref. [136]). 

20.5 CNT-Based Co-Axial Oscillators 

A simple CNT-based co-axial oscillator consists of an inner tube 

(core) and an outer tube (shell). When the outer tube is fixed, the 

inner tube can oscillate inside of the outer tube once it is given 

an initial velocity or an initial extrusion length. The oscillatory 

frequency can be as high as 87 GHz [149], and stable oscillators 

are only possible when the interlayer distances between the outer 

and inner tubes are of ∼0.34 nm [72], which equals the interlayer 

distance of regular MWNTs. Xiao and coworkers [131, 132, 140] 

studied CNT-based co-axial oscillators via MD and continuum 

approaches. They also proposed a conceptual design of memory 

cells based on the simulated oscillators. 

20.5.1 Molecular Modeling and Simulations 

A schematic representation of a (10,10)/(5,5) CNT-based oscillator 

is illustrated in Fig. 20.13. Amiddle segment of the outer tube is fixed 

in this nanomechanical system. The modified Morse potential and 

the Lennard-Jones potential, described in the above, are employed 

here to describe the carbon-carbon bond interaction and the 

interlayer interaction between the outer tube and the inner tube, 

respectively. Consequently, in MD simulations, the potential of a 
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Figure 20.13 A (10,10)/(5,5) CNT-based co-axial oscillator (Ref. [131]). 

two-walled CNT-based oscillator can be written as follows: 

E = E inner + Eouter + ELJ (20.36) 

where E inner and Eouter are potentials of the inner tube and the outer 

tube, respectively. 

The first investigation is on the oscillation mechanism of 

an isolated (10,10)/(5,5) nanotube-based oscillator, i.e., no heat 

exchange between the oscillator and its surrounding. The length 

of the outer (10,10) tube is 3.7 nm while the length of the inner 

(5,5) tube is 2.5 nm. Since the initial extrusion length is half of 

the inner tube length, the initial separation distance between the 

centers of the inner and outer tubes is half of the outer tube length. 

When the inner tube is released without any initial velocity, the 

interlayer force, due to the van der Waals energy between the inner 

tube and the outer tube, will drive the inner tube to move towards 

the center of the outer tube. The center-of-mass velocity of the 

inner tube reaches its maximum value after it travels a so-called 

accelerating distance. At that point, the interlayer potential is the 

minimum. After the inner tube passes the center of the outer tube, 

the center-of-mass velocity of the inner tube starts to decrease 

when the interlayer potential increases. Once the center-of-mass 

velocity of the inner tube becomes zero, the separation distance 

reaches the maximummagnitude, and the interlayer potential is the 

maximum. Then, the interlayer force tends to drive the inner tube 

backwards to the center of the outer tube. The profile of separation 

distance between the inner tube and the outer tube is shown in 
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Figure 20.14 Profile of center-of-distance separation between the core and 

the shell (Ref. [131]). 

Fig. 20.14 during the oscillation of the inner tube inside of the outer 

tube. It can be seen that the amplitude of the separation distance 

keeps constant, and it is equal to the initial extrusion length. As 

a conclusion, the oscillation of this nanomechanical oscillator is 

stable and the calculated oscillatory frequency is 55.55 GHz, which 

is referred to as the reference or natural oscillatory frequency of 

this nano-oscillator. If larger extrusion lengths are used, a rocking 

motion [132] is observed at the beginning of the oscillation. 

Based on the above study, it is found that an isolated nano

oscillator would be stable if the initial temperature equals zero. 

However, this is a very rare situation. The temperature effects on 

oscillation mechanisms of the (10,10)/(5,5) CNT-based oscillator is 

also studied here. As a difference with the above study, the outer 

tube is assumed to have heat transfer with its surrounding to model 

the practical usages of the nano-oscillators. A Hoover thermostat 

[54] is implemented so that the temperature of the outer tube 

can be maintained as a constant during the MD simulation. The 

oscillation mechanism of the nano-oscillator at a room temperature 

of 300 K is studied first. As shown in Fig. 20.15, it is found that 

stable oscillatory frequency and amplitude cannot be obtained. The 

oscillatory amplitude decays until the nano-oscillator eventually 

stops. This phenomenon is caused by interlayer friction, which 

mainly dissipates the interlayer energy of the oscillator. Such 
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Figure 20.15 Oscillating of the nano-oscillator at 300 K (Ref. [131]). 

dissipated energy was transferred to kinetic energy of the outer 

tube, and the artificial thermostat thereafter dissipates the energy 

of the outer tube. Consequently, the whole energy of the system is 

dissipated. 

To study temperature-related interlayer friction, three different 

temperatures are considered: 100K, 300K, and 1000K. Figure 20.16 

shows the evolutions of themaximum interlayer energy of the nano

oscillator when the outer tube is at various temperatures. It can be 

Figure 20.16 Interlayer energy dissipation at various temperatures (Ref. 

[131]). 
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seen that energy dissipates faster when the nano-oscillator is at a 

higher temperature. The effective interlayer friction at 0.05 ns can 

be calculated based on the following equation [107]: 

1 d ELJFeff = (20.37)
4ξmax f dt 

where ξmax is the oscillatory amplitude of the nanotube-based 

oscillator, f the oscillatory frequency, and d ELJ/dt the interlayer 
energy dissipation rate. The calculated effective frictions are 0.0021, 

0.0053, and 0.0133 pN per atom for the oscillator at temperatures 

of 100 K, 300 K, and 1000 K, respectively. The interlayer friction 

is in the same order of what Cummings and Zettl [27] predicted, 

i.e., 0.015 pN per atom. The study shows that the interlayer friction 

will be larger under a higher temperature. It can be seen that the 

oscillator will stop in a very short time, i.e., 0.1 ns, at a temperature 

of 1000 K. 

20.5.2 Continuum Modeling and Simulations 

In the continuum modeling of CNT-based oscillators, the out-of

plane motion of the nanotubes is neglected, and the atoms are only 

allowed to move on the surface of the tubes. Consequently, each 

atom has only two degrees of freedom. It is natural to use the 

Cartesian components on the planar graphene in �2 to express the 

atom coordinates in �3. If we denote  xt and xg as the Cartesian 

components of the nanotube and graphene respectively, and R as 
the radius of the nanotube, the mapping can be written as 

ψ : �2 → �3; � = ψ xg (20.38)xg → xt 

or 
xg1 xg2 xt1 = R cos ; xt2 = R sin ; xt3 = xg2 (20.39)
R R 

The MPM method [103] is employed here for continuum 

modeling and simulations. In the MPM model, xg ∈ �2 is defined as 

the current configuration, while the undeformed planar grapheme 

X ∈ �2 as the reference configuration. Using homogenization 

techniques, the Piola–Kirchhoff stresses and the internal forces in 

�2 can be computed via Equation (20.8) or (20.19). Then, the 

internal forces will be mapped onto the surface of nanotubes in �3. 
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In the continuummodel of CNT-based co-axial oscillators, the major 

issue is how to calculate interaction between particles on the inner 

tube and the ones on the outer tube to approximate molecular-level 

interlayer interaction. As mentioned in the above, Lennard-Jones 

potential, ELJ, is employed to describe atomistic interaction between 

the inner and outer tubes. To solve this issue, two representative 

cells of area S0, each containing n nuclei (n = 2 here for graphene 
sheets) are selected. One is on the inner tube while the other on 

the outer tube. The continuum-level van der Waals energy density 

is defined as  Y2 
ϕ (d) = n

ELJ (d) (20.40)
S0

where d =  x0 − xI  is the distance between the centers of those 
two considered cells in the outer and inner tubes. Then, the total 

continuum-level non-bonded energy is calculated asJ J 
 = ϕ ( xO − xI  ) dQI dQO (20.41) 

QO QI 

where QO and QI are the configurations of the outer and inner 

tubes, respectively. Then, the forces applied on one particle can be 

derived as the first derivative of with respect to the coordinates of 

this particle. 

The oscillation mechanism of the (10,10)/(5,5) CNT-based co

axial oscillator in Fig. 20.13 is restudied via the continuum approxi

mation. In the MPMmodel, the outer tube surface is discretized with 

320 particles following a 15 × 20 regular background mesh. For 
the inner tube, a 10 × 10 background mesh is utilized to discretize 
the tube cylinder and a 3 × 10 mesh for the caps. Consequently, the 
continuum model of the inner tube has a total of 152 particles. The 

outer tube is assumed to be rigid while the inner tube is deformable. 

Figure 20.17 shows the separation distance evolution of the system 

obtained from the MPM and compared well with the previous MD 

result. It has been shown that the current MPM model can be 

simplified via modeling the inner tube as a rigid one as well. When 

considering temperature effects, the interlayer friction derived from 

MD simulations can be employed as one of the external forces in the 

MPMmodel. 
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Figure 20.17 Comparison of separation distance evolutions between MD 

and the deformable MPMmodel. 

It has been derived that the oscillatory frequency of a double

walled CNT-based co-axial oscillator can be estimated as [131] 

2Vmaxf = (20.42)
(L outer + 4L accl) 

where L accl is the accelerating distance through which the center-of

mass velocity of the inner tube increases from zero to a constant, i.e., 

the maximum velocity Vmax, if an initial extrusion length is given. 
In previous studies of (10,10)/(5,5) CNT-based oscillators, the 

extrusion length is given as half of the inner tube length, and it is 

1.25 nm. Figure 20.18 illustrates the effect of the length of the outer 

tube on the nano-oscillator frequency. The oscillatory frequency can 

be as high as 72 GHz when length of the outer tube equals that of 

the inner tube. Figure 20.18 also shows that Equation (20.42) can 

accurately predict oscillatory frequencies since they agree with the 

results from both MD simulations and MPM simulations. 

20.5.3 CNT-Based Memory Cells 

The studied CNT-based co-axial oscillators can be extended to design 

a new NEMS system as memory cells [140]. Figure 20.19 illustrates 

a simple example of the proposed NEMS design. The outer tube 

is a capped (17,0) zigzag tube while the inner tube is a capped 

(5,5) armchair tube. The outer tube is positioned on the top of a 
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Figure 20.18 Frequency of nano-oscillators with various length of the shell. 

Figure 20.19 A NEMS design for memory cells (Ref. [140]). See also Color 

Insert. 

conducting ground plane. The ground plane would be a (100) gold 

surface which would be thick enough to achieve low conductivity 

over the entire ground plane - probably less than 10 monolayers 

would be sufficient. Atomicmaterials for the conducting electrodes 1 

and 2 are deposited on the top of the outer nanotube. The electrode 

composition would be gold as well. 

In this configuration, the inner tube sits in a double-bottom 

electromagnetic potential well. The depth of the potential well 

under electrode 1 is proportional to the voltage applied to electrode 

1; similarly, the depth of the potential well under electrode 2 is 

proportional to the voltage applied to electrode 2. The induced 

quasi-static electromagnetic forces exerted on the inner tube will 

overcome interlayer friction if the applied voltage is sufficiently 
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large. This large applied voltage is referred to as the WRITE voltage. 

When a WRITE voltage is applied to the electrode, the inner tube 

may move due to the induced electromagnetic forces. Consequently, 

lateral motion of the inner tube will be induced as a result. Here, 

a capped outer tube is employed because the inner tube can easily 

escape from an open outer tube due to the induced electromagnetic 

forces. The capacitance of the NEMS gate can be read by a distinct 

READ process when a READ voltage is applied. As a result, the logic 

state of the NEMS gate can be determined. It should be noted that all 

READ voltages are sufficiently small so that the motion of the inner 

tube will not be influenced. Whether the inner tube is underneath 

electrode 1 or electrode 2 will result in two different physical states 

determined by the READ voltage. These two different physical states 

can be interpreted as Boolean logic states. Therefore, the system can 

be used as a random access memory (RAM) cell. 

In the MPM continuum model as discussed above, the contin

uum-level potential, , is the interlayer potential when atoms are 

placed at the equilibrium positions. Therefore, interlayer friction 

due to atoms’ thermal vibration cannot be directly calculated from 

the continuum approximation. On the other hand, the induced 

electrostatic force needs to be counted as part of the external 

force. In all, the total external force acting on particle I for solving 
equations of motion, i.e., Equation (20.14), can be calculated as 

∂ vI Z  1 ∂C
fext V 2= (20.43)I − FI N ez + ez 

∂xI |vI Z | 2 ∂zI 

where FI is the friction force per atom calculated from MD 

simulations, N is the number of atoms represented by particle I, vI Z  

is the z component, i.e., axial component, of the velocity of particle 

I , and eZ represents direction along the nanotube axis. An electrode 

of potential V with the ground plane that has the zero potential can 
be viewed as a capacitor. Its capacitance is expressed as 

S E · ε0dS 
C = (20.44)

V 

where E is the electric field, and ε0 = 8.854 × 10−12 is the 
permittivity of free space (in farads per meter). 

To study mechanisms of the proposed NEMS design, a 

(17,0)/(5,5) nanotube is employed in the memory cell. The length 
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Figure 20.20 Positions of the inner tube at different logic states in SRAM 

configuration (Ref. [140]). 

of the (17,0) outer tube is 6.4 nm, while the length of the (5,5) 

inner tube is 3.7 nm. Two 2.0 nm-long electrodes are deposed on 

the top of the outer tube symmetrically. A constant voltage of 16 V 

with a time interval of 1 ns is applied on those two electrodes 

alternatively. Initially, the inner tube is at the center of the outer 

tube. When the inner tube is under electrode 1 or electrode 2, its 

position can be detected by the READ process and the logic states 

0 and 1 are produced. Figure 20.20 shows the positions of the 

inner tube at different logic states. The red color on the electrode 

indicates that this electrode is applied a WRITE voltage. From the 

described mechanism, it is found that the frequency of the memory 

cell depended on the frequency of the voltage shifting. In other 

words, this memory cell works as a SRAM. In this case, the frequency 

of this SRAM is 500 MHz. 
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Figure 20.21 Evolution of separation distance in DRAM (Ref. [140]). 

It is obvious that the frequency of the SRAM cell cannot exceed 

the natural frequency of its embedded nanotube-based oscillator. 

Since the CNT-based oscillator is an underdamped system, the 

proposed design can be extended for application as a DRAM cell. 

In this configuration, the oscillator will continue to oscillate at 

its natural frequency. A WRITE voltage pulse is applied every 

several oscillation periods to stimulate oscillation of the oscillator. 

Consequently, a steady oscillation can be generated for logic states 0 

and 1. As an example, the simulated DRAM cell including a 32 nm

long (17,0) outer tube and an 18 nm-long (5,5) inner tube. The 

natural frequency of the oscillator is 6.75 GHz. The open-ended 

outer tube instead of the capped one is employed. In this case, two 

10 nm-long electrodes are attached on the top of the outer tube. 

Initially, the inner tube has a velocity of 400 m/s and is placed at 

the center of the outer tube. After every four cycles, a voltage of 

48 V with duration of 2 ps is applied at the electrode to increase the 

oscillatory amplitude. Consequently, the inner tube keeps a stable 

oscillation. 

Figure 20.21 illustrates the evolution of separation distance 

between the inner tube and the outer tube. It has demonstrated the 

mechanism of this memory cell as DRAM, which has a frequency 

of 6.75 GHz. In addition, Fig. 20.22 shows the configurations of 

this memory cell at different logic states. In Fig. 20.22, the outer 

tube is not shown except its ends as rings. It should be noted that 

although the WRITE voltages are applied on a single electrode, both 
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Figure 20.22 Configurations of DRAM at different logic states (Ref. [140]). 

electrodes are needed for applying READ voltages to detect logic 

states. 

20.6 CNT-Based Resonant Oscillators 

The fabrication of nanoscale mechanical devices incorporating CNTs 

as the torsional spring elements has been reported [91, 99, 126, 

127]. The devices consisted of suspended lever, i.e., the “paddle”, 

connected by an MWNT or an SWNT as torsional beams. Once the 

paddle was given an electrostatic force, the oscillation was observed 

and the measured resonance frequencies were in the range of 1 to 

9 MHz. Xiao and Hou [137, 138] developed a multiscale method to 

study the mechanical behavior of CNT-based resonant oscillators. 

20.6.1 Multiscale Modeling 

In the multiscale model of resonant oscillators, the nanotube is 

modeledwithMDwhile themetal paddle ismodeled as a continuum. 

In a CNT-based resonant oscillator, a part of the nanotube is 

embedded in the metal paddle. Since the metal paddle has only 

small deformation during the torsional oscillation, it is treated as 

a rigid body without losing accuracy. Consequently, the embedded 

nanotube has nearly no deformation. Furthermore, the effect of the 

embedded nanotube on the angular momentum of inertia of the 

metal paddle is neglected. Therefore, the nanotube in the oscillator 
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Figure 20.23 Multiscale model of a CNT-based resonant oscillator (Ref. 

[138]). 

can be viewed as two individual tubes connecting with the metal 

paddle as shown in Fig. 20.23, which illustrates themultiscalemodel 

of a CNT-based resonant oscillator. 

The edge-to-edge coupling technique [12], which is a simplified 

bridging domain coupling method, is employed in this multiscale 

method to efficiently attach the continuum model and the mole

cular model. In this multiscale model, the carbon nanotubes are 

attached to the metal paddle without overlapping the subdomain 

except for the molecular/continuum interface. Since the modified 

Morse potential consists of the bond stretching energy and the 

bond angle-bending energy, simply gluing carbon atoms on the 

molecular/continuum interface will not account for the bond angle

bending energy between the nanotubes in the molecular model 

and the tube in the continuum model, although the tube in the 

continuum model is ignored because it has no deformation. In a 

manner similar to the edge-to-edge coupling technique, there are 

two types of carbon atoms defined at the conjunctions between the 

continuum and molecular models: (1) “real” carbon atoms that are 

located on the interface and in themolecularmodel; and (2) “virtual” 

carbon atoms that are located inside the continuum model. There 

are “virtual” bonds between “real” and “virtual” carbon atoms. 

Figure 20.24 illustrates the molecular/continuum coupling 

technique utilized in themultiscale modeling of CNT-based resonant 
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Figure 20.24 The schematic diagram of virtual atoms/bonds at the 

interface (Ref. [138]). 

oscillators. Although the zigzag nanotubes are mainly considered 

here, similar strategies can be conducted for nanotubes with 

other chiralities. In Fig. 20.24, real carbon atoms e, f , and  g are 
in the molecular model. Among them, atom g is located at the 
continuum/molecular interface. Corresponding to atom g, there  is  
a “virtual atom”  h that is inside the continuum model. In addition, 

there is a “virtual” bond between atoms g and h. 
Since the metal paddle is viewed as a rigid body, virtual bonds 

have no change in their length, so there is no bond stretching energy. 

However, the angles between virtual bonds and their neighboring 

bonds in the molecular model, e.g., the angles between bonds gh 
and ge/g f  , as shown in Fig. 20.24, may change during the rotation 
of the metal paddle so that the bond angle-bending potential 

exists at the molecular/continuum interface. Such an angle-bending 

potential must be considered in MD simulations because it has 

effects on the atomic forces of carbon atoms that are on or close to 

the molecular/continuum interfaces. In the example shown in Fig. 

20.24, those atoms include atoms e, f , and g. Consequently, the total 
Hamiltonian of the whole system is written as 

= H M + H CHtotal + Evirtual (20.45) 
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where H M and H C are the molecular and continuum Hamiltonians, 

respectively. Evirtual is the potential due to angle change between the 

virtual bonds and other realistic bonds at the molecular/continuum 

interfaces. The equations of motion in the molecular and continuum 

models can be derived via the classic Hamiltonian mechanics. It 

should be noted that the atomic displacements are required to 

conform to the continuum-level displacements at the positions of 

the atoms on the interface 

20.6.2 Simulations and Results 

At the beginning of a multiscale simulation, the metal paddle is 

given an initial angle of twist. Therefore, the displacements of atoms 

at the continuum/molecular interfaces and virtual atoms can be 

determined via continuumapproximation as boundary conditions in 

themolecularmodel. After updating atomic displacements of carbon 

nanotubes at each time step, the atomic forces can be calculated and 

then the torque acting on the metal paddle. Eventually, the rotation 

of the metal paddle can be determined. 

Mechanical behaviors of resonant oscillators as isolated systems 

with an initial temperature of zero are studied first. The resonant 

oscillator contains two (9,0) tubes with a length of 4.12 nm 

connecting the metal paddle. The material of the metal paddle is 

gold, which has a density of 19300 kg/m3. The dimensions of the 

metal paddle are: length 8 nm, width 4 nm, and thickness 2 nm. 

Consequently, the angular moment of inertia of the metal paddle is 

0.007e-36 kg · m2. Once the metal paddle is given an initial twist 

angle of 10◦ , the nanotubes are twisted. The metal paddle is applied 
a torque due to the torsion of the nanotubes. After the metal paddle 

is released, it will rotate back and forth, and resonant oscillation can 

be observed. With the multiscale simulation, the evolution of angle 

change for the metal paddle can be obtained as shown in Fig. 20.25. 

It is evident that the resonant oscillation is stable and the calculated 

resonance frequency is 5.26 GHz. 

Papadakis et al. [99] utilized MWNTs as the torsional springs to 
fabricate resonant oscillators. The measured resonance frequencies 

are in the range of 1.67 MHz to 8.66 MHz. To validate the developed 

multiscale method, the devices listed in Table I of the work by 
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Figure 20.25 Evolution of angle change of the metal paddle in the resonant 

oscillator (Ref. [138]). 

Papadakis et al. [99] are simulated here to compare the calculated 
frequencies with the experimental outcomes as shown in Fig. 20.26. 

Figure 20.26 shows that although some resonance frequencies 

calculated from multiscale simulations compare well with the 

experimental measurements, all the numerical results are lower 

than the experimental measurements, especially for oscillators 

containing nanotubes with diameters in the range of 16 nm to 

22 nm. This is because only the outermost tube is modeled and the 

interlayer mechanical coupling in the MWNTs is neglected. 

Figure 20.26 Comparisons between the experimental and calculation 

results (Ref. [138]). 
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It has been known that the relationship between MWNT 

torsional stiffness (K ) and its shear modulus (G ) via the continuum 
mechanics model is as follows. 

d4 − d4π out inK = G (20.46)
32l 

where dout and din are the outer and inner diameters of the MWNT, 
and l is the tube length. When only the outermost shell of the 
MWNT is considered as the conducted simulations, dout = d and 
din = d − 2t, where d is the MWNT diameter listed in Table I of the 
work by Papadakis et al. [99], and t is the thickness of one nanotube 
layer that is 0.34 nm. If the whole MWNT is taken as the torsional 

spring element, din is set as zero. Obviously, the calculated resonance 
frequency based on multiscale simulation is the least frequency that 

the simulated oscillator can have since only the outermost tube is 

modeled as the torsional spring element. Such a frequency is called 

the lower bound frequency for a resonant here. Based on Equation 

(20.46), the maximum resonant frequency, called the upper bound 

frequency here, that an oscillator can have when the whole MWNT 

acts as the torsional spring element is calculated as 

d4 
fupper = flower (20.47)

d4 − (d − 2t)4 

Figure 20.26 also shows that all the experimental outcomes are 

in the range from the lower bound frequencies to the upper bound 

frequencies. When the diameters of MWNTs are in the range of 16 

nm to 22 nm, the experimental measurements are very close to the 

upper bound resonance frequencies, shown in Fig. 20.26. It can be 

concluded that mechanical coupling in MWNTs plays a significant 

role during MWNT torsion in those devices 

20.7 Conclusions 

In this chapter, we introduced some common computational 

methods in the community of computational nanotechnology. Those 

methods includemolecular dynamics, nanoscale continuum approx

imations, and multiscale methods. We took carbon nanotube-based 

composites and devices as examples to demonstrate the applications 
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of those numerical methods in studying nanocomposites and 

devices. It can be seen that molecular dynamics is good at eluci

dating complex physical phenomena when studying composites and 

devices. However, molecular dynamics has difficulties in modeling 

and simulating large nano systems. Nanoscale continuum approx

imations can solve the above issue but result in losing detailed 

descriptions of physical phenomena at the nanoscale. Multiscale 

methods, including the bridging domain coupling method, can both 

simulate large nano systems and investigate physical phenomena at 

the nanoscale. This chapter can be viewed as a framework to provide 

alternative solutions for modeling nanocomposites and devices. 
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21.1 Introduction 

There is a continuing interest in employing atomistic simulation 

tools for studying mechanics problems that have a deep connection 

with the underlying micro- and nanoscale material structures. 

Specific techniques such as molecular mechanics (MM) and mole

cular dynamics (MD) have been extensively employed. A significant 

barrier associated with the use of these techniques, however, is the 

spatial and temporal scales that can be dealt with. For instance, 

molecular dynamics employing explicit time integration schemes 

needs to use time step size no larger than the so-called critical time 

step, or simulation results will suffer from numerical instability. 
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Molecular mechanics (MM) treats the system as if it is in static 

equilibrium. The solutions for such a system are typically cast in the 

form of a stiffness equation, similar to the ones used in structural 

mechanics and solved with the use of an iterative solver due to the 

large number of degrees of freedom involved. Even with the state

of-the-art computing facilities, there is a gap between the spatial 

scale that can be treated by MM and the actual phenomena under 

investigation. As such, numerous efforts have been devoted towards 

developingmethods that can offer accuracy comparable to atomistic 

method but are far less computationally demanding. 

One promising approach to circumvent the difficulty described 

above is to employ multiscale descriptions based on the concept of 

concurrent simulations employing a coupled atomistic-continuum 

representation. In these simulations, the atomistic simulation is 

typically limited to a part of the entire domain and a continuum 

simulation is employed elsewhere. Generally atomistic simulation is 

carried out in an area where certain physical processes of interest 

are taking place. These methods provide a robust computational 

platform for processes that are inherently multiscale in nature. 

Examples include materials with hierarchical structures and com

ponents, crack propagation, dislocation-induced plasticity amongst 

many others. 

One of the major challenges in developing multiscale atomistic

continuum simulations is the development of robust representa

tions of energy and momentum in the respective continuum and 

atomistic regions. At the atomistic level, thermal and mechanical 

descriptions are closely coupled through the lattice dynamics and 

feature wide range of spatial and temporal scales. As such, robust 

algorithm must be designed to ensure an accurate information 

exchange between the domains across the numerical interface. This 

is especially critical in dynamic systems as a lack of consistent link 

between the continuum and atomistic models leads to spurious 

phonon reflections at the atomistic-continuum interface, which 

subsequently pollutes the numerical solution [1]. 

A great deal of efforts has been devoted towards eliminating 

the spurious numerical reflection at the interface in concurrent 

simulation method. A brief overview of the method is presented 

here. Detailed review on the subject can be seen in [2–3]. The 
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early work on the subject can be traced in Holian and Ravelo 

[4], Abraham et al. [5–6] who have augmented ad hoc viscous 
damping terms in the simulation. The damping effects are imposed 

either for all the atoms in the simulation or the ones at the 

interface. Based on the generalized Langevin method developed 

by Adelman and Doll [1, 7], Cai et al. [8] proposed an extension 
of this approach to couple the atomistic simulation to a linear 

elastic system. The Bridging-scale method (BSM) has been proposed 

by Wagner and Liu [9] and extended in [10–13]. These methods 

are based on projection operator and Langevin type of time-

history kernel. E and Huang [14–15] derived a procedure for 

coupling molecular dynamics with linear elasticity by minimizing 

the reflections. Xiao and Belytschko [16] have developed a bridging 

domain formulation in which the compatibility between finite 

element and molecular dynamics degree of freedoms are enforced 

based on constraints using Lagrange multipliers. This treatment 

has also been employed in the Arlequin method proposed by 

Ben Dhia [17–21], which was originally proposed as a general 

approach to couple two different models. The energy conserving 

properties of the bridging domain formulation are presented in Xu 

and Belytschko [22]. To and Li [23] and Li et al. [24] proposed the 
perfectly matched layer (PML) method by matching the impedance 

at the atomistic/continuum interface. Application of PML for non-

equilibrium molecular dynamics was demonstrated by Liu and 

Li [25]. 

While most of the approaches above have focused on interface 

treatment, Chirputkar and Qian [26] pointed out that it is also 

important to introduce multiscale approximations in the continuum 

representation, since the continuum description is typically based 

on finite element with mesh size much larger than the atomic 

spacing, and the FEM approximation is not capable of describing 

the phonons with length scales smaller than the size of the mesh. 

One scenario is the case in which atomistic descriptions are used 

in multiple domains. It is expected that any interface treatment that 

involves damping to eliminate the reflections may have difficulties 

as the fine scale phonons originated from each domain need to 

propagate through the continuum region to interact with each 

other. Although the imposed damping eliminates the reflection, it 
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also dissipates the fine scale components of the wave that need 

to be transmitted through the continuum region. In the work by 

Chirputkar and Qian [26], it has been demonstrated that this issue 

can be resolved by introducing multiscale spatial and temporal 

representations employing the space-time finite element framework 

and enrichments. As such, both wave reflectionless and transmitting 

boundary conditions can be achieved. The realization of both 

conditions is demonstrated in the case of linear lattice with a single 

phonon in [26] with a specified wave number. 

In this chapter, we present a concurrent methodology by 

integrating the basic frameworks of space-time finite element 

method and enrichment method. It is an extension of the work [26] 

to general phonons that are featured by collection of wave packet. 

The enrichment concept is motivated by Belytschko and co-workers 

[27–29], although the emphasis here is on a fine scale, continuous 

enrichment rather than a discontinuous one as described in the 

references mentioned above. 

The rest of the chapter is arranged as follows: In section 2, a 

space-time approach to the discrete atomistic system is introduced, 

which is then followed by a description on the enriched finite 

element method. Section 3 presents the general algorithm for 

implementing the proposed space-time framework. In particular, the 

interfacial treatment based on the bridging scale method employing 

a projection operator is described. The application of the theoretical 

framework for lattice dynamics is discussed in section 4. Verification 

is performed in section 5 by comparing the results obtained from 

this simulation to the corresponding from full-scale MD simulation. 

Summary and conclusions are made in section 6. 

21.2 Space-Time Finite Element Formulation 

21.2.1 Overview 

The idea of establishing approximation in temporal domain can be 

traced back to Argyris et al. [30], Fried [31] and Oden [32], who 
have used finite elements to discretize the temporal aswell as spatial 

domains. Time continuous Galerkinmethods [33, 34] have also been 
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used to solve problems involving elastodynamics, heat conduction 

etc. Another approach (discontinuous Galerkin (DG) method) from 

the differential equations standpoint was developed in which the 

unknown quantities were permitted to be discontinuous with re

spect to time. Hughes and Hulbert [35] extended the discontinuous 

Galerkin (DG) method to problems involving second order hyper

bolic equations such as elastodynamics. Hulbert further presented 

a two field formulation [36] for structural dynamics in which both 

displacement and velocity can be treated as unknowns and both are 

allowed to be discontinuous across the time slabs. Li and Wiberg 

[37] worked on implementation and adaptivity of the space-time 

finite element method using the two field space-time finite element 

method for two-dimensional structural dynamics problem. 

The ability to capture multiple temporal scale responses within 

the context of DG has been demonstrated in Hughes and Hulbert 

[38] and Li and Wiberg [37, 39]. Mesh refinement is employed in 

regions where there is a sharp gradient or discontinuity based on 

an error estimator (e.g., Zienkiewicz and Zhu [40]). Alternatively, 

Chessa andBelytschko [41] have proposed enriched space-time FEM 

for solving the first-order hyperbolic systems involving arbitrary 

discontinuities in both space and time. The enrichment approach is 

based on the so-called extended finite element method developed in 

Belytschko and Black [27] and Belytschko, Dolbow and Moes [28]. A 

similarmethod, also referred to as the Generalized FEM (GFEM), was 

proposed in [42] and it can be shown that both methods are derived 

based on the partition-of-unity approach introduced in [43–44]. 

In the following, the basic framework in applying the time 

discontinuous Galerkin method for the case of discrete atomic 

system is outlined. 

21.2.2 Basic Notations and Configurations 

In the space-time method, both the spatial and the temporal 

domains are discretized using finite elements. We introduce Q and 
I as the spatial and temporal domain respectively, and � as the 
boundary for spatial domain Q. Following the definition used in 

[35], the temporal domain spans from I = ]0, T [ and has the form: 
0 = t0 < t1 < · · · < tn < · · · tN = T . 
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Figure 21.1 Schematic for space-time grid for 1 spatial dimension. 

We define In =]tn−1, tn[ and�tn = tn − tn−1. We further introduce 
Q n = Q × In for representing the nth space-time slab and ϒn = 
� × In as the spatial boundary through the time slab In. The space

time domain for a 1D spatial domain is represented in Figure 21.1. In 

the time discontinuous Galerkin method, the variables are allowed 

to be discontinuous over time, i.e., the field variables are allowed to 

be discontinuous (have different values) in time at the boundary of 

successive space-time slabs. As can be seen from Figure 21.1, along 

the time axis the variables have two separate values. This represents 

the discontinuity over time slabs. Let w(t)represent a field variable. 
[[·]] represents discontinuity of a field. The temporal discontinuity of 
w(t) at time tn is represented by 

[[w(tn)]] = w t+ − w t− (21.1)n n 

where 

t±w = w (tn ± ξ) (21.2)n 

Here ξ is a small value in time. The value w tn 
+ is defined at the 

time slab spanning In+1 =]tn, tn+1[, while the valuew t− is defined n 

at the time slab spanning In =]tn−1, tn[. Use of the discontinuous 

Galerkin (DG) approach in time as suggested in [35] leads to the 

decoupling of the successive space-time slabs in the space-time 
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domain from each other. As a result, the time slabs can be solved 

one by one with information required only from the previous space

time slab. This results in smaller problem size as compared to the 

time continuous Galerkin approach. 

In a given space-time slab, interpolations are constructed both in 

the spatial and temporal domain. We first introduceNx as the spatial 
shape function matrix and Nt as the temporal shape function matrix 

(The temporal shape functions are polynomials of the order n − 1, 
where n represents the number of temporal nodes). The space-time 
shape function matrix N (X, t) can be expressed in a multiplicative 
form as: 

Nt = Nt 
1 . . .Nt

j 
. . .Nt

n	 (21.3) 

N = N (X, t) = N1 t Nx . . .Nt
j Nx . . .NnNx (21.4)t 

The value for a field variable u(X, t) can be interpolated from the 
¯space-time nodal solution d: 

¯u (X, t) = N (X, t)d	 (21.5) 

The spatial/temporal derivatives of the field variables can be 

obtained by the corresponding spatial/temporal derivative operator 

on the shape functions. 

¯u(X, t),X = N(X, t),X d (21.6) 

u̇(X, t) = Ṅ(X, t)d̄	 (21.7) 

21.2.3	 Space-Time Formulation for Discrete Atomistic 
Systems 

21.2.3.1 Governing equations of molecular dynamics 

Molecular dynamics studies the time-dependentmotion of atomistic 

(discrete) systems, which are governed by the Lagrange equations 

[45] 

d ∂L	 ∂L − = 0, α  = 1,2, . . . , Na (21.8)
dt ∂ ṙα ∂rα 
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in which, rα = (xα, yα, zα) is the position vector of atom α, and  N 
is the total number of simulated atoms. The system’s Lagrangian 

acquires the form 

Na N r2mα ˙αL = − U (r1, r1, . . . , rNa ) (21.9)
2 

α=1 
in which the two terms on the right-hand side give the system’s 

kinetic and potential energy, respectively. From Eqs. (21.9) and 

(21.8), one obtains the equations of motion in the Newtonian form 

for any given atom α, i.e., 

fext + fint − fkin = 0 (21.10)α α α 

fkin = mα ¨	 (21.11)α uα
 

fext
 where	 is the external force acting on atom α, mα represents theα 

mass for atom α and the displacement for atom α is given by uα and 

üα is the acceleration for atom α. The internal force acting on atom 

α is given by fint and it is obtained from the interatomic potential Wα 

for the system. 

∂W
fint = − 	  (21.12)α ∂uα 

The interatomic potentials are typically empirical in nature. 

The value of the potential at any atom depends on its position 

as well as the position of all the atoms it interacts with. The 

interactions between the atoms can be either attractive or repulsive. 

The potentials include both bonded and nonbonded interactions. 

Some of the commonly used interatomic potentials include the 

Lennard–Jones (L–J) potential, Tersoff potential [46] and Brenner 

potential [47]. 

21.2.3.2	 Coarse grained model based on virtual atom cluster 
model 

In the multiscale description, it is necessary to develop a coarse 

grained model for the coarse scale part of the simulation. In 

this work we have adopted the virtual atom cluster (VAC) model 

proposed in [11, 48] as the choice for coarse graining. This model 

is briefly explained here. Equation (21.10) holds true at all atomic 

sites in the domain. Thus we can write it in the vector form as: 
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G = 0 (21.13) 

= f̃ext + f̃int − f̃kinG (21.14) 

where G is a vector function of space and, [ ]
f̃ext fext 1 , fext = 2 , . . . , fext , . . . , fext (21.15)α Na [ ]
f̃int fint1 , f

int= 2 , . . . , f
int 
α , . . . , fint (21.16)Na [ ]

f̃kin = m1ü1, m2ü2, . . . , mαüα, . . . , mNa üNa (21.17) 

Note that Equation (21.13) only holds at the atomic locations 

(Xα) in the domain. Accordingly, Equation (21.13) can be equiva

lently rewritten as  
Gδ̂(X− Xα)dQ = 0 (21.18) 

Q 

where 

δ̂ (u) = 
{ ∞ if u = }0 
0 if u  = }0 (21.19) 

is the Dirac delta function and α = 1,2, . . . , Na . Equation (21.18) 

implies that the vector function G is satisfied only at the atomic 
locations. Since Equation (21.18) holds at each atomic site, we 

introduce the test function δu and propose the variational equation   NaN
δu G δ̂(X− Xα) dQ = 0 (21.20) 

α=1Q 

or equivalently   Na NaN N ( )
fext + fint − fkinδu G δ̂(X− Xα) dQ = δuα (21.21)α α α 

α=1 α=1Q 

Equation (21.21) serves as the basis for developing the coarse 

grainedmodel. The summation used in Equation (21.21)will be over 

all the atoms. To introduce the coarse gained model, this discrete 

summation can be converted into a continuous integral if the nature 

of the inter-atomic interaction is short ranged. While evaluating 

this integral using numerical quadrature, a cluster representation 

based on the bonded interaction and translational symmetry of 

the lattice can be extracted and imposed on the quadrature point. 

This representation is called a virtual atom cluster as it does not 

correspond to the physical location of the atoms. For details on the 

implementation, see [11, 48]. 
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21.2.3.3 The space-time formulation 

Following the principles from the continuum case [35], the Euler– 

Lagrange form of the variational equation for a discrete atomistic 

system employing a time discontinuous Galerkin formulation can be 

derived as follows: 

0 = B(δuh , uh)n+1 − L(δuh)n+1 
Na N 

= δu̇h · G δ̂(X− Xα ) dt − δu̇h(t+)n 

In+1 α=1 
Na N 

ˆ× mu̇h δ(X− Xα) 

α=1 t=tn 

Na N 
h fint+δu (t+) · δ̂(X− Xα) (21.22)n 

α=1 t=tn 

where, 

Na N 
h h h hB(δu , u )n+1 = δu̇ mü δ̂(X− Xα) dt 

In+1 α=1 
Na N 

h fint− δu̇ δ̂(X− Xα) dt 

In 
α=1 

Na 

h 
( ) N 

+δu̇ t+ mu̇h δ̂(X− Xα)n 
α=1 t=t+ 

n 

Na 

h 
( ) N 

t+ fint ˆ−δu δ(X− Xα) (21.23)n 
α=1 t=t+ 

n 

Na N 
h h fextL(δu )n+1 = δu̇ δ̂(X− Xα ) dt 

In+1 α=1 
Na 

h 
( ) N 

+ δu̇ t+ mu̇h δ̂(X− Xα)n 
α=1 t=t− 

n 

Na 

h 
( ) N 

fint− δu tn 
+ · δ̂(X− Xα) (21.24) 

α=1 t=t− 
n 
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in which δuh is the test function established based on the approx

imation. Superscript h indicates the numerical approximation. The 
last two terms on the right hand side of Equation (21.22) represent 

the enforcement of velocity and displacement continuity condition 

in time. Equations (21.22)–(21.24) are applicable for all discrete 

systems irrespective of the specific interatomic potentials involved. 

In this work, we have employed both linear harmonic and nonlinear 

interatomic potentials. In the next section, a detailed derivation for 

a system with linear harmonic potential is presented. Following the 

linear case, an extension to nonlinear potentials is discussed. 

21.2.3.3.1 System governed by linear potential 

The linear harmonic potential at atom α can be expressed as 
nb

1N ( )2Wα = kαβ uα − uβ (21.25)
4 

β=1 
where, kαβ is the linear potential interaction coefficient between 

atoms α and β , and  β is one of the atoms that atom α interacts 
with, i.e., β is a neighbor of α. In addition nb is the total number of 

neighbors that the atom α interactswith. Finallyuα anduβ represent 

the displacements for those respective atoms. The internal force 

acting on atom α due to its interaction with its neighbors can be 
expressed as 

nb N ( )
fint = kαβ uβ − uα (21.26) α 

β=1 
Equation (21.21) can then be rewritten as 

Na Na N N ( )h ˆ h fext + fint − fkinδu G δ(X− Xα) dQ = δuα α α α 
α=1 α=1Q ⎛ ⎛ ⎞ ⎞ 

Na nb N N ( )h ⎝fext ⎝ ⎠ ⎠ = δuα α + kαβ uβ − uα − mα üα
 

α=1 β=1
 
(21.27) 

The weak form can be expressed as follows by plugging Equation 

(21.27) in (21.23) and employing the test function δuh = Nδd 
h h = δdT 

[
K kin + K int 

]
B(δu , u )n+1 dn+1 (21.28)n+1 n+1

© 2013 by Taylor & Francis Group, LLC

http:u�(21.26
http:21.22)�(21.24


March 6, 2013 15:25 PSP Book - 9in x 6in 21-Shaofan-Li-c21

 

 

 

796 Concurrent Approach to Lattice Dynamics 

where ⎛ ⎞ 
Na N ( ) ( )

K kin n+1 = ⎝ Ṅα 
T mα N̈α dt + Ṅα 

T tn 
+ mαṄα tn 

+ ⎠ (21.29) 

α=1 In+1 ⎛ ⎛ 
Na nb N N ( ) ( )

K int ⎝ ⎝ ṄT t+ 
n+1 = α kαβ Nα − Nβ dt + Nα 

T 
n kαβ 

α=1 β=1 In+1 ( ( ) ( ))))× Nα t+ − Nβ t+ (21.30)n n 

and 

= δdT 
[( ) ]h L kin + L intL(δu )n+1 dn + Lext (21.31) n n 

where 
Na N( ( ) ( ))

L kin ṄT t+ ˙ t− 
n = α mα Nα (21.32)n n 

α=1 ⎛ ⎞ 
Na nb N N( ( ) ( ( ) ( )))

L int ⎝ NT t+ t− t− ⎠ 
n = α kαβ Nα n − Nβ n (21.33)n 

α=1 β=1 ⎛ ⎞ 
Na N 

= ⎝ ṄT fext ⎠Lext α α (21.34) 

α=1 In+1 
From Equations (21.22), (21.28) and (21.32) we arrive at a 

stiffness equation, given as 

Kn+1dn+1 = Fn (21.35) [ ]
K kin + K intKn+1 = n+1 n+1 (21.36) [( ) ]

L kin + L intFn = dn + Lext (21.37) n n 

Equation (21.35) can be used to solve any discrete system that 

is governed by the linear harmonic potential. Typically, spatial 

discretization through the use of FEM mesh is employed. In 

principle, there is no restriction on the mesh size. However, it is 

generally not practical to prescribe a mesh that is finer than the 

atomic spacing. An extreme case is when FEM nodes are placed 

on top of the atoms. The spatial shape function matrix in this case 

becomes an identity matrix INa of sizeNa . We refer to this case as the 

space-time molecular dynamics (STMD). 

The stiffness equation we have derived can be solved using a 

direct solver or iterative solver. For systemswith constant time-step, 

n+1,K int ,L int n+1,L kinthe values of thematricesK kin remain unchanged. n n 
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Thus they are assembled just once during the simulation if a direct 

solver is employed. 

21.2.3.3.2 System governed by nonlinear potential 

In the case of nonlinear potentials, it is not possible to directly 

derive a system of linear equations and linearization based on the 

Newton–Raphson type of scheme is employed. For this work, we 

have followed the approach in [49], which is summarized in this 

section. We begin by rewriting Equation (21.22) as 

Sn+1 = B(δuh , uh)n+1 − L(δuh)n+1 
Na N 

ˆ= δu̇h · G δ(X− Xα ) dt 

In+1 α=1 
Na N 

ˆ− δu̇h(t+) · mu̇h δ(X− Xα)n 
α=1 t=tn 

Na N 
h(t+ fint ˆ+ δu n ) · δ(X− Xα ) = 0 (21.38) 

α=1 t=tn 

where Sn+1 is the sumof all nodal forces (external, internal, inertia as 

well as continuity terms) acting on the (n + 1)th time-slab. Let un+1 
be the equilibrium nodal displacements corresponding to this time

slab, Equation (21.38) becomes 

Sn+1 (un+1) = 0 (21.39) 

Due to the nonlinearity associated with the description of Sn+1, 
iterative methods need to be employed to obtain un+1 for systems 
with nonlinear potentials. Illustration of the scheme is shown in 

Figure 21.2. 

In the implementation, the displacement un from the previous 

time-slab is assumed to be known. This displacement is used as the 

initial guess for the displacement un+1 in the current time-slab, i.e., 
(n + 1)thu0 = un. For the  kth iteration, the displacement of then+1
 

k
slab is u In the Newton–Raphson scheme, the solution for then+1.
 
k+1
 next iterative step un+1 is obtained as follows: 

Sk ∂Sk 
n+1 n+1 = (21.40)

k k+1un+1 − u ∂u n+1 
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Figure 21.2 Schematic for Newton-Raphson method. 

k+1 − uk
n

k
n+1, we have  Assuming,�u = u+1 n+1 

k
n

k
n∂S +1 

∂u+1 

S +1 (21.41)= k
n−�u

or 

k
n

k
n∂S +1 

+1 ∂u 
−Sk

n = �u+1 (21.42) 

k
n

(
+1 can 

)
obtained 

∂SThe term +1/∂u is analogous to a tangential stiffness 

either by direct solver or iterative k
nmatrix. �u be 

method. 

21.2.4 Space-Time Approximation Based on Enrichment 

Enrichment involves the use of specialized functions along with the 

traditional finite element framework to better address the problem 

of interest. These specialized functions, termed as enrichment 

functions are based on the problem physics. Here we define �(X, t) 
as the enrichment function that represents the local problemphysics 
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Figure 21.3 Standard (Regular) space-time shape function. See also Color 

Insert. 

in both space and time. In the enriched space-time formulation, 

the enriched shape functions corresponding to the J th space-time 
node are obtained by multiplying the standard space-time shape 

functions N̄ J (X, t) at that node with�(X, t). 

Ñ J (X, t) = N̄ J (X, t)�(X, t) (21.43) 

�(X, t) = �(X, t)− �(X J , tJ ) (21.44) 

where, X J and tJ are the spatial and temporal coordinates for the 

space-time node J . The definition of�(X, t) used in Equation (21.44) 
is based on [29]. Enrichment can also be obtained by defining 

�(X, t) as �(X, t). The advantage of using the definition in (21.44) 
is that the value of the field variable at the node equals the value of 

the regular degrees of freedom at the node since the value of�(X, t) 
at the nodes is always zero. The effects of enrichment on the shape 

functions are illustrated in Figs. 21.3, 21.4 and 21.5 for a single two

dimensional space-time element (one-dimensional space plus time): 

Figure 21.3 represents the standard space-time shape function. 

In Figure 21.5, a discontinuous enrichment function is used. 

This type of function is suitable for problems that involve dis

placement/velocity discontinuities. Examples include shock and 

fracture/dislocation problems. Figure 21.4 illustrates the use of a 

harmonic function for the enrichment. Harmonic shape functions 

can be used for problems involving high frequencywave propagating 

in the solids. 
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Figure 21.4 Space-time shape function after enrichment with a harmonic 

function. See also Color Insert. 

Figure 21.5 Space-time shape function after enrichment with a discontin

uous function. See also Color Insert. 

The composite space-time shape function matrix (N) then ( )
consists of the standard N̄ as well as the enriched shape functions ( )
Ñ . Similarly, we have the enriched degrees of freedom at each of 

the enriched nodes. The total degrees of freedom vector (d) is then ( ) ( )
¯ ˜a combination of standard d and enriched DOF d , i.e., 

N = [N̄, Ñ] (21.45) 

d = [d̄, d̃] (21.46) 
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The expression for displacement at any given point in the space

time domain in terms of N and d is 
nt nc ne N N N 

u(X, t) = NL (X, t)dL = N̄I (X, t) d̄I + Ñ J (X, t) d̃ J
 

L =1 I =1 J =1
 
(21.47) 

¯In Equation (21.47), dI are the standard degrees of freedom, d̃ J 

are the enriched degrees of freedom and nt gives the total number of 

degrees of freedom for the system. The total number and location of 

the standard degrees of freedom remains unchanged in a simulation, 

while the total number and location of the enriched degrees of 

freedom may change to reflect the dynamic nature of the problem 

physics. 

Simulation employing the enriched approximation can be ad

vanced in a similar way by noting that the shape function N 
represents the composite shape function matrix from Equation 

(21.45). With the additional features built into the approximation, 

the resulting formulation is referred to as the “Extended Space-time 

FEM,” or simply X-STFEM. In the standard space-time finite element 

method using uniform time-step, the matrices in Equation (21.35) 

remain unchanged for the duration of the problem. In X-STFEM, the 

enrichment function �(X, t) may vary with time. In these cases, the 
value of the system matrices can vary with time. This results in 

the need for reassembly of the space-time stiffness matrices when 

a change in  �(X, t) occurs. In most problems, enrichment remains 
a highly local phenomenon and is limited to a few elements in the 

domain. As a result, the process of reassembling the space-time 

matrices is required for only a few elements. In certain situations, 

quadrature can be employed in time if an analytical solution is not 

feasible. Depending on the nature of�(X, t), the order of quadrature 
required can vary from problem to problem. If the discrete system 

(atomic lattice) used is periodic, then a spatial quadrature using the 

virtual atom cluster model proposed in [48] can be employed. 

21.3 The Concurrent Coupling Scheme 

21.3.1 Multiscale Spatial Discretization 

In the proposed multiscale simulations, the atomistic region is 

restricted to only a part of the entire domain. In Fig. 21.6, Q 
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Figure 21.6 Schematic illustrating multiscaling used in the spatial domain. 

represents the entire domain.� represents the subdomain in which 
certain physics at the atomic scale is of particular interest. As such, 

the atomistic description is prescribed in �. We further define � 
as the subdomain of Q that does not include � (� ∪ � = Q and 
� ∩ � = ∅). 

In terms of discretization, the scheme developed in [9] is 

adopted. The entire domain Q is discretized using finite elements. 
This results in the presence of both coarse scale description 

and atomistic description in �. We define  � as the boundary 
of the atomistic region. To advance the atomistic simulation in 

�, additional atoms outside of � and inside � are needed to 
serve as boundary conditions. These atoms are termed as ghost 

atoms as the momentum balance on these atoms is not being 

enforced. The displacements of these atoms are described by the 

continuum/coarse scale approximation. It shall be noted that the 

prescription of the atomistic region can be dynamic based on the 

time-evolving problem physics. 
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21.3.2 Multiscale Temporal Discretization 

In the proposed method, the continuum part of the simulation is 

performed using the enriched space-time finite element method 

which is unconditionally stable. Therefore, a large time step can 

be used. In contrast, MD simulation based on Verlet algorithm is 

employed and restricted by a critical time step that can be much 

smaller than the one used by the continuum simulation. A multi

time-stepping algorithm is proposed to accommodate the difference 

in the time steps between the two different simulationmethods. The 

specific implementation is described as follows. 

We first define δt as the time step for the MD simulation and 
�t the corresponding for the continuum simulation. Typically�t = 
mδt, where m > 1 and m is an integer. This implies that for one step 
in the continuum simulation, theMD simulation is advancedm steps. 
TheMD steps are referred to as sub-cycles from now onwards. In the 

proposed method, we have imposed another condition on the value 

of m. For  p nodes in the temporal domain per space-time slab, m is 
chosen to be an integer multiple of p − 1, i.e., m = s (p − 1) , where  
s is an integer. 

Figure 21.7 illustrates the multiscaling scheme in time for a 

1D spatial system. The hollow circles represent atoms in the 

atomistic region. The solid circles represent the ghost atoms. 

Solid lines represent one time slab that goes from tn to tn+1. The  
continuum simulation is advanced first through this time slab. The 

MD simulation then performs m sub-cycles within �t to advance 
from tn to tn+1. For each sub-cycle the positions of ghost atoms 
are interpolated from the space-time approximation. Once the 

Figure 21.7 Schematic illustrating multiscaling employed in time. 
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sub-cycles are complete, same procedure is repeated through the 

next space-time slab until the final step is reached. 

For p time nodes, the value of time at the i th temporal nodes for 
(i−1)�tthis slab will be Ti = tn + . We first define  q0 n , p

0 and q̈0 as p	 n n 

the displacement, momentum and acceleration of the atoms in the 

atomistic region at time tn andMA as the atomic mass matrix for all 

the atoms in the atomistic region.We further introduce superscript j 
for representing the sub-cycle index, X̄ as the coordinate of the ghost 
atoms and q̄ as the interpolated position of the ghost atoms obtained 
from the coarse scale solution. 

With the above definitions, the algorithm for coupled system is 

outlined as follows assuming linear harmonic potential interaction: 

1. For the coarse scale simulation: 

(a) If the enrichment varies within the current time-slab, 

then the system matrices from Equation (21.35) will be 

reassembled. 

(b) Once the matrices are assembled, the displacements for 

the current time slab are obtained by solving Kn+1dn+1 = 
Lndn + L ext . 

2. For the atomistic simulation: 

(a) Advance the MD step by t j = tn + jδt.n ( )
(b) Obtain the position of the ghost atoms as q̄ j = N X̄, t j dn.n n 

j(c) Advance the atomistic degrees of freedom through q = n 
j−1 j−1 + δt2 j−1q + δtM−1p q̈ .n a n 2 n 

j(d) Compute the accelerations of each atom through q̈ = n ( )
M−1	 j jf qn, q̄	 .a	 n ( )

j j−1 Ma j j−1(e) Update the momentum p = p + δt q̈ + q̈ .n n 2 n n 

(f) If t j	 = Ti , a projection of the MD solution is performed onn 

the coarse scale simulation at the i th temporal node. 

21.3.3	 Interface Treatment Based on Bridging Scale 
Method 

The treatment of the interface between MD and X-STFEM is based 

on the bridging scale method developed by Wagner and Liu [9] and 

a detailed review is provided in [2]. The basic idea is to decompose 
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the total displacement fieldu(X, t) into a coarse scale and a fine scale 
contribution: 

u(X, t) = ū(X, t)+ ũ(X, t) (21.48) 

where ū(X, t) is the coarse scale approximation of the solution, while 
ũ(X, t) is called the fine scale part of the solution, and is defined as 
the part of the total solution that has a vanishing projection onto the 

coarse scale. The fine scale part cannot be reproduced by the coarse 

scale simulation in absence of special treatment such as enrichment. 

As mentioned earlier, the coarse scale simulation can be 

performed without getting any input from the MD simulation. 

However, we note that the atomistic simulation in the coupled region 

provides more accurate representation of the problem as compared 

to the X-STFEM. As such, the accuracy of the coarse scale solution 

can be improved by taking advantage of the full-scale atomistic 

solution that is already available from MD. This is implemented by 

a projection of the atomistic solution onto the coarse scale (with the 

enrichment) basis for the nodes that lie in the coupling region. With 

the multi-time-stepping algorithm described earlier, this projection 

is implemented at the end of sub-cycles. 

The bridging scale projection operator based on Wagner et al. 
[9] and Qian et al. [11] is described in this section. We define na as 

the number of atoms in the coupled region and nac as the number 

of spatial nodes in the coupled region. If the atomistic degrees of 

freedom (DOF) in the coupled region are directly interpolated using 

the extended space-time FEM shape functions, we have: 

q̂ = N̂ (X, t) a (21.49) 

Here a are the space-time nodal solutions (both enriched and 
regular) for the nodes that lie in the coupled region (region with 

both atomistic and coarse scale description, i.e., region � from 
Fig. 21.6). q̂ represents the interpolation of the space-time nodal 
solution at the atomic sites in the coupled region and N̂ (X, t) 
is the space-time shape function matrix which contains both the 

regular and enrichment shape functions for all the atoms in �. 

The projection operator is obtained by minimizing the difference e 
between the atomistic solution q and the interpolated value q̂ in a 
weighted least-square sense [9]. This error e is expressed as: 

e = (q− q̂)T MA (q− q̂) (21.50) 
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with MA being a diagonal mass matrix corresponding to the atoms 

in the atomistic region. Considering the multiscale approximation in 

(21.49), the minimization of e yields ( )−1 ˆˆ = N NT MA ˆ NT MAq (21.51) Na ˆ ˆ N = Pq ( )−1 ˆwhere P = N̂ N̂T MAN̂ NT MA is termed as the projection 

operator. Equation (21.51) can be solved further to get ( )−1 ˆa = N̂T MAN̂ NT MAq (21.52) 

Equation (21.52) is used to update the degrees of freedom in 

X-STFEM. In the computational implementation of the space-time 

method, a multiplicative form of the shape functions is used. [ ]
N (X, t) = Nt1Nx, . . . ,NtpNx,Nt1Nx� (X, t) , . . . ,NtpNx� (X, t)

(21.53) 

where p is the number of nodes in the temporal direction (3 for 
quadratic interpolation in time, 4 for cubic). Nti represents the time 

shape function corresponding to the i th node in time,Nx is the spatial 
shape function at the atomic locations in the atomistic region and 

� (X, t) is the enrichment function at spatial location X at time t. The  
structure for space-time nodal DOF is given as follows: [ ]T a = ā1, . . .  ,ā j , . . .  ,āp, ã1, . . .  ,ã j , . . .  ,ãp (21.54) 

where ā j and ã j represent a collection of all the spatial standard and 
( j−1)�tenriched DOF along the j th time node (at time Tj = tn + ). The p 

temporal shape function at this time is one corresponding to time 

node j and zero at all others. Equation (21.53) reduces to ( ) [ ( ) ]
N X, Tj = 0 . . .  Nx . . . 0 0  . . .  Nx� X, Tj . . .  0 (21.55) 

At time Tj , the space-time shape function matrix can be 

simplified as ( ) [ ( )]
NS X, Tj = Nx Nx� X, Tj (21.56) 

kIf q is the atomistic solution at time Tj , then based on Equation n 

(21.52) we have 

Pā j 
(
N̂T 

)−1 
N̂T k= S MAN̂S S MAq (21.57) P nã j 

Superscript P indicates that these are projected values. The 
P Pprojected values ā j and ã j replace ā j and ã j from Equation (21.54). 
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Projection of the atomistic solution in the coupled region onto 

the coarse scale simulation provides a way to transfer information 

from the fine scale (MD) simulation to the coarse scale simulation. 

Although the coarse scale simulation can be performed without any 

input (projection) from the fine scale simulation, we have observed 

that projection of the atomistic solution leads to an improved quality 

for interpolation for the ghost atoms as well an increase in the 

overall accuracy of the coarse scale simulation. It also provides away 

to tie the two simulations together. 

With the coarse-fine decomposition based on projection, the MD 

equation for the fine scale domain is nowmodified as 

= f(t)+ fimpMA q̈(t) (t)+ R(t) (21.58) 

where fimp(t) is an array of impedance forces, given as 
t 

fimp(t) = �(t − τ ) (q(τ )− ū(τ )− R(τ ))dτ (21.59) 
0 

The quantity � in Equation (21.59) is called time history kernel 
(THK) function (or memory kernel function [50]) and describes 
the renormalization of the atomic interaction along the boundary 

of the reduced MD domain. As pointed out in [9, 50, 51], one 

of the challenges in the evaluation of Equation (21.59) consists 

of evaluating an inverse Laplace transform, which, in most cases, 

can only be carried out numerically. Among the existing methods 

for the calculation of inverse Laplace transforms, most authors 

working on BSM have used variations of the Weeks method [52] 

based on expansions in terms of Laguerre polynomials. In order to 

avoid the complexity of the Weeks scheme, Farrell et al. [53] have 
proposed to use the Crump method [54], based on a Fourier series 

approximation, and have shown that it requires fewer expansion 

terms than the Weeks method for comparable overall accuracy. 

21.4 Enrichment Function for Lattice Dynamics 

21.4.1 Selection of Enrichment Function 

Selection of proper enrichment function is essential when em

ploying X-STFEM. The enrichment function needs to represent the 
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basic problem physics in both space and time. In particular, we are 

interested in the part that cannot be properly represented by the 

regular FEM shape function. For the problem under consideration, 

we seek to incorporate the high frequency wave packet into the 

enrichment function. This implementation is described below for 

the case of 1D problem.  

According to the basic wave dynamics in 1D, the initially imposed 

wave profile will split into two halves, one moving in the positive 

X direction and the other moving in the negative X direction. The 
velocities corresponding to each of these waves are represented by 

ci . For discrete systems, wave speed depends on the frequency of 

the wave and waves with different frequencies travel with different 

wave speeds. Since the span of the initial displacement is 2L c , 

the waves propagating in the positive and negative directions will 

interfere with each other for time 0 ≤ t ≤ (L c/ci ). The region of 

interference at any time t will be:− (L c − ci t) ≤ X int ≤ (L c − ci t). 
The interference of the waves is illustrated in Fig. 21.8. In the 

interference region, the net effect is a combination of the positive 

and negative direction waves. Away from the interference region, 

the displacement at any atom located at X α would be a function of 
n � � 

Bi π(|X α |−ci t)cos if the wave packet used in the last section is
2L c

i=1 
employed here. 

Figure 21.8 Interference of waves. 
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As a result the selected enrichment functions for the problem are: 

n � � N Bi π (|X α| − ci t)
�1 (X α, t) = cos (21.60) 

i=1 2L c 

n � � � � N Bi π X α Bi πci t 
�2 (X α, t) = cos cos (21.61) 

i=1 2L c 2L c 

Enrichment function �2 (X α, t) is used in the region where 
interference occurs and �1 (X α, t) is used elsewhere in the domain. 
In addition to this, we have a choice of either enriching the entire 

domain or only the region where the wave is present. For the work 

presented herewe have used enrichment that is defined in the entire 

domain. 

21.4.2 Wave Speed and Dispersion Relation 

For a discrete atomic system, the propagating speed of the wave is 

governed by the dispersion relation (see Brillouin [55]). Here we 

consider an atomic system with interatomic spacing ha . We define  

λ as the wavelength of the wave passing through the atomic system. 
The velocity of propagation for the wave through the system is then 

given by: 

πha �λ �sin
λc = V∞ (21.62)

πha 

where V∞ is the velocity corresponding to a wave with infinite 
wavelength. For a linear harmonic system with stiffness constant k 
and atomic mass ma , V∞ is given by 

k
V∞ = ha (21.63) 

ma 

The variation in wave velocity with change in wave number is 

shown in Fig. 21.9. As we can see, the velocity of a wave in a discrete 

medium reduces as the frequency (wave number) increases. As such, 

the ci in Equations (21.60) and (21.61) is assigned based on the 

dispersion curve shown in Fig. 21.9. 
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Figure 21.9 Variation in wave velocity with wave number for discrete 

systems. 

21.5 Example Problems 

To demonstrate the robustness of the proposed method, we first 

perform simulations based on the direct hand-shake approach 

without any enrichment. This implementation has been in practice 

in many of the existing multiscale methods. In this problem, 

we demonstrate that this approach leads to spurious numerical 

reflection at the MD-continuum simulation interface. We then 

proceed to apply the bridging scale method without the enrichment. 

We show that the bridging scale approach produces a reflectionless 

interface between the MD and continuum/coarse scale simulation. 

However, since the method is based on the use of the so-called time

history kernel which effectively damps out the fine scale phonons, it 

leads to a system in which the total energy is not conserved. Finally, 

we demonstrate the proposed method based on enriched space-

time/MD coupled simulation employing a projection based hand

shake in combination with the time history kernel. We show that 

this method is able to resolve the two critical issues associated with 

the prior developments, i.e., achieving a reflectionless interface and 

ensuring conservation of energy. The proposed method is tested for 

1D system governed by linear harmonic as well as a L–J potential. 
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21.5.1 Space-Time FEM with Direct Hand-Shake 

We consider 1D atomic chain that contains 4001 atoms which 

extends from X = −2 to  X = +2. The two ends of the chain are 
assumed to be fixed. An initial displacement is applied at the center 

of the atomic chain and given as ⎧ � � n � � ⎨ π X Bi π XAm cos + Ai cos if |X | ≤ L c2L c 2L cu(X , 0) = i=1 ⎩ 
0  if  |X | > L c 

(21.64) 

where L c = 0.2, Am = ha/1000 is the amplitude for the coarse 

scale wave, Bi are collection of numbers (>>1) that control the high 

frequency content of the imposed displacement and Ai represents 

the amplitude of each of these fine scale waves. For the results 

presented here Bi = {69, 79, 89} and Ai = {0.1, 0.1, 0.1}. The  
entire spatial domain is discretized into 160 bar elements (161 

nodes). Quadratic interpolation is employed in time, resulting in 483 

space-time nodes per time slab. Two distinct regions in the domain 

are simulated using an atomistic description. The first region spans 

from X = −0.375 to X = 0.375 and contains 751 atoms. The second 

atomistic region spans from X = 0.6 to  X = 1.2 and contains 
601 atoms. As noted earlier, the initial displacement is applied only 

to atoms in the first MD region, while the atoms in the second MD 

region are initially at rest. The ghost atoms for the first region lie at 

X = −0.376 and X = 0.376, while the ghost atoms for the second 

region lie at X = 0.599 and X = 1.201. The MD simulation employs √ 
a time step of δt = 0.1 ma/k and the space-time simulation time 
step is�t = 600δt. Mass of each atom is assumed to be ma = 1 and  

the stiffness constant k = 2. Although the parameters used here can 

be tied to a physical system, no further efforts are made to assign 

physical units associated with the length, mass, stiffness and time 

values mentioned here. 

Figure 21.10 shows the displacement for the coupled simulation 

after 15 coarse scale time steps, which is equivalent to 9000 

MD region time steps. Since the domain as well as the initial 

displacement is symmetric about X = 0, only the positive half of 

the domain is plotted. At this instant, the atoms in the first MD 

region should be at rest since the wave has passed out of this region. 
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Figure 21.10 Displacement for the coupled simulation with direct hand

shake approach. 

However, we observe in Fig. 21.10 that the atoms in the first region 

still show significant displacements. This is termed as numerical 

reflection at the interface and is one of the main issues in many 

existing multiscale methods. For the second MD region, we observe 

that only the coarse scale part was passed into this region and 

none of the high frequency components are represented. One way 

to quantify how much reflection has taken place is to compare the 

energy history of the two regions from this method to that of a full

scale MD. The energy values of the different regions are obtained 

as the sum of kinetic energy and potential energy of all the atoms 

in the corresponding regions. For illustration, the energy in each 

of the regions is normalized with respect to the initial energy. For 

the second region, the values are multiplied by 2 for plotting results 

(the original wave splits in 2 parts, one in the positive direction and 

other in the negative direction. Hence the second region ismultiplied 

by 2). 

Comparison of normalized energy is presented in Fig. 21.11. 

As we can see, if full MD simulation had been performed for the 

entire domain, then the energy for atoms in the first MD region 

goes to 0 around the 6000th MD step. For the coupled simulation, 

most of the energy stays within the first MD region. This is the 
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Figure 21.11 Comparison of normalized energy: direct hand-shake ap

proach. 

direct repercussion of the numerical reflection at the interface. The 

reflective nature of this algorithm can also be observed from the 

coarse scale part of the displacement that is shown in the second 

MD region. This is an indication that the total amount of energy 

transferred to the region is a very small percentage of the total 

energy due to the loss of information associated with the fine scale 

part of the initially imposed wave. 

The reflection observed in the coupled simulation is due to the 

difference in representing the phonons of different frequencies from 

the coarse and fine scale parts of the simulations. In particular, the 

coarse scale simulation cannot capture the high frequency phonons. 

Consequently, the boundary condition supplied by the coarse scale 

simulation has errors leading to the numerical reflection at the 

interface. Figure 21.12 illustrates the difference in the displacement 

of the atom located at X = +0.376 as predicted by the full-scale MD 
simulation and the coupled simulation. The fine scale components 

can be clearly observed to be missing in the coupled method. 

21.5.2 Space-Time FEM with Bridge Scale Method 

All the parameters used are exactly the same with the only 

difference of implementing the bridging scale method as described 
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Figure 21.12 Displacement comparison at the ghost atom location. 

in section 3.3. The displacements for the two atomistic regions and 

the nodal displacements for the coarse scale simulation are plotted 

after 9000 MD time steps. 

As we can see from Fig. 21.13, there is no reflection observed for 

the first MD region. As the wave passes the first MD region, the effect 

of the fine scale component is damped out by the THK. As a result, a 

Figure 21.13 Displacements with use of BSM based on THK. 
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Figure 21.14 Normalized energy comparison: BSM. 

reflectionless interface is achieved at the MD-continuum boundary. 

We also observe that the displacement for the second MD region is 

similar to the case with reflection. This is due to the fact that the 

BSM based on THK focuses on elimination of the effect of the fine 

scale component in the continuum region. As a result, the continuum 

simulation is not capable of reproducing the fine scale portion of the 

displacement. The observation of no reflection at the interface can 

be further ascertained by examining the normalized energies for the 

two regions shown next. 

Figure 21.14 shows the normalized energy comparison from 

different method for different regions. One can see that the energy 

profile for the coupled method matches very well with the full MD 

simulation and the energy in the first MD region goes to zero. For 

the second MD region, however, a very small amount of energy 

information is being passed into this region since only the coarse 

scale information is being passed from the FEM. 

From Figs. 21.13 and 21.14, we conclude that BSM is robust in 

that it provides a damping mechanism at the interface between MD 

and continuum simulations. This implementation is very effective if 

we have a single region of interest where atomistic description is 

employed. However, if there are multiple distinct regions of interest 

then the continuum part of the simulation acts as a filter and does 
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Figure 21.15 Comparison of transmitted energy to total energy for 

different frequencies. 

not pass accurate information to all the regions. If the displacement 

imposed is of the form of Equation (21.64), then the amount of 

energy contained in the high frequency portion of the displacement 

is dissipated due to the numerical approximation. To quantify this, 

we compute the total energy that is passed into the 2nd MD region as 

a function of the parameter B from Equation (21.64) and show this 

in Fig. 21.15. 

We observe that as the parameter B from Equation (21.64) 
increases, the ratio of the energy transmitted to the coarse scale 

simulation and the total initial energy keeps reducing. Thus there is 

a significant loss in the energywithin the simulation, which indicates 

the non-conservative nature of the algorithm we have implemented 

so far. This motivates the coupled atomistic-continuum simulation 

based on X-STFEM to be outlined in the next section. 

21.5.3	 Extended Space-Time FEM with Bridging Scale 
Method 

The same problem is solved with the implementation of the 

extended space-time FEM and bridging scale method. A comparison 

on the displacement profile in the different regions of the simulation 

after the completion of 9000 MD steps is shown in Fig. 21.16. 
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Figure 21.16 Displacement for coupled simulation employing enrichment 

and THK. 

Figure 21.17 provides a comparison on the normalized energy. Due 

to the combined effect of the enrichment and THK, we observe in 

Fig. 21.16 that a reflectionless interface is obtained between the first 

MD region and the continuum simulation. As the wave passes the 

first MD region, the effect of the fine scale component is retained 

in the coarse scale simulation due to the use of enrichment. We 

also observe in Fig. 21.16 that the high frequency components are 

shown in the second MD region. This illustrates that the continuum 

simulation with enrichment is able to retain and transmit the fine 

scale component of the displacement. 

It is also instructive to look at the energy profile for the two 

atomistic regions in Fig. 21.17. With enrichment and THK, the first 

MD region follows the same profile as a full MD simulation. We 

observe that, for the second MD region the energy profile for the 

two methods are in very good agreement indicating that most of the 

energy is transmitted to the second MD region. 

The possible reasons for entire energy not getting transmitted 

are as follows: 

1. Enrichment functions �1 and �2 are determined based on the 

predicted location of thewave at the upper time value for the time 

slab under consideration. As a result, with larger time step values, 
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Figure 21.17 Comparison of normalized energy: enrichment+ THK. 

the actual behavior of the wave may not be accurately captured 

by the enrichment function due to the dispersive nature of the 

space-time method itself. 

2. For the enrichment function defined in the interference region, a 

similar issue exists due to the same reason. 

To evaluate the effect of projection and the relationship between 

atomic spacing and continuum mesh spacing, the following changes 

in the parameters are made: 

1. Total number of atoms in the domain: 8001. Total number of 

nodes in the spatial domain: 161. Span of the domain, X = −2 
to X = +2. 

2. Region of initial displacement: X = −0.2 to X = 0.2. 

3. First MD region, X = −0.375 to X = 0.375 with 1501 atoms. 

4. Second MD region, X = 0.6 to X = 1.2 with 1201 atoms. 

These changes are made to verify the robustness of the method, 

which is independent of the actual problem configuration. The 

normalized energy profiles for the two MD regions are compared 

to the one that is obtained from a full-scale MD simulation as 

illustrated in Fig. 21.18. Even with a larger ratio of mesh density to 

atomic spacing, the results obtained are in very good agreement. We 
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Figure 21.18 Normalized energy comparison: larger lattice-enrichment + 
THK. 

attribute this to the projection of theMD solution on the coarse scale 

basis. 

21.5.4 Application to Nonlinear Potential 

The proposed method is applied to a 1D lattice with L–J potential 

as the interatomic potential. The interaction is limited to the nearest 

neighbor only. The form of the L–J potential is given as � � �6�12σ σ
WL− J = 4ε − (21.65) 

r r 

The parameters for the L–J potential are ε = 5 and σ = 1. The 

chain consists of 4001 atoms extending from X = −2244.92 to X = 
2244.92. The initial displacement is the same as in Equation (21.64) 

with L c = 224.492 and Am = ha/1000. The central MD region spans 

from X = −420.923 to X = 420.923 with 751 atoms, the second 

MD region spans from X = 673.477 to X = 1346.954 with 601 
atoms. 

The MD region is simulated using Verlet algorithm and L–J 

potential. For the continuum simulation, an enriched space-time 

simulation for linear systems is carried out. The rationale behind 

using linear potential is that the imposed displacement is small 
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Figure 21.19 Normalized energy comparison: L-J potential for atomistic 

region. 

enough to be approximated by a linear assumption. The stiffness 

constant used is k = 24ε 
� 
26σ 12 

(ha )
14 − 7σ 6 

(ha )
8 

� 
. The normalized energy 

comparison for the two MD regions is presented in Fig. 21.19. As 

we observe in Fig. 21.19, there is a good agreement in the energies 

for both the first and second MD regions. The energy in the first MD 

region does not become exactly zero and we attribute this to the 

linear approximation that has been employed in evaluating the THK 

in bridging scale method. 

21.6 Summary 

In this chapter, a coupled simulation approach for lattice dynamics 

based on X-STFEM is presented with a focus on lattice dynamics. 

The phenomenon of numerical reflection at the interface between 

atomistic regions and continuum simulation is analyzed. It is shown 

that the bridging scale method based on time history kernel 

approach overcomes the issue of reflection; however, there is a need 

to implement the wave transmitting interfacial boundary condition. 

This is implemented by a coupled method based on X-STFEM and 

employing projection operator within the framework of THK. The 
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proposed method is shown to produce a reflectionless interface 

along with the ability to achieve the wave transmission boundary 

condition. The method is shown to be robust and adaptable through 

its applications to both linear and nonlinear systems. 
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Chapter 22 

Mechanics of Nanoporous Metals 
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22.1 Introduction 

In the field of nanotechnology, nanomaterials with morphological 

features on the nanoscale have caught the interest of researchers 

all around the globe. One class of these materials, which are 

known as nanoporous (np) metals, has attracted much attention 

in the recent years. The motivation behind the study of this class 

of materials arises from their unique mechanical, chemical and 

physical characteristics that accompany them due to the size effect 

and high surface-area to volume ratio. So far, these materials have 

been applied as actuators, sensors, insulators, electrodes, energy 

absorbents and also in the areas of adsorption separation. [9, 17, 

20, 33, 39, 45, 58] Furthermore, due to their high porosity or 

low relative density (≤30%), they can be considered for usage 
as light-weight materials. Their mechanical properties play a vital 

role in many of these applications. For example, as actuators, 
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np materials need to possess long term stability to withstand 

coarsening and sintering [58]. Therefore, studying the mechanical 

properties of these materials is important in better understanding 

their capabilities for various applications. 

Np foams are a class of low relative-density materials with 

complexmorphology and the study of their mechanical properties is 

still in its infancy. On the other hand, macroporous (mp) or cellular 

solids with pore/cell sizes greater than 1 μm have been studied 

extensively. Scaling equations that define the mechanical properties 

such as the yield strength and elastic modulus have been derived 

from vast amount of experimental results. These results point out 

the fact that the single most important feature that dictates the 

mechanical properties is the relative density (ρ*/ρs) of foams, which 

is the density of the cellularmaterial, ρ* divided by the density of the 

solid that makes up the ligaments, ρs . The size of the ligaments and 

the size of the pores/cells do not affect the mechanical properties 

of mp foams but for np foams with ligaments and pore sizes in 

the submicron regime, the combined effect of free surfaces and 

length scale effects cannot be overlooked. Many studies have tried 

to probe deeper into the effect of this microstructural length scale 

on the behavior of np foams but so far there has been no universal 

consensus on the deformation mechanisms involved. Some studies 

determine the measured value of the yield strength to be very high 

(greater than the yield strength of bulk Au), whereas the results 

from others do not support this high yield strength. Furthermore, 

contrasting results for the measured value of the elastic modulus 

from different studies adds more obscurity to the knowledge of 

their mechanical properties. In this chapter we will review the 

experimental and theoretical studies dedicated towards finding the 

length scale effects on the mechanical behavior of these novel 

materials and also present the results from our molecular dynamics 

(MD) simulations to shed more light on this topic. 

Np materials are mechanically tested under different experi

mental techniques such as nanoindentation [7, 25, 27, 51, 55, 57], 

beam bending [36, 37] and micro column compression tests [7]. 

Almost all of these studies have utilized the technique known as 

dealloying to synthesize np metal foams. In recent years, np foams 

have been processed as 1D nanowires, [38] 2D thin films, [13] and 
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3D macroscopic samples [53]. 2D thin films of np gold (np-Au) have 

been processed by using commercially available white-gold leaves. 

These thin films are usually used for photonic applications because 

of their very well-defined microstructure with long-range order. 

In contrast, three-dimensional structures possess very disordered 

network of ligaments and the morphology can be best described as 

being “sponge-like.” 

In metallurgy, dealloying is described as the removal of the 

less noble constituent from an alloy generally by dissolving it in a 

corrosive environment [41]. Usually, a binary alloy such as Au25Ag75 
is placed under chemical or electrochemical dissolution and the 

result is a bicontinuous metal/void structure of the nobler element 

that is left behind. The ligaments are pure metal (Au) and the pores 

are interconnected and open. 

Sieradzki and Newman [46] were the first to describe the 

dealloying process and since then considerable improvement has 

been made to synthesize np materials with controlled ligament and 

pore size. Specifically, the formation of np gold (np-Au) by this 

technique has been studied extensively [13, 37, 38, 42, 44, 45, 53] 

but the process is not just limited to np-Au, as alloys such as MnCu 

are used to form np-Cu [24]. 

The reason why np-Au is studied for length scale effects is 

because of the controllability of the pore and ligament size from 

3 nm to several micrometers in length [8]. This can be done 

via different methods: by controlling the initial alloy composition, 

changing the time for the dealloying process or annealing at 

different temperatures. Adjusting these factors in the synthesis of np 

foams produces varying pore and ligament size as shown in Fig. 22.1. 

Figure 22.1 SEM micrographs of 30% relative density foam: (a) as 

prepared by free corrosion and then heat treated in air at (b) 400◦C and  
(c) 600◦C. Reprinted with permission from Ref [5]. 
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This technique has a further advantage of being able to preserve 

the ligament and pore shape while not having an influence on the 

relative density of the np foams [7, 55]. Therefore, the study of 

size effects on the mechanical properties can be carried out while 

keeping the relative density of the np foam constant. 

The microstructure resulting from the processing techniques is 

in the submicron length scale where free surfaces and interfaces 

have pronounced effects on plasticity of the material [47]. These 

effects depend on what type of material makes up the ligaments 

of the foams and the characteristic length scale associated with 

its plastic deformation [8]. As discussed earlier, the ligaments 

and pore sizes of np materials are in the nanometer length scale 

and their material properties can no longer be described by the 

bulk properties because of the presence of free surfaces. For the 

same reason, their mechanical behavior cannot be predicted by 

considering the behavior of mp foams. While this is expected, it 

is still helpful to compare the mechanical properties of these two 

classes of foams as there have been a lot of studies dedicated 

to mp foams. The mechanical properties of mp solids, such as 

Young’s modulus and yield strength have been predicted for metals, 

polymers, ceramics and glass [21]. Therefore, it is instructive to 

understand the basic mechanisms of foams before going any further 

on understanding the mechanisms of deformation in np foams. 

22.2 Theoretical and Semi-Empirical Model for 
Macroporous Foams 

In general, foams are three dimensional arrays of cells that form 

a network of interconnected struts and/or plates. They can be 

considered as cells enclosed by faces that are surrounded by edges. 

These edges join together to form vertices. Depending on how the 

cell material is distributed among the cell edges or cell faces, they 

can be categorized into open cell (empty cell faces) or closed cell 

foams (covered by plates or membranes). Their material properties 

depend on thematerial that constitutes the foam, its relative density, 

whether its cells are open or closed, and themean cell diameter [21]. 

We will limit our discussion to open cell foams under compressive 
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stress in this section. A thorough exploration of experimental as well 

as theoretical work in the study of mp materials can be found in the 

book “Cellular Solids” by Gibson and Ashby [21]. 

Efforts to model mp foams have been numerous and one of 

the ways is to use repetitive unit cell models that provide the 

homogenized behavior of foams based on these ideal unit cells. 

Most of the micromechanical models are limited to describing 

just the initial elastic constants: Young’s Modulus E *, the shear 
modulus G *, and the Poisson’s ratio ϑ* for the foams. They assume 

a cellular microstructure and use elementary strength of materials 

to describe the elastic constants by considering the ligaments as 

structural beams. These unit cells can be cubic [21], tetrahedral 

[57], tetrakaidecahedral [65] or bubble models [11]. The Gibson 

and Ashby cubic unit cell model is the most widely used model that 

describes the mechanical properties of foams. The scaling relations 

that describes the yield strength (σ ) and Young’s modulus (E ) of  
open cell foams in this model are given as  ∗  2E ρ ∗ 

= C 1 (22.1)
ES ρS

 
σ ∗ 

ρ ∗  3/2 
pl = C 2 (22.2)

σys ρS

where the ρ* is the density of the foam, ρs is the density of the bulk 

solid, E * is Young’s modulus for the foam, Es is Young’s modulus of 
the solid, σpl 

∗ is the plastic yield strength of the foam, and σys is the 

plastic yield strength of the solid. 

The most important parameter that controls the mechanical 

properties of mp foams, as can be inferred from Eqs. (22.1) and 

(22.2), is the relative density of the foam. Generally, the decrease in 

density implies the decrease in mechanical properties like stiffness, 

strength, and even ductility [37, 60]. The equations are fitted to 

experimental data and values for C 1 and C 2 are determined to be 1 
and 0.3, respectively [21]. It is important to note that these equations 

only hold for low relative density foams. At low relative densities, 

open cells foams deform primarily by cell-wall bending [19, 57, 31] 

and when the relative density increases the cell walls are extended 

or compressed, which influences the mechanical properties [31]. 
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Gibson and Ashby made corrections to Eq. (22.2) to get an equation 

that describes the behavior for foams with higher relative density 

given as 

σ ∗ 3/2 1/2
ρ ∗ ρ ∗ 

pl = C 2 1+ (22.3)
σys ρS ρS 

Typically, under compressive stress, foams show three distinct 

stages of deformation. For metal foams, the first stage of the stress– 

strain curve shows a linear elastic region that is controlled by cell 

wall bending. The slope of the stress strain curve at this stage 

gives Young’s modulus (E *) of the foam.  The second  stage is the  
long plateau in the stress strain curve where the cells collapse. 

The third and the final stage is where the stress rises abruptly 

and the foam densifies. This densification stage is marked by the 

complete collapse of cells, which leads to the opposing cell walls 

touching each-other. The slope of the stress–strain curve at this 

stage is equal to Young’s modulus of the solid. 

22.3 Experimental Studies on Nanoporous Foams 

The study of mechanical properties of open cell np materials is 

important for the material’s practical applications such as actuators 

and sensors where the mechanical stability is a prerequisite. The 

yield strength and elastic modulus of these unique materials have 

been reported by many experimental studies and the values range 

from 11 to 240 MPa and 3 to 40 GPa, respectively [5, 7, 14, 25, 28, 

49, 55, 60]. The yield strength of bulk Au, which depends on the 

sample history, ranges from 10 to 200 MPa [5, 7, 14, 23, 35, 36, 60]. 

Comparing the values of yield strength it is observed that np-Aumay 

be stronger than bulk Au, which would open the door to a new class 

of high strength materials. 

Np materials behave in a totally different manner than their bulk 

counterparts. For instance, even if the fully dense forms of Au behave 

in a ductile manner to mechanical deformations, the np forms have 

brittle characteristics under tensile force. They also show charac

teristics that are unique to porous materials under compressive 

and tensile loading. However, studies have shown that the scaling 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:26 PSP Book - 9in x 6in 22-Shaofan-Li-c22

833 Experimental Studies on Nanoporous Foams 

Eqs. (22.1) and (22.2) that predict the yield strength and Young’s 

modulus for porous materials cannot be applied to np materials. 

By plotting the experimentally measured Young’s modulus or 

yield strength versus the relative density for different materials 

with varying relative density, Gibson and Ashby derived Eqs. (22.1) 

and (22.2), which are applicable to all kinds of open cell mp foams 

regardless of the material that they are made up of. One of the 

most frequently used experimental techniques to evaluate the yield 

strength of cellular solids is indentation tests. For np metal foams, 

nanoindentation is used to assess the hardness H . Conventionally 
for fully dense solids, the results of the indentation tests relate the 

yield strength to the hardness value as H ∼3 σ [22]. However, for 
low density/high porosity foams (ρ*/ρs > 30%) it is assumed that 
the hardness H is related to the yield strength by H ∼ σ [18]. When 
a foam is compressed by an indenter, the cells beneath the indenter 

collapse in the direction of the punch and do not expand sideways 

(effective Poisson’s ratio ∼0) [22]. The relationship H ∼ σ also 
applies for nanoindentation tests on np foams and it is implied and 

experimentally proved that the material will not be constrained by 

its surroundings, making the effective Poisson’s ratio∼0. 
The first experimental study of deformation in np materials was 

reported by Rong Li and K. Sieradzki, who studied the fracture of 

this sometimes very delicate material. They were able to show that 

the ligaments do not become inherently brittle as the size of the 

ligaments became smaller [37]. Similarly, Khang et al. had previously 
shown that the ductile-brittle transition that takes place in random 

porous structures depends on the ratio of the sample size to the 

distribution of element strength. For their study of the fracture 

behavior of porous structures, Li and Sieradzki chose “highly porous 

Au” (np-Au), which, they predicted, would serve as a model system 

for future studies on different physical properties. 

From then on, the mechanical properties of np-Au have been 

studied under different techniques as discussed previously. The bulk 

of the studies have relied on the technique of nanoindentation to 

measure the mechanical properties such as the yield strength and 

Young’s modulus. We will first review the elastic behavior of np-Au 

under compressive loading. Thenwewill summarize the experimen

tal results on their plastic behavior through nanoindentation tests 
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followed by a discussion of results based on other techniques and 

then we will review the tensile properties of these unique materials. 

22.3.1 Elastic Modulus of Nanoporous Metals 

The elastic modulus of nanoscale materials is not expected to 

increase with the decrease in the sample or the microstructural 

size [50]. Volkert et al. conducted uniaxial compression tests on 
np-Au microcolumns with different diameters to study the effect of 

sample size on Young’s modulus. From the unloading segment of 

their true stress–true strain curve, they obtained a Young’s modulus 

of 7 GPa under small plastic strains [15]. Likewise, the compression 

test on np-Au by depth sensing nanoindentation carried out by 

Biener et al. [7] also predicted the elastic modulus to be in the same 
order of magnitude. The experimental results can be compared with 

the analytical prediction made in Eq. (22.1) by substituting Young’s 

modulus of single crystal Au (57–85 GPa) [4] and using a relative 

density of 36% (porosity of 64%). The scaling equation predicts the 

elastic modulus of np-Au foams to be approximately between 7–11 

GPa, which is in good agreement with the experimental results from 

Refs. [7] and [55]. It should be noted that these experimental studies 

did not observe a size effect on the measured Young’s modulus 

value. 

In contrast to results from Refs. [7] and [55], Hodge et al. [26] 
showed that their experimental Young’s modulus values for foams 

with relative density 25 to 41%was larger than what was predicted 

by the scaling equation with a density exponent n = 2. They state 
that this difference is primarily due to the fact that the Gibson and 

Ashby relationship holds for low density foams with pore sizes 

greater than ligament sizes. However, with relative densities of 

25–41%, the cell sizes as well as the ligaments are similar and 

contributions from ligament compression and extension cannot be 

ignored [26]. 

Mathur and Erlebacher [40] on the other hand have shown 

that the microstructural length scale affects Young’s modulus of 

the whole np structure. They showed that Young’s modulus of np-

Au raises fourfold when the ligament size decreases from 12 to 3 

nm. They performed mechanical testing on stress–free np-Au films 
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with ligaments sizes on the range of 3–40 nm using a buckling-

based method [48]. Their results showed a dramatic rise in the 

values below 10 nm ligament size but for larger ligaments, the size 

dependence was not as pronounced as for ligament sizes smaller 

than 10 nm. For ligaments >12 nm the np-Au ligament modulus 

compares well with values measured by nanoindentation tests [7, 

8, 14] and the values predicted by the Gibson and Ashby scaling 

relation in Eq. (22.1). The stiffening behavior, evident from the 

fourfold increase in Young’s modulus of np-Au films with ligaments 

smaller than 10 nm,was attributed to various factors such as surface 

stresses. Another explanation was based on the structure of np-Au 

thin films where smaller ligaments results in a greater number of 

ligaments than coarse np-Au thin films with larger ligaments. This 

leads to a greater bending stiffness due to higher moment of inertia 

of the np structure as a whole. These findings are contradictory to 

the experimental results that conclude that the elastic properties are 

not dramatically influenced by length scale effects [50]. An example 

of such an experimental study can be found in Ref. [59] where the 

elastic modulus of Au nanowires (that resemble the ligaments in np-

Au) as well as bulk Au has been shown to be independent of their 

diameter. 

In addition to researches on the size effects, the effect of residual 

Ag content on the elastic modulus of np-Au foams was studied in 

Ref. [26]. It is reported that dealloying of Au–Ag alloy, which requires 

suppressing surface diffusion to produce ligaments smaller than 30 

nm, tends to yield higher concentrations of residual silver content. 

This increases the density of the structure, which in effect increases 

Young’s modulus of np-Au. This can be inferred from the scaling 

relation in Eq. (22.1), which predicts that increasing the relative 

density will increase Young’s modulus of any generic foam. In this 

context, the strong elastic length scale effects below 12 nm ligament 

size as seen in Mathur and Erlebacher’s study could be explained 

due to the presence of residual Ag. 

22.3.2 Yield Strength of Nanoporous Metals 

As discussed earlier, the use of indentation has been shown to 

be a valid technique to measure the yield strength of mp foams. 
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Issues such as indentation size effects and densification effects 

have to be addressed to validate this technique. In the case of 

densification, both for np and mp foams, the area underneath the 

indenter have been shown to be compressed and densified, whereas 

the area outside the indentation diameter remains intact [2, 7, 

22, 25]. Andrews et al. addressed size effects on the indentation 
by performing indentation tests on mp aluminum open cell foams 

[2]. The effect of specimen size relative to the cell size on the 

mechanical properties was investigated in their study and the 

results showed an exponential decay in hardness as a function 

of the normalized indenter size as well as cell size. In the case 

of np materials, Hodge et al. [25] were successful in showing 
similar effects for np-Au. The work done by Andrews et al. [2]  
also showed that for low density foams, the yield strength values 

from compression tests and indentation tests were similar. Similarly, 

Chen et al. validated the nanoindentation technique by comparing 
the experimental results from nanoindentation with the results 

from bulge test measurements and finite element analysis on the 

mechanical behavior of thin np polymer films and showing that the 

values obtained matched well [61]. 

One of the significant findings of the nanoindentation tests 

performed on np foams with high porosity is the characteristic high 

strength. Biener et al. have measured the hardness value of np-
Au with 42% relative density and 100 nm ligament length to be 

approximately 10 times higher than the hardness value predicted by 

the Gibson andAshby scaling equation [5]. Through SEMmicrograph 

images shown in Fig. 22.2, they were able to observe that the 

dominant deformation mechanism during nanoindentation test on 

np-Au was ductile, i.e., plastic densification. Similarly, Volkert et al. 
showed that the yield strength of 15 nm ligaments in np-Au 

approaches the intrinsic strength of gold [55]. The experimentally 

determined hardness value of 100 MPa was replaced in the scaling 

relation in Eq. (22.2) with a relative density of 36% and a value of 1.5 

GPa was predicted for the yield stress of individual ligaments in the 

np-Au structure. This prediction compares well with the expected 

theoretical shear strength of Au at which the adjacent atomic planes 

slide past one another without the influence of dislocations [62]. 
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Figure 22.2 SEM micrographs of 8000 mN indentations on a fractured 

surface of np gold: (a) conospherical tip with a tip radius of 1 mm and (b) 

Berkovich tip with a curvature of 200 nm. Ductile densification is observed 

for both probes. Note that the plastic deformation is confined to the area 

under the indenter, and adjacent areas are virtually undisturbed. Reprinted 

with permission from Ref. [5]. 

Apart from their surprisingly high yield strength, a relatively 

more expected result from the nanoindentation tests is the size 

effects that influence the mechanical behavior of np foams. In recent 

years, it has been shown extensively that the sample size and 

grain size affect the plastic behavior of nanostructured materials in 

general. Both experimental studies and molecular dynamics (MD) 

simulations suggest that the mechanical behavior of materials at 

the submicron length scale is strongly influenced by what is called 

the size effect. Hodge et al. studied the microstructural length 
dependence on the yield strength via a series of nanoindentation 

tests performed on np-Au foamswith relative densities ranging from 

20% to 42% [25]. They compared the experimental values with 

the values obtained from the Gibson and Ashby scaling equation 

as shown in Fig. 22.3. It can be observed that a decrease in the 

ligament size is accompanied by a decrease in the yield strength of 

np-Au foams at the same relative density. This stands as a contrast 

to the results of studies on macrocellular foams (ligament size 

greater than 1.0 μm) and the predictions made by Gibson and 

Ashby scaling relation, which do not incorporate a length scale 

dependence of mechanical behavior on the ligament size given for 

a fixed porosity. Once the ligament size approaches 1.0 μm, the 

experimental results of the nanoindentation testsmatchedwell with 

the scaling relationship. 
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Figure 22.3 Experimental values for foam yield stress for samples of np 

Au with relative density ranging from 20% to 42%, normalized by the yield 

stress for fully dense Au. The solid line presents the Gibson and Ashby 

prediction for a gold foam. Reprinted with permission from Ref. [25]. 

Similar to these results, Mabuchi et al. also studied the effect of 
ligament size on the yield stress via nanoindentation tests on np-Au 

specimens fabricated by dealloying [23]. By plotting the yield stress 

against the size of Au ligaments they were able to come up with the 

relationship 

σys = K dm (22.4) 

where d is the ligament size, K is a constant and m is the ligament 

size dependence. From the plot, the value of m in Eq. (22.4) was 
found to be −0.20. This value was comparable to literature values 
ofm in similar equations for face-centered cubic metallic nanowires 

[27, 59] suggesting that the deformation mechanisms involved are 

similar in both cases. Mabuchi et al. sate that the mechanisms 
involved in fcc metallic nanowires such as the reduction in number 

of defects in grains due to size effects, the repression of emission 

and reabsorption of dislocations and dislocation nucleation at free 

surfaces may be the likely mechanisms involved in length scale 

effects seen in np-Au as well [23]. 
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In the context of deformation mechanisms, there has been no 

consensus on the issue of which mechanisms govern the length 

scale dependent deformation in np gold or even in columns and 

nanowires of gold. However, studies have tried to compare the 

deformation behavior of the ligaments in np-Au, to that in columns 

and nanowires of Au. In Refs. [8] and [14], results were analyzed 

for indentation tests on np-Au as well as for nanomechanical 

measurements performed on submicronAu columns and nanowires. 

As in np-Au, the scale dependent high yield strength is also observed 

for the Au micropillars/nanowires. Indeed, microcolumns and 

nanowires that have small single crystals show very high strength 

values. Furthermore, Geer and Nix [22] showed that the yield 

strength of submicron Au columns also follows the size dependent 

characteristics observed in np-Au and that the theoretical yield 

strength can be achieved when the size of the diameter of Au 

columns decreases down to a few hundred nanometers. Volkert and 

Lilleodden [56] performed nanoindentation tests on Aumicropillars 

that were machined in the surface of a large grained Au sheet 

using a focused Ga+ beam. The results for their measured yield 
strength were shown to follow the power law d−n where d is the 
column diameter and n is 0.61. These results match well with the 
relationship of yield strength and ligament size as in Eq. (22.4) 

for np-Au suggesting that the same deformation mechanisms are 

involved in ligaments of np-Au and Au micropillars. 

The size effect observed for nanostructures has been explained 

by the presence of free surfaces at the nanoscale that limits the 

number of dislocation sources. Biener et al. [7] state that the 
microcolumns of Au can be related to the ligaments in np-Au 

where the applied stress needed to activate the dislocation sources 

increases until the theoretical shear strength is reached as the size of 

the ligaments decreases. Their size dependence observed for np-Au 

is in excellent agreement with the results from microcompression 

tests on sub-micron Au columns. The higher than expected source 

activation stress is because of various factors such as changes in 

active source size, internal stress fields or number of sources [55]. 

This explanation matches well with most of the studies on np-Au 

that have shown that the yield strength in ligaments approaches 

the theoretical shear strength. Thus, according to Biener et al. [7] 
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np-Au can be envisioned as a three-dimensional network of defect

free, ultra high strength Au nanowires. 

In contrast to the possibility of similar deformation mechanisms 

involved in np-Au and Au microcolumns/nanowires, Ref. [14] has 

shown that the deformation mechanisms may be different in two 

cases. Dou et al. [14] studied the micromechanisms of deformation 
in np-Au nanowires through transmission electron microscope 

(TEM) investigation of the deformed structure after indentation. It 

is shown that the use of np-Au nanowires instead of 3Dmacroscopic 

samples does not influence the results because the mechanisms 

observed in np-Au nanowires are similar to that in bulk np-Au 

with similar ligament sizes. Gibson and Ashby had proposed that 

the plastic collapse of mp foams occurs through bending caused 

by localized plastic deformation of hinges at the nodes [22]. TEM 

images from Ref. [14] show clearly defined surface steps that 

indicate plastic deformation in a localized fashion through bending 

of the ligaments, similar to the conclusions of Gibson and Ashby. 

Furthermore, high densities of Shockley partial dislocations and 

microtwinsweremostly found to be located around the nodeswhere 

the ligaments form junctions. They did not find perfect dislocations 

in the ligaments of deformed np-Au nanowires, consistent with 

mechanisms-based strengthening models on strain gradient hard

ening [15]. Strain gradient models are continuum models, which 

state that there are geometrically necessary deformations that 

obstruct further deformation and also have a strengthening effect 

on the material. Their TEM images showed that the Shockley partial 

dislocations propagate and interact with each other to generate 

twins and complex microtwinned structures. They propose that the 

fundamental distinction in compression between nanowires and np

Au nanowires is that for the np structure, the principle deformation 

mode is bending. 

In another experimental study, Sun et al. [49] took the ad
vantage of recently developed in situ nanoindentation technique 
and studied 150 nm-thick np-Au thin films with ligament width 

ranging from 10–20 nm. Similar to Ref. [14], the deformation of 

microstructure was studied through TEM investigations during the 

nanoindentation process. From the TEM images, they deduced that 

during the initial stages of nanoindentation, where np-Au was 
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Figure 22.4 The load-displacement curve recorded during in situ TEM 
nanoindentation of a 150 nm np-Au film. It appears that the load drops 

(marked by arrows) correspond to collective collapse of a layer of pores. 

Reprinted with permission from Ref. [49]. 

observed to deform easily, the outermost layer of ligaments was 

compacted by the indenter while the rest of the underlying structure 

remained undeformed. Progressively, upon further indentation, the 

compaction front moved ahead of the indenter and neighboring 

ligaments collapsed. As shown in Fig. 22.4, the load displacement 

curve showed local maxima at two different points in the loading 

curve that was separated by roughly the size of the pores. They 

attributed this result to the collective collapse of a layer of pores 

where ligaments buckle simultaneously causing a decrease in the 

indenter load. Also, the dislocations that arose initially due to 

indentation were traced by the TEM images andwere shown to span 

the width of the ligament. Similar to the results found in Ref. [14], 

these dislocations moved easily in the ligaments and underwent 

sequential glide to the ligament nodes, where it was observed that 

they sometimes tangled with dislocations from other ligaments. 

Unlike the vast amounts of studies that report the length 

scale effects and the high yield strength values, there have been 
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Figure 22.5 True stress–strain curves from 1, 4 and 8 μm diameter np Au 

columns. Reprinted with permission from Ref. [55]. 

but a few studies that have reported on the strain hardening 

behavior of np-Au. This may be due to the fact that majority of the 

experimental studies utilize nanoindentation technique to extract 

load/displacement record, which although is an easier technique 

compared with other mechanical testing methods, a complex strain 

history occurs that makes it very hard to show the strain hardening 

behavior of np-Au. From the study conducted by Volkert et al. [55], 
the true stress–strain relationship obtained by uniaxial compression 

is shown in Fig. 22.5. Considerable strain hardening (approximately 

two times the yield strength) up to 30% strain can be seen from the 

graph and a plastic flow stress is expected to follow after that strain. 

Ref. [14] has also reported on the strain hardening behavior from 

nanoindentation testing of np-Au but as thin nanowires instead of 

3D macroscopic samples. They explained that the strain hardening 

behavior is a result of contact between ligaments even at low strains 

due to higher relative density of the foams. 

Another useful and less complex experimental procedure com

pared to nanoindentation test is the pillar micro-compression test 

to measure the yield strength of np-Au. Biener et al. [7] have carried 
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out uniaxial compression tests on micrometer-sized np-Au columns 

through the technique developed by Uchic et al. [52]. The columns 
were machined by the focused ion beam technique and the height

to-diameter ratio was approximately 2. In their study, no evidence of 

strain hardening can be found from the true stress–strain curve that 

shows a constant plastic flow stress after approximately 2.5% strain. 

The high yield strength values observed from nanoindentation tests 

were also observed in this compression test, indicating that the 

testing method is not responsible for the surprisingly high yield 

strength of np-Au. 

In contrast to the high yield strength of np-Au found by studies 

discussed in the above paragraphs, there have been studies that have 

reported significantly different values for the yield strength. Ref. 

[3] reported the yield strength to be an order lower in magnitude 

when compared with the values obtained by the nanoindentation 

experiments on np-Au. Their np-Au samples being tested were 

fabricated through a different method introduced by Jin et al. [28]. 
Generally, np-Au fabricated through the process of dealloying has 

undesirable material failures such as stress corrosion cracking and 

brittle cracks that develop due to shrinkage of the volume [42]. 

However, Jin et al. [28] were able to produce samples of np-Au 
that were free of cracks. The shrinkage during dealloying was 

less than 2% in volume for their samples and crack formation 

during synthesis was thus avoided. They report the results of 

compression tests carried out on a testing machine that shows 

excellent ductility with nearly the full density of the samples 

being compressed without fracture. Electron backscatter diffraction 

(EBSD) maps showed homogeneous plastic deformation in contrast 

to the more conventional observation of deformation bands forming 

and propagating through the sample. The low yield strength values 

measured from this experiment differs from the high strength values 

of previously reported indentation tests where the hardness data 

was reported by equating the hardness to the yield strength (H ∼ 
σ ), which is only true for low density foams [2, 22]. Another 
reason for the vast difference in the results may be because the 

np-Au fabricated by their method has a long-range coherent crystal 

lattice where each grain consists of billions of nanoligaments with 

a common set of crystallographic slip planes [28]. Their EBSD 
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maps showed conservation of the grain structure throughout the 

deformation process suggesting that ligaments collectively shear 

along common planes and directions in contrast to collapsing as in 

conventional low-density foams [28]. Previous studies have related 

the macroscopic strength to be governed by the combination of 

relative density and the size dependence of the ligaments, whereas 

in their study, they showed that the correlated deformation events 

of individual ligaments also have to be accounted for. 

22.3.3 Tensile Response of Nanoporous Metals 

There has been less number of reports on the fracture behavior 

in tension of np-Au compared to the number of reports on 

their compressive behavior. Earlier studies on the stress corrosion 

cracking of Ag–Au alloys also reported brittle failure under corrosive 

environment [37, 46]. These studies support the film-induced 

cleavage model, where the formation of a thin layer of np gold 

(from dealloying) initiates a crack that propagates through the 

dealloyed layer and into the bulk material (which is not corroded) 

[3]. As stated earlier, even though bulk Au shows ductile deformation 

behavior, it has been found that np-Au ismacroscopically very brittle 

[6], which makes the handling of these specimens very difficult. Li 

and Sieradzki [37] showed that samples that are significantly larger 

compared to their microstructural pore/ligament size tend to be 

more brittle. This characteristics makes the mechanical testing of 

these specimens under tensile loading very difficult to conduct. 

It has been observed that there is considerable volume shrinkage 

and tensile built stress during the dealloying process of np-Au [42]. 

The increase in Ag content of the Ag–Au alloy used for dealloying 

also increases the brittleness of the structure. This is seen in the 

samples of Ag80Au20 alloys, which disintegrate due to tensile stress 

buildup during dealloying, whereas samples from Ag70Au30 alloys 

do not disintegrate. However, np-Au nanowires syhthesized from 

Ag82Au18 alloys led to an important deduction made in Ref. [42] 

that nanowires and also thin films can accommodate this tensile 

built stresses better than 3D macroscopic samples as they are less 

susceptible to shrinkage. 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:26 PSP Book - 9in x 6in 22-Shaofan-Li-c22

845 Experimental Studies on Nanoporous Foams 

A detailed study of the fracture behavior of np-Au using a three

point bending configuration was carried out by Biener et al. [6].  
The samples were shown to fail on the tension side rather than 

on the compression side (stronger in compression) through crack 

propagation that lead to a catastrophic failure of the np-Au structure. 

There was no macroscopically visible plastic deformation prior 

to failure indicating that the material fails through brittle crack 

propagation. Further SEM images of the microstructure revealed 

a characteristic necking feature of individual ligaments that show 

ductile failure due to overloading. As in the MD simulations of 

Au nanowires [32], the ligaments showed as much as 100% 

elongations. Gold, being the most malleable metal, the ductility 

shown by ligaments of np-Au is as expected. 

The macroscopic brittleness on the other hand is said to be 

the consequence of narrow ligament-strength distribution. In an 

earlier study, Khang et al. [29] also came to a similar conclusion 
for a random fuse network model. According to this explanation, 

the rupture of the weakest ligament starts the crack propagation 

through the network structure by stretching and overloading 

adjacent ligaments. The crack follows the path of least resistance 

through the np-Au structure. Thus, the overall strength of the 

network structure is given by the largest critical defect that causes 

the highest stress concentration [29]. In Ref. [6], it was shown 

that the grain boundaries of the Ag–Au master alloy contained 

Ag enrichment that develops reduced density material during 

dealloying thus creating 2D like voids. These voids act as stress 

concentrations that nucleate cracks. They state that by introducing 

a broader ligament strength distribution, the mechanical properties 

of np-Au can be improved. 

Similar results for the fracture behavior of np-Au have also 

been observed in Ref. [3] where the samples were tested by a 

custom-built mechanical testing apparatus. Strain measurements 

were carried out through Digital Image Correlation [10] that enables 

non-contact strain measurement and has the advantage of full-field 

capability. This technique also offers the possibility of calculating 

the Poisson’s ratio of the sample and the details of the experimental 

setup are provided in Ref. [10]. Their tensile test specimens did not 

exhibit plasticity because of the macroscopic brittle nature of np-Au 
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deformation. After the elastic response, a small crack was seen to 

propagate that ultimately stretched perpendicular to the tensile axis 

indicating brittle fracture. They also report on the ductile failure of 

the individual ligaments, which can be observed in the SEM images. 

The deformation behavior is reported to be highly localized as the 

neighboring structure remains intact while plastic deformation of 

ligaments is confined to 1–2 ligaments, which fall in the region of 

the crack surface. They attributed this phenomenon to the inability 

of the ligaments to store the dislocations that glide to the surface and 

escape. 

22.4 Molecular Dynamics Study of Nanoporous Metals 

In this section, we present some new results on the mechanical 

behavior of np metals obtained from MD simulations. The focus 

of the study is on the effect of structural morphology on the 

mechanical response of single-crystal fcc np-Al and np-Au. Firstly, 

the computed values of Young’s modulus for np-Al and np-Au with 

different porosities are used to fit the scaling relation in Eq. (22.1) to 

determine whether it is valid for np metals. Then, from the stress– 

strain curves, the softening behavior of np-Au and np-Al is analyzed 

based on the porosity of the structures. Finally, the influence of 

ligament size and joint width on the softening behavior of np metals 

is studied in order to further understand the mechanisms that 

govern the softening behavior of these structures under uniaxial 

tensile loading. 

The MD simulations were performed for np-Au (which is 

commonly studied in experiments) and np-Al. Np-Au was chosen 

because their failure in tension has been studied experimentally, 

but the underlying mechanisms of their failure is not confirmed. It 

should be noted that themodels simulated in the present studywere 

single crystal np structures. However, np-Au has been shown to fail 

in a brittle manner under tensile force where the crack propagates 

from the grain boundaries of the Ag–Au master alloy due to Ag 

enrichment, but whether the np-Au employed in their experiments 

was actually polycrystalline could not be determined with certainty 

[6]. Np-Al was selected because it is considered to have potential 
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in engineering applications as shock absorbers although it has not 

been synthesized yet. For instance, macroscopic Al foams have 

already found applications in automobile parts owing to their shock 

absorbing ability, light weight, and low cost. This study will also 

build on our recent investigation on the tensile failure of open celled 

np-Al via MD simulations [51]. Before we discuss our MD simulation 

results, a brief introduction of MD simulations will be helpful in 

better understanding the methodology and the results involved in 

our study. 

Molecular dynamics simulations provide the computational 

description of the trajectory of atoms in a system, which are used 

to estimate the equilibrium and dynamic properties of systems for 

which analytical solutions are impossible. The time evolution of 

a set of atoms or molecules at finite temperature is followed by 

integrating their equations of motion. These atoms or molecules are 

essentially treated as pointmasses that have no internal structure or 

degrees of freedom. The quantum nature of the atoms is neglected 

and they are modeled as classical particles that follow Newton’s 

equations of motion. The motion of the system of particles obey 

Newton’s second law given as 

→
d2 ri → →→ 

F r1, . . . , rN (22.5)mi = 
dt2 i 

→ 
where mi is the mass and ri is the position vector of the i th particle, → 
N is the total number of particles and Fi is the force exerted on 
the i th particle by possibly all other particles. As the forces only 
depend on the positions of the particles, the particles interact in 

a conservative force field. It can be shown that the total energy 

of the system given by the equations of motion is conserved as it 

should be. Equation (22.5) is a second-order differential equation, 

which becomes complicated to solve analytically when more than 

two particles interact with each other. This is the so called many-
body problem. Thus the basic objective of MD simulation is the 
integration in time of the equations of motion. Given a set of 

initial positions and velocities of the particles, the position and 

velocity as a function of time of the N particles that constitutes 
the dynamical system is followed (6N variables). The trajectory 
being calculated is in 6N -dimensional phase space (of which 3N 
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represents positions and 3N represents momenta) and Newton’s 
equation of motion will make the trajectories evolve in the phase 

space. MD uses time integration algorithms to integrate Newton’s 

equations of motions and these algorithms are based on finite 
differencemethods, where time is discretized on a finite grid, the time 
step �t being the distance between consecutive points on the grid 
[16]. Once we have the computational algorithm that allows us to 

evolve the system of particles in 6N phase space, we can calculate 
the thermodynamical properties or the ensemble averages of the 

system of atoms. Time average provides an estimate of ensemble 

average of physical properties over the system trajectory. In this way, 

the physical properties of interest such as temperature and stress of 

the system can be calculated through MD simulations. The details of 

the physics behind MD simulations can be found in Refs. [16, 19]. 

22.4.1 Model Generation 

One of the main reasons why there have not been many computa

tional studies conducted on npmaterials is because of their complex 

structure, which makes modeling their morphology very difficult. 

For general cellular structures, foam topology is typically disordered 

and non-uniform [22]. To accurately model np structures, it is 

important to incorporate random cell/pore size and make their 

locations random in the structure, thus creating a non-uniform cell 

ordered in space. In addition to the randomness in the location of 

cells, the ligament cross sections also have to be non-uniform. The 

open cell np structures in this study met all of these requirements 

and the model generation was based on the same method applied 

for modeling microcellular carbon foams as in Ref. [30]; subtracting 

a series of randomly generated but interconnected spheres from an 

Al/Au crystal block. The resulting structure is a sponge-like, porous 

system with randomly oriented and located ligaments. 

The general idea behind creating the porous topology is deleting 

atoms that fall inside certain regions within a pristine solid block. 

These regions are defined by first interconnecting a “target sphere” 

with randomly chosen number of “neighbor spheres.” The neighbor 

spheres then become the target sphere and each of these spheres is 

interconnected with its neighbor spheres. In this way, a network of 
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(a) (b) 

Figure 22.6 Generation of random nanoporous structure. (a) 3000 

interconnected spheres generated. (b) Final porous structure after deleting 

the interconnected spheres from a solid block. See also Color Insert. 

interconnected spheres is generated as shown in Fig. 22.6. Atoms 

that fall inside the regions defined by these spheres are deleted 

and what are left behind are atoms that form ligaments of the open 

celled np structure. One of the restrictions to followwhen generating 

these spheres is that the neighbor spheres from the same target 

sphere cannot overlap each other. The distance between the centers 

of the two neighbor spheres can be adjusted by controlling the “non

overlapping ratio,” which is defined as the ratio between the distance 

of two non-intersected spheres and sum of the radii of these two 

spheres. Another important parameter that influences the overall 

porosity of the structure is the “overlapping ratio” between a target 

sphere and one of its neighbors. This is defined as the ratio of the 

distance between the center of the two spheres and the sum of 

their radii. The number of neighbors depend on the diameters of 

target and neighboring spheres. However, we assign five neighbors 

to be the maximum for a target sphere. It is impossible to generate 

interconnected spheres with less than three neighbor spheres and 

likewise it is impossible to add more than seven neighbor spheres 

on a target sphere due to the restriction that the neighbor spheres 

cannot overlap each other. By varying the adjustable parameters we 

create structures with varying porosities from 66% to 78%. This 
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technique also allows the control of ligament width and joint sizes 

in the structure. 

The first generated sphere is automatically considered as the 

first target, and then, five points are randomly picked on the 

surface of the first sphere. These five points represent the random 

points on the surface of five neighbor spheres of the corresponding 

target sphere. Radius of each of these neighbor spheres is then 

determined by the initial set-up value of the overlapping ratio. 

Centers for the neighbors are determined using the spherical 

coordinate representation of the sphere: 

x = x0 + r sin (θ) cos (ϕ) (22.6) 

y = y0 + r sin (θ) sin (ϕ) (22.7) 

z = z0 + r cos (θ) (22.8) 

where (x0, y0, z0) are the central coordinates of the target sphere, (x , 
y, z) are the coordinates of the center point of a neighbor sphere, r 
is the distance between the center of target sphere and the center 

of the neighbor sphere, θ and ϕ are stochastic variables, which 
determine the position of the point on the spherical surface with 

radius r whose center coincides with that of the target sphere; � 
is randomly chosen from 0 to π/2 and θ is randomly chosen from 0 

to π . 

If the spheres that intersect with the same target sphere also 

intersect with each other, or, the distance between these spheres 

is smaller than the initial prescribed value (usually controlled by 

“non-overlapping ratio” prescribed to be greater than 1.1), one of 

these two neighbors is discarded and a new neighbor is created until 

the constraints are satisfied. After the neighbors of the first target 

reach the maximum prescribed value of 5, a new target is randomly 

chosen among its neighbors. The first target sphere is automatically 

considered as one of the neighbors for the new target sphere. Then, 

the same scenario is applied to the new target sphere, and 4 more 

neighbor spheres are generated to intersect with that sphere. A 

total of 3000 spheres were generated in this process as shown in 

Fig. 22.6a. The resulting porous structure after deleting the spheres 

from a solid block is shown in Fig. 22.6b. 

© 2013 by Taylor & Francis Group, LLC

http:fromasolidblockisshowninFig.22.6b


March 6, 2013 15:26 PSP Book - 9in x 6in 22-Shaofan-Li-c22

851 Molecular Dynamics Study of Nanoporous Metals 

For np materials, as discussed in the previous section, the 

ligament size and joint size affect the overall mechanical properties 

of these materials. The algorithm used to generate the spheres 

allows us to adjust the size of ligaments and joints (that connect the 

ligaments) in order to study their relationship with the mechanical 

properties. After some tests, it has been found that the overlapping 

ratio and the radius of each sphere are the only two parameters that 

can significantly change the porosity as well as the widths of the 

ligaments and joints. The overlapping ratio of two interconnected 

spheres has a more significant effect on the porosity, while the 

radius for each generated sphere has a more significant effect on the 

ligament and joint widths. By varying the overlapping ratio, a series 

of structures with different porosities but similar range of pore sizes 

can be produced. Whereas, by varying the range of pore sizes, series 

of np structures with different pore sizes but similar porosity can be 

produced. 

In order to carry out a comprehensive study, we generated 

a series of structures with similar porosities (within 0.01%) but 

different ligament and joint sizes. This was achieved by changing the 

range of pore radii (30–40, 40–50, and A) for the50–60 ̊ generated 

spheres while keeping the number of neighbor spheres (for a target 

sphere) the same for these structures. This process was repeated for 

porosities ranging from 66% to 78%. 

Though all the studies were conducted using random np 

structures, in order to study the effect of ligament size and joint 

width on the mechanical response, periodic np structure was 

generated and employed as shown in Fig. 22.7. This is because it 

is much easier to extract individual ligaments and joints from the 

periodic np structures for further study than from the random np 

structures. Given the same porosity, the ligaments and joints in the 

periodic structure are identical and their size represents the average 

size in the corresponding random structure. Though the distribution 

of the ligament and joint sizes is lost in this procedure, it is enough 

to explain the underlying mechanism of the observed stress–strain 

behavior of the random np structures as will be discussed. 

The np periodic structures were generated by subtracting a 

periodic rectangular array of spheres from a solid aluminum block. 

The overlapping ratio was taken to be identical to that employed 
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Figure 22.7 Generation of Ligament-joint Composite: (a): Imagined sphere 

matrix, the shaded area can be considered as the ligament cross-sectional 

area; (b): optimistic 3D mesh structure; (c): Final composite, ligament with 

two joints on each end. 

in the corresponding random np structure while the radii of the 

spheres were varied to produce the same porosity of the specific 

random structure. In the front view of a typical periodic structure 

shown in Fig. 22.7a, all the centers of four intersecting spheres share 

the same plane, and the lines connecting the centers of the four 

neighbors form a square. The shaded region in the middle is the 

cross section of a ligament in the np structure. As the cross-sectional 

area of ligaments and joints are close to a square, we approximated 

the widths for these microstructures by taking the square root of 

their cross-sectional area. Figures. 22.7b and 22.7c show zoom-in 

views of the atomistic model of the periodic np structure. 

22.4.2 Simulation Methods 

The MD simulations performed in this work utilized the embedded 

atom method (EAM) [12] as the underlying interatomic potential, 

which dictates the interaction between atoms in np metals. For the 

EAM potential, the total energy U of the system is given as ⎛ ⎞ 
N N 

1 � � ⎝ ⎠U = Fi (ρi )+ φi j  Ri j  (22.9)
2

i j �=i 

where N is the total number of atoms in the system. Fi is the 
embedding energy and ρi is the electron density at atom i while ϕi j  

is the pair potential and Ri j  is the distance between atoms i and j . 
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Sandia National Labs’ LAMMPS code [43] was used to simulate 

tensile deformation of np-Al and np-Auwith different porosities. The 

structures were deformed under uniaxial strain at a uniform rate 

along the �001� crystallographic direction using the EAM potential 
described above. Size effects have been shown to have large 

influence on the mechanical behavior of FCC metals [32]. Therefore, 

the dimensions of the model were selected to be at least ten times 

the length scale of the largest microstructural feature [63], which 

was the sphere diameter for the structures. Based on this criterion, 

a block size of 80 × 80 × 80 cubic lattice units (CLU) was used for 
all structures. At the start of each simulation, energy minimization 

was performed on all np structures and these structures were equi

librated at 300 K using the Langevin thermostat for a total of 10 ps at 

a time step size of 0.5 fs. After equilibration, the tensile loading sim

ulationswere performed under themicrocanonical (NVE) ensemble. 

Engineering strain was used as the measure of deformation 

during the simulation. A strain rate of 1 s–1 and 1 × 109s–1× 1010 
were applied on the np-Al and np-Au structures, respectively. For 

np-Al structures, displacement boundary condition in the �100� 
crystallographic directionwas applied on 5 cubic lattice units (CLUs) 

at one end while 1 CLU at the other end was held fixed. For 

np-Au structures, displacement boundary condition in the �100� 
crystallographic direction was applied on 2.5 CLUs on either ends. 

Atoms in the region of the block that were constrained to the 

prescribed boundary conditionswere not subjected to the equations 

of motion since their positions are manually updated, and so these 

atoms were used directly to calculate the forces for other atoms. 

The stress in the structure was calculated from the “time averaged” 

forces on atoms under the displacement boundary condition at one 

end of the block in the direction of the applied strain. These forces 

were summed together and divided by the cross-sectional area of 

the np structure to obtain the “time averaged” stress in the direction 

of the applied strain. 

22.4.3 Results and Discussion 

The engineering stress–strain relationships of np-Al and np-Au 

with different porosities ranging from 66% to 78% under uniaxial 
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Figure 22.8 Engineering stress–strain curves of (a) nanoporous Al and (b) 

nanoporous Au for different porosities. 

tensile loading are shown in Figs. 22.8a and 22.8b, respectively. 

The stress rises for the initial elastic region and decreases abruptly 

thereafter; signifying the brittle nature of np metals. The results of 

the mechanical properties such as elastic modulus and softening 

behavior as a function of porosity are shown in Figs. 22.9 and 22.10. 

According to Fig. 22.8a, all the np-Al structures reach their yield 

stress at 0.3–0.5% strain and the ultimate tensile stress is reached 

at ∼1.7% strain. For np-Au, the yield stress is reached at 0.5– 
1.0% strain and the ultimate tensile stress is reached at 2.0–3.0% 

(Fig. 22.8b). The initial linear elastic region allows the calculation of 

the elasticmodulus for all the different porosities by fitting a number 

of data points in that region to a straight line in the least squares 

sense. 

As discussed earlier, the scaling relationship in Eq. (22.1) 

establishes a general relation between Young’s modulus to the 

relative density of open cell porous structures. In the book “Cellular 

Solids” [21], the constants in the equations are determined by 

fitting the plot of experimental values of relative Young’s modulus 

against porosity. We employ the same technique in this work by 

fitting our simulation results to the relation and obtain the constant 

C 1. Young’s modulus values for both np-Au and np-Al decrease 
with increasing porosity, which was consistent with the predictions 

made by Eq. (22.1) (Fig. 22.9). For np-Al, the curve fit with the 
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Figure 22.9 (a) Elastic modulus vs. porosity plot for np-Al. (b) Elastic 

modulus vs. porosity plot for np-Au. 

desired polynomial in Fig. 22.9a calculated the constant C 1 to 
be 2.8. Whereas, for np-Au the curve fit in Fig. 22.9b calculated 

C 1 to be 2.6. Young’s modulus values for np-Au match well with 
most of the experimentally determined values [5, 34, 35]. To check 

for ligament and joint size effects on the elastic behavior, np 

structures with constant porosity but different ligament widths 
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(a)	 (b) 

Figure 22.10 Post peak tangent modulus vs. porosity for (a) np-Al and (b) 

np-Au structures with different pore radius. 

were simulated and their elastic modulus were calculated. The 

results showed no pronounced effects of microstructural length 

scale on Young’s modulus of np structures, which is consistent with 

most experimental studies [5, 35, 36]. 

Beyond the elastic region, the stress reached a peak and abruptly 

started to decrease thereafter (Fig. 22.8). All structures tended 

to soften before they fractured. For np-Al, the rate of softening 

decreased slightly as the porosity increased from 66% to 72%, and 

significantly dropped as the porosity increased further to 78% (Fig. 

22.10a). This points to the fact that np-Al structures with porosities 

of 75% or higher fail in a less catastrophic way than the structures 

with porosity of 72% and lower. For np-Au, the rate of softening 

decreased gradually from 66% to 78% porosity (Fig. 22.10b). The 

general trend for both structures was that as the porosity increased 

(relative density decreased), the rate of softening decreased. 

22.4.3.1	 The influence of ligament and joint size on the 
softening behavior 

As discussed in Section (22.4.1), a random np structure with 

a specific porosity and pore radius can be approximated by a 

periodic np structure. Using this approximation, the values of 
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Figure 22.11 Porosity vs. ligament and joint size plot. Note that ligament 

size for 78% porosity is very close to zero, which means 78% will be the 

largest porosity, above which some ligaments will likely break. 

average ligament and joint widths for different porosities were 

computed and shown in Fig. 22.11. Higher porosity structures have 

smaller ligament and joint widths while lower porosity structures 

have thicker ligament and joint widths. For the 78% porosity 

structures, the ligament size is the smallest and a further increase 

in porosity would break the interconnected network. The 66% 

porosity structure had the largest ligament and joint widths and 

was the smallest porosity possible for an open celled np structure 

generated using our method. 

To investigate the ligament and joint size influence on the 

mechanical behavior of the np structures as a whole, we calculated 

the von Mises stress values for every atom in 66% and 78% 

porosities (Fig. 22.12). Np-Al and np-Au show similar deformation 

characteristics, and thus Fig. 22.12 only shows the stress distrib

ution for np-Al structures. Note that the ligament and joint width 

for 66% porosity is larger than that for 78% porosity structures as 

shown in Fig. 22.11. Returning back to Fig. 22.12, for the former np

Al structure at 1% strain level, stress is localized (shown as red dots) 

around the region that was under displacement boundary condition. 
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Figure 22.12 Local von Mises stress field during tensile loading of np-

Al structure with (a) 66% porosity at different strain levels and (b) 78% 

porosity at different strain levels. See also Color Insert. 

In contrast, the stress delocalizes over the entire structure for the 

78% porosity np-Al. At 5% strain, cracks develop at the regions of 

stress localization and eventually open up at around 10% strain. It is 

apparent that the 78% porosity structure distributed the stress over 

the entire structure at 10% strain while the 66% porosity the stress 

still remained localized around the crack formation. This led to 

the catastrophic failure of the 66% porosity while slower softening 

occurred in the 78% porosity structure. 

To show that themechanisms in np-Au are the same as that in np

Al, we plot the percentage of atoms that have a particular overall ten

sile stress level for the 72% and 78% porosity np-Au as well as np-Al 

structures (Fig. 22.13). The curve for the 72%porosity structure has 

a heavier right tail for both np structures. Therefore, the percentage 

of atoms with higher local stresses is larger for the smaller porosity 

structure. Also, the extreme stress values for the 72% are higher 

than that for the 78% structures. This proves that larger ligaments 

and joints experience higher stress localization, which leads to the 

rupture of the ligaments between the joints and eventually the faster 

softening of the np structure. Apart from Young’s modulus values, 

the only other difference between np-Al and np-Au is that in the case 
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(a) 

(b) 

Figure 22.13 Stress distribution curves at 10% strain for (a) np-Al and (b) 

np-Au structures with 72% and 78% porosities. 

of the former, ligaments bridging the crack region were observed to 

be strained by as much as 200%, which is consistent with the SEM 

images of np-Au samples in Ref. [33]. 

As mentioned previously, the exact shape and size of the 

ligaments and joints in the models are very difficult to predict. 

This is due to the fact that all the spheres are randomly generated 

in 3D space, thus making the orientation and thickness of the 

ligaments and joints random as well. From the results of the uniaxial 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:26 PSP Book - 9in x 6in 22-Shaofan-Li-c22

860 Mechanics of Nanoporous Metals 

Figure 22.14 Stress–strain curves for the single ligament-joint models of 

different widths. 

tests performed on np structures, it is evident that ligament and 

joint sizes influence the softening behavior of these structures. In 

order to study the basic deformation behavior of a typical ligament 

connected by a pair of joints, the periodic np structure is employed 

to generate the single ligament model (see Fig. 22.7c) for uniaxial 

tension test. 

The stress–strain curves for different ligament widths are shown 

in Fig. 22.14. As the ligament and joint size decreases, the ultimate 

stress and strain level decreases. In other words, large ligaments 

and joints are stronger than their small counterparts. Some of the 

larger ligaments do not fail until 20% strain, whereas some smaller 

ligaments break at less than 15% strain. The stress–strain curves for 

smaller ligaments and joints are smoother than those for the larger 

ones. This suggests that smaller ligaments and joints experience 

fewer number of sudden stress drops during the deformation 

process and thus a more uniform stress distribution is expected for 

random np structures with small ligaments and joints. 

In order to investigate the difference in failure behavior between 

small and large ligaments, the local von Mises stresses based on the 

virial theorem [64] were computed for every atom in the respective 
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Figure 22.15 Local von Mises stress plots for ligament-joint models of (top 

panel) ligament width of 11.83 Å and joint width of 41.29 Å and (bottom 

panel) ligament width of 9.11 Å and joint width 29.9 Å at different strain 

levels. See also Color Insert. 

models (Fig. 22.15). We performed uniaxial tensile test on a small 

ligament-joint model with 11.83 ˚ AA ligament width and 41.29 ˚

joint width (Fig. 22.15 top panel) and a large ligament-joint model 

with 9.11 ˚ A joint width (Fig. 22.15 A ligament width and 29.9 ˚

bottom panel). The comparison between the two ligament-joint 

models was made at the same stress level, which corresponds to 

15% strain level for the larger ligament and 10% strain for the 

smaller ligament. For the larger ligament, stress is mainly localized 

around the joints (shown as red dot in Fig. 22.15), while the 

ligament is under low stress levels. For the small ligament, the 

entire structure was critically overloaded even at 5% strain. This 

observation points to the fact that stress is distributed more evenly 

throughout the structure in the smaller ligament-joint model. By 

examining more ligaments and joints of different sizes, we conclude 

that both the ligament and joint sizes need to be small in order 

for this observation to hold true. The ligament between two large 

joints can be thought of as a nanowire with moment resistant 

boundaries at the two ends. In this context, small ligaments with 

small joints would have weaker shear and bending resistance than 

larger ligaments with larger joints. The larger ligament-joint model 

resists the external loading better and thus higher localized stresses 

were observed that lead to catastrophic failure. 
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22.4.3.2	 Structures with similar porosities but varying ligament 
and joint sizes 

We have developed the relationship of Young’s modulus on the 

porosity of np-Au and np-Al. We have also studied the influence 

of the microstructure size on the softening behavior of these 

structures. To further validate our findings, structureswith the same 

porosity but different pore sizes were generated for both np-Al and 

np-Au by adjusting the pore radius. The post-peak tangent modulus 

was plotted against the porosity for different microstructure lengths 

(pore radius) in Fig. 22.10. The post-peak tangent modulus was 

measured as the average slope from the peak stress to the point 

where slope is approximately equal to zero for Fig. 22.8. As the pore 

radius increases, the post-peak tangent modulus increases for both 

np-Al (Fig. 22.10a) and np-Au (Fig. 22.10b). 

As observed from Fig. 22.11, the ligamentwidth becomes smaller 

for higher porosity structures and as a consequence the softening 

rate decreases. This observation points to the fact that smaller 

ligaments distribute stress in a much more efficient manner, which 

in turn lowers the softening rate. On the other hand, np structures 

with larger ligaments have stress localizations that lead to their 

higher softening rate. Aside from this main cause, a secondary 

reason for the lower softening rate for smaller ligament and joint 

widths concerns the amount of energy released upon rupture of 

a ligament. The smaller the ligament, the smaller the amount of 

energy released upon its rupture for the adjacent ligaments to bear, 

thus reducing the post-peak tangent modulus. 

22.5 Conclusion 

In this chapter the mechanical properties of np metals have been 

reviewed. The characteristic high yield strength of np-Au suggests 

that these unique materials may even be stronger than bulk Au and 

also have the advantage of being highly porous. The increase in yield 

strength with decreasing microstructural length scale distinguishes 

them from mp foams. From the most of the studies, length scale 

effects observed for the yield stress have not been observed for 
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the elastic properties of np metals. Young’s modulus values for 

these materials can be predicted reasonably well by the scaling 

relationship developed for mp foams. The experimentally found 

macroscopic brittleness of np-Au presents a problem for useful 

application of these materials but the microstructural features can 

be tailored to reduce the catastrophic failure of np metals. Using MD 

simulations, the softening behavior of np-Al and np-Au structures 

under tensile loading is observed to slow down significantly when 

the width of the ligaments and the size of joints become small 

enough. The relatively complaint ligaments and joints act to spread 

stress throughout the structure and prevent it from localizing, which 

would cause slower softening of the np structure. 
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In this chapter, we will present a contemporary review of the 

hitherto numerical characterization of nanowires (NWs). The bulk 

of the research reported in the literatures concern metallic NWs 

including Al, Cu, Au, Ag, Ni, and their alloys NWs. Research has 

also been reported for the investigation of some nonmetallic 

NWs, such as ZnO, GaN, SiC, SiO2. A plenty of researches have 

been conducted regarding the numerical investigation of NWs. 

Issues analyzed include structural changes under different loading 

situations, the formation and propagation of dislocations, and the 

effect of the magnitude of applied loading on deformation mechan

ics. Efforts have also been made to correlate simulation results 

with experimental measurements. However, direct comparisons are 

difficult since most simulations are carried out under conditions of 

extremely high strain/loading rates and small simulation samples 

due to computational limitations. Despite of the immense numerical 

studies of NWs, a significantwork still lies ahead in terms of problem 
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formulation, interpretation of results, identification and delineation 

of deformation mechanisms, and constitutive characterization of 

behavior. 

In this chapter, we present an introduction of the commonly 

adopted experimental and numerical approaches in studies of 

the deformation of NWs in Section 23.1. An overview of findings 

concerning perfect NWs under different loading situations, such as 

tension, compression, torsion, and bending are presented in Section 

23.2. In Section 23.3, we will detail some recent results from the 

authors’ own work with an emphasis on the study of influences 

from different pre-existing defect on NWs. Some thoughts on future 

directions of the computational mechanics of NWs together with 

Conclusions will be given in the last section. 

23.1 Introduction 

Metals and semiconductor nanowires (NWs), as one type of the 

most exciting nanomaterials, have attracted intensive researches 

owing to their remarkable mechanical, optical, electrical, and 

other properties [1]. These properties have enabled them as 

the ideal building blocks of opto-electronics, sensor systems, and 

nanoelectromechanical systems (NEMS) [2, 3]. For instance, based 

on the two-dimensional vibrations of resonant NWs, Gil-Santos 

et al. [4] proposed a mass sensing and stiffness spectroscopy that 
allows the mass, stiffness and azimuthal arrival direction of the 

adsorbate to be determined. Xie et al. [5] showed that solid-state 
nanopores can be combined with silicon NW filed-effect transistors 

to create sensors in which detection is localized and self-aligned 

at the nanopore. To probe NW mechanical properties, abundant 

experimental studies have been conducted. For instance, based 

on the scanning tunnel microscope (STM) and scanning electron 

microscope (SEM), Dikin et al. [6] studied the resonance vibration 
of amorphous SiO2 NWs. A number of atomic force microscope 

(AFM)-based compression, bending and nanoindentation studies of 

NWs have also been carried out [7–11]. According to the in situ 
tensile tests, Richter et al. [12] confirmed that the properties of 
nanomaterials can be engineered by controlling defect and flaw 
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densities. Seo et al. [13] found the defect-free Au NWs appear 
superplasticity on tensile deformation. Recently, Yue et al. [14] 
reported the ultrahigh elastic strains that can be sustained in Cu 

NWs using in situ tensile experiments. 
It is certain that experimental studies could provide affluent and 

meaningful information on NW mechanical properties. However, 

due to the extremely small dimensions of NWs, the application 

and manipulation of these experiments are involving with inher

ent complexities and huge challenges [15]. For instance, during 

tensile and creep tests, it is impossible for conventional means 

to make the sample being clamped rigidly without sliding [16]. 

The measurements of certain properties are also suffering from 

complications due to wire-substrate friction [17]. In considering 

of these experimental limitations, the numerical investigations of 

NWmechanical properties are frequently employed by researchers. 

These numerical simulations include theoretical analysis [18, 19], 

ab initio calculations [20, 21], first principle simulations [22, 23], 
and molecular dynamics (MD) or atomistic simulations [24–27]. 

Recently, some efforts have also been put to multi-scale simulations. 

For instance, based on the traditional Cauchy–Born theory, Park et al. 
[28] proposed a surface Cauchy–Born model, which is employed to 

analysis the surface stress effects on metallic NWs [29]. 

Majority of current numerical investigations of NW mechanical 

properties are carried out by MD or atomistic simulations. More 

specifically, for the MD simulation, researchers have proposed 

several different interatomic potentials to mimic the atomic in

teractions between different atoms/molecules in NWs, including 

empirical two-body potentials such as the Lennard–Jones (L–J) 

potential and Morse potential, and many-body potentials such as 

the embedded atom method (EAM) potential [30, 31] and modified 

embedded atom method (MEAM) [32]. Two kinds of boundary 

conditions (BCs) have been considered to represent different end 

conditions, i.e., periodic boundary conditions (PBCs) and non-

periodic boundary conditions. Actually, PBCs are usually imposed 

along the NW axial/longitudinal directions, which, in the one hand, 

account for the infinite lengths, in the other hand, restrict lateral 

deformation and eliminate surface effects. So far, the popularly 

employed BCs for NW simulations can be referred as S-S-P and S-S-S. 
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That is, S-S-P indicates shrink-wrapped BCs at two lateral directions 

and PBCs in the axial direction of NWs. As for the S-S-S BCs, no PBC 

is applied in any direction of NWs. To characterize the deformed NW 

structures, a number of different techniques have been employed, 

such as the analysis of coordination number, common neighbor 

analysis (CAN) [33], centro-symmetry parameters (csp) [34], atomic 
stress contours, and the radial distribution function (RDF). 

In view of the immense atomistic studies of NW mechanical 

properties, herein we present a brief review on the current state of 

the MD investigation of NWs. To note that there are several codes 

available so far for the MD simulation, such as the Assisted Model 

Building with Energy Refinement (AMBER) [35], which is one of 

the most widely used program for bimolecules study. For the solid

state materials like metals and semiconductors, the Large-scale 

Atomic/Molecular Massively Parallel Simulator (LAMMPS) [36] has 

been frequently employed. Emphasis of this chapter will be placed 

on metallic NWs investigation, such as Ag, Au and Cu NWs and their 

alloys, most of these studies are carried out by LAMMPS. As demon

strated by Philipose [37], any deviation from stoichiometry would 

lead to imperfections within the NW crystal lattice and affect its 

properties. Hence, the MD study of defected NW is also crucial to re

alize the full potential of NWs. Wewill first present a comprehensive 

discussion of atomistic simulations for the perfect NW mechanical 

behaviors under different deformation conditions, such as tension, 

compression, torsion and bending. Several recent MD studies of 

defect effects will be revisited. These defects will include grain 

boundaries (GBs), twin boundaries (TBs) and pre-existing defects. 

23.2 Mechanical Properties of Perfect Nanowires 

Considerable MD simulations have been carried out to investigate 

the mechanical properties of perfect NWs. However, there are only 

few works pursued the NW mechanical properties under combined 

loading situations, for example, the combined tension-torsion load, 

or combined compression-torsion load [38, 39]. Therefore, this 

chapter will focus on NWmechanical behaviors under single loading 

conditions. 
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23.2.1 Nanowires under Tension 

Due to the ease of tensile stress analysis in the atomistic framework, 

numerical investigations of NWs subjected to axial tension have 

been frequently conducted. Many researches can be found with 

regard to the tensile properties of different NWs, such as the FCC 

(Cu, Au, Al and Ni) and BCC (Fe, Cr and W) NWs [40–42]. Factors 

including deformation mechanisms, mechanical properties (Young’s 

modulus and yield strength), tensile rupture as well as surface effect 

have received great attentions. 

23.2.1.1 Numerical techniques 

Figure 23.1 illustrates a typical MD model of a single-crystal Cu NW 

under tension. The NW has a square cross section, with the initial 

atomic configuration positioned at the perfect FCC lattice site. The 

x, y, z coordinate axes represent the lattice direction of [100], [010], 
and [001], respectively. For discussion convenience, the size of the 

square cross section NW is denoted as h× h× L , where h and L are 
referred as the NW cross-sectional size and length without further 

declaration in the rest part of this chapter. Usually, before imposing 

the tensile load, the NW is first relaxed to a minimum energy state 

using conjugate gradient energy minimization. After that, the Nose-

Hoover thermostat [43, 44] is employed to equilibrate the NW at 

a required temperature, e.g., 0.01 K or 300 k, this is also known 

as relaxation process. For a NW with S-S-S BCs, a constant strain 

rate is often applied by fixing one end of the NW, then applying 

a constant velocity to the free end. To mitigate the shock wave 

from the high loading rate, constant velocities that vary linearly 

Figure 23.1 Typical MD simulation model of single-crystal Cu NW under 

tension. The NW has a square cross section, with the size of 8a×8a×4a, 
where a is the Cu lattice constant. The NW is divided into three parts, 
including fixed end, free end and the rest. 
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from zero at the fixed end to a maximum value at the free end 

are also applied to atoms along the longitudinal direction [41]. 

Since the artificially high strain rates might lead to temperatures 

over the melting point of the considered system, some researchers 

have employed the temperature controlling schemes tomaintain the 

system at a constant temperature during the simulation, such as the 

Nose-Hoover thermostat scheme or the velocity rescaling scheme 

[45]. However, some researchers suggested that due to the extreme 

small size and time scales of the NW, there is usually no effective 

mechanism from heat to be conducted, convected or radiated out of 

the system. Therefore, to provide a more realistic account of NW’s 

MD simulation, no temperature controlling algorithms should be 

used [24]. 

For the single-crystal Cu, the embedded atom method (EAM) 

potential developed by Mishin [46] is used to describe the atomic 

interactions. This potential is chosen as it could reliably predict 

the material stacking faults (SFs) energies and the stability of 

nonequilibrium structures of Cu, which is expressed as 

Etot = F (ρi )+ 1 V (ri j ), ρi = �(ri j ) (23.1)
2

i i j j 

Here V , F , ρ are the pair potential, the embedded energy, and the 
electron cloud density, respectively. i and j are the number of atoms, 
and ri j  is the distance between them. During the simulation, the 
equations of motion are integrated with time using a Velocity Verlet 

algorithm [36]. So far, different time steps have been considered, 

such as 1 fs, 2 fs or 4 fs [24, 47–49]. For FCC crystal structures, the 

popularly employed technique to analyze the partial dislocation and 

stacking faults (SFs) during the tensile deformation is the centro

symmetry parameter (csp) [34], which is defined as follows: 

csp = |Ri + Ri+6|2 (23.2) 

i=1,6
where Ri and Ri+6 are the vectors corresponding to the six pairs of 
opposite nearest neighbors in FCC lattice. The csp value increases 
from zero for perfect FCC lattice to positive values for defects and 

for atoms close to free surfaces. 

Researchers have proposed several approaches for the determi

nation of mechanical properties (Young’s modulus, Poisson’s ratio 
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and elastic constants) from MD simulation results. Young’s modulus 

is the most frequently calculated property. Traditionally, Young’s 

modulus could be directly determined from the stress–strain curves 

[38]. According to the simulation results, two methods have been 

proposed by Diao et al. [50] to calculate Young’s modulus. One is 
called virial stress method. The virial stress is defined as ⎧ ⎫ ⎨ ⎬ L LL

Iαβ 1 α β 1 
F α β = − mivi vi + (23.3)i j ri jQ ⎩ 2 ⎭ 

i i �=j i 

where Q is the volume of the system, mi and vi are the mass and 
velocity of the atom i , Fi j  is the force between atom i and j , ri j  is the 
distance between atoms i and j , and the indices α and β denote the 

Cartesian components. Upon loading in the longitudinal direction, 

say z direction, then Young’s modulus E is calculated by fitting the 

virial stressI33 versus strain ε curve from the following polynomial: 

I33 = Eε + η1ε2 (23.4) 

where η1 is a constant. The other one is called energymethod, which 

is based on energetic and classical continuummechanics. It suggests 

that the potential energy changefU in a NW during each increment 

fL equals the work done by the externally applied load:    fL ε ε 

fU = Ftd(fL) = Aσ Ldε = V σdε (23.5) 
0 0 0 

where Ft is the applied load, A is the cross-sectional area, L is the 
NW length, σ is the average axial stress, and V is the volume of the 

NW. By substituting σ and V as functions of ε to Eq. (23.5), it turns 

out to be ( )
fU 1 1 = E ε2 + η2ε

3 (23.6)
V0 2 3 

where V0 is the initial volume, and η2 is a constant. Hence, E is 
calculated by fitting the strain energy versus applied strain curve 

from the simulation results. 

23.2.1.2 Tensile properties 

The NW tensile deformation mechanism is one of the well docu

mented properties. Figure 23.2 presents the atomic configurations 
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Figure 23.2 Atomic configurations of perfect Cu NW under tensile 

deformation at four different strain points. TheNWsize is 6a×6a×30a, with 
the simulation temperature maintained around 0.01 K, and applied BCs of 

S-S-P. (a) At the beginning of yielding, strain of 0.10; (b) At the strain of 

0.109; (c) At the strain of 0.2; (d) At the strain of 0.6. For all figures, only 

atoms with the csp value between 0.5 and 12 are visualized. See also Color 
Insert. 

of a perfect Cu NW at four different strain points. It is found from 

Fig. 23.2(a) that atoms located around the NW’s four edges have 

experienced a slight offset from the perfect lattice at the beginning of 

yielding. With further elongation, a 12](11̄ ¯[1 ¯ 1)/6 partial dislocation 

is emitted from one of the NW’s edges, as illustrated in Fig. 23.2(b). 

After that, the generations of both intrinsic and extrinsic SFs are 

observed (see Fig. 23.2(c)). In all, the atomic configurations in Fig. 

23.2 suggest that the tensile deformation of a perfect Cu NW is 

dominated by the nucleation and propagation of partial dislocations 

(slip dominated deformation process), which is also demonstrated 

by many researchers [41, 48, 51]. 

Generally, as summarized earlier by Liang et al. [52], with 
extreme high strain rate (above 1010 s−1), NWs would change to 
an amorphous phase. Such phenomenon are observed in many 

different NWs under tension, such as the Ni and NiCu NWs [53], 

Pt and Au NWs [54]. For low strain rate, the tensile deformation is 

dominated by the nucleation and propagation of partial dislocations 

(slip dominate deformation process). According to Park et al. 
[41], the tensile deformation mechanisms of NWs are actually a 

function of the intrinsic material properties, applied stress state, 
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axial crystallographic orientation and exposed transverse surfaces. 

Some interesting observations have also been reported, for instance, 

Lin and Pen [51] found that the tension of <100> Cu NW 

induces the formation of twin and consequently cause geometrical 

softening, while for<110> NW, the generation of twin bands causes 

geometrical hardening. Ji and Park [55, 56] found that Cu NWs with 

non-square cross section have a propensity to deform via twinning 

under tension. It is worthy to mention that according to the large

scale MD simulations carried out on Cu NWs with unprecedentedly 

large lengths by Wu et al. [57], short NWs would fail via a ductile 
mode with serrated stress–strain curves, while long NWs exhibit 

extreme shear localization and abrupt failure. 

For the Yield strength (stress at which plastic deformation 

initials) and Young’s modulus, researchers have conducted a 

plenty of atomistic investigations to identify their dependences 

on different factors, including temperature, loading rate or strain 

rate, NW geometry (e.g., NW cross-sectional shape and crystalline 

orientation) and NW size. Researchers found that the yield strength 

of NWs is considerably higher than bulk materials [49]. So far, 

several consistent conclusions have been drawn for NWs with both 

S-S-S BCs and S-S-P BCs [24, 38, 58–62], i.e., 

(a) Both Young’smodulus and yield strength decreasewith increase 

of temperature; 

(b) Young’s modulus is almost independent of strain rate; 

(c) Yield strength increases with increasing strain rate, but de

creases with increasing cross-sectional size. 

Apart from the above consistent conclusions, some disparity 

observations have also been reported. For example, for NWs with 

S-S-S BCs, some researchers found that Young’s modulus is insensi

tive or independent to NW cross-sectional size [24]. However, with 

the increase of cross-sectional size, Yang et al. [63] reported that 
Young’s modulus decreases for <110> Cu and <110> Ni NWs, but 

increases for<111> Cu and<111> Ni NWs. Furthermore, for NWs 

with BCs of S-S-P, Wu [45] reported that Young’s modulus increases 

with increasing cross-sectional size for <100> Cu NW. On the 

contrary, Agrawal et al. [64] found that Young’s modulus deceases 
with increasing diameter of [0001] oriented ZnO NW. For the factor 
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of NW geometry, Ji and Park [56] reported that non-square Cu NWs 

generally exhibit lower yield strength and toughness. These dispari

ties indicate that Young’smodulus and yield strengthwould be influ

enced by different BCs as well as different crystalline orientations. 

It is reported by many researchers that the stress–strain 

curve does not begin from zero, indicating the existence of the 

initial/residual stress or initial/residual strain. For instance, Liang 

and Zhou [65] advised a initial stress value around 0.4∼1.6 GPa for 
Cu NWs. Such initial stress is supposed to be induced by the surface 

stress [25]. It is certain that for NWs without PBCs, the NW would 

be stress free after energy minimization or relaxation (getting an 

equilibrium configuration). However, this is not the case for a NW 

with S-S-P BCs. Since the PBC can be visualized as the primary NW 

sample extended infinitely in the axial direction by a set of replicas, 

or image NWs [66]. Particularly, the replicas would always have an 

interaction with the two ends of the primary NW, which leads the 

NW under non-zero stress state even no external force is applied. 

Diao et al. [67] proposed that for a <100> NW with square cross 

section, the initial axial stress σin can be estimated by 

σin = 4τ0h/A = 4τ0/h (23.7) 

where τ0 is the initial surface stress, h is the cross-sectional size 
and assuming the cross-sectional area equals h2. Following this 
assumption, Zhan and Gu [68] investigated a group of Cu NWs’ initial 

axial stress after energy minimization. NWs with different cross-

sectional sizes (ranging from 4a to 14a) but same length (30a) are  
considered. As illustrated in Fig. 23.3, the initial axial stress shows 

an inverse proportional relationship with the cross-sectional size, 

which is well agreed with Eq. (23.7). Specifically, an initial surface 

stress around 0.786 J·m−2 is obtained by fitting Eq. (23.7) with the 
results in Fig. 23.3, which is very close to the value of 0.896 J·m−2 

provided by Streitz et al. [69]. Conclusively, researchers found that 
the surface stress is tensile for FCC metals [70], but compressive for 

semiconductor NWs [71]. 

As is known, NWs have a significant surface-to-volume ratio than 

their bulk counterparts. Due to the fact that surface atoms possess 

different electron densities and a lower coordination number or 

fewer bonding neighbours than bulk atoms [72], surface plays a 
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Figure 23.3 The initial axial stress as a function of cross-sectional size of 

Cu NWs. Six NWs with the cross-sectional size ranging from 4a to 14a and 
identical lengths of 30a are considered. The initial axial stress is obtained 
after NWs being energy minimized. 

crucial role in the mechanical behaviors of NWs. Researchers have 

unveiled a plethora of novel mechanical behaviors and properties 

of NWs through MD simulation. For instance, through atomistic 

simulation and ab initio calculations, Zhou and Huang [73] found 
that due to the coordination number reduction, the Young’smodulus 

along <100> direction of the surface {100} is smaller than its 
bulk counterpart. Novel surface-driven behaviors including phase 

transformations [25, 74], pseudoelastic behavior [75] and shape 

memory effect [76, 77] have been reported. The surface effects 

impact on the elastic and inelastic mechanical properties of NWs 

have been systematically reviewed by previous researchers [78]. 

It is usually seen that the NW stress–strain curve during tensile 

deformation appears saw-tooth like [24, 79] or a zigzag shape [59, 

80] after yielding (during the plastic deformation), which indicates a 

regular stress drop event. Based on the MD tensile simulation of Cu 

NWs, an in-depth investigation of the formation mechanism behind 

such interesting zigzag stress–strain curves has been conducted 

by Zhan et al. [81]. Basically, the zigzag stress–strain curve can 
be easily divided into two kinds of small regions including stress 

drop and ascent regions as shown in Fig. 23.4. The analyses of 
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Figure 23.4 MD simulation results of a Cu NW under tensile deformation, 

only simulation results fall in plastic deformation are presented. The NW 

size is 6a × 6a × 44a, with the simulation temperature maintained around 
0.01 K, and applied BCs of S-S-S. Np refers to the total number of atoms with 
the csp value in the range of 0.5 < csp ≤ 3, which are regarded as partial 
dislocation atoms or dislocation core atoms.Ns refers to the total number of 
atoms with the csp value in the range of 3 < csp ≤ 12, which are taken as 
SFs atoms. The total number of dislocation atoms N is the summation of Np 
andNs. (a) Axial stress and the number of dislocation atoms versus time; (b) 
Number of partial dislocations atoms and SFs atoms versus time. The whole 

time range is divided into several small portions according to the serrations 

on the stress–strain curve. These small portions are denoted as stress drop 

regions (e.g., regions 1–2, 3–4, 5–6, etc.) and stress ascent regions (e.g., 2–3, 

4–5, 6–7, etc.). 
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the atomic configurations, the numbers of the partial dislocation 

atoms or dislocation core atoms (atom’s csp value between 0.5 and 
3) and the number of SFs atoms (atom’s csp value between 3 and 
12) have been carried out. It is found that stress drop regions 

are accompanied with SFs generation and migration activities, but 

during stress ascent regions, the structure of the NWappears almost 

unchanged. Similar observations have been reported recently by Lu 

et al. [82], who found that the large stress drop in the stress–strain 
curve is associated with the onset and rapid succession of multiple 

dislocation activities, including the nucleation and subsequent slip 

propagation across the NW. Another latest work by Wu et al. 
[57] also suggested the consistent finding, i.e., the serrations on 

the stress–strain curves are associated with discrete bursts of 

dislocation activities. 

23.2.2 Nanowires under Compression 

MD investigation of NW mechanical properties under compression 

is another area that being frequently visited by the research 

community. Some fascinating behaviors or properties of NWs 

under compression have been reported. For example, researchers 

observed the single step phase transformation from B2 to body

centered-tetragonal (BCT) of CuZr NW under compression [83], 

and Ni NWs with helical multi-shell structure show greater yield 

strength than that of macroscopic solid [84]. Using MD simulation, 

Lee et al. [85] reported the compressive pseudoelasticity of the 
<100>/{100} Cu NW. Due to the similarity of the stress state, 
the numerical techniques applied during compression atomistic 

simulation are almost identical to those employed during tensile 

simulation. Usually, for the NW compression simulation, the S-S-S 

BCs are adopted. To date, researchers have investigated the 

deformation mechanism, and the dependence of critical stress and 

Young’s modulus with different factors, such as temperature, strain 

rate, size and crystallographic orientations [86]. Some recent efforts 

have also been contributed to the explanation of the surface effect 

during compression, as well as the consistency between the Euler 

theoretical predictions and simulation results. 
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Two kinds of NW deformation behaviors are observed during 

compression. The first behavior is plastic deformation for short or 

medium NWs, during which NWs no longer retain their original 

structure when the strain reaches the critical strain. According 

to Park et al. [41], the plastic compression deformation for 
<100>/{100} NW is dominated by twinning process, with the 
<100>/{110} NW dominated by partial dislocations activities, and 

the <110> NW occupied by the nucleation and propagation of 

full and partial dislocations. Consistent findings are also reported 

by other researchers, for instance, the yielding of Au NWs under 

compression is found via Shockley partial dislocation that nucleated 

from the surface [87–89]. The second is elastic deformation, namely 

buckling phenomenon, during which NWs retain their original 

atomic structures even when the strain reaches the critical strain. 

Specifically, after complete unloading of a buckled NW, the average 

axial stresses and the total potential energywill fully recover to their 

original state (or reference configurations) [90]. 

It is reported that the tensile yield strength is much larger than 

the compressive yield strength for small <100> Au NWs, while for 

small<111> Au NWs, tensile and compressive yield strengths have 

similar magnitude [48]. For Ni NWs, Setoodeh et al. [58] found the 
compressive critical stress (yield strength) and Young’s modulus are 

lower than those obtained from tensile deformation. According to 

Tschopp and McDowell [91], a higher yield strength is required for 

the crystal orientations of [110] and [111] for compression, while 

for the orientation of [100], a higher yield strength is required for 

tension. 

According to the classical Euler theory [92], and supposing the 

NW as a beam, the critical axial force of buckling reads 

π2(E I )
Pcr = λ (23.8)

L2 

where EI represents the flexural rigidity of the beam. For NW 
with a square cross-sectional section, EI equals Eh4/12; λ is a 

dimensionless constant depending on the support conditions at the 

two ends. For instance, λ = 1/4 for a fixed-free beam, and λ = 
4 for a fixed-fixed beam. Thus, the behavior of a NW under axial 

compressive load P can be summarized as follows: 
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(a) If P < Pcr , the NW is in static equilibrium; 

(b) If P = Pcr , the NW is in a neutral equilibrium; 

(c) If P > Pcr , the NW is in unstable equilibrium. 

Equation (23.8) has been adopted by many researchers to com

pare with the MD simulation results. It is found that the changing 

tendency of the critical stress is agreed with the Euler theory, 

i.e., the critical stress decrease with the increase of NW length 

[38]. However, the estimated critical stress from MD simulation 

is found much smaller than that given by the conventional Euler 

theory, which also shows less dependence on the NW length 

[38, 93, 94]. Such divergence results suggest the limitation of 

the conventional Euler prediction for NWs. Recently, Wang and 

Feng [95] proposed a modified Euler model to predict the critical 

stress, which is achieved by incorporating the contribution of the 

surface effect into the conventional Euler theory. Basically, the 

surface influence is decomposed into two aspects, one is the surface 

elasticity, and another is the residual surface stress. According to 

the composite beam theory [96], the effect of the surface elasticity 

can be rationalized by replacing the classical flexural rigidity with 

the effective flexural rigidity (EI)* [95, 97]. For the square cross 
section beam, we have (E I ) ∗ = Eh4/12 + 2Esh3/3. Here, E is 
the bulk Young’s modulus, Es is the surface Young’s modulus. In 
the meanwhile, the residual surface tension introduces a transverse 

distributed load along the span of the beam. Based on the Laplace-

Young equation [98, 99], this distributed transverse load can be 

determined by [95, 97] 

∂2v 
q(z) = H (23.9)

∂z2 

where v(z) denotes the deflection at position z (when z is the axial 
direction of the beam), and H is a constant determined by the 
residual surface tension τ0 and the cross-sectional shape. For the 

square cross section, H is given approximately as H = 2τ0h. By  
incorporating these two aspects into Eq. (23.8), the critical axial 

force changes to [95] 

π2(E I ) ∗ 
Pcr = λ + H (23.10)

L2 
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Figure 23.5 Comparisons between the fitting results by the Euler theory 

augmented with surface effect and MD simulation results of Cu NWs under 

compression. The simulation temperature is kept around 0.01 K, with 

applied BCs as S-S-S. Three groups of NWs are considered, i.e., Group 1: NW 

cross-sectional size h equals 6a; Group 2: h equals 8a; Group 3: h equals 
10a. In each group, six NWs with the length L ranging from 30a to 120a are 
considered. 

Equation (23.10) has been employed by Zhan and Gu [100] to 

compare with the MD simulation results of Cu NWs. Figure 23.5 

shows the comparison between the fitting results by Eq. (23.10) 

and MD simulation results. It is clearly seen that for NWs with 

the slenderness ratio L/h larger than 10, the MD simulation can 
be fitted well by Eq. (23.10). However, a bad fitting condition is 

found for NWs with the slenderness ratio smaller than 10. It is 

understandable that along with the increase of slenderness ratio, 

the failure mode of NW under compression changes from buckling 

to yielding mode, which will finally exceed the prediction range of 

Euler theory. Nevertheless, although Eq. (23.10) provides a good 

fitting result as revealed in Fig. 23.5, its direct prediction calculated 

from already known parameters appear poor agreement with MD 

results. Similar finding is also reported by Olsson and Park [93], 

who studied Au NWs compressive deformation. They found that the 

Euler model augmented with surface effect is not accurate for the 
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prediction of buckling force, and it might be necessary to consider a 

more general three-dimensional nonlinear elastic surface model. 

In summary, researchers found that the critical stress decreases 

with the increase of temperature and length, but increases with the 

increase of strain rate and cross-sectional size. Furthermore, Young’s 

modulus is found decreasing with the increase of temperature and 

insensitive to the strain rate. Although, Young’s modulus is observed 

dependent on the NW length, the dependence is expected reduced 

when the length of NW is much larger than the cross-sectional size 

[38, 101]. 

23.2.3 Nanowires under Torsion 

In view of the diverse applications of NWs, their mechanical 

properties under torsion are also of great interests. To date, 

several works have been conducted to investigate different factors’ 

influences on NWs torsional behaviors, these factors including 

cross-sectional shapes, loading rates, sample size, temperature, and 

crystallographic orientations. For the NW torsion simulation, the 

commonly applied BCs are S-S-S, with a pair of torsional loads 

applied to the two ends. 

Certain works have been dedicated to explore the plastic 

deformation mechanisms of metal NWs under torsion. Weinberger 

and Cai [102, 103] reported that the plastic deformation of 

NWs under torsion can be either homogeneous or heterogeneous, 

regardless of size, depending on the wire orientation. Particularly, 

homogeneous deformation is found for NWs oriented along<110>. 

In contrast, NWs oriented along <111> and <100> are found 

deformed through the formation of twist boundaries and tend 

not to recover when high angle twist boundaries are formed. The 

recent work by Jiang et al. [39] suggested that elastic pre-loading 
conditions can induce a distinct weakening on the resistance against 

plastic deformation under later applied loads. They observed that 

after applied a pre-torsion to the Cu NWs, the fivefold twins were 

generated during the later tensile deformation. 

The mostly discussed property under torsion is the critical 

torsional angle, which is the angle when dislocations begin to emit. 

According to the continuum mechanics [104], a general analysis of 
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the relationship between the strain energy and the torsional angle 

is carried out in the authors’ recent work [105]. As is known, during 

the elastic stage, the torque is a linear function of the torsional angle: 

M = kφ (23.11) 

where, M is the torque, φ is the torsional angle, and k is the constant 
value for a given NW. Suppose the NW is controlled under a constant 

temperature, according to the principle of conservation of energy, 

the work done by M will equal the strain energy, that is, 

fE = Mφ/2 = kφ2/2 (23.12) 

where, fE is the strain energy which is expressed by fE = 
Et − Eo, with Et and Eo as the energy of the strained and 
initial system, respectively. It is evident that Eq. (23.12) reveals 

a parabolic relationship between the strain energy and torsional 

angle during the elastic stage. As illustrated in Fig. 23.6, this 

parabolic relationship fits well with the MD simulation results. Good 

agreements are also found in other works [106, 107]. For a uniform 

column, the torsional angle is given by 

φ = ML/(G Ip) (23.13) 

Figure 23.6 Strain energy as a function of torsional angle for Cu NW torsion 

simulation. The size of NW is 6a× 6a× 50a. The simulation temperature is 
maintained around 0.01 K with applied BCs as S-S-S. 
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whereGIp is the torsional rigidity. Thus, Eq. (23.12) can be expressed 
as 

(G Ip)φ2 
fE = (23.14)

2L 

Obviously, Eq. (23.14) provides a simple and explicit way to 

extract the NW torsional rigidity from the simulation results. For 

example, researchers have reported a almost coincident elastic part 

of the strain energy versus torsional angle curves under different 

loading rates [106, 107]. According to Eq. (23.14), this phenomenon 

indicates the torsional rigidity is independent to the loading rate. 

Generally, it is concluded that the critical torsional angle 

increases with the increase of loading rate and length, but 

decreases with temperature and cross-sectional size. Along with the 

deformation, most of the atoms in the necking region are found to 

experience a phase transformation from regular lattice structure 

(e.g., FCC for Cu NWs) to amorphous, and then rearranged to regular 

lattice structure again. This deformation processes are found more 

obvious at higher loading rates. In addition, the torsional buckling 

behavior is observed, and the buckling modes are highly affected by 

the NW length and temperature [38, 106, 107]. 

23.2.4 Nanowires under Bending 

Due to its manipulation convenience, bending experimental test at 

nanoscale is widely used in mechanical characterizations of NWs 

[17, 108]. The bending load is usually applied by an AFM tip 

[109, 110]. Based on the bending experiments, researchers have 

characterized many different kinds of NWs, such as Ag, Au and 

ZnO NWs. However, comparing with the tremendous numerical 

investigations of NW mechanical properties under uniaxial loading 

condition (i.e., tension and compression), the MD simulation of NWs 

bending deformation still calls for a more complete development. 

23.2.4.1 Theoretical and numerical techniques for bending 

Usually, for the NW bending simulation, the applied BCs are S-S-S 

with no periodic BCs applied in any direction. So far, a number of 

atomistic studies of the NWs bending behavior have been pursued 
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Figure 23.7 Three-point bending model of Cu NWs under MD simulation. 

The rigid cylindrical diamond tip is placed right at the middle of the NW. An 

original distance of one Cu lattice constant is adopted between the tip and 

NW sample. Boundary regions E are fixed in all directions, with the rest as 

the deformation region. 

[111, 112]. For instance, Zheng et al. [113] reported the generation 
of two conjoint fivefold deformation twins (DFTs) in Cu NWs 

under bending. Researchers have considered several different kinds 

of bending models, such as four-point bending and three-point 

bending for double clamped NWs, and a cantilever subjected to a 

concentrate load at the free end. The bending load (displacement or 

force) is often applied virtually and directly to the NW, for instance, 

add a constant force to atoms in the fixed group at the free end of the 

Cu cantilever. 

According to the AFM-bendingmethod proposed byWu et al. [17, 
114], a three-point bending model by MD simulations for double 

clamped NWs have been established and extensively examined by 

Zhan and Gu [115]. A primary discussion of this model is also 

conducted by Yan et al. [116]. Figure 23.7 presents the schematic 
of such bending model. Different from other bending simulations, 

a real cylindrical diamond tip is adopted to exert the bending load 

to the NW, which is considered to best mimic the real AFM-based 

bending situation. During simulation, the tip is set rigid, and aMorse 

potential [117] is employed to describe the Cu–C interaction. This 

bendingmodel is found able to provide unambiguousmeasurements 

of the full spectrumof NWsmechanical properties, including Young’s 

modulus E , yield strength, plastic deformation and failure. The 
mechanical behaviors or properties revealed by this model will be 

discussed in the following section. 
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Because of the ultra small scale, researchers found that the clas

sical beam theories (including the classical Euler–Bernoulli beam 

theory and Timoshenko beam theory) appear certain inaccuracy 

in interpreting the mechanical properties of NWs. That is the 

values of Young’s modulus between theoretical predications and 

MD simulation results are found inconsistent. Recently, many efforts 

have been dedicated to address this issue. Since there are many 

different kinds of bending deformation situations, in this section, 

focuswill be put on the double clamped thin NWbended by a central 

load F , which can be simplified as a thin beam. This bending model 
is also commonly seen in experiments. According to classical Euler– 

Bernoulli beam theory (EBT-Classical), the beam displacement d 
and the applied load F is described by the following well-known 
equation [92]: 

192E I
F = d (23.15)

L3 

Obviously, Eq. (23.15) has predicted a linear relationship 

between F and d. As a matter of fact, when a beam is displaced, 
an axial tensile force is inherently induced due to the stretching. 

The common practice in continuum mechanics is to disregard this 

stretching force as it has no noticeable effect on the behavior of 

the beam [92], especially when the deflection is relative small. 

However, when the size is down to nanoscale, such stretching force 

is expected to exert obvious influence to NW bending behaviors. 

By incorporating the contribution of such stretching force to the 

governing beamequation [118], Heidelberg et al. [119] proposed the 
following nonlinear relationship between F and d (EBT-Axial): 

192E I  kaF = f (ka)d, f (ka) = √ √
L3 48− 192 tanh( ka/4)/ ka 

(23.16) 

where ka is solved from a complex transcendental equation, with the 

asymptotic solution given as 

6s(140+ s) A
ka = , s = d2 (23.17)

350+ 3s I 

here, A is the NW cross-sectional area, I is the moment of inertia. 
Researchers have also augmented the classical beam theory 

with surface stress effect. As aforementioned, the surface influence 
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is decomposed as surface elasticity and residual surface stress. 

Considering these two aspects, He and Lilley [97] proposed the 

modified Euler–Bernoulli beam theory augmented with surface 

effect (EBT-Surface). The F–d relationship in EBT-Surface is given as 

� ��−1L L
F = 2H − √ tanh ks/4 d (23.18)

2 ks 

where ks is a nondimensional surface effect factor that expressed as 
ks = H L2/(E I ) ∗ . 

It is noticed that researchers always assume that no residual 

intrinsic stress existed in NW. Such approximation is acceptable 

in continuum mechanics. However, this is not the case for NW 

at nanoscale. Recalling Eq. (23.7), the magnitude of the residual 

intrinsic stress in NW is reported to be on the order of MPa to 

GPa [48], which increases as the cross-sectional size decreases 

[50]. Such significant residual intrinsic stress might exert large 

influence to NW properties. A recent molecular statics study by 

Liang et al. [120] reveals that the nonlinear elasticity of NW core 
plays a considerably larger role in determining the elastic modulus 

of NWs subjected to uniaxial loads. Unfortunately, there is currently 

no explicit discussion suggesting the appropriate estimation of 

such residual intrinsic stress influence. In this respect, Zhan and 

Gu [121] proposed a more comprehensive beam model, which 

includes the contribution from surface stress, intrinsic stress, as 

well as axial extension effect. The F–d relationship is refined as 

(EBT-ASI) 

( )
192(E I ) ∗ μH L2 (E A) ∗ + 2μEshd2

L3 48(E I )∗ 24(E I )∗
F = d 1+ + (23.19) 

where, (EA)* is the effective extensional rigidity [122], which is 
expressed by (E A) ∗ = E A + 4Esh · μ is a constant relating to 

the combination effect of the surface stress and intrinsic stress. 

For Ag NWs, the value of μ around 0.25 is found agrees well with 

MD simulation results. Detail comparisons will be presented in the 

following section regarding these different F–d relationships based 
on the bending simulation results of Ag NWs. 
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23.2.4.2 Bending properties 

As usual, the loading rate is found to exert significant influence to 

NWmechanical behaviors. A relatively high loading rate will appear 

like an impact load, leading to a severe local plastic deformation 

(change the regular lattice structure into amorphous state) to the 

NW underneath the tip. In the meanwhile, high loading rate would 

induce large reaction force, and cause plastic deformation to the 

NW even when the tip is fully unloaded. It is found that a loading 

rate lower than 10 m/s is reasonable for a homogonous bending 

deformation of Cu NW [115]. 

Figures 23.8(a–c) present the Cu NWs bending simulation results 

using the three-point bending model shown in Fig. 23.7. F–d curves 

Figure 23.8 Comparison between the theoretical predictions and the MD 

simulation results from Cu NWs three-point bending deformation. The size 

of the NW is 8a × 8a × 90a, during the loading process, the system 
temperature is kept around 0.01 K, and the applied BCs are S-S-S. (a) F–d 
curve of the loading and unloading circlewith themaximumdisplacement of 

1.3 nm; (b) F–d curve of the loading and unloading circle with themaximum 
displacement of 2.9 nm; (c) F–d curve of the loading and unloading 
circle with the maximum displacement of 4.5 nm; (d) Comparison of the 

theoretical predictions with the F–d curve from a complete loading process. 

The classical Euler–Bernoulli beam theory (EBT-Classical) and modified 

Euler–Bernoulli beam theory augmented with axial extension effect (EBT

Axial) are compared. Each theoretical F–d curve is made up of two portions,  
i.e., a fitting part and a prediction part. 
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recorded from three cycles of repeated loading and unloading 

processes, as well as one complete loading process are presented. In 

general, the symmetrical F–d curves during loading and unloading 
processes in Figs. 23.8(a) and 23.8(b) have revealed a linear-elastic 

and nonlinear-elastic bending deformation of NWs, respectively, 

which are highly consistent in shapes with experimental measure

ments by Wu et al. [17]. As shown in Fig. 23.8(c), the increased 
loading eventually results in plastic deformation, which leaves an 

unsymmetrical F–d curve. 
The modified Euler–Bernoulli beam theory augmented with 

axial extension effect (see Eq. (23.16)) is compared with the MD 

simulation results. In particular, the comparison is achieved by a 

fitting procedure applied by Wu et al. [114]. That is, to fit the data 
at small displacement, and then to extend to include increasingly 

larger displacement. This procedure is employed as it could not only 

estimate the value of Young’s modulus, but also reveal the accuracy 

of the theoretical prediction. As shown in Fig. 23.8(d), the F–d curve 
becomes increasingly nonlinear as the displacement d passes one 
cross-sectional size h, and eventually leading to an ultimate cubic-
like dependence on the displacement. Evidently, Eq. (23.15) is no 

longer applicable to explain such a nonlinear F–d curve, and a 
nonlinear relationship should be considered. As illustrated in Fig. 

23.8(d), the fitting and predictions results by Eq. (23.16) are found 

excellently agreed with the MD simulation results. It is concluded 

that axial tensile force becomes crucial in bending deformation 

when the beam size is down to nanoscale for double clamped NWs. 

Consistent with the experimental results, the F–d curve is linear-
elastic when the displacement is smaller than half of one cross-

sectional size, i.e., d < 0.5h. When the displacement increases, 
nonlinear pattern of F–d curve is shown, with the nonlinearity 
increases as the displacement pass one cross-sectional size. 

Using the bending model as shown in Fig. 23.7, Zhan and 

Gu [121] have also presented a comprehensive study on the 

surface and axial effect on NWs bending properties. Figure 23.9 

shows the comparisons of Young’s modulus determined by different 

theoretical predictions from the Ag NWs MD simulation results. 

Note that the effective flexural rigidity (EI)* is applied during 
the determination of Young’s modulus in all different theories. 
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Figure 23.9 Comparison of Young’s modulus between different theoretical 

predictions based on the Ag NWs bending simulation. Ten Ag NWs with 

the length of 122.7 nm, and cross-sectional size ranging from 2.454 nm 

to 9.816 nm are considered. The applied BCs are S-S-S. During the loading 

process, all simulation temperature is kept around 0.01 K. Four different 

theoretical approaches including the classical Euler–Bernoulli beam theory 

(EBT-Classical), modified Euler–Bernoulli beam theory with surface effect 

(EBT-Surface), axial extension effect (EBT-Axial), and a combination of both 

these two effects in addition with the intrinsic stress effect (EBT-ASI) are 

compared. The experimental Young’s modulus of Ag NW is chosen as 76 GPa 

[123]. Young’s modulus obtained from the classical Euler–Bernoulli beam 

theory (EBT-Classical), and experimental measurements is taken as overall 

Young’s modulus Eov and Young’s modulus determined by other modified 
beam theories is taken as bulk Young’s modulus Eb. 

Following the convention of the work by He and Lilley [97], 

Young’s modulus obtained from the classical Euler–Bernoulli beam 

theory (EBT-Classical), and experimental measurements is taken as 

overall Young’s modulus Eov and Young’s modulus determined by 
other modified beam theories is taken as bulk Young’s modulus 

Eb. According to the continuum mechanics, we look for such a 
refined theory which is able to determine a size-insensitive or size

independent bulk Young’s modulus from the simulation results. 

According to Fig. 23.9, overall Young’s modulus Eov determined 
from EBT-Classical appears a decrease trend as the cross-sectional 
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size h increases. Just as expected, these results suggest that the 
surface effect reduces as the cross-sectional size increases, and 

when h is sufficiently large, Eov would equal to Eb. By contrast,  
bulk Young’s modulus Eb obtained from EBT-Surface exhibits an 
initial increase trend and then converges to a certain value when h 
is fairly large. It is observed that for relatively small h (h <4 nm), 
even negative Eb is determined by the EBT-Surface, which indicates 
the inaccuracy of EBT-Surface when dealing with the NW with a 

relatively small cross-sectional size. As seen in Fig. 23.9, the EBT

Axial also reveals an inaccuracy determination of Young’s modulus 

when h is smaller than 4 nm. On the contrary, Eb estimated from 
EBT-ASI are found to fluctuate around 65 GPa, which is well agreed 

with the size-insensitive or size-independent expectation. In all, 

Fig. 23.9 suggests that simply considering residual surface stress 

effect is inappropriate and it is necessary to take account of the 

intrinsic stress influence, especially for NWs with a relatively small 

cross-sectional size. For double clamped NW under large bending 

displacement, the axial extension exerts larger influence to NW 

bending behaviors than the residual surface stress. 

Additionally, the nominal Young’s modulus that obtained from 

bending and tension is found different [124]. An early work con

ducted by Miller and Shenoy [122] suggested that the significance of 

size effect in bending is larger than that in uniaxial tension. Similar 

conclusions are also been reported by Wang et al. [125], i.e., the 
surface-induced size-dependent nominal Young’s modulus is more 

significant under bending than that under tension or compression. 

However, according to the above three-point bending model shown 

in Fig. 23.7, mechanical properties (Young’s modulus & yield 

strength) obtained from both bending and tensile deformations are 

found comparablewith each other. That is, themodulus is essentially 

similar under these two loading situations, while the yield strength 

under bending is observed larger than that under tension. Other 

inconsistent observations have also been reported by researchers 

when they investigated the cross-sectional size effect. For example, 

Chan et al. [126] found that the nominal Young’s modulus is lower 
as the cross-sectional size became smaller for SiC NWs. However, 

McDowell et al. [15] reported that for Ag NWs with a <110> 

axial orientation, Young’s modulus increases with increasing cross
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sectional size, while for <100> axial orientation, it decreases with 

cross-sectional size. 

23.2.5 Nanowires under Vibration 

Applications of NWs in NEMS are being actively explored over the 

past decade. Basically, the NW plays a role of resonating beam 

in NEMS, which detects changes in local environment, i.e., force, 

pressure, or mass. The resonance vibration of NWs could be driven 

by either mechanical or ac electrical filed loading [6]. During the 

detecting process, the key performance measurement for NWs is 

their mechanical quality factors Q. The Q factor tells the energy 

dissipation during each vibration cycle for a given system [127]. 

A high Q factor indicates less energy dissipation during each 

vibration cycle, and thus enables NW to perform a long period of 

time. Meanwhile, according to Ekinci and Roukes [2], the sensing 

resolution is inversely proportion to the Q factor. Hence, it is 

desirable to develop systems with a high Q factor. 

To date, a lot of experimental investigations have been carried 

out to study the NW vibrational behaviors [128]. For example, 

considering the effect of axial strain, Sengun and Durukanoglu 

[129] investigated the vibrational density of states of a thin Cu 

NW with <100> axial orientation. They observed the existence of 

high-frequency modes above the top of the bulk phonon spectrum. 

Recently, Zhang et al. [130] reported that by placing single Ag 
nanoparticle nearby a CdS NW, the wavelength and relative intensity 

of the resonancemodes in the NWcavity can be systematically tuned 

by adjusting the relative position of the Ag nanoparticle. 

Unfortunately, only few numerical studies of NW vibrational 

behaviors have been conducted. An early work by Cao et al. [131] 
reveals that the Q factor as low as 120 is attributed to the energy 

loss process coming from atomic friction and nonlinearity, and the 

energy of lattice vibration is much larger than the macroscale beam 

vibration energy. Based on the MD simulation, Kim and Park [132] 

found that the application of tensile strain effectively mitigates both 

the intrinsic surface and thermal losses, with improvements in Q 

factor by a factor of 3–10 across a range of operating temperatures. 

Their later work [133] demonstrates that spurious edge modes 
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of vibration, which arise not due to externally applied stresses 

but intrinsically due to the different vibrational properties of edge 

atoms, are the dominant intrinsic loss mechanism that reduces the 

Q factors. 

23.3 Mechanical Properties of Defected Nanowires 

Materials used in the real engineering always contain imperfections, 

which might be induced during the fabrication or manufacturing 

processes, e.g. impurity, GBs, surface defects, nano-cavities and 

others [134]. Recent work conducted by Sansoz et al. [135] revealed 
that TBs are ubiquitous for both synthesis and properties in nano

enhanced FCC metals. By using MD simulations, Chen et al. [136] 
reported that during the machining and stretching of single crystal 

Cu, SFs will be generated inside the specimen, which will greatly 

affect the specimen’s properties under tension. Kuramoto et al. [137] 
investigated the fundamental behaviors of point defects, clusters 

and interaction with dislocation in Fe and Ni crystal by computer 

simulation. Besides of loading conditions and morphologies, Zhang 

et al. [138] reported that the strength of NWs also depends on the 
twin spacing. Due to the ultra small scale, the presence of defects 

is considered as one of the most influential factors in determining 

NWs’ properties. 

Experimental study [114] demonstrates that NW mechanical 

properties could be uniquely tailored by controlling their structure 

(through assembling materials with oriented, interlocking grains). 

Therefore, studying the defect effect is crucial to enhance the utility 

of NWs. However, the nanoscale defects are difficult to detect [139]. 

The imaging techniques are limited at the atomic size scale, and the 

lack of proper analyticalmethods has greatly impeded investigations 

of defects [140]. Even if we have a technique to identify the 

nanoscale defect, currently, it is still extremely hard or even 

impossible to prepare or control a sample with a designed defect 

for a specific experimental study. Therefore, numerical simulation is 

supposed to play a critical role for the investigation of defect effect 

on NWs. Comparing with the abundant MD studies of perfect NWs, 

the study for defect effect still calls for a significant development. In 
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this section, some of the studies of defected NWs will be discussed, 

and some conclusions will be summarized. 

23.3.1 Effect by Grain Boundary and Twin Boundary 

Recent experimental observations show GBs are often existed in 

metallic NWs, which transect the whole NW normal to its longitu

dinal axis, and divided the NW into bamboo structures [141, 142]. 

The atomic simulations are employed by researchers to uncover 

this interesting phenomena regarding the yielding and fracture 

behavior of these polycrystalline NWs. Cao et al. [143] demonstrated 
that polycrystalline Cu NWs exhibit tensile deformation behavior 

distinctly different from their single crystal counterparts. Due to 

the emission of dislocation from GBs rather than free surfaces, 

significantly lowered yield strength was observed. According to 

Monk and Farkas [144], the grain growth is stress driven, which is 

also accompanied by grain rotation. 

Twin boundaries (TBs) is supposed to be ubiquitous for both 

synthesis and properties in nano-enhanced FCC metals [135]. 

Particularly, TBs are observed exerting great influence to the 

properties of NWs [114]. It is of great importance to investigate their 

roles in NWs. Currently, a serial of studies have been carried out 

to study the TBs influence [145]. Cao’s group studied the twinned 

Cu NWs under tensile deformation [146, 147]. They found that the 

fivefold twinned NW has higher yield strength than the perfect 

<110> NW, but appear brittle failure and low elongation ductility. 

For twinned Cu NWs with <111> growth orientation and nearly 

square cross section, they observed the smaller the TBs, the higher 

the twinned NW yield strength. Further, TBs are found acting as 

barrier for dislocation movements and lead to hardening effects but 

turn out to be dislocation sources with further deformation. 

The TBs effect has also been extensively studied by Sansoz’s 

group for Au, and other metal NWs [148–150]. They found that the 

coherent TBs in NWs might cause strengthening effects, weakening 

effects, and even no effects, decided by both twin spacing and 

sample diameter. They also observed the enabled significant strain 

hardening and ultrahigh flow stresses in twinned Au NWs when 

NW diameter increase of, conversely, the TB spacing decrease at the 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:36 PSP Book - 9in x 6in 23-Shaofan-Li-c23

898 Numerical Characterization of Nanowires 

nanoscale. Recently, Zhang and Huang [151] found that whether TBs 

strengthen NWs depends on the surface morphologies. TBs would 

soften NWs if they have circular cross section or strengthen NWs 

when they have square cross section. Accordingly, many works have 

been carried out to explore the TBs effect to NW properties, and 

majority of them only considered the deformation of tension or 

compression [152]. 

23.3.2 Effect by Surface and Internal Defects 

Recently, Zhan and Gu [153] carried out a serial study of the 

pre-existing defects effect to Cu NW mechanical properties. The 

considered pre-existing surface defect is similar to the surface notch 

investigated by Doyama [154] and Tyagi et al. [155], or the defect 
of vacancies studied by Chang [156]. To investigate further of the 

defect influence, several different internal defects have also been 

considered as an academia analysis. Totally, 10 different defects 

have been studied, which are denoted as defect “I,” II,” . . . , “X” 

for discussion convenience, as illustrated in Fig. 23.10. Different 

Figure 23.10 Simulation models of Cu NWs with different pre-existing 

defects. (a) Defect I: surface horizon defect. (b) Defect II: surface vertical 

defect. (c) Defect III: surface 45◦ defect. (d) Defect IV: surface corner 
defect. (e) Defect V: surface edge defect. (f) Defect VI: horizon defect in 

internal (100) plane. (g) Defect VII: vertical defect in internal (100) plane. 

(h) Defect VIII: 45◦ defect in internal (100) plane. (i) Defect IX: horizon 
defect in internal (110) plane. (j) Defect X: diagonal defect in internal (110) 

plane. Figures (f)–(j) are sectional views. Different pre-existing defects are 

introduced to NWs by removing certain number of atoms according to 

different orientations. See also Color Insert. 
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pre-existing defects are introduced to NWs by removing certain 

number of atoms according to different orientations. 

23.3.2.1 Defect effect under tension 

A systematical investigation of the pre-existing defect effects on 

Cu NWs under tensile deformation have been conducted [68, 

157, 158]. Besides the above 10 different pre-existing defects, 

the defect size (different fraction of defects), defect quantities 

(multiple pre-existing defects), and defected NWs with different 

crystalline orientations have also been studied. Major conclusions 

are summarized as below. 

Figure 23.11 shows the stress–strain curves of NWs with 

different pre-existing single surface defects (cases I–V), comparing 

with the perfect NW. Obviously, the elastic regions of these stress– 

strain curves are almost coincident with each other. By applying 

linear regression to the stress–strain curves with the strain <3%, 

Young’s modulus is observed almost the same for all five defected 

Figure 23.11 Stress–strain curves of Cu NWs with different pre-existing 

single surface defects under tensile simulation. Results from six Cu NWs are 

compared, including five defected NWs and one perfect NW. All the NWhave 

the same size as 6a×6a×30a, and the applied BCs are S-S-P. The simulation 
temperature is maintained around 0.01 K. 
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NWs, which indicates that Young’s modulus is insensitive to the pre

existing single surface defects. Following investigations of the five 

NWs with pre-existing single internal defects (case VI–X) also reveal 

a similar phenomenon. These observations indicate that Young’s 

modulus is insensitive to the defect. A similar result is reported 

by Zhao et al. [159], who demonstrated that Young’s modulus is 
independent of the nano-void in a periodic unit cell subjected to 

the uniaxial tension. However, an earlier study undertaken by Chang 

[156] revealed that Young’s modulus decreases with the increase 

of the vacancy fraction. Such discrepancy is expected resulting 

from the L–J potential that being employed, as the L–J potential is 

supposed to have significant problems when the local environment 

is substantially different from the uniform bulk, such as surfaces, 

GBs, internal voids, and fracture process [31]. 

As seen from Fig. 23.11, the presence of surface defect has 

induced an apparent decrease to the yield strength. Figure 23.12 

compares the reduction percentage of yield strength in all 10 NWs 

with pre-existing single defects. In general, the surface defects 

are found inducing larger decrease to yield strength than the 

internal defects. One exception is found in the group of inclined 

Figure 23.12 Comparisons of the yield strength reduction percentage 

between the 10 defected Cu NWs. NWs with different pre-existing defects 

are categorized into several groups according to their defects orientation. 
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defects, including cases III, VIII and X. Particularly, Case VIII with 

a pre-existing 45◦ defect in internal (100) plane shows the largest 
decrease (about 51.61% reduction). On the contrary, the diagonal 

defect in internal (110) plane only shows a decrease of 15.26%. To 

note that the defects in Case III and VIII not only lie on the (100) 

plane, but also locate at the {111} slip planes. Hence, the larger 
decrease of yield strength in Case III and VIII indicate that defects 

lie on slip planes intend to introduce larger influence than other 

defects. 

Besides the obvious defect effects on NWmechanical properties, 

the tensile deformation mechanism has also been greatly affected. 

Figure 23.13 illustrates the atomic configurations of Case V with 

a pre-existing surface edge defect at strains of 0.084, 0.2 and 

0.6. Similar as the perfect NW (see Fig. 23.2(a)), atoms located 

around three of the NW’s edges first experienced a slight offset 

from the prefect lattice structure at the onset of yielding. With the 

increasing deformation, two sets of leading partial dislocations are 

emitted from one of the NW’s edges, as shown in Fig. 23.13(b). 

Accompanying with the propagation of these partial dislocations 

to two ends of the NW a phase transformation from FCC structure 

to HCP structure is observed. As seen from Fig. 23.13(c), after the 

completion of the dislocation propagation, most part of the NW 

shows a HCP structure. In the meanwhile, some middle part of 

the NW has the {111} exposure surfaces, but others still possess 
{100} exposure surfaces, which indicates the generation of twins. 
Furthermore, the existence of a simple tilt GB is observed, as pointed 

out in Fig. 23.13(c). The defected NW is finally fractured at the 

strain of 0.422, with the upper part still has a large fraction of 

HCP structure, but the lower part has transformed back to FCC 

structure, as revealed in Fig. 23.13(e). From Fig. 23.13(d), the 

fivefold deformation twins (FDT) is emerged in the region where 

phase transformation happened twice (i.e., transform from the 

original FCC structure to HCP structure and then change back to 

FCC structure). As discussed by many researchers [27, 160], the 

FDT are supposed to have a significant influence on the mechanical 

properties (such as strength and toughness) of nanomaterials. 

Further investigations of the pre-existing defect effects have been 

conducted, regarding the defect size (different fraction of defects), 
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Figure 23.13 Atomic configurations of Cu NW with a pre-existing surface 

edge defect (Case V) at five different strain points. (a) At the onset of 

yielding, strain of 0.084. (b) At the strain of 0.105. (c) At the strain of 0.161. 

(d) At the strain of 0.422. (e) At the strain of 0.6, with the NW fractured. For 

the right figures of (a) and (b), atoms with csp value between 0.5 and 12 are 
visualized; for the rest, atoms with csp value between 0 and 12 are viewed. 
See also Color Insert. 

defect quantities (multiple pre-existing defects), and defected NWs 

with different crystalline orientations. It is uniformly found that 

Young’s modulus only has minus difference comparing with the 

perfect NW, and obvious decrease of the yield strength is induced. 

In all, it is summarized that 

(a) Young’s modulus is insensitive to different styles of defects with 

yield strength appears an obvious decrease; 

(b) The defects have played a role of dislocation sources, the partial 

dislocations are first emitted around the locations of the defects; 

(c) Generally, the surface defect induces bigger decrease to yield 

strength than the internal defect, and the defect that lies on slip 

planes leads to larger influence than other defects; 

(d) The more or larger of the defects, the larger influence appears; 

(e) Usually, defects intend to enrich the NWs’ tensile deformation 

mechanisms, and different defects exert different influences. 

In the end, it should be noted here that the insensitivity of 

Young’s modulus to different pre-existing single defects is concluded 

based on a relatively small simulation system, i.e., a small NWmodel, 

and a small defect’s size. Therefore, whether larger system would 

yield the consistent conclusion, more works are still expected. 
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23.3.2.2 Defect effect under other loading conditions 

Recently, the effect of pre-existing defect to the buckling phenom

enon of Cu NWs has also been investigated [100]. Six kinds of 

pre-existing single defects including surface defects of I, II, III and 

internal defects of VI, VII and VIII have been studied. It is found 

that Young’s modulus is insensitive to defects, and an obvious 

decrease of the critical stress due to different defects is observed. 

The buckling phenomena are observed in all defected NWs with 

the buckling mode being influenced by different defects. Specifically, 

NWs are observed deflected in different directions. According to the 

estimated deflection values, the NW with defect I (surface horizon 

defect) has the largest deflection and NW with defect VII (internal 

45◦ defect) has the smallest deflection. In all, the surface defects are 
found exerting larger influence than internal defects. 

The investigation of Cu NWs with single surface defects of I, 

II and III under torsion has also been carried out [105]. The 

torsional rigidity, critical torsional angle and the deformation 

mechanism have been carefully examined. It is found that the 

torsional rigidity is insensitive to surface defects and the critical 

angle appears an obvious decrease due to the surface defect and the 

largest decrease is found for the NW with surface horizon defect. 

Furthermore, surface defects are found to exert different influence 

to the deformation mechanisms, which are also observed playing a 

role of dislocation sources. In particular, much affluent deformation 

processes are activated due to the existence of surface defects. For 

instance, the plastic deformation of the perfect Cu NW is dominated 

by the activities of partial dislocations, while, for the NWwith a pre

existing surface 45◦ defect, the twinning process is observed. 
In summary, according to the current studies of the pre-existing 

defects, some uniform conclusion could be achieved. First, the elastic 

deformation of NWs appears insensitive to different pre-existing 

defects. Second, the threshold value between elastic and plastic 

deformation (i.e., yield point under tension) has been brought 

forward due to the existence of defects. Thirdly, the defects have 

exerted large influence to the plastic deformation of NWs, e.g., 

trigger the formation of GBs, FDT. As mentioned before, more future 

efforts are expected to examine whether these conclusions would be 

consistent with larger system or even experimental measurements. 
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23.4 Conclusions and Future Directions 

It is obvious from the previous discussion that the MD simulation 

has provided us an effective way to develop a wide fundamental 

understanding of the deformationmechanisms or behaviors of NWs. 

In the past decade, MD simulations have acted as an excellent way 

not only to the investigation of the elastic and inelastic behaviors and 

properties of NWs, but also to the prediction of new or unexpected 

properties. 

It is seen that majority of the current MD studies are focusing 

on the NWs deformation under uniaxial loading condition, i.e., 

tension or compression. Comparing with the commonly utilized 

experimental approaches, such as bending [123, 161] and resonance 

[162, 163], a significant development of numerical study of NWs 

under other loading conditions (e.g., bending and vibration) is 

required. As aforementioned, materials used in engineering are 

always not defect-free. Different defects, such as native oxide layers, 

GBs or TBs, impurities, and even pre-existing defect patterns would 

be introduced during the manufacturing or fabricating processes. 

The numerical investigations of the effect from GBs, TBs and 

pre-existing defects suggest that the existence of defects would 

induce large influence to themechanical properties and deformation 

mechanisms of NWs. A more systematic and fundamental study of 

defect effects on NWmechanical properties still calls more research 

effort. 

So far, the limitations of MD simulations as pointed out earlier by 

Liang et al. [52] are still existed, i.e., simulation system size is still 
small, high strain rates applied during simulation, and the time scale 

problem. As discussed in the work by Park et al [78], there are still 
obvious inconsistencies between the experimental measurements 

andMD studies of theNWelastic and inelastic properties, and a large 

part of the inconsistencies between experimental measurements 

andMD studies are arisen from the length scale and time scale [164]. 

In respect of length scale, inappropriate large simulation system 

would make it computational impractical. As to the time scale, it is 

well known that the strain rates employed during MD simulations 

are typically 10–15 orders of magnitude larger than that applied 

experimentally [78]. Certainly, the development of computational 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:36 PSP Book - 9in x 6in 23-Shaofan-Li-c23

905 References 

sciencewould allow us to dealwith larger simulation system. Amore 

realistic way is to develop a multi-scale simulation technique, which 

would not only accurately catch the properties at nanoscale, but also 

provide with experimental comparable results. It is glad to see that 

recently there are already some researches undertaken multi-scale 

modeling of NWs [28, 29], but the multi-scale modeling is still an 

open issue. 
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Structural materials in biology such as silk, hair, and bone achieve 

outstanding capabilities such as shape-memory, self-healing and 

toughness by utilizing thermoreversible interactions efficiently 

across multiple length scales. Collective behavior of these weak in

teractions such as hydrogen bonds has been identified as the source 

of many intriguing phenomena involving nanoscale and microscale 

mechanics. Advancements in molecular simulation methods have 

revealed how biological materials utilize such weak interactions to 

achieve multifunctional materials that blend seemingly disparate 

properties, such as toughness and self-healing. In this chapter, 

we review molecular simulation approaches to understanding the 

molecular mechanisms underpinning self-healing, shape-memory 
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and toughness mechanisms in organic and biological soft materials. 

An outlook on the impact of molecular simulation approaches 

to designing future bioinspired soft materials for applications in 

energy sciences, medicine and consumer products are provided. 

24.1 Introduction 

Hierarchical structures are at the heart of engineering, with 

examples spanning from the nanoscale to the macroscale. Garabit 

viaduct and the Eiffel Tower are classic examples of macroscopic 

hierarchical frameworks. By making use of elements of smaller 

size organized in different structural hierarchies, these macroscopic 

assemblies display properties, such as relative density, that greatly 

surpass those of puddle iron, the constituent material. Application 

of hierarchical design principles to the ultrastructure of materials, 

a feature widely used in biology [1–3], enables control of select 

properties such as strength and toughness [1, 2]. The existence 

of such hierarchical features have been long established for 

nanocomposites such as bone that combine the properties of 

an inorganic mineralized phase with organic polymeric phases. 

Topological arrangement of different material domains, defects, and 

other features in these materials lead to outstanding capabilities 

controlling toughness and healing. Similar features are also seen 

in soft biological materials that do not have an inorganic phase 

that emerges as a result of biomineralization. Examples of these 

materials include silk and wood, which have very well-defined 

hierarchical features (Fig. 24.1) arising from arrangement of 

molecular interactions to form hard and soft phases similar to those 

seen biomineralized materials such as shells, bone and fish armor 

Figure 24.1 Hierarchical structure of spider silk [13]. See also Color Insert. 
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[4–6]. Combination of a more molecularly mobile, soft phase with 

a rigid, hard phase seems to be universal strategy in structural 

materials in biology, and is widely known to play a fundamental role 

in toughness of polymers such as polyurea [7]. 

Structural materials in biology achieve outstanding shape

memory and self-healing capabilities by utilizing reversible interac

tions seamlessly across multiple length scales. Significant advance

ments in our understanding of self-healing systems occurred in the 

past decade, where computational tools have played a major role in 

transferring concepts from biology into engineering. Studies have 

focused primarily on decoupling of the healing and load-bearing 

elements in materials through introducing microvasculature [8], 

entropic phase separation [9], and also “artificial leukocytes” 

type microcapsules for site-specific healing. Self-healing capacity 

inevitably depends on the volume ratio, reversibility (repeatability) 

and distribution of healing agents in most approaches, providing 

limitations to what can be achieved in man-made structural 

materials. More recently, research has intensified on materials with 

intrinsic autonomous self-healing capability that emerges from ma

terial interfaces with reversible (labile) molecular interactions [10, 

11] that reform after incurred damage. For example, supramolecular 

polymers such as ionomers have reversible interactions that achieve 

such self-healing capability. However, they lack high modulus 

and strength, requirements of traditional structural applications 

[12]. Combining intrinsic self-healing capacity with strength and 

toughness remains a key bottleneck, and theoretical guidance 

toward materials that achieve this capability are needed. 

Typically, strong molecular interactions (e.g., covalent bonds) 

lead to enhanced strength, whereas intrinsic self-healing requires 

rapid thermal reversibility, which can only be achieved with 

relatively weak interactions. Hydrogen bonds in spider silk [13, 

14], or ionic interactions in bone [15] achieve these disparate 

properties simultaneously through nanoconfined interfaces that 

are electrostatically complementary (Fig. 24.2). In these materials, 

toughness is achieved by breaking sacrificial reversible bonds, 

similar to the concept of using sacrificial dampers in buildings 

[16]. Precise architectural topologies that cultivate collectivity of 
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Figure 24.2 Physical and chemical cross-links in biological materials. See 

also Color Insert. 

weaker bonds, for example through nanoconfinement, opens up the 

possibility of achieving the disparate requirements of self-healing 

and strength. 

The discrete atomic nature of the structures and their in

teractions creates formidable challenges for the description of 

these materials at the continuum scale while retaining the salient 

features arising from specific chemistries. Design of hierarchical 

structures inspired from biological building blocks call for science 

based multi-scale modeling approaches that map the full dynamic 

spectrum of material constituents across all phases accessible to the 

fundamental building blocks in the span of processing to service 

environments, while retaining the intricate material laws that link 

formation, large deformation and fracture. In this chapter, we 

review recent multi-scale analyses (Fig. 24.3) of the fundamental 

mechanisms and topologies through which materials with collective 

reversible interactions achieve healing, memory and toughness 

amplification in biological and bioinspired materials. 
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Figure 24.3 Methods formodelingmaterials atmultiple length scales range 

from quantum mechanics (QM), molecular dynamics (MD), coarse-grain 

modeling (CG) and finite element method (FEM). 

24.2 Role of Molecular Interactions on Mechanical 
Behavior 

24.2.1 Chemistry Meets Mechanics at the Molecular Scale 

Soft materials readily deform when they are subjected to forces. 

In the microscopic realm, deformation is manifested in molecular 

mechanisms such as reorientation, shear and stretching, which 

provide the basis for a material’s ability to change its shape. 

When the loads exceed a certain limit, physical and chemical 

interactions begin to giveway, initiating the atomisticmechanism for 

failure, where the “work to failure” is considered as the material’s 

toughness. Depending on the properties of interatomic bonds and 

the structure of the material at the nanoscale, deformation and 

failure will occur through a variety of molecular mechanisms, 

leading to, for instance, brittle or ductile failure, or very slow onset 

of failure as observed in creep and fatigue. Once the governing unit 

processes such as cracks, molecular slipping, molecular diffusion 

and flow, or molecular unraveling propagate through the material, 
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(a) 

(b) 

Figure 24.4 Material behavior is linked to molecular mechanisms of 

deformation, recovery as well as failure. In the case of brittle fracture, 

toughness of the material is directly related to the energetics of molecular 

bonds [3]. See also Color Insert. 

they become evident at the macroscale and lead to failure of 

components (Fig. 24.4). 

Most traditional materials that are used in engineering have little 

or no capacity to reverse these molecular failure mechanisms once 

they are initiated. Defects and free surfaces such as nanoscopic 

cracks and voids propagate in the material due to strong loading, 

and often remain stable even when the loads are removed. A new 

direction of research that encompasses materials science, chemistry 

and mechanics fields is the development of new materials that 

have self-healing or shape-memory capabilities. In such materials, 

the common metric of work to fracture is augmented by the 

additional capability of reverting failuremechanisms as thematerial 

heals itself or recovers deformations induced via specific trigger 

mechanisms. At a minimum, such materials should have reversible 

interactions in the material that are capable of breaking and 

reforming. With this consideration in mind, it is helpful to think 

about two classes of interactions that define the performance of 

soft materials. The first form of interaction is called chemical cross

links, which are specific covalent interactions that strongly bind 

adjacent chains to each other, creating permanent networks that 

only break upon stress induced activation, or external cues such 

as heat, light, or chemical agents. Until recently, manifestation of 

these covalent interactions in a reversible way was not considered 
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as significant in man-made polymer materials, despite the fact that 

such mechanisms are often observed in biological systems as in the 

case of redox-shuffling of disulfide bonds. Novel polymers developed 

in the past few years that have mechanosensitive bonds achieve 

the capabilities of photoreversibility or thermoreversibility, leading 

to capabilities such as flaw-tolerance and self-healing [17, 18]. The 

second form of interactions are called physical bonds, which are 

secondary molecular interactions such as van der Waals forces, 

hydrogen bonds, or complementary electrostatics that collectively 

provide sliding resistance between neighboring chains. In summary, 

chemical and/or physical cross-links are of foundational importance 

to designing new materials that achieve mechanical performance 

metrics such as high modulus, toughness, and in more unorthodox 

applications, self-healing and shape memory capability. Examples 

for each kind of molecular interactions and the mechanics insight 

that may be gained from molecular simulation approaches are 

described in the next section. 

24.2.2 Mechanics of Chemical vs. Physical Cross-links 

Recent experimental investigations have shown that chemical and 

physical cross-links can be tuned at the molecular level to achieve 

exceptional shape-memory, self-healing and toughness properties in 

soft materials. Comparative analyses on themolecular underpinning 

of memory and healing phenomena have been largely missing in 

literature. Two classes of reversible cross-links that are ubiquitous 

in organic and biological systems exhibiting shapememory and self

healing capacity: 

•	 Chemical cross-links consisting of reversible covalent bonds 
such as disulfide bonds, which are the central interactions 

in biomaterials such as hair, wool, as well as gluten proteins 

in wheat. 

•	 Physical cross-links based on complementary electrostatics 
such as hydrogen bonds and ionic interactions, which are 

observed in a broad range of materials such as silk, bone, 

and cellular cytoskeleton. 
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Figure 24.5 Chemically cross-linked materials in biology: disulfide bonds 

play a central role in the elasticity of hard keratin and wheat gluten in bread 

dough. See also Color Insert. 

Materials employing chemical cross-links are demonstrated in 

Fig. 24.5. Figure 24.1 illustrates a predominantly physically cross

linkedmaterial, spider silk. Both types of interactions can be reliably 

investigated with molecular simulation techniques such as density 

functional theory, QM/MM, or molecular dynamics. In the case 

of covalent bond breaking, chemical reactions and the specific 

pathways that are relevant to the material environment need to 

be considered. For both chemical and physical cross-links, effects 

such as solvent environment (e.g., presence of molecular water) 

are profound, and can be considered via either explicit or implicit 

incorporation of water into simulations. 

While much is already known about the energetics (i.e., strength) 

of cross-links, how they must be topologically arranged to leverage 

their nanoscale anisotropy arising from directionality remainsmuch 

less understood. There are several issues that make such an 

investigation challenging to be carried out non-empirically from a 

purely first-principles viewpoint. A major issue is the diversity of 

time and length-scales involved in these processes. A multi-scale 

approach that can capture atomistic details while providing insight 

into the role of heterogeneities (free surfaces, interface and inter

phases) at larger length and time scales is desired for investigating 

nanoconfinement and topology effects on mechanical performance. 

This is a central point for developing coarser descriptions that retain 

important chemical features of the molecular interfaces. Parameters 

that can be extracted from molecular simulation trajectories and 

outputs include for the stiffness of effective molecular interactions, 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:38 PSP Book - 9in x 6in 24-Shaofan-Li-c24

925 Role of Molecular Interactions on Mechanical Behavior 

dissociation energy, and free energy landscapes under deformation. 

To illustrate the validity of this point, applications of molecular 

simulation approaches to recent studies on hydrogen bonded 

nanocrystals and protein disulfide cross-links will be reviewed in 

Section 24.2.6 and 24.3.2, respectively. 

24.2.3 Nanodynamics of Soft Interfaces: Molecular 
Simulation Methods 

Classical molecular dynamics generates the atomistic trajectories of 

a large number of particles representing atoms, interacting with a 

specific interatomic potential. The fundamental simplification that 

enables this is that the complex 3D structure of an atom (composed 

of electrons and a core of neutrons and protons) is approximated by 

a point particle (Fig. 24.6(a)). 

In the molecular dynamics approach, interatomic interactions 

are often given by pair potentials that depend on coordinate of atoms 

Figure 24.6 Molecular dynamics methodology, (a) point particle represen

tation and (b) interatomic potentials [3]. 
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in the system, such that 

U = U (r j ), (24.1) 

with a properly defined potential energy surface U (r j ). The 

numerical problem to be solved is a system of coupled second-order 

nonlinear differential equations: 

d2r jm = −∇r j U (r j) j = 1 . . . N, (24.2)
dt2 

which can only be solved numerically for more than two particles 

(N > 2). Typically, MD is based on updating schemes that yield 
new positions from the old positions, velocities and the current 

accelerations of particles using numerical integration schemes such 

as the Velocity–Verlet method. The forces are obtained from the 

potential energy surface—also referred to as the force field—as 

d2r jF = m = −∇r j U (r j ) j = 1 . . . N . (24.3)
dt2 

This technique can also be used for not only single atoms but 

also groups of atoms as in the case of coarse-grained meso-scale 

approaches. Provided interatomic potentials are available, MD is 

capable of directly simulating a variety of materials phenomena 

such as fracture, self-assembly, diffusion, and thermally induced 

transition from a glassy state to a rubbery state in polymers. 

One of the strengths and a unique feature of atomistic methods 

is its very fundamental viewpoint of materials phenomena. The only 

physical law that is put into the simulations is Newton’s law and a 

definition of how atoms interact with each other. Despite this very 

simple basis, very complex phenomena can be simulated. Choosing 

appropriate models for interatomic interactions provides a rather 

challenging and crucial step. Development of new potentials for 

different materials ranging frommetals to carbon nanostructures to 

organic materials remains a subject of continuous active research in 

the computational chemistry community. 

A drawback of atomistic simulations is the difficulty of analyzing 

results and the large computational resources necessary to perform 

the simulations. Due to computational limitations, MD simulations 

are restricted with respect to the time scales that can be reached, 

limiting overall time spans in such studies to tens of nanoseconds, or 
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in very long simulation studies to fractions of microseconds. Errors 

associated with short time-scales and limited sampling have to be 

considered and quantified in the context of statistical mechanics, 

to provide appropriate comparison of the results to experimental 

scenarios or continuum properties. 

Various interatomic force fields and modeling approaches are 

suitable for simulating the behavior of soft materials. All-atom force 

fields are predominantly used in molecular dynamics simulations 

of biological materials at the nanoscale as they generally are the 

most reliable yet computationally efficientway of studying dynamics 

of macromolecules. A wide range of force fields and simulation 

programs are currently available for biomolecules, most notably the 

AMBER [19], the CHARMM [20] force fields and programs, the OPLS 

force field, the GROMOS/GROMACS [21] packages are commonly 

used in all-atom molecular dynamics. The NAMD [22] program is a 

popular code that can carry out computations using CHARMM and 

other force fields. It is important to remember that the force field 

choice should take ourmaterial into consideration, as thiswill have a 

significant influence on the accuracy of the simulation. For polymers, 

force field choices are numerous, some of the popular force fields 

include Dreiding [23], CVFF, cff, pcff, and COMPASS [24]. 

The basic concepts of the MD technique and force field formula

tions are common to all approaches used in the field (for a general 

review, see, for instance [25, 26]). The potentials developed for soft 

materials typically include bonding and non-bonding (interaction) 

terms to describe short and long-range forces between particles. 

Bonded interactions are often approximated by harmonic or higher 

order terms with time-independent bond constants. Nonbonded 

interactions are typically Lennard-Jones terms combined with long

range Coulombic calculations. We refer the reader to more extensive 

review articles for additional information, in particular regarding 

force field models [25, 27–29]. Typical terms included in force-fields 

are shown in Fig. 24.6(b). 

In classical force fields, since bonded terms are modeled with 

harmonic springs or its variations, they often cannot be modified 

(e.g.,  toward  a different chemical state, such as from sp2 to sp3) 

or broken during the course of the simulation. Further, the atomic 

charges are fixed and cannot change during a simulation. These 
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simplifications improve the simulation speed drastically and have 

as a result historically been the mainstream approach to modeling 

materials. On the other hand, simulations in extreme conditions 

such asmechanical perturbations (e.g., protein unfolding studies) or 

harsh chemical environments require changes in fixed charges of the 

molecules, formation/breaking of new bonds and variations in bond 

order. 

Reactive force fields represent a milestone in overcoming the 

limitations of classical force fields: Their lack of the ability to 

describe rupture and formation of covalent bonds. This is because 

the covalent bonds are described using harmonic terms, which do 

not provide an accurate description of the bond energetics at large 

bond stretch. For mechanical properties of materials (that is, the 

large-deformation and rupture mechanisms), this translates into 

the properties of molecules at large-strain, a phenomenon referred 

to as hyperelasticity (these effects can have profound impact for 

materials failuremechanisms, as illustrated in [30, 31] for crystalline 

materials). 

Several flavors of reactive potentials have been proposed in 

recent years [32–34]. Reactive potentials can overcome the limita

tions of empirical force fields and enable large-scale simulations of 

thousands of atoms with quantummechanics accuracy. The reactive 

potentials, originally only developed for hydrocarbons [35–45], have 

been extended recently to cover a wide range of materials, including 

metals, semiconductors and organic chemistry in biological systems 

such as proteins [32]. Here we focus in particular on the ReaxFF 

formulation [32, 40]. In the studies reviewed in this chapter, a 

particular flavor of the ReaxFF potentials as suggested in [46] is used 

with slight modifications to include additional QM data suitable for 

protein modeling. 

Reactive potentials are based on a more sophisticated formula

tion than most nonreactive potentials. A bond length-bond order 

relationship is used to obtain smooth transition from non-bonded 

to single, double, and triple bonded systems. All connectivity-

dependent interactions (that means, valence and torsion angles) 

are formulated to be bond-order dependent. This ensures that 

their energy contributions disappear upon bond dissociation so 

that no energy discontinuities appear during reactions. The reactive 
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potential also features non-bonded interactions (shielded van der 

Waals and shielded Coulomb). The reactive formulation uses a 

geometry-dependent charge calculation (QEq) scheme [47] that 

accounts for polarization effects and modeling of charge flow, 

assigning a partial charge to each atom at each integration step. This 

is considered a critical advance leading to a new bridge between 

QM and empirical force fields. All interactions feature a finite 

cutoff distance for computational efficiency, and all interactions are 

tapered off smoothly at the cutoff distance. In Section 24.3.2, we will 

demonstrate recent advancements in the study of chemomechanical 

rupture of disulfide bonds using the ReaxFF force field. 

24.2.4 Thermomechanics of Molecular Interactions and 
Interfaces 

In order to appreciate the significance of the atomistic viewpoint, it 

is important to get an insight into howmolecular interactions link to 

the classical framework of thermomechanics, and what parameters 

need to be extracted from molecular simulations to inform meso

scopic and continuum theories. The continuum thermomechanical 

properties of materials are greatly determined by intermolecular 

interactions and the material structure at the nanoscale. As we 

go to smaller scales, molecular interfaces play an increasingly 

important role due to an increase in the specific surface areas. In 

soft materials, these interfaces can be inter or intramolecular, or 

between polymeric materials and various surfaces such as filler 

material in nanocomposites or substrate surfaces in thin films and 

bilayers. Multiphasematerials such as block copolymers or polymer

peptide conjugates also have complex nanoscopic interfaces that 

often cannot be adequately described by mean-field or continuum 

approximations. A major objective in multi-scale modeling and 

simulation is to link the atomic and molecular scale properties 

and mechanisms to continuum formulations in order to arrive 

at constitutive relations that are informed from first principles. 

This approach, if successful, would reduce (or ideally eliminate) 

experimental inputs required for describing the material behavior 

purely phenomenologically, creating this way a new paradigm 

in material design. In this section, the thermodynamic basis of 
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elasticity is briefly reviewed. This is followed bymethods to describe 

the atomistic to continuum mapping, as is often carried out by the 

Cauchy–Born rule and similar approaches. 

Statistical mechanics provides a powerful theoretical framework 

to link atomistic deformation to continuum elasticity [48]. Elasticity, 

in the context of thermodynamics, can be associated to the free 

energy change in the system due to the interatomic interactions 

under deformation. The free energy of an isolated system at constant 

volume and temperature (NVT ensemble or canonical ensemble) can 

be written as 

A = U − TS (24.4) 

where A is known as the Helmholtz free energy, U is internal 
energy, T is temperature and S is entropy of the system. As 
shown in Eq. (24.4) the free energy has two components, an 

energetic contribution from the internal energy U and an entropic 
contribution from theTS term. The total differential of theHelmholtz 
free energy can be written as 

d A  = −SdT + V0 σi j dεi j  (24.5) 

i j  

In this equation εi j  and σi j  are the strain and stress (or pressure) 

tensors, respectively. Taking the partial derivative of the free energy 

with respect to the strain tensor at constant T , the relation between 
the free energy density and the stress applied to the system is given 

as 

1 ∂ A ∂ψ  = = σi j  (24.6)
V0 ∂εi j  ∂εi jT T 

where the free energy density ψ has been defined as the Helmholtz 
free energy per unit volume (ψ = A/V0). Assuming a perfectly 
elastic response of the system, the stress–strain relationship is 

dictated by Hooke’s law (σi j  = C i jklεkl). Now, we can write the 

fourth-order tensor of isothermal elastic coefficients as a function 

of the free energy density: 

δσi j  ∂2ψ
C i jkl  = = (24.7)

δεkl T ∂εi j ∂εkl T 
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Provided that the free energy density is obtained from atomistic 

simulations, the formulation shown becomes a method for multi

scale modeling, where a free energy function incorporating atomic 

scale details is linked to a continuum description of elasticity. 

One of themost popular methods used inmulti-scale approaches 

is the Cauchy–Born rule. It has been commonly applied to systems 

where elasticity is governed by the energetic contributions such 

as crystalline solids or carbon nanotubes [49–51]. The Cauchy– 

Born rule states that a link between the atomistic and continuum 

models of elastic deformation can be established in a hierarchical 

fashion provided that the deformation gradient is homogeneous at 

the atomic scale. The atomistic interactions are determined by an 

interatomic potential energy function U (r) that is a function of the 
positions of the atoms in the lattice r . The positions of the atoms 
in the deformed lattice can be calculated directly from the applied 

continuum strain field r = ϕ (ε), where ϕ is a mapping function. The 
strain energy density of the systemψ can be calculated as a function 
of the continuum strain field: 

1 1 1 
ψ(ε) = U (r)dV  ⇒ ψ(ε) = U (ϕ(ε))dV  ⇒ U (ϕ(ε))

V V V 
iV V 

(24.8) 

where the summation can be applied for crystal lattices with a finite 

number of bonds i . The strain energy density ψ and Eq. (24.8) 
can be used to compute the tensor of elastic constants. However, 

this approach requires calculation of the free energy profile, either 

directly from interatomic potentials, or in complex cases, from 

molecular dynamics simulations. The next section reviews popular 

methods used for extracting free energy from simulations. 

24.2.5 Exploring Free Energy Landscapes of Molecular 
Interfaces 

Free energy is arguably the most representative thermodynamic 

quantity to describe a complex system. In most applications we are 

just interested in free energy differences rather than absolute values. 

The former can be interpreted as the probability of finding the 

system in a given state or as the reversible work required to evolve 
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the system from one state to another. In some contexts, the concept 

of potential of mean force (PMF) is employed, which is a projection 

of the free energy landscape along a defined reaction coordinate. 

Free energy calculations are widely used in diverse fields such as 

chemistry or biophysics, and they provide important insight into 

chemical reactions, solvation energies (hydrophobic or hydrophilic 

character of solutes), ion transport, binding energies (important in 

drug development), and conformational landscapes of proteins to 

mention a few [52–56]. 

Free energy calculations often require time and spatial resolution 

not reachable by current experimental techniques, rendering com

putational approaches, such as MD of atomistic complex systems, 

very valuable. On the other hand, the main limitation of this method 

resides in the insufficient sampling capability of the phase space 

during the finite simulation time. This makes extremely hard to 

capture rare events of interest associated to high transition energy 

barriers. In order to overcome this limitation, multiple techniques 

have been proposed to enhance the configurational sampling. The 

general underlying principle in extracting free energy calculations 

is the use of a biasing potential to drive the system away from for 

the native, low-energy state in pursuit of sampling higher energy 

states (e.g., fracture or dissociation). Since the bias changes the 

dynamics and probability distributions at equilibrium, the results 

cannot be readily interpreted as representative of equilibrium 

properties. Statistical mechanics concepts then provide a means to 

interpret these results and map them to equilibrium properties. 

Methods such as umbrella sampling combined with the weighted 

histogram analysis method, or steered molecular dynamics (SMD) 

combined with Jarzynski’s equality have gained popularity [57, 

58]. Both sampling techniques introduce biasing potentials as 

a way to overcome energy barriers and efficiently sample the 

configurational space in the region of interest. In the latter approach 

a biasing potential or window potential is introduced to confine 

the system in the neighborhood of a given value of the reaction 

coordinate, achieving a very efficient sampling of this region. 

Multiple simulations are required to sample the phase space in the 

range of values of interest of the reaction coordinate. To reconstruct 

the PMF profile, the results from the umbrella sampling simulations 
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(a) (b) (c) 

Figure 24.7 Atomic force microscopy and the steered molecular dynamics 

(SMD) approach. 

must be unbiased and recombined together. Theweighted histogram 

analysis method (WHAM) is usually employed for this purpose [59, 

60]. In the case of SMD simulations, a steering force is applied to 

the system along a reaction coordinate to accelerate conformational 

changes. The method mimics single-molecule pulling experiments, 

as often done with atomic force microscopy or optical tweezers 

[61–63]. 

A schematic explaining the SMD method is shown in Fig. 24.7. 

Because the force is applied at a finite rate, the work is performed on 

the system in an irreversible manner, resulting in a non-equilibrium 

process. A theoretical framework to relate information obtained in 

non-equilibrium processes to free energy is required. Jarzynski’s 

equality (Eq. 24.9) provides ameans to obtain free energy from non

equilibrium simulations regardless the rate of the process [64, 65]. 

−βW −β�Fe = e (24.9) 

where β = 1/kB T and kB the Boltzmann constant. A recent 

application of the free energy calculations consists of using free 

energy reconstructed landscapes in a thermodynamics of elasticity 

framework formechanical characterization of hierarchical materials 

in a multi-scale context [66]. Although Jarzynski’s equality holds for 

processes at any rate, the equality assumes an adequate sampling 

of the phase space. Due to the nonequilibrium nature of the SMD 

simulations, the work performed on the system depends on the 

steering rate, where higher rates give rise to high-energy trajectories 

while trajectories at low energies are rarely sampled. Whereas an 
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exponential average, used in Jarzynski’s equality, would render the 

best estimate for an infinite number of trajectories (this is a perfect 

sampling), this would result in a poor approximation in a practical 

case where the sampling space is form predominantly by high-

energy trajectories (a result of the short simulation time-scales). 

For this reason, other averaging schemes involving lower statistical 

errors than the exponential average may provide more accurate 

results [67–70]. For SMD simulations, it is observed that the second

order cumulant expansion often yields the best results, where the 

approximate free energy difference becomes 
1 �� �� 1 �� � �−βW 2�F = −  log e = �W� − β W2 − �W� (24.10) 
β 2 

The strength of this Jarzynski approach is the finding that 

equilibrium properties can be extracted from nonequilibrium 

simulations. According to second law of thermodynamics, the work 

carried out in a nonequilibrium process should be equal or greater 

than the free energy difference between two states. Jarzynski’s 

equality states that the average over a very large nonequilibrium 

simulation or experiments will eventually converge to the same free 

difference between states A and B. This powerful statement has been 

confirmed by experiments as well as simulations on biomolecular 

systems, and will be demonstrated for a self-assembling cyclic 

peptide nanotubes in the next section. 

24.2.6 Nanodynamics of Interfaces: Interplay of Formation 
and Fracture 

As a straightforward demonstration of the overall multi-scale 

modeling approach, here we summarize the free-energy calculation 

method combined with the Cauchy–Born rule to a cyclic peptide 

nanotube (CPN), a simple one-dimensional system. CPNs are a new 

type of organic nanotubes consisting of stacks of cyclic peptides 

(CPs) stabilized by inter-chain backbone-backbone hydrogen bonds 

parallel to the growth direction of the nanotube [71]. These 

remarkable self-assembling structures have shown great promise 

as antimicrobials [72], selective transmembrane transport channels 

[73], and thin subnanoporous films [74] due to their precise 

structural features, diverse chemical functionalization capabilities 
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(a) 

(b) 

Figure 24.8 Coarse grain modeling of a cyclic peptide dimer (a) Coarse

grained schematic model, (b) harmonic potential fit to the minimum of the 

free energy profile [66]. 

and exceptional stability arising from the arrangement of hydrogen 

bonds into cooperative clusters [75]. 

The simplest coarse grain model in this example consists of two 

beads, each one representing a cyclic peptide subunit, linked by a 

harmonic spring (Fig. 24.8(a)). The spring constant is determined 

by fitting a harmonic potential to the bottom of the well of the free 

energy curves around equilibrium (Fig. 24.8(b)). This is a reasonable 

approximation for the elastic behavior of the system in positions 

close to equilibrium. The strain energy density for our system can 

then be written as 

k(d − d0)2 kd0ε2 
ψ(ε) = ⇒ ψ(ε) = (24.11)

Acrossd0 Across 

Finally, using Eq. (24.6), Young’s modulus in the axial direction 

can be written as: 

∂2ψ 2kx0E = = (24.12)
∂ε2 Across 
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(a) (b) 

Figure 24.9 Free energy calculations, (a) representation of the Steered 

Molecular Dynamics simulation set up, (b) potential of mean force curves 

resulting from different statistical averaging approaches [66]. 

Here we present a case study to illustrate the approach, where 

SMD simulations together with Jarzynski’s equality were employed 

to study the self-assembly and mechanics interplay in cyclic peptide 

nanotubes (CPNs). A one-dimensional system consisting on a unit 

cell containing two cyclic peptides is defined (Fig. 24.9(a)). The 

volume V of the system is defined as V = Acd0, where  d0 is the 
intersubunit equilibrium distance, corresponding to the minimum 

of the free energy profile (Fig. 24.8(b)), and Ac is equal to the 

cross-sectional area of a cyclic peptide based on the van der Waals 

atomic radii values reported by Bondi [76]. The continuum elastic 

behavior of the dimer under tensile stress is characterized using 

SMD simulations (Fig. 24.9(a)). Acknowledging the fact that only an 

upper value of the free energy is calculated from a finite number 

of trajectories in nonequilibrium simulations, it is expected that the 

second cumulant expansion and the exponential average will give 

predictions closest to the real free energy landscape than the first 

cumulant expansion. This is because these averaging schemes give 

more weight to the trajectories that sample lower energy pathways 

en route to the prescribed nonequilibrium state. On the other hand, 

the statistical error arising from the fact that only a finite number 

of trajectories are available to analysis makes the different order 

cumulant expansion averages more accurate than the exponential 

average, which would be the most suitable if an infinite number 

of trajectories could be sampled. For these reasons, we expect the 

second-order cumulant expansion to be themost accurate averaging 

approach to predict the PMF profile as observed in earlier studies 

[69]. The results of the different averaging schemes for the cyclic 
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Figure 24.10 Comparison of the constitutive laws obtained from the linear 

Cauchy–Born approximation and from the potential of mean force profile, 

were softening behavior can be observed [66]. 

peptide system are shown in Fig. 24.9(b), illustrating that the 

second-order cumulant expansion gives the best result. 

Using the extracted free energy profile in the axial direction of the 

dimer, we determine for our one-dimensional system Young’s mod

ulus and the constitutive elastic behavior under tensile deformation. 

This methodology can be used to derive cohesive laws or consti

tutive relations for molecular interfaces, providing further insight 

into experiments and informing constitutive modeling efforts. While 

the linear elastic assumption is a good approximation for extremely 

small strains around the equilibrium position, our results show that 

it may lead to loss of accuracy even at small deformations due to 

the nonlinear softening behavior exhibited by this nanostructure for 

all the ranges of strain before fracture (Fig. 24.10). The computed 

values for Young’smodulus and the binding free energy are E = 19.9 
GPa and�Ed = 5.5 kcal/mol, respectively, and they are in very good 
agreement with experimental measures [77–79]. 

24.3 Mechanical Behavior of Molecular Assemblies 

At a scale above single molecules, the behavior of molecular 

assemblies becomes a crucial determining factor for the overall 
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performance of soft materials. At this scale, understanding mole

cular mobility, entanglements, and phase transition in polymers is 

centrally important to understand the behavior of macromolecular 

systems. In this section, we review molecular dynamics based 

methods for detecting glass-transition in materials, and how these 

effects can bemanifested to createmultifunctionalmaterials that are 

responsive to their environment. This is followed by a brief review of 

recent modeling efforts on synthetic and biological multifunctional 

materials that have thermoreversible, dynamic, chemical cross-link 

networks. Applications of nano andmicroscale modeling techniques 

described in this chapter to properties governing self-healing and 

shape-memory in polymer materials will be overviewed. 

24.3.1 Polymer Phase Transitions and Molecular Mobility 

24.3.1.1 Glass-transition temperature 

In amorphous polymers, the glass transition temperature (Tg), is 

a second-order transition marking a change in polymer behavior. 

When temperature is below Tg, polymer is in a glassy state, behaving 

relatively hard and brittle. When the temperature is increased above 

Tg, the polymer is in an elastomeric state, behaving relatively soft 

and rubbery. This change in mechanical behavior can be attributed 

to a marked increase in chain mobility due to an increase in 

free volume [80]. Free-volume theories state that if conformational 

changes are to happen, there must be available free-space for the 

molecular segments to move into [81]. In the glassy state, motion of 

the molecules is slow enough that the molecules cannot rearrange 

and are kinetically trapped, prevented from diffusing by a cage 

created by neighboring segments. As the temperature is increased 

above Tg , the molecular segments gain more vibrational energy, 

which creates sufficient free volume to allow for the segments to 

diffuse out of the cage [80, 81]. 

24.3.1.2 Approaches for detecting glass-transition in materials 

There have been a variety of molecular dynamics methods devel

oped to calculate Tg. The two most commonly used approaches 

are (i) measurement of thermal expansion of the polymer system 
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and (ii) measurements of the temperature dependence of the mean 

squared displacement (MSD), quantifying molecular diffusion rates 

[82]. This section will outline the theoretical basis of each method 

and compare their advantages as well as disadvantages. 

The first approach involves calculation of Tg from the thermal 

expansion of the polymer system. This method’s main focus is to 

measure the temperature dependence of volume. This method looks 

for a change in curvature in the pecific volume versus temperature 

plot for out material. Since this methodmeasures volume change, an 

ensemblewith constant number of atoms, pressure and temperature 

(NPT) is employed. To create the initial structure, polymer chains 

should be packed into a cubic periodic cell. Since polymers are 

being modeled, the chain length should be taken into account 

when designing the system. For systems where the molecular 

weight is large, the chain length should often be greater than the 

entanglement length for the polymer to capture correct physical 

behavior. If the chain is too short, then the polymerwill behavemore 

like a stiff body or rod, allowing for increased diffusion and leading 

to deviations in predicted Tg values. To reach a relaxed configuration 

at the appropriate density, the system needs to be annealed by 

heating and Cooling cycles in an NPT ensemble. The system is then 

allowed to equilibrate at the highest temperature for approximately 

100 ps. The time allowed for equilibration can be longer, and this 

will positively affect the accuracy of the Tg measurement, as it 

will decrease the cooling rate [83]. Once the system had been 

allowed to equilibrate, the final configuration is saved and used 

as initial coordinates for an equilibration simulation at a lower 

temperature. This process is continued in a step-wise manner— 

similarly to the previous method—with all the equilibration times 

and temperature steps being the same size. The temperature range 

must be broad enough to capture behavior below and above Tg and 

the temperature steps must be small enough so as to resolve the 

change of curvature that occurs when Tg is passed in the specific 

volume versus temperature graph. The specific volume from the 

trajectories for each simulation will need to be calculated. This can 

be done either by taking the inverse of the density of the system 

or by dividing the volume of the system by the mass. Plotting the 

specific volume against its corresponding temperature will provide 
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Figure 24.11 Glass transition from specific density curve. 

the necessary plot for determining Tg (Fig. 24.11). The intersection 

between the line before the change of slope and the line after the 

change of slope provides a prediction for Tg [83–85]. 

The alternative approach relies on measuring the diffusivity of 

the polymer chain at varying temperatures. The method involves 

investigating the motion of individual particles throughout a 

molecular dynamics simulation, and calculating the mean squared 

distribution (MSD), looking for a change in curvature in the MSD 

versus temperature plot as an indicator for Tg. The MSD is given as: 

� � 1 � 
2MSD = r (t) = (ri (t)−ri (0))

2 (24.13)
N 

i 

For a homogeneous system, MSD can directly be linked to the 

self-diffusion coefficient D by the formula MSD = 2dDt, where d = 
3 for 3D systems. The MSD is indicative of the mobility of the 

molecules in our system, where greater mobility is manifested as 

greater diffusion as a function of time. At temperatures below Tg, 

polymer chains are kinetically trapped, resulting in lowmobility and 

a small MSD. At temperatures above Tg, there is an increase in free 

volume, allowing for increase in mobility and a higher MSD. 
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For this purpose, a simulation is set up with a constant number 

of atoms, volume, and temperature (NVT) ensemble with periodic 

boundary conditions, with no free surfaces. The same process is 

used to create the initial structure as in the previous method, i.e., 

packing a periodic cell with polymer chains of the appropriate length 

and annealing the structure through a range of temperatures. The 

system is then equilibrated through a range of temperatures for 

approximately 2 ns using the aforementioned NVT ensemble. The 

temperature range should be broad enough to ensure it spans the 

vicinity of Tg. Themean squared displacement (MSD)measurements 

are taken from the atomistic trajectories of the equilibration runs. 

These can be taken at a variety of length scales. That is, the MSD 

of individual atoms; the MSD of the center of mass of individual 

repeat groups; or theMSD of the center ofmass of the entire polymer 

chain can be measured [82, 84, 86]. Figure 24.12 shows atomistic 

data taken from a simulation calculating the MSD for poly(methyl 

methacrylate) (PMMA). The final configuration from each tempera

ture run is used as the starting configuration for each subsequent 

run, so as to remove starting time dependence. If the system has 

not been allowed to come to equilibration during the previous cycle, 

then a dependence on the starting time will be seen in the next run. 

From the MSD measurements in Fig. 24.12, two distinct regimes 

of diffusion are visible. Until approximately 1000 fs the atoms are 

undergoing fast dynamics, after which, there is a distinct change to 

slower dynamics. This is most visible at lower temperatures. It is 

the period after the cross-over that provides the most information 

about Tg. By taking observations at various times after the cross

over and plotting the MSD versus temperature, shows a marked 

change in slope. The intersection of these two slopes is indicative 

of Tg (Fig. 24.13). Takingmeasurements at multiple times provides a 

statistically viable prediction of thematerials Tg (Fig. 24.13) [82, 86]. 

24.3.1.3 Comparison of approaches for detecting 
glass-transition in polymers 

When deciding which of the two methods to use, it is important 

to consider how they are different and the benefits they would 

present for your particular system. The most obvious difference is 
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Figure 24.12 MSD curves for PMMA. 

the time scales that are required to perform each method. Method 

(ii) requires 2 ns per trial whereasmethod one requires 100 ns per 

trial, though the time for each trial can be increased to increase 

its accuracy to a degree. However, looking at the predicted values 

for Tg (Fig. 24.11 and 24.13) versus the experimental value of 

378.15 K [87], method 2 prediction is generally more accurate. 

(a) (b) (c) 

Figure 24.13 Detecting glass transition from MSD data. 
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Part of the disparity in prediction accuracy can be attributed to 

the cooling rates of each method. Since method (i) uses shorter 

simulation times, the cooling rate is higher leading to a greater 

over prediction of Tg. In addition to this, polydispersity of the 

chain lengths, presence of defects and impurities, as well as 

other differences between the ideal system and the experimental 

system can lead to differences in empirically observed values and 

simulation predictions. Nonetheless, the methodology described 

provides a valuable framework for understanding variation of 

the glass-transition temperature and physical factors that can be 

introduced to lower or increase Tg. 

Another difference is that the method (i) is a measure of the 

system as a whole. This limits the type of systems that can be 

looked at using this method, since the bulk behavior is a combined 

representation of the mixtures in multi-phase systems or block 

copolymers. Sincemethod (ii) tracks themotion of individual atoms, 

the measurement can be restricted to only atoms of interest, giving 

the ability to measure spatial distributions of atomic mobility. This 

capability is directly relevant to thin filmmechanics, shape-memory 

polymers and in understanding self-healing phenomena related to 

molecular mobility. For example, in a thin film, method (i) would 

yield a Tg value that is an average of the Tg near the free surface, 

in the bulk, and near the substrate interface. However, with method 

(ii), measurements could be broken down into spatial domains to 

provide more insight into surface effects. The role of molecular 

heterogeneities could also be measured using method (ii). A further 

benefit of using the MSD and atomistic trajectories is the possibility 

of calculating a variety of other material metrics, such as correlation 

functions or relaxation mechanisms [84]. Thus, when determining 

which method to use, it is necessary to take the structure of interest 

and what information needs to be garnered into account. 

24.3.1.4 Glass transition in stimuli responsive polymers: 
shape-memory effect 

Shape memory polymers (SMPs) are soft materials that can be 

configured into a transient morphology, which can be reversed 

back into a preprogrammed reference shape upon physical cues, 
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the simplest of which are temperature or moisture variations [88– 

92]. Earliest concepts of SMPs were developed in the 1990s in 

Japan for a very broad range of industrial applications such as heat

shrinkable tubes [93]. Interest in SMPs has grown rapidly in the 

recent years, due to certain limitations of shape-memory alloys 

(SMAs) widely used in cardiovascular intervention. SMPs differ 

significantly from the well-known metallic counterparts (SMAs) in 

terms of physical properties. Some of the advantages of SMPs over 

SMAs include low cost, weight, and elastic modulus, combined with 

greater extensibility, whichmakes SMPs very suitable for biomedical 

applications. SMPs show promise also as matrix materials for 

multifunctional composites capable of responding to multiple 

triggers [89–91, 94]. SMP networks fall into two classes depending 

on the nature of the cross-linking, which can be either chemical 

(thermosets) or physical (thermoplastics). Chemical cross-links are 
typically static and can only be broken with chemical reactions, 

whereas physical cross-links are formed by segments of multiblock 

copolymers that have stronger interchain affinity which causes the 

formation of a hard phase embedded in a soft phase. The soft 
phase has a lower local glass transition temperature than the hard 

regions and typically is the active, thermo-responsive part of the 

material. 

The basic mechanism of the shape memory effect in polymers 

arises from the dynamics of the soft phase in the thermomechanical 

cycle of (i) heating, (ii) application of mechanical strain, (iii) 

relaxation and cooling, followed by (iv) reheating to trigger return 

to the reference shape. The thermomechanical cycle and the 

hypothetical molecular configurations arising from the behavior 

are shown as a simplistic schematic in Fig. 24.14. Below the 

glass-transition temperature of the soft phase Tgs , the chains are 

kinetically trapped in a local state and long-range conformational 

changes are prohibited. Above Tgs , the chains have high mobility, 

entropic recovery forces also increase due to temperature increase, 

driving a change to the reference shape. The morphodynamics 

of molecular chains is so dramatic that the dynamic modulus 

of the material can vary by two orders of magnitude across 

Tgs . Low temperatures “freeze” the molecular structure into a 

non-equilibrium configuration, which can be reverted back to 
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Figure 24.14 Shape-memory polymer behavior schematic. The blue repre

sents the hard phase. 

the programmed reference shape upon reheating or hydration. 

Ultimately, the value of Tgs serves as a fulcrum point for the shape 

transition of the material. This point depends on material chemistry 

and service conditions that are typically qualitatively described at 

the continuum level. 

A wide variety of applications have been conceived for 

these materials, including self-healing or shape-shifting structural 

materials, and most notably biomaterials such as stents and 

sutures (Fig. 24.15) [94–100]. However, the underlying physical 

principles of the mechanical behavior of these materials are 

very complex, involving intricate relations between temperature, 

moisture, polymer chemical structure, as well as morphological 

dynamics of the hierarchical polymer network. For example, it is 

currently not possible to accurately predict the shape transition 

temperature in thermoresponsive SMPs simply from the molecular 

design of the polymer and processing conditions. Unexpected 

variations in the shape-transition temperature are often linked 

to moisture in the environment; a very important consideration 

for biomaterials applications that needs to be accounted for in 

models and experiments [101–103]. Theoretical treatment of this 
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Figure 24.15 Self-tightening suture concept. (a) suture below Tg , in  

temporary shape. (b) suture returning to programmed shape upon heating 

above Tg . 

phenomenon remains controversial because multiple molecular 

mechanisms can be activated by the presence of atomic water below 

and above glass transition [104–106]. These include (i) change 

in intra versus interchain hydrogen bonding networks (ii) change 

in the effective local dielectric constant, (iii) swelling effects such 

as plasticization and increase in network mobility (iv) variation 

of the entropic recovery force generated by the chains at the 

deformed non-equilibrium state. It is challenging to resolve this 

controversy via top-down single-scale approaches that would need 

to quantify all of these effects concurrently and in accordance 

with the specific polymer chemical structure at the nanoscale. 

Consequently, multi-scale investigations that provide insight into 

fundamental molecular mechanisms beyond specific experiments 

and materials are highly desired for developing field theoretical 

descriptions [107, 108] of SMPs. The glass-transition and molecular 

mobility calculations presented in the previous sections is therefore 

insightful for our understanding of shape-memory polymers. In 

tandemwith other characterizations on the temperature dependent 

moduli and other factors, these low-level calculations can provide 
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insight into constitutive model development efforts by providing 

high-fidelity chemical details governing molecular mechanisms. 

Thus, determining the Tg for each segment is necessary for 

predicting the transitions temperatures for the polymer. This 

requires a spatially specific method, making method (ii) the most 

appropriate. This would allow for quantitative analysis of the change 

in molecular mobility as the transition temperature is approached, 

giving realistic insight into the molecular mechanism of shape-

shifting. Further investigations on the elastic modulus and kinetic 

properties (e.g., through combined MC/MD schemes) could provide 

valuable insight into constitutivemodeling efforts for shapememory 

polymers [109–117] via amultipronged approach combining theory, 

experiment and molecular simulations. 

24.3.2 Reversible Molecular Links and Implications for 
Functional Materials 

Reversible cross-links exist in both man-made materials and those 

of biological origin. Here we focus on a very important example, 

which is sulfur cross-links found in synthetic polymers such as 

vulcanized rubber and also biological materials such as hair, wool, 

and gluten in bread dough. In protein materials, reversible cross-

links give rise to the outstanding dynamic functionalities to both 

single molecules and molecular assemblies. Cysteine (abbreviation 

CYS) exists in about 20% of all amino acids, and plays a fundamental 

role on structure, flexibility and mechanical properties of biological 

materials [4, 118–122]. This is because in oxidizing environments, 

sulfur side-chain atoms in cysteine can form intramolecular disul

fide (S–S) bonds, creating a reversible cross-link that can be broken 

by mechanical stress, or by chemical reactions. Thus, disulfide 

bonds provide tunable stability to folded structures of proteins, 

enabling specific mechanical functions such as molecular sensing, 

switching and signaling in biology [123–125]. From a physical 

chemistry perspective, intermolecular contacts formed via sulfur 

atoms control the elasticity of protein and polymeric materials 

such as bread making dough [126], vulcanized rubber [127], and 

define the unique hierarchical features of hair, feather, beak and 

wool [124, 128–130]. Oxidative stress conditions related to diseases 
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(e.g., diabetes, cardiovascular disease) and aging [131] also involve 

disulfide bonds, where reactive oxygen species are believed to speed 

up aging as they change the chemical structure of proteins via the 

formation and stabilization of cross-links. Overall, disulfide bond 

chemistry and mechanics are fundamental to our understanding of 

molecular, cellular and tissue level properties of biological materials 

in both physiological and disease conditions. Similarly, a deeper 

understanding of sulfur cross-links can lead to synthetic materials 

with self-healing or shape recovery capabilities. 

Materials with reversible bonds, in particular, redox-responsive 

materials similar to proteins with nanostructural transformation 

capability have been developed for several applications. The main 

focus of past research has been at the scale of molecular machines, 

such as rotaxanes, which can be used as redox-activated valves in 

silica nanopores to trap and release particles [132]. At the nanopar

ticle scale, redox-responsive self-assembling biomimetic polymers 

been developed for gene delivery [133–138]. For instance, siRNA 

loaded polymer nanostructures can enter cells via size-dependent 

endocytosis [139, 140], subsequently break-down into non-toxic 

particles due to the strong reducing environment in cancer cells, 

and deliver siRNA for reprogramming of the cell. At larger scales, 

hydrogels and polymers employing reversible disulfide bonds have 

been also been produced for biomaterials applications. Redox cues 

are a rational choice for triggering structural and mechanical transi

tions with atomic precision because redox agents affect individual 

reducible bonds, such as disulfide bonds, thereby providing local 

control as opposed to global changes that can be induced by 

solvent, temperature or pH stimuli. However, collective meso-scale 

behavior that emerges from nano-scale binary (on/off) states of 
individual bonds has remained largely unexplored in literature, due 

to persistent challenges in exploring these systems in vitro as well as 
in silico. Some of these challenges are outlined in the next section. 

24.3.2.1 Challenges in investigating reversible chemical 
cross-links 

Direct experimental studies of themechanical behavior of individual 

disulfide bonds are challenging, since mechanical rupture of 
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covalent bonds requires forces in the nanonewton (nN) range [141], 

exceeding the limits of standard atomic force microscopy (AFM) 

methods. On the computational side, classical molecular dynamics 

(MD) falls short of accurately describing the rupture of disulfide 

bonds due to the harmonic idealization of bonded interactions [20, 

26]. The necessity to employ computationally expensive quantum 

details of bond breaking through density functional theory (DFT), 

Car–Parrinello molecular dynamics (CPMD) or QM/MM simulations 

has limited the size of previous studies to less than 100 atoms [142, 

143]. Very recently, disulfide bonds have been linked tomechanically 

strong proteins such as cysteine slipknots [124, 144]. They have 

also been associated with a decrease in the elasticity of the heart 

with increasing oxidative stress [145], motivating breakthrough 

experiments on disulfide bond mechanics. AFM studies on thiol

disulfide exchange reaction under external force and reducing 

agents such as dithiothreitol (DTT) have shown a rate-dependent 

rupture mechanism that can be theoretically described by a single 

energy barrier. The force dependent rate of bond breaking, k(F ), 
could be approximated by a Bell-like model, k(F ) = A exp((F �xr − 

−1Ea)/kB T, where A is a constant with units of M−1·s , �xr is 

the distance to the transition state for the reaction, F is applied 
force, and Ea is the activation energy barrier for the thiol/disulfide 

exchange at zero force [146–152]. While the Bell approximation 

is a simplification of the actual complex multidimensional energy 

landscapes of bond breaking, it provides a reasonable basis for 

multi-scale analyses on systems with many reversible chemical 

cross-links. Considering the limitations of both experiments and 

quantum calculations, various multi-scale reactive molecular dy

namics approaches emerge as important tools for investigating 

fundamental phenomena governing the mechanics of stimuli-

responsive materials, in particular, functional organic polymers. 

These studies could potentially elucidate spatial/temporal dark 

spot for both quantum-level calculations and top-down continuum 

approaches. The potential technical breakthroughwith amulti-scale 

methodology would be to bridge the scales of quantum theory and 

continuum mechanics using bi-directional (top-down and bottom

up) information passing with a consistent treatment of chemical 

microenvironments. Selectedmulti-scale approaches with relevance 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:38 PSP Book - 9in x 6in 24-Shaofan-Li-c24

950 Molecular Modeling of the Microstructure of Soft Materials 

to reversible chemical and physical bond networks are reviewed in 

the next section. 

24.3.2.2 Hierarchical modeling frameworks for reversible bond 
networks 

The strength of a material is ultimately governed by the cohesive 

strength of the various bonds that it employs at the atomic scale. 

Evaluation of bond strength is therefore a fundamental question 

for materials science applications. Furthermore, most biological 

systems consist of weak bonds that can break and reform at 

room temperature and small forces, which plays a functional 

role in the structural transformations of proteins, cell adhesion 

and motility [153, 154]. Developing quantitative models that can 

predict the strength of individual bonds under mechanical, chemical 

and thermal perturbations is therefore an issue of fundamental 

importance to biophysicists, chemist and materials scientists. 

One of the first atomic level models for assessing bond strength 

was Bell’s model for cell adhesion [148]. Bell’s model is a simple 

and popular phenomenological model that describes the frequency 

of failure of reversible bonds. The concept of reversibility relates 

to the idea that the bond is weak, and therefore can reform under 

thermal fluctuations. For instance, electrostatic, van derWaals, or H

bond interactions can be considered to be reversible bonds that can 

break and reform at high frequency. The frequency of dissociation is 

characterized by an off-rate, scaling inversely with a bond lifetime. 

Bell’s theory explains the force dependence of the off rate, and 

thus provides an understanding of how molecular forces drive 

bond breaking at the nano-scale. Bell’s model builds upon the 

fundamental concepts of the Arrhenius equation and transition state 

theory of reactions; it was also inspired by Zhurkov’s work on the 

kinetic fracture theory of the strength of solids [155]. Bell predicted 

that the off rate of a reversible bond, which is the inverse of the bond 

lifetime, increases when subjected to an external force f . Indeed, 
the rupture of bonds occurs via thermally assisted crossing of an 

activation barrier E B which is reduced by  f · xB as the applied force 

f increases, xB being the distance between the bound state and the 
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transition state. Thus the Bell off rate expression is given as 

Eb − f · xbk = ω0 exp − (24.14)
kB · T 

where w is a natural vibration frequency and kB T the thermal 
energy. The force f0 = E B /xB represents the force to vanish 

completely the energy barrier and gives a very rough value of the 

rupture force. 

This conjecture was established long before single molecule 

experiments were performed. Later, it became very successful 

especially to describe forced unfolding of biological molecules. The 

simplicity of the model and its capacity to predict energy barriers 

and rupture strength of bonds has been useful for interpreting 

experimental observations. The model has also been the basis of 

more advanced theories regarding the strength of single bonds and 

bond clusters. 

Despite its success, Bell’s model has several shortcomings. For 

instance, when Bell’s model is applied to complex problems such 

as protein unfolding, the multidimensional nature of the energy 

landscape of biomolecules has to be reduced to a single relevant 

reaction coordinate. The loss of information from this simplification 

may be important in systems that have multiple unfolding pathways 

and transition states. Another limitation is the fact that the distance 

to the transition state, xB is assumed to be constant with different 

rates. An extension to Bell’s model based on Kramer’s theory was 

provided by Evans et al., in order to provide a more general 
expression for the off-rate by taking into account by taking into 

account force dependent terms, in particular xB [153, 156]. 

An important contribution of the Bell model is the prediction that 

the strength of bonds depends crucially on the loading rate. A key 

prediction is that above a critical loading rate, the force of rupture 

increases logarithmically with the loading rate, a phenomenon 

observed in many experiments. The bond strength f * is defined as  
the most probable rupture force and corresponds to the peak of the 

force density distribution. Given that E B /xB and the loading rate 

rF = � f /�t remain constant, Bell model predicts the logarithmic 
dependence of strength on the loading rate: 

kB · T r f · xbf ∗ = ln (24.15) 
xb kB · T · k0 
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where k0 is the off rate in the absence of force. This expression 
reported in [157, 158] is very powerful as it can directly quantify 

energy landscape and distance to the transition state by using a 

series of rate-dependence simulations or experiment. An extension 

of the Bell model has been formulated for stiff transducer systems 

(e.g., MD simulations), where loading rate is characterized by the 

pulling velocity of the transducer and time required to reach the 

transition state [147]. In this case, pulling velocity can be written 

in terms of the off-rate, k0 and xB as v = k0/xB and the expression in 

Eq. (24.15) becomes 

kB · T kB · Tf ∗ = ln(v)− ln(v0) (24.16) 
xb xb 

where v0 = w0xB exp(−E B /kB T )). Similar to the Eq. (24.15), Eq. 
(24.16) also predicts a linear relationship of the failure force with 

ln(v). Figure 24.16 summarizes the concept of the effect of external 
force on energy landscape and logarithmic dependence of strength. 

(a) 

Figure 24.16 Bell model and the logarithmic dependence on the pulling 

rate. 
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In force probe techniques, a transducer is usually moved at 

constant speed relative to a substrate in which the bond is anchored. 

The pulling speed v is linked to the loading rate r f through the 

stiffness K of the transducer r f = Kv. Thus, this description of 
rate dependence is very important because it enables to get the 

bond constants k0 and xB from a simple linear regression on 

the f versus ln(r f ) curve. This rationalizes the variation among 

rupture force values obtained from different experimental and 

simulation techniques, where different loading rates were used. 

However, the logarithmic dependence is often observed to break 

down when probing across many time-scales [147, 159]. This is 

because transition states and the energy barriers do not remain 

constant (change of mechanism, multiple energy barriers) or the 

elastic behavior changes with the loading rate. 

Several attempts have been made to extend the simple Bell 

model. For instance, it has been shown that rebinding can have a 

great impact on strength [160]. Similar to a force dependent xB 

term, the existence of a rebinding rate can alter the logarithmic 

rate dependence of rupture force. In non-equilibrium pulling 

regime, other models attempt also to explain non-logarithmic rate 

dependence [161]. Another important concept to be included in 

these extensions is the energy landscape roughness of bonds [162], 

and the actual nonlinearity of the force x distance term included in 

the Bell model. 

According to Bell’s theory, the lifetime of an individualweak bond 

such as an H-bond is very low. However, in biology, weak bonds 

can provide more significant strength by forming arrangement of 

multiple bonds. Several attempts have been made to study the 

strength of multiple parallel bonds [160, 163]. These models aim to 

describe the influence of various parameters on the strength. Key 

parameters include the shape of the single bond potential profile, 

bond cluster size, rebinding rate, the constant external force, the 

loading rate and the stiffness of the transducers. Given the com

plexity of the structure, elasticity and energy landscape of biological 

materials, hybrid approaches combining concepts from fracture 

mechanics, statistical mechanics and chemistry will provide the 

most insight into generalized theories of biopolymer strength and 

elasticity. Models combining the worm like chain (WLC) elasticity 
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(a) 

Figure 24.17 Combined elasticity and strength model for proteins, captur

ing the strength scaling with bond-cluster size [165]. 

with a thermodynamic two-state model extended from Bell’s theory 

[152] have been developed for with this purpose in mind. Similarly, 

combining elastic network models with statistical bond strength 

theories may also provide to be a fruitful approach for protein 

mechanics [164]. A generic theory combining biopolymer elasticity 

with a simple strength model has been recently developed [165], 

taking into account the size-dependent strength of hydrogen bond 

clusters. This approach was instrumental in explaining deviations 

from ideal entropic elasticity behavior in protein materials, as 

shown in Fig. 24.17. It is envisioned that similar theories may 

be developed for semicrystalline polymer materials that employ 

hydrogen bonded strong domains interdispersed within weaker 

amorphous domains. 

24.3.2.3 Implications of reversible interfaces for self-healing, 
toughness and flaw-tolerance 

Significant advancements in our understanding of self-healing 

systems occurred in the past decade, where computational tools 

have played a major role in transferring concepts from biology into 

engineering. Typically, strong molecular interactions (e.g., covalent 
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(a) (b) 

Figure 24.18 Disulfide bond rupture mechanics with ReaxFFmodels [167]. 

bonds) lead to enhanced strength, whereas intrinsic self-healing 

requires rapid thermal reversibility, which can only be achieved 

with relatively weak interactions. Hydrogen bonds in spider silk 

[13, 14], or ionic interactions in bone [15] achieve these disparate 

properties simultaneously through nanoconfined interfaces that are 

electrostatically complementary. In these materials, toughness is 

achieved by breaking sacrificial reversible bonds, similar to the 

concept of using sacrificial dampers in buildings [16]. Precise 

architectural topologies that cultivate collectivity of weaker bonds, 

for example through nanoconfinement, opens up the possibility of 

achieving the disparate requirements of self-healing and strength 

[13]. 

Self-healing materials systems can be broken into two general 

classes: (1) materials that self-repair by the use of a separate phase 

that provides mobility and healing (2) materials that have intrinsic 

properties that lead to self-healing. Studies have focused primarily 

on separate healing and load-bearing elements in materials through 

introducing microvasculature, entropic phase separation, and also 

“artificial leukocytes” type microcapsules for site-specific healing 

(for a review, see, for instance, [166]. A limitation of this general 

approach is that the self-healing capacity inevitably depends on the 

volume ratio, reversibility (repeatability) and distribution of healing 

agents. Recent studies identified an alternative approach where 

healing is achieved intrinsically by using material interfaces with 

reversible (labile) molecular interactions [10, 11] that reform after 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:38 PSP Book - 9in x 6in 24-Shaofan-Li-c24

956 Molecular Modeling of the Microstructure of Soft Materials 

(a) (b) 

Figure 24.19 Lattice-spring model networks for multi-scale modeling. (a) 

Cartoon of bead spring model (b) potential describing two body behavior of 

bead spring model. 

incurred damage. Supramolecular polymers such as ionomers have 

reversible interactions that achieve such self-healing capability, but 

they suffer from lowmodulus and strength [12]. Combining intrinsic 

self-healing capacity with strength and toughness remains a key 

bottleneck, and theoretical guidance toward materials that achieve 

this capability are needed. 

In intrinsically self-healing materials, reversible cross-links, 

whether physical or chemical, play a crucial role in the healing 

and toughness performance. As discussed in earlier sections, 

treatment of bond breaking in classical MD formulations is not 

straightforward. Reactive force fields discussed in Section 24.2.3 

are a very powerful approach to incorporating bond-breaking and 

reformation mechanisms into atomistic simulations. 

Recently, the ReaxFF force field has been applied to the study of 

breaking and reformation of disulfide bonds in protein materials. 

In this study, it was found that the redox microenvironment of 

the disulfide bond, as well as its accessibility to solvent, controls 

breaking strength of the bond under mechanical stress [167]. Figure 

24.17 illustrates the main findings. Activation energies, breaking 

mechanisms, as well as the microenvironment effects can be studied 

for single as well as clusters of disulfide bonds using the ReaxFF 

formulation. 

Bell’s formulation presented in section provides a framework 

that can be used to incorporate activation energy of reversible bonds 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:38 PSP Book - 9in x 6in 24-Shaofan-Li-c24

957 Mechanical Behavior of Molecular Assemblies 

into coarse-grained multi-scale models. Coarse-grained lattice-

spring models that have nonlinear springs that are capable of 

reversible deformation can be used for mapping these molecular 

level details to microscopic length scales. The springs in these 

models typically represent not individual bonds, but either clusters 

of points or netpoints in materials that control the strength, 

toughness and self-healing properties. 

Such an approach has been implemented for alpha-helix pro

tein networks, showing very good agreement on rate-dependent 

strength with all-atom simulations [168]. The hierarchical imple

mentation of the Bellmodel [147] has recently been extended to take 

into account the probability of bond reformation. This model has 

been applied to study self-healing networks consisting of permanent 

as well as reversible chemical cross-links [10, 11]. Analyses on 

these networks have illustrated that an optimal range of reversible 

bond provide strong, tough materials that are capable of self-repair. 

Tailoring the combination of strong and weak cross-links, it is 

envisioned that mechanical performance of polymer networks can 

be greatly improved, as illustrated in Fig. 24.20. 

Similarmodels have also been developed formaterials like spider 

silk, which have complex molecular network structure consisting 

of crystalline domains that control failure strength, as well as 

amorphous domains that allow extensibility and large deformation. 

A major challenge with spider silk and block-copolymer materials 

is the development of a representative structural model for the 

Figure 24.20 Labile bond network modeling using the hierarchical Bell 

model with reversibility (from Ref. 11), permission pending). 
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molecular domains. Large-scale replica-exchange [169] simulations 

have been employed to get an insight into how elongated spider 

silk protein domains self-assemble and crystallize, and what form 

of structure forms in the vicinity of the crystals [14, 170]. It 

was observed that under mechanical stretching, poly-Ala domains 

predominantly form orderly crystals stabilized by hydrogen bond 

arrays. On the other hand, glycine rich repeats in the protein 

structures form 31-helix type structures that have sparse hydrogen 

bonds that break more easily under mechanical deformation. 

Theoretical and simulation studies on hydrogen bond arrays in beta

strands and beta-crystals identified that the strength of crystals in 

silk are size-dependent and optimal crystal domains have a size 

of only a few nanometers, which is corroborated by experimental 

(a) (c) 

(d) 

(e) 

(b) 

Figure 24.21 Simple coarse-grain model for spider silk, where amorphous 

and crystalline domains are represented by nonlinear springs. Strain 

distribution in the two-phase (hard vs. soft) material [171]. 
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evidence [13]. Atomistically informed lattice-spring models have 

been used to develop molecularly informed constitutive relations 

for the nonlinear stress–strain behavior of silk [171]. These 

atomistically informed coarse-grained models were used to show 

that the nonlinear behavior of the polymeric networks in silk 

lead to flaw-tolerant behavior in spider silk nanofibrils [172]. The 

basic approach is illustrated in Fig. 24.21, where amorphous and 

crystalline domains in the material are represented by nonlinear 

springs derived from atomistic simulations. With this approach, 

strain distributions and toughness of the material can be estimated, 

taking into account basic features of the molecular nanostructures 

within silk. Recently, constitutive relations derived from this model 

have been used to understand how silk achieves robustness at the 

web level [173], providing new insight into the merger of structure 

and material properties in biological materials [174]. 

Simplified coarse-grained models informed from molecular 

dynamics simulations can provide important information regarding 

the kinetics of molecular mobility and phase changes in materials, 

leading tomulti-scale descriptions of toughnessmechanisms, shape

memory behavior, as well as self-healing properties arising from 

reversible cross-links. 

24.4 Conclusion and Outlook 

Materials in living systems possess extraordinary capabilities such 

as adaptation, self-healing, flaw-tolerance and programmed degra

dation at the end of their life cycle [4, 175–178]. As the boundaries 

between polymer mechanics, chemistry and biology disappears, we 

find that the tools from each of these disciplines can be combined 

to explain the non-equilibrium dynamic nature of active polymer 

networks, including cellular cytoskeleton, cellulose fibers in plants, 

or synthetic organic polymers with responsive capabilities and high 

toughness [179–182]. Man-made materials that can functionally 

respond to environmental cues and thereby achieve multiple 

disparate objectives are in great demand for rebuilding a more 

robust infrastructure, for treating diseases, and harvesting energy 

from our environment for more sustainable future [183]. 
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In this chapter, we reviewed some of the recent advancement in 

molecular modeling of healing, memory and toughness mechanisms 

in soft materials. Given the broad scope of this topic, we attempted 

to provide several general case studies describing generic modeling 

efforts rather than providing a comprehensive review of materials 

specific advancements. 

Molecular and multi-scale modeling efforts will continue to play 

an important role in our understanding of functional materials 

inspired from biology. Particular areas of interest will include under

standing stimuli-responsiveness, such as shapememory and chemo

sensitive cross-link shuffling. New materials are being developed to 

achieve dynamic capabilities that have so far only existed in biology. 

Simulation methods have provided tremendous insight into the 

molecular mechanisms and trends of complex biological materials. 

However, it remains a daunting scientific challenge to predict 

material behavior straight from first-principles, without resorting 

to empirical data. As a result, there is a growing demand for new 

multi-scale methods that incorporate realistic quantum, molecular 

andmeso-scalemechanisms. Past few decades of research instigated 

simulation methods with a particular emphasis on understanding 

material performance under service conditions. Next generation 

multi-scale models will aim to address the need for predictive 

simulations that assist the design of functional organic materials, 

such that they are efficient and sustainable from cradle (process 

development) to grave (e.g., recycling). Development of methods 

to combine analysis with processing and design will help to 

significantly improve the human condition on our planet by 

catalyzing numerous scientific advancements in broad areas such 

as renewable energy, information technology, clean water and 

sustainable infrastructure, and global healthcare. 
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25.1 Introduction 

Millions of years of evolution and natural selection have yielded 

biological materials constructed for optimal structural perfor

mances [1]. Nature therefore increasingly serves as a model 

and inspiration to scientists and engineers. Biomimetics (the 

process of mimicking nature) has the potential to lead to novel 

engineering materials and systems with new combinations of 

properties, multi-functionalities, adaptability and environmental 

sustainability. Natural and man-made materials often share the 

same specifications and design constraints: structural support, 

Handbook of Micromechanics and Nanomechanics 
Edited by Shaofan Li and Xin-Lin Gao 
Copyright c© 2013 Pan Stanford Publishing Pte. Ltd. 
ISBN 978-981-4411-23-3 (Hardcover), 978-981-4411-24-0 (eBook) 
www.panstanford.com 

© 2013 by Taylor & Francis Group, LLC

http:www.panstanford.com
mailto:franck.vernerey@colorado.edu
mailto:francois.barthelat@mcgill.ca


March 6, 2013 15:43 PSP Book - 9in x 6in 25-Shaofan-Li-c25

976 Intricate Multiscale Mechanical Behaviors of Natural Fish-Scale Composites 

lightweight or protection against certain threats. However, in 

most cases, nature takes a different route to solving engineering 

problems [2], and does so by adopting highly efficient solutions. 

Nature can therefore serve as a significant source of inspiration 

for new and alternative engineering designs. Following these 

principles, biomimetics has recently started to yield materials with 

remarkable properties [3]. The natural materials that served as 

“models” for these recent developments include seashells [4] , glass 

sponge skeleton [5] or toucan beaks [6]. Made of relatively weak 

materials, the mechanical performance of these natural materials 

comes from their microstructure, often complex and arranged over 

several distinct length scales (hierarchical structure). A fundamental 

understanding of the relationship between structure and function is 

therefore required and will give invaluable insight in how to design 

tomorrow’s engineering materials [3]. 

The scaled skin of fishes is another example of a natural 

material with remarkable mechanical properties: compliance, re

sistance to penetration, light weight, and ultra-thin structure. Fish 

scales exhibit a great variability in shape, size and arrangement. 

The general classification includes cosmoid, ganoid, placoid, and 

elasmoid (cycloid and ctenoid) found in the modern teleost class 

of fishes [7]. The “primitive” cosmoid and ganoid scales are 

bulky, bony scales which offer very effective protective properties, 

through a multilayered structure capable of a variety of dissipative 

mechanisms [8]. Over the course of evolution the reduction of the 

integumental skeleton has improved swimming performance [9], 

and the “ancient” cosmoid and ganoid scales have been replaced 

by the thinner, more flexible teleost scales [10]. Teleost scales have 

excellent hydrodynamic properties [11] and provide a protective 

layer resisting penetration and in fact, teleost fish scales are so 

tough that they cannot be easily fractured even after immersion 

in liquid nitrogen [12]. At larger lengths, the arrangement of the 

scales provides a flexible skin that allows for changes in shape. In 

fact, the scaled skin has been shown to play a critical structural role 

in fish locomotion by regulating wave propagation and by storing 

mechanical energy in order to make swimming more efficient [13, 

14]. Overall, themechanics of fish-scales has received relatively little 

attention from the materials development community [15–17]. 
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25.2 The Hierarchical Structure of Fish Scales 

A paradigm in the construction of natural materials from basic 

“building blocks” such as amino acids or nano-flakes of mineral 

is hierarchy [18, 19]. Teleost fish scales display a characteristic 

hierarchical structure, as depicted on Fig. 25.1. At the macroscopic 

level, the scales are staggered and cover most of the body of the 

fish (Fig. 25.1a). This arrangement provides a continuous barrier 

to penetration, together with flexural compliance. When the fish is 

highly curved at the end of a swimming stroke, the scales interact 

more strongly, which stiffens the skin in flexion [20]. The skin then 

acts as an “external tendon”, storingmechanical energy, which can be 

recovered to help initiate the next stroke [14]. At themesoscale level, 

an individual scale from an adult striped bass is a thin plate with an 

irregular pentagonal shape, about 10 mm in diameter (Fig. 25.1b). 

The posterior area of the scale displays rough patterns (ctenii) that 
offer attractive hydrodynamic properties [11, 21], while the anterior 
area consists of grooves in the radial direction (radii) and ridges that 
form circular rings (circuli) around a central area called the ‘focus’ 
[22] (Fig. 25.1b). Teleost scales are composed of collagen fibrils type-
I, and are partially mineralized with hydroxyapatite [17]. In terms 
of composition, fish scales are therefore similar to bone. The outer 
layer of the scale is significantly more mineralized and often referred 
to as “bony layer”, whereas the inner layer (“basal” or “collagen” 
layer) is mineralized mostly near the bony layer [9]. In striped bass, 
bony and collagen layers have approximately the same thickness 
(100 μm). An average hydroxyapatite mass fraction of 46% (26% 
in volume fraction) was determined by using AES (atomic emission 
spectroscopy) for the whole scale. The bony layer is much mineralized 
(50% hydroxyapatite mass content) compared to the collagen layer 
(14% hydroxyapatite mass content). 

Bony and collagen layers are cross-ply layered composites, each 

ply being made of parallel collagen fibrils rotated across layers by 

different angles across species [23]. In striped bass, the basal layer 

consists of 20–25 plies about 4–5 μm thick each (Fig. 25.1c), where 

the collagen fibrils are rotated by 90 degrees from one ply to the 

next (Fig. 25.1d). At smaller length scales, individual collagen fibrils, 
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Figure 25.1 The hierarchical structure of a teleost fish scale from striped 

bass,M. saxatilis. See also Color Insert. 

about 50 to 100 nm in diameter, can be observed on a cross section 

of the scale (Fig. 25.1e). In striped bass the 90 degree cross-ply 

is achieved by alternating layers composed of radial fibrils (“R” 

layers) with layers made of circumferential fibrils (“C” layers), both 

layers being organized around the focus of the scale (Fig. 25.2). 

This arrangement is consistent with the growth of individual scales, 

which occurs by deposition of collagen at the periphery of the 

scale [24]. 

Figure 25.2 Arrangement of the collagen fibrils in a striped bass scale: (a) 

removal of the bony layer reveals the radial-circumferential (R-C) pattern of 

the collagen fibrils; (b) the fibers are orthogonal from one layer to the next; 

and (c) schematics of the R-C pattern. See also Color Insert. 
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25.3 Tensile Testing of Individual Scales 

Small scale tensile tests can reveal the basic mechanical properties 

of individual scales and of the two layers that composes them. Here 

scales were plucked from fresh striped bass (Morone saxatilis) using 
tweezers and stored in a freezer at –20◦C until tested. Before the test, 
the scales were removed from the freezer and put in a water bath 

for about 5 minutes for thawing, and then cut into small dog-bone

shaped specimens with a gage length of 4 mm, a gage width of 1.5 

mm and an average thickness of about 0.20 mm. Samples were cut 

at 0◦, 45◦ and 90◦ from the anteroposterior axis of the fish in order 

to investigate the mechanical response along different directions. 

The samples were tested on a miniature loading stage (Ernest F. 

Fullam Inc., Latham, NY), which was placed under an upright light 

microscope (BX-51M, Olympus, Markham, Canada) equipped with 

a CCD camera in order to monitor deformations and failure modes 

of the specimens. All specimens were loaded in tension at a rate of 

0.005mm/s (corresponding to a strain rate of 1.25× 10−3 s−1) up to  
complete failure. Imageswere taken throughout the entire test every 

10 seconds using the CCD camera. The images were used tomeasure 

the deformation and strain values of the samples using digital image 

correlation [25] and to monitor failure modes such as debonding of 

the bony layer and pullout of the collagen fibrils. 

The resulting stress–strain curves (Fig. 25.3) display an initial 

quasi-linear region with an initial modulus in the range of 600– 

850 MPa. The material softens slightly before reaching a maximum 

stress of 30–50 MPa, after which the stress drops significantly. 

The optical images show this sudden decrease in stress can be 

attributed to the sudden cracking of the bony layer. Subsequently, 

the collagen layer progressively detaches from the bony layer, while 

collagen plies tear one after the other, yielding step-like patterns 

on the stress–strain curves up to total failure at about 40% strain. 

In order to assess the mechanical response of the collagen layer 

alone, additional tensile tests were performed on scales with the 

bony layer removed. The collagen layer was carefully peeled out of 

the scale. The layered structure of the fish scale makes it easy to 

“delaminate” with a minimum of force. While the collagen material 

at the separation site might be partially damaged, the peeling force 
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Figure 25.3 Tensile stress–strain curves for whole scales and collagen layer 

along 0◦, 45◦ and 90◦ from the anteroposterior axis of the fish. 

was deemed insufficient to damage the rest of the collagen layer 

and to alter its overall mechanical properties. The remaining 0.05 

mm thick collagenous material was tested in tension along the 0◦ , 
45◦ and 90◦ directions. The stress–strain responses of collagen layer 
(Fig. 25.3) display a linear regime with a modulus of about 450 MPa, 

followed by a progressive failure after a peak stress of 65 MPa. The 

ultimate strain was the same with and without the bony layer. The 

behavior of the collagen cross-ply is consistent with the behavior of 

single collagen type I fibrils [26]. Assuming that the fibers do not 

carry any stress if they are perpendicular to the loading direction, 

only half of the material actually carries stress in the collagen layer. 

Since individual collagen fibrils have Young’s modulus of about 1 

GPa, a tensile strength of 200MPa and a strain at failure of 30% [26], 

the modulus of the 90◦ ply laminate can be estimated at 500MPa, its 
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strength at 100 MPa and its strain at failure at 30%. This compares 

well with current experimental results, showing that the tensile 

behavior of the collagen layer is largely controlled by the stretching 

of straight, individual collagen fibrils. 

While it was not possible to isolate the bony layer for testing, 

its properties were inferred from the whole scale and collagen only 

tensile test results. In the elastic regime, the whole scale behaves 

like a two-layer, constant strain composite. Since the thickness of the 

bony and collagen layers is similar, the modulus of the scale is given 

by 

1
ES = (EC + EB) (25.1)

2

where EC and EB are Young’s moduli of collagen and bony layers, 
respectively. The modulus of bony layer can then be estimated by 

using 

EB = 2ES − EC (25.2) 

The strength of bony layer can be evaluated with a similar 

approach. In the linear regime, with the uniform strain assumption, 

the stresses in the bony and collagen layers are proportional to their 

stiffnesses. From thewhole scale test, the stress σS atwhich the bony 

layer fails is known. Just prior to failure the stress in the bony layer 

is then given by 

EB 
σB = σS (25.3)

ES 
This method assumes that both materials are in the linear 

elastic range up to the failure of the bony layer. Figure 25.3 shows 

that the scale softens slightly when loaded in tension; probably 

due to damage accumulation in the bony layer (collagen behaves 

linearly over this range of strain). Equation 3 therefore slightly 

overestimates the actual strength of the bony layer. The results show 

that the bony layer is about twice as stiff as the collagen layer, 

with about the same tensile strength (Fig. 25.4). The bony layer is 

however more brittle, failing at about 10% strain while the collagen 

layer fails at strains in excess of 40%. The whole scale displays in

plane anisotropic properties, but only because of the bony layer; the 

collagen layer is isotropic in plane in terms of both modulus and 
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Figure 25.4 Summary of results for (a) Young’s modulus and (b) tensile 

strength. The error bars indicate standard deviations. 

strength. This set of experiments highlights the main characteristics 

of the fish scale’s components: the bony layer is stiff, hard and brittle 

because of its high mineral content, while the underlying collagen 

cross-ply is softer andmore deformablewith larger strains at failure. 

25.4 Resistance to Sharp Penetration 

The main function of fish scales is to provide mechanical protection 

against predators [8] and, in particular, the scale must be capable of 

preventing sharp objects such as the teeth of predators [27] from 

completely penetrating the skin. The resistance to penetration of 

single striped bass scales was assessed by using an experimental 

setup that simulates a predator’s bite. A sharp steel needle (tip 

radius = 25 μm) was driven through a scale resting on a silicone 
rubber substrate (E ∼ 1.8 MPa) used to simulate the soft dermis 
and tissues underlying the scale (Fig. 25.5a). The resulting load– 

displacement curves were highly repeatable with a slight force 

drop at about 2.2 N and a maximum penetration force of 3 to 

4 N (Fig. 25.5b). For comparison, puncture tests were performed 

on thin polystyrene (PS) and polycarbonate (PC), which are 

modern engineering polymers typically used in CD cases, biomedical 

equipments, and protective gears where light weight, stiffness, 

strength, optical translucence and impact resistance are required. 

For proper comparison 10 mm diameter disks of these polymers 

were prepared, and the thickness was adjusted so the areal density 
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Figure 25.5 (a) Experimental setup of the puncture test; (b) typical force

displacement curves of striped bass scales, polystyrene and polycarbonate 

disks. 

(the mass per unit area) of the protective layer was then same 

for fish scale, PC and PS. Remarkably, the fish scale provided a 

significantly higher resistance to puncture compared to these high 

performance engineering polymers (Fig. 25.5b). 

The penetration curves consist of three distinct stages investi

gated in detail by imaging of the puncture site at different points 

on the penetration curve (Fig. 25.6). Stage I is the initial linear 

region, which is dominated by flexion of the entire scale and by 

damage and indentation of the surface of the bony layer. At a force 

of about 2.2 N, the force drops slightly, which is associated to the 

sudden cracking of the bony layer. Bony and collagen layers have 

the same thickness, but since the bony layer is stiffer, the neutral 

plane of the scale lies within the bony layer. As a result, flexural 

deformations generate tensile stresses in the lower side of the bony 

layer. Once these stresses reach the tensile strength of the bony 

layer [28], cracks initiate at the collagen/bone interface and rapidly 

propagate toward the surface of the bony layer. Interestingly, the 

patterns of the flexural cracks always followed a cross pattern, 

whose orientation invariably followed the orientation of the local 

radii and circuli (Fig. 25.6b) and underlying collagen fibrils. The 

microstructure of the bony layer therefore induces the failure of 

the bony layer along specific directions. Upon cracking of the bony 

layer, four “flaps” of bony material immediately deflect downwards, 

generating circumferential cracks. The underlying collagen layer, 
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Figure 25.6 (a) Load–displacement curve showing three distinct stages; (b) 

images of the bony and collagen sides. See also Color Insert. 

while remaining intact, detaches from the bony layer over a ring

like area observable with the optical microscope. The cracking of the 

bony layer marks the beginning of stage II, dominated by further 

flexion of the scale, radial propagation of the cross cracks as the 

four “flaps” of bony material are bent toward the collagen layer, and 

further delamination between collagen and bony layers. Eventually 

the deflection and opening of the flaps are sufficient to let the 

needle reach the collagen layer and completely puncture it (stage 

III). The initial failure of the collagen layer indicates the beginning 

of stage III, and the sharp drop in force at this point suggests that 

the failure is rapid, possibly because the collagen layer is stretched. 

Throughout the rest of stage III, the scale is deflected by the needle, 

the delamination between collagen and bony layers propagates 

more extensively, and the radial cracks continue to grow. 
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25.5 Analytical Model 

The mechanisms operating at stage II were investigated, since they 

are powerful enough to increase the resistance of the scale by an 

additional 1 N. In particular, the controlled deflection of the four 

“bony flaps” was examined using an idealized three-dimensional 

geometry shown in Fig. 25.7a,b. Each of the four flaps was assumed 

to be rigid and hinged along a straight line at the bone/collagen 

interface. The force from the needle was assumed to be evenly 

distributed on the flap tips. Only two loads can resist the deflection 

of the flaps by balancing the force from the needle: (i) the bending 

moment transmitted through the remaining ligament of the bony 

layer, and (ii) the intact collagen layer, which acts as a “retaining 

membrane” for the flaps and whose cross-ply structure is ideal for 

catching the flaps. The bending moment transmitted at the ligament 

was evaluated by assuming perfect plasticity in the bony layer with 

σY = 60 MPa (evaluated from tensile tests). In order to balance 
this moment, the force applied by the needle was estimated at 1.2 

N [29], which is actually below the force at which the bony layer 

fractures. This value represents an upper bound estimate, since in 

reality the bony layer probably cracks before the full plastic state 

can be reached. This prediction shows that in stage II, there is no 

bending moment transmitted at the bony flaps, and that the flaps 

can be assumed to rotate about frictionless hinges. The images show 

circumferential cracks in the region of the hinges, confirming that 

little or no bending moment can be transmitted though the bony 

hinge. 

The second mechanism examined was associated with the 

collagen, which acts as a retaining membrane for the flaps. In the 

model (see [29] for details), the collagen layer was assumed to have 

completely delaminated from the overlying surface of the bony layer, 

which is consistent with experimental observations toward the end 

of stage II. The collagen layer then acts as a retaining membrane 

with biaxial tensile stress. Based on the idealized geometry, the 

moment balance of a single bony flap about the hinge led to a 

simple expression for the penetration force as a function of bony and 

collagen layer thickness (tB , tC ), length of the flaps (L), and stiffness 
(EC ) and strength (σC ) of the collagen layer. Full penetration at 
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Figure 25.7 (a) Top view of the idealized puncture configuration; (b) three

dimensional view of single bony flap; (c) Effect of collagen layer thickness; 

and (d) collagen resilience on the normalized penetration force. 

the end of stage II was assumed to be reached when the collagen 

failed in tension at a stress of 65 MPa according to the tensile tests. 

This model predicted a penetration force of F = 3 N based on the 
properties of the collagen layer (EC = 500 MPa, σC = 65 MPa) 
and optical observation (tB = tC = 100 μm, L = 200 μm). 
This prediction is remarkably close to penetration force measured 

experimentally, which demonstrates that the retaining membrane 

effect dominates stage II and controls the ultimate penetration 

resistance of the scale. 

In terms of design (Fig. 25.7c,d), the model reveals that longer 

flaps are desirable, indicating that the scale provides a greater 

resistance to penetration for larger teeth and stronger bites. A 

thick collagen layer is also beneficial, although a minimum of bony 

material is required to form stiff flaps. Finally, a soft and strong 

material increases resistance to penetration, although a too soft 

backing layer may lead to excessive deflection that may damage the 
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underlying tissues even before needle penetration. A cross-ply of 

collagen is therefore ideal for this function, and the harder bony 

layer is to protect the collagen layer from direct contact with the 

needle tip, and to mitigate the stresses transmitted onto the softer 

collagen layer by redistributing them over a large area. 

25.6 Interaction between Scales 

Overlapping of individual scales make a larger protective system 

covering the entire body of the fish. While resistance to penetration 

is critical for individual scales, flexibility is also an important 

attribute for the skin as a whole. The flexibility of the skin in bending 

is actually also controlled by the interaction between scales. The 

mechanics of fish skin and its interaction with the surrounding 

organs and, muscles and skeletal structure is very complex. This 

section concentrates on the deformation of a population of elastic 

scales on the surface of dermis of fish and understand how they 

affect the overall mechanical behavior of the skin. This study also 

seeks to quantify the changes in overall skin properties in bending 

due to modifications in scale shape, arrangement and properties 

[20]. 

25.6.1 Analytical Model 

Following fundamental engineering and homogenization principles 

[30], this problem can be investigated by introducing an idealized 

model of fish scale structures, which, despite its simplicity, contains 

the principal ingredients of fish scale deformation during bending. 

The idealized model of fish scale structure can thus be described as 

follows. In its initial configuration, the scale structure is represented 

as a two-dimensional arrangement of initially straight scales, lying 

on a straight support. Scale deformation is then restricted by its 

attachment to the support (on its left end) and a rotational spring 

resisting scale rotation at its attachment point. Assuming that the 

support’s rigidity is large in comparison to that of individual scales, 

its deformation is described in terms of homogeneous curvature 

κ . In other words, during bending, the support shape is described 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:43 PSP Book - 9in x 6in 25-Shaofan-Li-c25

988 Intricate Multiscale Mechanical Behaviors of Natural Fish-Scale Composites 

Figure 25.8 Initial, deformed configuration and free body diagram of a 

primary (representative) scale (bold line) during macroscopic bending. 

Adjacent (left and right) scales are also shown by dotted lines for clarity. 

as an arc circle of radius R = 1/κ (Fig. 25.8), which results in 
the rotation and deformation of scales and the development of 

contact forces between adjacent scales. The elastic energy stored 

in this deformed configuration determines the bending stiffness of 

the fish-structure. To further simplify the system, one may take 

advantage of two distinct features of fish scale structure: (i) the 

fish scale structure is made of a periodic pattern and (ii) during 

uniform bending deformation, every scale undergoes the same 

deformation. These hypotheses allow us to greatly reduce the size of 

the problem by considering the mechanics of a single representative 

fish scale instead of a large assembly of them. Microstructural 
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characteristics such as scale size, arrangement, and properties can 

thus be entirely described in terms of this single scale geometry 

and applied boundary conditions (Fig. 25.8). This simple model 

can then be used obtain a relationship between the macroscopic 

response of a scaled skin and the nature of its underlying structure. 

The free-body diagram of a fish scale subjected to several applied 

forces and moments arising from dermis–scale and scale–scale 

interactions is depicted in Fig. 25.8. In particular, the following are 

considered: 

The force exerted by the left scale applied at the point of contact. 

This force is comprised of a normal force f L and a tangential force n 

f L resulting from friction. The force exerted by the right scale t 

applied at the right extremity of the principal scale. This force can 

also be decomposed into a normal f R and tangential f R component, n t 

with respect to the right scale. Because of the periodicity argument, 

the magnitude of these forces is equal and opposite to f L and ft
L . An 

momentmD resisting scale rotation around its support. 

In this model, assumption of a constant curvature of the support 

allows us to neglect the effect of local support deformation and 

concentrate on the response from fish scales exclusively. The above 

model implicitly assumes that the contact between scales can be 

considered a point-wise interaction. While this situation may differ 

slightly from a real distributed scale–scale contact, this assumption 

will provide a first good approximation of the interaction. Themodel 

will thus consist of computing the equilibrium configuration of the 

representative scale for different values of the overall (macroscale) 

curvature κ . Referring to Fig. 25.8, as κ is varied, the position of 

the right scale (and thus the force f R) changes. This results in a 
redistribution of forces and moment in the scale and at the contact 

points. The elastic energy stored in the system can then be computed 

and used to determine the macroscopic elastic energy, which in 

turn is used to compute the macroscopic moment. This procedure 

therefore permits the determination of the macroscopic moment

curvature response. 

Deformation of a single scale 
In the two dimensional analysis, the cross section of a scale is viewed 

as a beam undergoing a combination of shear, axial and bending 
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deformations. Duringmacroscale bending, each scalemay undergo a 

significant amount of deformation depending to their geometry and 

properties. It is thus essential to incorporate the nonlinear effect 

of finite rotation and deformation into the model. The approach 

taken in this analysis relies on a hybrid analytical-computational 

formulation for which details can be found in [31]. In a nutshell, 

the method consists of solving a nonlinear ordinary differential 

equation for the orientation φ of the beam’s centroid, that takes the 

following form: 

∂2 
U = E I (φ − φ0)+ g (s) = 0 (25.4)

∂s2 

where E and I are the are Young’smodulus andmoment of inertia of 
the scale’s cross section, respectively, φ0 is the initial orientation of 

the beam’s centroid and s is the curvilinear coordinate, referring to 
the initial scale configuration. The function g is a nonlinear function 
of the beam’s orientation and the applied forces whose general 

expression is given by 

g (s) = w♦F + αF · P1 − m (25.5) 

where operation♦ is defined asw♦F = wx Fy−wyFx and the vector 
− sin 2φ cos 2φ 

w and matrix P1 = are functions of the beam’s 
cos 2φ sin 2φ 

orientation. In addition, F is an integral measure of the forces f L , 
f R applied on the beam (see [20] for details) and m is the applied 

moment at point s . In this particular case, 

m (0) = mD and m = 0 when x �= 0 (25.6) 

Finally, the constant α is written in term of the shear modulus G , 
axial modulus E and the beam cross section A as follows: 

1 1 1 
α = − (25.7)

2 E A G A  

Upon solving for the beam’s orientation φ = φ (s), the deformed 
shape of the scale, given by the coordinate x = (x (s) , y (s)) of points 
on the centroid, is calculated as follows: 

s 

x (s) = x (0)+ q (φ (ξ))dξ (25.8) 
0 
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where the expression for q is an explicit function of φ and applied 

forces that takes the form: 

q (φ) = w + P2 · F (25.9) 

β + α cos 2φ α sin 2φ 1where matrix P2 = , β = 
2α sin 2φ β + α cos 2φ 

1 1 . The above formulation is a very efficient way to E A  + kG A 
investigate the large deformation of a beam, including bending, 

shear, axial deformation and buckling. 

Scale–scale and dermis–scale interaction 
In addition to scale deformation, the model should characterize the 

magnitude, direction and point of application of scale–scale forces as 

well as the moment mD representing the attachment between scale 

and dermis. For this, let us define f as the magnitude of the normal 
contact force between two scales, ξ as the coordinate of the contact 

point, measured from the attachment in the curvilinear coordinate 

system and κ as the macroscale curvature. Denoting nξ as the unit 

vector normal to the scale centroid at contact point ξ , the  normal  

contact force f L is written: n 

f L = − f nξ (25.10)n 

In order to compute the contact force f R , the orientation n 

difference between two adjacent scales is given by the product 

κd, where  d is the inter-scale distance (Fig. 25.8). Thus, it is 
straightforward to show that 

fn
R = f R · nξ (25.11) 

cos κd − sin κd 
where R = is the orthogonal rotation matrix 

sin κd cos κd 
associated with a rotation of angle κd. The tangential forces at 
contact points are then related to their normal counterpart and the 

friction coefficient c as follows: 

f L = cQ · f L = −c f Q · nξ (25.12)t n 

f R = cQ · f R = c f Q · R · nξ (25.13)t n 

where Q = [0, −1 ; 1, 0] is the permutation matrix. Finally, the 
interaction between the dermis and the scale is given by a moment 
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mD resisting the rotation of the scale at its attachment point, given 

by 

D D Sm = K D θ S − θ = K D θ (25.14) 

where θ D and θ S are the rotation of the dermis and the scale 

at their point of intersection and K D is the angular stiffness of 

the attachment. The rotation of the dermis θ D vanishes for the 

representative scale. 

25.6.2 Results 

Figure 25.9 depicts the computed scale deformation for a macro

scopic bending of κ/ l ≈ 1, with various values of scale bending and 
shear stiffness. Generally, if t is the thickness of the scale, the ratio 
GA/EI is comparable to 1/t2. In other words, a low relative shear 
resistance will be encountered for thick scales, while a high relative 

bending stiffness will be encountered when the scales become thin. 

The figure shows that different scale properties and geometry leads 

Figure 25.9 Scale centroid deformation for amacroscopic bending of κ/ l ≈ 
1. Three situations are depicted depending on scale properties, relative 

to the rotational stiffness of the scale–dermis attachment. The “*” symbol 

refers to the contact point x(ξ). 
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to very different deformation of the fish-scale structure. For clarity, 

the figure depicts the left and right scales, which undergo the same 

deformation as the primary scale. The results are shown for a scale 

discretization of 200 elements [20]. A high number of nodes were 

necessary in order to accurately capture the location of the contact 

force. 

An important result of this study is the presence of a strain-

stiffening mechanism in fish-scale structure. Strain-stiffening re

sponse is a characteristic shared by a large number of biological 

structure and materials as a way to prevent structural damage 

and failure [32]. Indeed, a strain-stiffening material will tend to 

redistribute deformation over a large region in order to minimize 

the stored elastic energy. This feature ensures that stresses are dis

persed throughout the structure. It plays a large role in preventing a 

localized unstable behavior of fish-skin during swimming and when 

a fish is subject to predator attack. The swimming activity of fish 

involves significant bending forces generated by powerful muscles. 

While the convex side of bending (undergoing stretching) is usually 

stable, the concave side may undergo an instability in the form of 

wrinkling if no scales are present (Fig. 25.10a). Wrinkling can be 

thought of as a localized instability associated with a decreasing 

resistance to bending as curvature increases. This localization, 

together with the large moment involved may result in injury or 

death of the fish. The design of the scaled-skin provides an excellent 

Figure 25.10 Illustration of the role of fish scales in preventing unstable 

localized deformation. 
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solution to prevent this kind of failure, due to its strain-stiffening 

behavior in the concave side of curvature. In addition, the role 

of fish scale as an external tendon is plausible, since the stored 

energy, which increases with curvature, may be restituted to the 

fish to increase locomotion speed. The scale structure could then be 

compared to a bouncing spring, converting its stored elastic energy 

into kinetic energy. 

Another critical role of fish-scale structure is the protection 

of fish against a predator attack in the form of biting. From a 

mechanical view point, this situation can be compared to the 

indentation of a soft material (the fish body) covered with fish 

scales. As shown in Fig. 25.10b, the fish scale structure will (i) 

redistribute the curvature in a region whose size is proportional to 

scale size and (ii) due to the strain-stiffening response, an increasing 

indenting forcewill result in an increase of strain redistribution until 

failure of the indented scale occurs. Both features will contribute 

in minimizing force concentration, redistributing energy within the 

structure and thus retarding final failure. 

25.7 Conclusions 

Individual teleost fish scales are high performance natural protec

tive systems, offering resistance to puncture superior to modern 

engineering polymers typically used for protective applications. 

Remarkably, fish scales are made of materials that are both softer 

and weaker than these engineering polymers, which highlights the 

important role of the structure of the scale in “amplifying” the 

properties, as seen in other biological materials [33–35]. The high 

performance of the scales attributes to a fine balance of structure 

andmaterial properties, and in particular the hardness and stiffness 

of the outer layer, the softness and strength of the inner layer, and 

an interface weak enough to delaminate and allow the collagen 

layer to stretch under the bony flaps. The actual skin of the fish 

is covered with a large number of overlapping scales. For striped 

bass, any given point on the surface of the body is covered with 

three or four layers of scales. The resulting multilayer system 

alternates hard and soft layers in an arrangement reminiscent of the 
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Figure 25.11 Trends of fish scale response in terms of its underlying 

microstructure. 

design of bulletproof glass. In addition, overlapping scales ensures 

compliance and breathability, two highly desirable properties for 

personal armors. A biomimetic design at the individual scale level 

could therefore be combinedwith a clever arrangement of the scales 

at the macroscale to yield a hierarchical protective system with 

attractive properties. 

The investigation on bending response of fish-scale structure 

in terms of its local geometry and properties shows that for 

certain microscale features, the response exhibits a strain-stiffening 

response, which can play a large role in preventing local unstable 

deformation during swimming and predator attack. Figure 25.11 

summarizes the trends of fish scale response in terms of its 

underlying microstructure. According to its environment and size, 

a species of fish may emphasize certain functions over others. 

For instance, in cases where locomotion speed is emphasized, the 

structure will be “designed” in terms of the strain-stiffening (role of 

external tendon) and light weight. On the other hand, if protection 

against predator is critical, the design will favor a higher resistance 

to fracture and average bending stiffness. This flexibility in choice 

may explain the large diversity of scale structures encountered in 

nature, from large to small scale, high to low density, all of them 

within region of acceptable design depicted by the grey circle in 

Fig. 25.11. 
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Mechanics of Random Fiber Networks 
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This chapter presents a review of the state of the art of the 

mechanics of random fiber networks. The emphasis is on the rela

tionship between the network structure and mechanical properties 

of individual fibers on one hand, and the global network mechanical 

properties on the other hand. Athermal fiber networks are of 

primary interest here, as these are broadly encountered in biological 

and artificial materials and structures. Bonded networks, in which 

fibers are bonded to each other at contact points, and entangled 

networks, in which the fiber mass holds together due to topological 

and frictional interactions, are considered. 

26.1 Introduction 

Structures made from fibers are broadly encountered in the 

biological and engineering materials worlds. Most biological ma

terials are made from filaments of various types and dimensions. 

The cytoskeleton of eukaryotic cells is composed of a set of 
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interpenetrating semi-flexible macromolecular networks which 

provide the structural integrity of the cell, host the cellular organelle 

and perform important functions in cellular division, migration and 

chemo-mechanical transduction. The cytoskeleton mechanics is a 

subject of intense research today driven by the desire to gain control 

of the biochemical activity of the cell. Connective tissue is composed 

of a network of various types of filaments, in particular collagen. 

These filaments are more complex, larger scale entities which are 

less affected by thermal fluctuations. The filaments organize in 

bundles and form larger scale structures such as tendons, with 

structural role in the human and animal body. 

Structures made from filaments are a common occurrence in the 

non-living world as well. A common example is rubber, which is a 

cross-linked molecular network. Gels are also molecular networks 

which are swollen by the absorption of water. Polymeric fibers with 

diameters on the order of several microns are used in a variety 

of consumer products. Nonwovens are made from fibers with high 

aspect ratio which are not bonded to each other but entangle and 

interact frictionally. Nonwovens are used for thermal insulation (e.g. 

fiber glass and felt), filtration and sound insulation. They are also 

used for liquid absorption in hygiene products. Fibers in nonwovens 

can be bonded by a variety ofmeans, with the bonds being of the size 

of fiber diameter or much larger entities which connect many fibers. 

Bonded polymeric fiber mats of this type are used in common and 

special clothing, consumer products, and in packaging. 

Paper is a classic example of a material with a random fiber 

network as the essential component. Paper is made from cellulose 

fiberswhich are bonded together through hydrogen bonding and are 

densely packed. 

A distinct class of fiber-based structures uses woven fibers. In 

this case individual fibers, which may or may not be bundled, are 

arranged regularly in a fabric. Examples from this category are 

common fabrics as well as fiber composite prepregs (sheets of 

woven fibers impregnatedwith amatrix resin used in the fabrication 

of fiber composites). Due to the resulting entanglement and fiber

fiber (or bundle-bundle) friction, woven structures do not need 

bonding (cross-linking) in order to preserve integrity under various 

types of loads. The essential difference between random networks 
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and woven structures is that in this second case a repeating 

structural unit can be identified. This makes understanding and 

modeling the mechanical behavior easier [1–5]. 

When the filaments have nanoscale dimensions, such as in mole-

cular networks, thermal fluctuations are important. The mechanical 

behavior at the network scale is entropic. Larger filaments are less 

prone to thermal fluctuations and the response of the network is 

enthalpic. These structures are denoted as athermal. 

Networks can be classified further based on the relative stiffness 

of the filament measured in bending and in axial deformations. 

In the case of athermal fibers, the axial stiffness is usually larger 

than the bending stiffness, as their aspect ratio is generally 

large. If the bending stiffness can be neglected relative to the 

axial stiffness, fibers are considered “flexible.” In the presence of 

thermal fluctuations, stretching the filament leads to a reduction 

of the filament entropy before an enthalpic signature is observed. 

The degree of tortuosity of the filament is characterized by the 

persistence length, which indicates the length along the filament 

beyond which the orientation memory is lost. This quantity is 

proportional to the bending stiffness of the filament. When the 

persistence length is comparable to the filament length, the fiber is 

considered “semi-flexible.” If fibers are cross-linked, the persistence 

length must be compared with the length of the average segment 

between cross-links. 

The literature on the mechanics of fiber networks is rich, with 

the first studies, mostly related to paper, being reported more 

than half a century ago. In approximately the same period of 

time, but in a different community, work has been performed on 

flexible molecular networks such as rubber. The objective was 

to derive constitutive equations describing deformation at the 

macroscopic scale and to relate this behavior to smaller scale 

parameters of the network. This is in line with the general trend 

in Mechanics of Materials over the last part of the 20th century, 

when micromechanics (and more recently, multiscale methods) was 

used to place macroscopic constitutive behavior on a firm ground. 

Recently, significant attention was devoted to semi-flexible random 

networks, due to their applications in the mechanics of the cell, 

tissue and artificial tissue equivalents. 
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The chapter begins with an overview of quantities used to 

characterize the structure of the network. The second section 

reviews several constitutive formulations used for individual fibers, 

which is an input to all network models. The subsequent discussion 

is divided in two parts, referring to cross-linked and un-cross

linked/entangled networks, respectively. The overall elasticity 

under small and large deformations, field fluctuations associated 

with structural heterogeneity, and size effects induced by the 

heterogeneity are discussed in the context of cross-linked networks. 

Several potential continuum models are outlined in conjunction 

with cross-linked networks. In this context, the feasibility and 

limitations of using sequential multiscale models to represent the 

deformation of very large fiber network domains are estimated. The 

mechanics of non-cross-linked networks is more complex because 

fiber rearrangements may take place during the deformation. The 

behavior of such fiber clumps subjected to compression is described. 

26.2 Random Network Structure 

The “network structure” is described by a set of parameters 

representing the geometry of the network; these parameters turn 

out to be important in the mechanical behavior on larger scales. 

However, a definite list of parameters influencing the overall 

mechanics of the ensemble of fibers is difficult to assemble. For 

example, one may consider that the fiber length, density and 

orientation many be important, but may also include parameters 

describing the fiber curliness, tortuosity, crimp etc. 

The “structure” depends on the way the network was generated. 

To make the discussion specific, let us consider networks which are 

generated in the following way: a two-dimensional square domain 

of size L is considered and fibers of length L0 are deposited with 

random orientation and random position of their centroids. The 

number of fibers per unit area, N , is controlled. This defines the 
density ρ, i.e. the total fiber length per unit area, specifically, ρ = NL0. 
A structure produced by this method is shown in Fig. 26.1. Other 

ways to generate two-dimensional random networks are possible; 

see [6]. 
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Figure 26.1 A realization of a two-dimensional fiber network. 

The fibers are segments of straight lines, i.e. their diameter (or 

thickness in the plane of the model) is not taken into account 

explicitly. However, this dimension enters the constitutive behavior 

of individual fibers, specifically, the bending and axial stiffness of 

fibers. Note that since the model is 2D, torsion is not possible. The 

fiber thickness is not important as long as deformations are small 

and fibers do not come in contact at sites other than the cross-linking 

points. However, if large deformations are applied, the excluded 

volume of the fibers becomes important. In the models discussed 

in the following sections it was assumed that fibers can cross each 

other—an unrealistic assumption; however, this does not lead to 

significant errors as long as small deformations are considered. 

Cross-links are introduced at all points where fibers cross. This is 

the maximum level of cross-linking and is relevant for a number of 

applications in which fibers bond at contact points due to adhesion. 

Sparser bonding is possible, i.e. when fibers are not bonded at a 

number of crossing points. This is common in situations in which 

cross-linking is produced by a chemical reaction involving groups 

located at specific sites along fibers. 

The nature of the cross-links has a major influence on the 

mechanical behavior of the network. Three types of cross-links are 
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(a) (b) (c) 

Figure 26.2 Three types of cross-links: (a) pin joint, (b) “rotating joint,” (c) 

“welded joint.” 

shown in Fig. 26.2, all with coordination z = 4. The coordination 
number indicates the number of segments converging into given 

joint. Figure 26.2(a) shows a pin joint, which transmits no moments 

and all incident fibers must carry axial forces only. A “rotating 

joint” between two continuous fibers is shown in Fig. 26.2(b). 

While the pin joint transmits no moments, the rotating joint 

allows the forces applied by the two fibers to cause bending in 

both fibers. The angle between fibers is not fixed and hence no 

moment is transmitted between fibers. The joint in Fig. 26.2(c) is 

a “welded joint,” which imposes the additional constraint that the 

angle between fibers remains constant during deformation. This 

type of joint transmits forces and moments along and between 

the two fibers in contact. The cross-links in networks of flexible 

molecules may be represented as pin joints, while those in networks 

of semi-flexible molecules should be represented either as rotating 

joints or welded joints. Recently, a new class of cross-links, which 

have their own internal constitutive behavior, has been considered 

in network models [7, 8]. These flexible cross-links were used 

to represent actin-binding proteins that cross-link F-actin in the 

cellular cytoskeleton. 

The coordination is important for network stability. Some 

networks have the same coordination at all cross-links. For the 

structure resulting from the generation procedure described above, 

the coordination number is z = 4 at all cross-links. If the 
coordination is not the same at all cross-links, the mechanics of 
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the network becomes more complicated, see e.g. [9]. For the model 

discussed here, if the dangling ends of fibers are discarded (since 

they don’t store strain energy if the fiber excluded volume is not 

considered), nodes with coordination z = 2 (“V nodes”) and z = 
3 (“T nodes”) result. Since their fraction is small at relatively large 

network densities, we neglect this detail here. 

In molecular networks, the coordination is controlled by the 

chemistry of the filament ends, as for example in the case of epoxy in 

which resin molecules are linked by hardener molecules leading to 

z = 3 at all cross-linking sites. Telechelic chains (having one reactive 
group at each end of the chain and no such group along the chain) 

can be used to construct networks with controlled z [e.g. 10]. 
The orientation of fibers and fiber segments is an important 

parameter controlling the mechanical behavior of the network. 

Orientation is usually computed based on the end-to-end vector 

of the respective segment and may be quantified using the second 

Legendre polynomial P2 (θ) = 1/2(3cos2θ − 1) [11], where θ is the 
angle between the respective vector and a fixed direction in space 

(e.g. one of the axes of the coordinate system). Random orientation 

of vectors leads to the system average value < P2 >= 0, while 
perfect alignment with the reference direction gives < P2 >= 1. 
Preferential fiber orientation induces mechanical anisotropy. 

The cross-links divide fibers in segments. The statistics of 

segment lengths, l , has been studied and it has been shown that this 
quantity is Poisson distributed. Themean segment length is denoted 

by lc . The Corte–Kallmes theory [12] provides a relation between 

density and the mean segment length, which in 2D reads 

lc = π/(2ρ). (26.1) 

The equivalent expression for 3D is lc = 2/(π Dρ), where D is the 

fiber diameter [13]. It should be observed that the mean segment 

length scales inversely with the density. The density of cross-links 

can be computed with these expressions as (in 2D) ρ/ lc = 2ρ2/π . If  
fibers are not cross-linked at each crossing point, the density and lc 

are independent parameters. 

Since the distribution of l is Poisson, p(l) = (1/lc) exp(−l/ lc), the 

mean segment length is the only representative parameter. However, 

considering that only segments of length lc are present is misleading 

since the distribution is broad. 
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In 2D, fiber crossing defines polygons. Goudsmit [14] derived 

several geometric properties of such materials, including the 

number of polygons formed by given number of lines. Miles [15, 16] 

showed that the fraction of polygons that are triangles is 36% 

and the mean number of sides per polygon is 4. The distribution 

of polygon areas is not known analytically, but it appears that 

the distribution of pore radii is well approximated by the gamma 

distribution [17–19]. For a detailed discussion of the geometry of 

polygons in structures formed by randomly depositing lines in 2D, 

see [20]. The effect of accounting for the non-zero fiber diameter is 

discussed in [21]. The broad distribution of pore sizes indicates that 

the structure is multiscale, with small polygons embedded in larger 

polygons, embedded in even larger polygons. This is unlike regular 

cellular materials or beam structures in which only one level of this 

hierarchy exists. 

Kaye [22] used the box counting method to compute the fractal 

dimension of networks similar to those produced by the method 

described above, and obtained a fractal dimension D2D = 1.5. 
The procedure requires counting the number of squares of size δ 
necessary to cover the image of the network, followed by observing 

δ−D2Dthe scaling of this number as . This method cannot be applied 

for δ >  lc because the entire domain ends-up being tiled when such 

large squares are used. 

As mentioned in the Introduction, if fibers are not straight, other 

parameters need to be considered. For example, crimp and curl 

measure the degree of rotation of a vector tangent to the fiber 

axis relative to a global coordinate system. These measures are not 

considered in this work since straight fibers are used in all models. 

In many applications fibers are rather long. For example, in the 

case of electrospun polymeric fibers, the fiber length is irrelevant; 

these fibers are continuously spun on a conveyor belt and have 

virtually “infinite” length. In these situations parameter L0 is 

replaced by the persistence length, l p. This quantity represents the 

length along a representative fiber beyondwhich the orientation of a 

vector tangent to the fiber becomes decorrelated. Let us consider v 
to be the tangent unit vector and s a curvilinear coordinate along 
the fiber. If < v(s) · v(0) > ∼exp(−s/ l p), with <> representing 
the system average, l p is the persistance length. This quantity is 

proportional to the fiber bending stiffness. 
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26.3 Constitutive Behavior of Individual Fibers 

The constitutive behavior of individual fibers is an input to all 

fiber network models. Fibers are considered thermal or athermal 

function of whether thermal fluctuations play a role in their 

mechanics or not. Roughly speaking, large fibers are athermal as the 

energy of thermal fluctuations, kB T per degree of freedom or fiber 

vibration mode is much smaller than that required to deform the 

respective filament. 

If fibers are considered athermal, it is common to assume that the 

material from which they are made is linear elastic. Then, the fiber 

bending, axial and effective shear stiffnesses are κ = E f I , η = E f A 
and γ = λG f A, respectively. A and I are the area and moment of 
inertia of the fiber cross section, E f is the fiber Young’s modulus, G f 

is the shear modulus, and λ is a constant which takes the value 0.88 
for beams with circular cross section. The total energy of the system 

is the sum of the strain energies associated with bending, axial and 

shear deformation of each fiber, i.e. 

� �2 � �2 � �2
1 dψ(s) du(s) dv(s)

U = ∫ κ + η + γ − ψ(s) ds. 
2 ds ds ds 
fibers 

(26.2) 

In this expression v(s) represents the transverse displacement 
du(s)and is the axial strain at position s along the fiber. The rotation ds 

dv(s)of the fiber cross section is , while ψ(s) represents the rotation ds 
of a plane which remains perpendicular to the neutral axis of the 

dv(s)beam. Hence ds − ψ(s) quantifies the shear deformation of 
the beam. This equation corresponds to the Timoshenko model of 

the beam. Note that the Euler–Bernoulli model is more often used 

for fibers. In this case the energy of the system is computed with 

the same expression (Eq. (26.2)), without the third term under 

the integral. The two models give identical predictions for long, 

slender beams (beam length significantly larger than the cross-

sectional dimension), while the Timoshenko model gives more 

accurate predictions for short beams. As discussed in Section 26.2, 

the distribution function of segment lengths is Poisson. Hence, a 

large number of short segments are present and, for given fiber 

diameter, one expects many segments to be too short to be modeled 
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with the Euler–Bernoulli formulation. A discussion of conditions 

under which using an Euler–Bernoulli model is appropriate is 

presented in [23]. √ 
The quantity lb = κ/η plays an important role in themechanics 

of fiber networks. It indicates the importance of bending relative to 

the axial deformation of individual fibers. lb has units of length and, 

for cylindrical fibers, it is equal to half of the cylinder radius. 

In a small number of publications athermal fibers are not 

modeled with the beam theory, rather are represented using 

modified bead spring models [24, 25], which are commonly 

employed as coarse grained representations of polymeric chains in 

polymer physics [e.g. 26]. Alternatively, the volume of each fiber is 

discretized with finite elements and hence continuum mechanics 

is used on the scale of individual fibers [27]. The advantage of 

these models is that the excluded volume constraint (non-crossing 

condition) is enforced at all times during deformation. However, 

they are much more computationally expensive than the models 

representing fibers as beams of trusses. Finally, ad hoc models for 
the fiber constitutive behavior have also been used; for example, in 

[28, 29] the axial force is chosen as an exponential function of the 

Green strain in the direction of the segment. 

If fibers are small (e.g. fibers are molecular strands in gels and 

rubber), thermal fluctuations are important. The free energy of 

such fibers has entropic and energetic components. The energetic 

component can be neglected relative to the entropic one if the 

persistence length is small relative to the contour length of the 

strand and comparable with the repeat unit length. In this case 

the strand can be represented with the freely rotating chain model 

which is generally used for polymeric chains in the melt above the 

glass transition temperature. 

A more interesting situation is that in which the strands are 

relatively stiff and have large persistence length. In this context 

one typically uses the worm-like chain model, which is a version 

of the freely rotating chain in which the angles made by successive 

bonds are close to π . Let us consider that a representative strand 

is composed from n links, each of length a. The axial entropic force 
can be computed in two limits [e.g. 30, 31]. For small extensions and 

for contour lengths much larger than l p, the model gives the same 
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prediction as the freely rotating chain. The force required to hold 

the strand in a position in which the end-to-end vector length is R is 
given by: 

3kB Tf = R (26.3) 
na2 

For large extensions, when the end-to-end vector length, R , 
becomes comparable to the maximum possible stretch of the chain, 

R ∼ Rmax = na, one obtains � �2
kB T Rmax
f = (26.4)
2a Rmax − R 

Accounting for both the enthalpic and entropic contributions 

to the constitutive response of a filament is more involving  [32–  

37]. Thermal fluctuations producing transverse vibrations of the 

filament act against the filament bending stiffness. If the energy 

equipartition condition requiring that the same amount of energy 

is associated with all vibration modes is imposed, one may compute 

the amplitudes of all modes and hence estimate the set of shapes the 

chainmay take. This derivation was performed in [36, 37] where the 

relation between the applied force and the end-to-end vector length 

is given in the implicit form: 
∞R2 � f/ f0maxR ( f )− R (0) = � � , (26.5)

π2l p fi2 i2 +i=1 f0 

with f0 = π2E f I/R2 . It should be observed that in the context max 

of semi-flexible filaments for which bending is important, the 

persistence length may be evaluated as l p = E f I /kB T [38]. 
An athermal wavy fiber loaded along its end-to-end vector 

was studied in [39]. The filament is assumed to be stress free 

in its wavy state and the work done during pulling is stored 

primarily as bending strain energy. The model was compared with 

the worm-like chain predictions and it was concluded that despite 

quantitative differences, the general behavior is qualitatively similar. 

For example, both models predict the same type of divergence of the 

force at large extensions, R ≈ Rmax: 

f ∼ 1/(Rmax − R)2 . (26.6) 

The following discussion focuses on systems with athermal 

fibers. The fibers are modeled with Timoshenko beams and the 
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system energy is computed with Eq. (26.2). The equilibrium 

configurations under specified, displacement imposed boundary 

conditions are obtained by minimizing the total potential energy of 

the system. Some references are made in Section 26.4.1 to networks 

of flexible, entropic filaments. 

26.4 Cross-Linked Networks 

26.4.1 Flexible Filaments 

If all fibers of the model are fully flexible, no bending moments 

are transmitted and necessarily all cross-links behave as pin joints. 

Such networks are thought to be representative for rubber, gels, 

and other cross-linked molecular structures. In rubbers, each 

molecule is viewed as an entropic spring in 3D which may be 

linear (Gaussian approximation of the freely rotating chain) or non

linear (Langevin formulation). The excluded volume interactions 

between chains are thought to have no effect on themechanics of the 

network, despite the fact that the material is dense and essentially 

incompressible. This approximation is based on the phantom chain 

concept commonly used in polymeric melts. Hence, the elasticity is 

entirely due to the behavior of the molecules viewed as entropic 

springs. 

Treloar [40] and Treloar and Riding [41] developed a network 

theory in which chains have full spatial distribution of end-to-end 

vector orientations and the global stress is obtained by averaging 

over this distribution. The chain deformation is considered affine, 

i.e. each end-to-end vector stretches and rotates as dictated by the 

far field. A simple formula is derived for the shear modulus of the 

network: 

G = N kB T. (26.7) 

The affine assumption is a major approximation in these 

theories. It is equivalent to assuming that each chain is tied to an 

underlying homogeneous continuum. In reality, the network nodes 

are free to fluctuate and to move non-affinely in order to reduce 

the overall free energy. The effect of fluctuations was incorporated 

in this network model leading to an estimated value of the shear 
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modulus smaller than that provided by Eq. (26.7). Specifically, 

z − 2
G = N kB T . (26.8) 

z 

The modulus depends on the coordination number. As z 
increases, the modulus predicted by the non-affine model (Eq. 

(26.8)) converges to the affine model result, Eq. (26.7). A review of 

developments starting from the affine network model is presented 

in [42]. 

26.4.2 Semiflexible Filaments 

26.4.2.1 Affine versus non-affine deformation 

Early fiber network models were based on the assumption that the 

deformation of network filaments is affine, i.e. the local deformation 

is identical to the far-field deformation imposed along the boundary 

of the model. Based on this and knowing the distribution function 

of fiber orientations (ODF), the total strain energy stored in 

the network and the effective stress may be computed [e.g. 43– 

46]. Under large deformations, the ODF must be updated as the 

deformation proceeds. With the affine deformation assumption still 

in place, the constitutive response for large deformations may be 

predicted for (at least) simple loads such as uniaxial and biaxial 

tension/compression. The agreement of these predictions with 

experimental data is not always good. Generally, these models 

perform poorly when applied to networks of low density. 

It is now well documented that the deformation of random fiber 

networks is non-affine (NA) [e.g. 47–49], i.e., the local strain field is 

not homogeneous and is distinct from the far-field imposed strain. 

The energy level at which the actual, NA deformation occurs is lower 

than the energy corresponding to the affine deformation. Hence, the 

material is more compliant in presence of NA. The NA strain was 

measured on the micrometer scale by Liu et al. [50] in a F-actin 
network subjected to shear in which tracer beads were embedded. 

They observe the expected increase of the NA strain with decreasing 

network density. 

A strain-based measure of NA was introduced in [49]. The strain 

is probed on scale r by selecting triads of cross-links forming 
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approximately equilateral triangles of area r2. The local strain is 
computed based on the relative displacements of the corners of the 

triangle - a procedure similar to that used in tensometry. The NA is 

computed asH(r) =< (� − �aff)
2 >r , where� = {ε11, ε22, ε12, ω12}

is a vector containing the non-zero strain and rotation components. 

�aff is the affine equivalent vector, i.e. the far-field strain imposed 

along the model boundaries. Figure 26.3(a) shows the four entries 

ofH for a network with N = 150, (lc/L0 = 0.046) and lb/L 0 = 10−4 

subjected to uniaxial tension in direction 1, i.e. ε11aff =� 0. All NA 

(a) 

(b) 

Figure 26.3 (a) Variation of the strain-based non-affinity measure H with 
the probing length scale. (b) Dependence of the non-affinity on lb. 
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strains decay with r following a power-law over the entire range of 

probed length scales. Interestingly, there is no difference between 

the various strain components and the rotation, despite the fact that 

the far field is pure tension and εi jaff = 0 for i �= 1 or  j �= 1. The 
local rotation is also non-zero. Figure 26.3(b) shows the dependence 

of one of the components of H on parameter lb. As the fiber bending  

stiffness increases relative to their axial stiffness, the NA decreases. 

A similar decrease is observed when the network density increases. 

This suggests that denser networks with filaments relatively stiff in 

bending deform more affinely, regime in which the affine models 

described above should provide accurate predictions of the overall 

elastic moduli. However, it should be observed that this can only be 

an approximation since the deformation of the random structure is 

never exactly affine. 

26.4.2.2 Network elasticity 

Let us consider cross-linked networks of athermal fibers and 

investigate the relationship between the network structure and its 

overall elastic behavior. As discussed in Section 26.2, fiber networks 

have several characteristic length scales such as the fiber length L0, 

the fiber density, ρ and parameter lb. Of these, the first two are 

geometric parameters, while the last one is related to themechanical 

behavior of individual fibers. 

The elasticmoduli of a large number of network realizationswith 

various parameters was evaluated numerically [51–53] without 

making any assumption regarding the nature (affine vs. non-affine) 

of the deformation. Figure 26.4 shows the dependence of Young’s 

modulus on the three systemparameters. Thismaster plot results by 

performing a scaling collapse of data from 96 networks with density 

ρ ranging from 50 to 300, fiber length L0 ranging from 0.25 to 1, and 

lb in the interval 10
−7 ,10−2 . Young’s modulus is normalized by ρη 

and a constant α which is a numerically-determined dimensionless 
quantity equal to 0.38. The variable of the horizontal axis is w = 
(ρL0)

x (lb/L0)
y . Note that according to Eq. (26.1), ρ ∼ l−1, i.e.  c 

ρL0 ∼ L0/ lc . The exponents x and y are varied until the data from 
all 96 systems considered collapse on a master curve and the values 

x = 7 and y = 2 result. 
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Figure 26.4 Master plot providing Young’s modulus of the network as a 

function of system parameters. 

The Poisson’s ratio was measured in the uniaxial tests. This 

quantity is largely independent of the system parameters and takes 

values close to ν = 0.33 
In Ref. [51, 52] slightly different values were obtained for the two 

exponents x and y: x = 5.6 and y = 1.8. The difference appears to be 
due to the strong dependence of the systemmoduli on the size of the 

model considered. Very large models are required to obtain model 

size-independent data, as discussed further in Section 26.4.2.4. The 

data in Fig. 26.2 are free of size effects [53]. 

Important conclusions result from the master plot of Fig. 26.4. 

Two regimes are clearly defined at large and, respectively, low values 

of the variable, w. The curve reaches a plateau at large w. This 
indicates that the modulus is proportional to the density and to η. 

This dependence was inferred in the early network models where 

it was assumed that the deformation is affine [e.g. 43, 45, 46]. For 

this reason this regime is denoted as “affine.” Direct measures of 

non-affinity discussed in [48, 49] also indicate that the degree of 
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non-affinity decreases as ρ and lb increase, as discussed in Section 

26.4.2.1. The linear dependence of the modulus on the (average) 

density is a well-known result in the mechanics of paper. 

At small w, the slope of the master curve is unity, hence the 
modulus is proportional to ρ8, L0

5 and to ηlb 
2 = η(κ/η) = κ . 

The deformation in this regime is strongly non-affine. The strong 

dependence of the modulus on the density is interesting; it suggests 

that a living organism containing a fiber network structure (e.g. the 

cytoskeleton), is able to change its stiffness by orders of magnitude 

just by adding/subtracting small amounts of matter (or number of 

fibers). This large exponent, E ∼ ρ8, cannot be explained using 

simple mean field models of the fiber network. The dependence 

of the modulus on κ (and independence of the axial stiffness, 
η) indicates that bending plays a more important role than axial 

deformation in this regime. In the non-affine range the modulus 

increases with L0 as L5
0, while L0 has no effect in the affine range. 

In order to substantiate the inference made above about the role 

of bending and axial deformation modes in the two regimes, it is 

instructive to compute the energy stored in the bending, axial and 

shear modes by summing up separately each of the three terms 

in Eq. (26.2). Figure 26.5 shows the percentage of bending, axial 

and shear energy stored in the system versus the variable of the [ ]
horizontal axis of the mater plot in Fig. 26.4, log10 (ρL0)

7 (lb/L0)
2 . 

In the non-affine range (small w) the strain energy is stored 
primarily in bending, while in the affine range (large w) most of the  
energy is stored in the axialmode. A small fraction of the total energy 

is stored in the shear mode at large values of w. 

26.4.2.3 Field fluctuations and spatial correlations 

Random fiber networks are highly heterogeneous structures. By 

network heterogeneity we understand the variation of specific 

parameters across the problem domain, under loading conditions 

which would lead to spatially-invariant parameters if the material 

would be a homogeneous continuum. Let us probe the network with 

a grid of characteristic size δ (composed from square elements of 
area δ2) and evaluate the density and the strain energy density for 

each element. The normalized density, ρ̄, is computed as the  total  
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Figure 26.5 Fraction of elastic energy stored in each mode of fiber 

deformation: red squares—bending, blue diamonds—axial and green 

triangles—shear deformation modes. 

fiber length per element divided by δ2 and by the nominal density of 

the system, ρ. 

Figure 26.6 [53] shows the probability distribution function 

(PDF) of ρ̄δ , p(ρ̄δ), for two systems, with N = 200 and N = 600 fibers 
per unit area, with L0 = 0.5. The curves are obtained by probingwith 
δ = 5lc , 10lc and 50lc . Themean segment length lc is 0.015 and 0.005 

for the two systems. The distribution is narrower when δ is larger 
and becomes broad when δ approaches the characteristic length lc . 

The PDFs for the two densities coincide. 

The local density is spatially correlated when δ ≤ L0 [54]. 

The correlations are due to the fact that a fiber spans a region 

of diameter L0 around its centroid. The correlations have a range 

proportional to L0 and a sharp cut-off beyond this distance. The 

density auto-correlation function decays proportional to the inverse 

of the distance from the origin; this functional form is independent 

of the probing length scale δ. The auto-correlation function may be 

obtained in close form [54]. 

It is instructive to consider also the heterogeneity of the strain 

energy density distribution [53]. Let us consider three systems as 

follows: System I characterized by ρ = 100, L0 = 0.5, lb = 10−7, 
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Figure 26.6 PDF of local density at different probing scales, δ, and  for  

networks of different nominal density. 

System II with ρ = 100, L 0 = 0.5, lb = 10−3, and System III having 

ρ = 300, L0 = 0.5, lb = 10
3. All systems are loaded in uniaxial 

tension with 1% strain and the strain energy density is computed 

by summing up energies stored in the axial, bending and shear 

deformation modes of fibers (Eq. (26.2)). The total energy per patch 

of size δ2 is Eδ . This quantity is normalized by the mean value of 

the strain energy for a patch of same dimensions, to get Ēδ . Figure 

26.7 shows the PDF of Ēδ for the three systems and for a probing 

length scale δ = 10 lc . The PDFs are clearly distinct. The system 

with low density and small lb exhibits the broadest distribution. 

This indicates that the degree of heterogeneity of the strain energy 

density is controlled by both ρ and lb. Increasing lb makes a relatively 

sparse system appear as homogeneous. 

The spatial distribution of energy in the system is shown in 

Fig. 26.8 [53]. The two figures show the same realization, but with 

fibers having very different lb. Specifically, Fig. 26.8(a) corresponds 

to system I defined above, while Fig. 26.8(b) corresponds to system 

II. The energy carried by each fiber segment is ranked and the most 

loaded segments whose cumulated energy amounts to 95% of the 
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Figure 26.7 PDF of the normalized local strain energy density for systems 

I, II and III defined in the text. 

system strain energy are represented in black (dark). The others are 

represented in yellow (light). In the system in Fig. 26.8(a) 15% of 

fibers carry 95% of the strain energy, while in Fig. 26.8(b), 72% of 

the fibers carry 95%of the total energy. Obviously, if the deformation 

would be homogeneous, 95% of the fibers would carry 95% of the 

energy. This indicates the role of lb in defining the heterogeneity of 

network deformation. 

Figure 26.8 Distribution of strain energy for two values of lb. Fibers 

represented in black (dark color) carry 95% of the system strain energy. (a) 

corresponds to system I, while (b) corresponds to system II. See also Color 

Insert. 
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This discussion indicates that the network behaves in a manner 

similar to a heterogeneous continuum. If one accounts for variability 

from sample to sample, the effective equivalent continuum is also 

stochastic, with strain energy sampled from the PDFs of Fig. 26.7. 

The degree of heterogeneity, characterized here by the first moment 

of these PDFs, is large for system I, but much smaller for systems II 

and III. This relates to the discussion in Section 26.4.2.2 where it was 

shown that as the density and lb increase (w increases), deformation 
becomes more affine and hence the relevant fields (strain and strain 

energy density) become more uniform. 

It is also interesting to point to a consequence of the spatial 

correlations observed in the density field. The network local 

stiffness can be evaluated using the same grid employed above 

for probing the local density. Specifically, each patch of size δ 
is considered “a sample” whose Young’s modulus is estimated 

based on the actual deformation of the patch induced by the far-

field boundary conditions [55]. To this end, the tractions along 

the boundary of each domain of area δ2 are evaluated from the 

axial forces and bending moments acting in fibers that cross the 

respective perimeter. The local strain is computed by fitting a linear 

function of position to the computed displacements of all nodes 

(cross-links) in the respective sub-domain and then taking the 

spatial derivatives of this function. Using the tractions and the local 

strain, and making the assumption of isotropy and locality of the 

constitutive description, onemay evaluate the local Young’smodulus 

for each sub-domain of the network. This procedure generates a 

map of moduli similar to the density map discussed above. Spatial 

correlations may be computed using this map. It was shown [55] 

that the moduli are spatially correlated in a manner similar to the 

density. Figure 26.9 shows the auto-correlation function of Young’s 

modulus for several probing length scales. The auto-correlation 

function has a functional form identical to that of the density and 

a sharp cut-off in the vicinity of r = L0/2. This has implications for 

model selection when a continuum version of the network model is 

developed (Section 26.4.2.5). 
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Figure 26.9 Autocorrelation function of the stiffness distribution of 

networks with various fiber number densities probed at different length 

scales δ/lc . Note L0 /2lc = 14, 28, and 56 for N = 200, 400, and 800, 
respectively. 

26.4.2.4 Size effects 

The large heterogeneity of the network, especially at small ρ and/or 
small lb (small w) leads to strong size effects. Let us consider the 
size of the model, L , as an additional parameter of the problem. 
It turns out that the overall system modulus depends strongly 

on L , especially when the network deforms non-affinely, at small 
w. This issue was studied in detail in [53]. In this work, many 
realizations were produced and replica averaging was performed 

for each system size  L . Figure 26.10 shows a typical result. The 
curves represent the mean Young’s modulus of 25 realizations (of 

given density and lb) versus the model size. All curves converge to 

an asymptote at large L /L0. The value of this asymptote, E∞, is used 
to normalize the vertical axis for each system considered. The size 

effect depends strongly on system parameters, specifically, systems 

with fibers stiffer in bending, which also deform more affinely, 

exhibit a weaker size effect. This relates to the heterogeneity results 

discussed in the previous section. As lb increases, the heterogeneity 
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Figure 26.10 Size effect of Young’s modulus for different values of lb. 

in all mechanical fields (strain, strain energy) decreases, which leads 

to a weaker size effect. 

26.4.2.5 Mapping to continuum representations of network 
domains 

Solving boundary problems over large fiber-network domains poses 

significant computational challenges if discretization of each fiber 

segment is attempted. Therefore, it is natural to investigate the 

possibility of using reduced order models. In particular, mapping 

the discrete network problem to a continuum representation is 

desirable given the ample computational technology resources 

developed for continuum models. The central issue in establishing 

this equivalence is determining the coarsening level, or the scale, δ, 

at which continuum models can be used. Closely related with this 

is identifying the appropriate constitutive model to be used in the 

continuum representation. 
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Let us consider a large fiber-network domain in 2D and an 

overlay grid of characteristic size δ. The grid may be interpreted as a 

finite element mesh. If it is attempted to replace the network patch 

underlying a given element with a continuum, one has to ask what 

type of constitutive model is appropriate. For cross-linked networks 

without dissipation (friction at contacts), an elastic constitutive 

equation is adequate. Further, one may consider small enough 

incremental deformations such that a piecewise linear model can 

be used. However, the model can be local or non-local (micropolar), 

isotropic or anisotropic. The selection of the constitutive model 

depends on the scale of observation. For lc < δ < L0, a micropolar 

and anisotropic model may be appropriate. In addition, as discussed 

in Section 26.4.2.3, the elasticity in neighboring patches/elements 

is correlated. The resulting continuum model is stochastic, with 

spatially correlated elastic constants. For δ > L 0 and at relatively 
large network densities, spatial correlations are lost and a simpler, 

local model is adequate. Using a local or amicropolar representation 

depends on the importance of the moments acting along the 

perimeter of each element of size δ, in comparison with the 

tractions. 

Even when δ > L0, case in which a local isotropic continuum 

model is adequate, one must pay attention to the size effect 

discussed in Section 26.4.2.4. The analysis indicates that the size 

effect is eliminated only when L > ζ L0, where  ζ depends on 

system parameters. Specifically, based on the discussion in [56] and 

the results in [53], the “scale of homogeneity” is on the order of 

10–25L0. 

When δ < L0, strong size effects are expected and the elastic 

moduli in neighboring elements are correlated. The requirement 

to work with this level of mesh refinement may be imposed, for 

example, by the presence of field gradients or by computational 

power restrictions on subscales (scale of the representative volume 

element). A method for mapping the network to a continuum 

with this resolution was developed in [55]. The method leads 

to a stochastic heterogeneous continuum model with spatially 

correlatedmoduli. The solution of boundary value problems defined 

over such domains can be obtained using various stochastic 

methods for integration of stochastic PDEs. Themethod employed in 
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[55] for this purpose is the stochastic finite element method (SFEM) 

[57]. Overviewing these technologies is beyond the scope of this 

chapter. 

26.4.2.6 Large deformations 

Networks are typically subjected to large deformations. The 

essential feature observed when such systems are subjected to 

large strains is strain stiffening. The effect is more pronounced 

in networks of semi-flexible fibers. In these systems the modulus 

(tangent stiffness) may increase by more than one order of 

magnitude for relatively small strains [58]. More modest stiffening 

is observed in networks of flexible fibers. 

The study of strain stiffening by experimental means started 

few decades ago [e.g. 59–68], and led to theoretical and numerical 

investigations continuing today [e.g. 69, 70]. The stiffening effect 

is due to the axial pulling out of undulations of segments between 

cross-links, and to the preferential fiber alignment induced by 

the deformation. The filament waviness can be due to thermal 

fluctuations or, in the case of athermal filaments, to the way these 

are deposited during network fabrication (crimp). Before the slack 

is eliminated by the axial deformation, the work done is primarily 

used to reduce the entropy in the case of thermal filaments, and to 

reduce the waviness in the case of athermal fibers. Once the fiber 

is straightened, the stiffness increases dramatically and energy is 

stored preferentially in the axial mode. 

Storm et al. [36] developed an affine-network model which 
includes the entropic behavior of fibers with axial and bending 

stiffness. Onck et al. [39] developed a 2D discrete model (including 
non-affinity) in which fibers are athermal and wavy in the 

undeformed state. The two models are discussed and compared in 

[71]. As discussed in the previous sections, a non-affinely deforming 

network has a smaller modulus than an affinely deforming one. 

The difference is more pronounced at small and intermediate 

fiber densities. However, the stiffening behavior at large strains 

is qualitatively similar. These trends are observed also in the 

experimental study presented in [66], where F-actin networks 

cross-linked with the actin-binding protein scruin are tested at 
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different actin concentrations and different cross-link densities 

(scruin concentrations). As the fiber density increases the stress at 

which the non-linear behavior of the network is observed increases. 

When the filament density is kept constant and the cross-link 

density increases, the stress at the onset of non-linearity also 

increases. 

The degree of non-affinity of the deformation is observed to 

decrease with strain [39] and is larger in 3D than in 2D models 

[72]. In the limit, when all filaments are aligned in the loading 

direction and span the entire problem domain, the non-affinity 

vanishes. The effect of fiber orientation on non-affinity was studied 

in [73]. The component of the non-affine strain associated with the 

macroscopic strain leading to fiber orientation decreases (e.g. �1 

produced by an applied far-field strain ε11). The other non-affine 

strain components remain as large as in the random network or 

increase. Furthermore, if a preferentially oriented network is probed 

in the direction perpendicular to the preferential fiber direction, the 

non-affinity in all strain components is larger than when probing is 

performed in the direction of fiber alignment. 

In general, as with most other non-linear phenomena, the 

understanding of the large deformation behavior of random fiber 

networks is limited. Further investigations are needed in this 

direction. 

26.5 Entangled Networks 

Entangled networks are systems in which fibers are not bonded, 

but are long enough to form a clump which holds together due 

to topological and frictional interactions. These systems can be 

divided in “thermal” and “athermal” categories. The broad class of 

polymeric melts falls in the thermal entangled networks category. 

This topic is vast and its overview is beyond the scope of the present 

discussion. 

Let us focus on athermal entangled networks, i.e. systems 

composed from fibers with diameter on the order of one micron or 

larger. To date, such systems received much less attention than their 

thermal counterparts. 
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The mechanics of athermal entangled networks was studied 

experimentally [74–77] and by means of modeling and simulation 

[78–82]. In most cases the focus was on the response of fiber wads 

or mats to uniaxial or triaxial compression, which is motivated by 

industrial compaction processes. 

The following features are observed experimentally under 

compression: 

•	 Pronounced hysteresis: although the response is elastic, the 
loading and unloading branches are widely separated. The 

phenomenon is heuristically attributed to fiber rearrange

ments and fiber sliding, which are both absent in cross

linked networks. 

•	 Significant strain rate effects: these materials show strong 
positive strain rate sensitivity, i.e. the slower the test is 

performed, the larger the strain (the compaction) obtained 

at the same level of stress. Fiber reorientation per se 

is unlikely to produce significant rate effects. These are 

probably due to viscous processes at contact points. Hence, 

the state of the fiber surface or simply the humidity 

influence the magnitude of the rate effect observed. 

•	 The loading branch of the stress–strain curve is well 
approximated by a power law: 

σ ∼ ρn − ρn (26.9)th, 

with ρ and ρth being the current and the stiffness percolation 
densities. The effective tangent modulus is expected to scale as 

E ∼ ρn . However, Young’s modulus needs to be computed from 

the initial part of the unloading branch and one may attempt to fit to 

the data a power law with a different exponent, E ∼ ρm . 

Modeling entangled networks is more difficult (and computa

tionally more expensive) than modeling cross-linked networks due 

to the need to trace and account for friction at all fiber-fiber contacts. 

Van Wyk [78] proposed a mean field-type model which leads to 

a power law stress–density dependence. This model includes two 

components of physics: fiber bending and formation of new contacts 

as the network is compressed. It leads to an expression similar to 

Eq. (26.9), with n = 3. Toll [79] confirmed van Wyk’s model for 
3D wads and derived an extension for 2D mats in which fibers 
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are preferentially arranged perpendicular to the loading direction 

before deformation. In this quasi-2D case the stress variation can 

be described by an equation similar to Eq. (26.9), with n = 5. The 
evolution of the fiber structure and the hysteresis of the stress– 

strain curve were modeled by Carnaby and Pan [83, 84] who also 

developed a micromechanical model for shear deformation. 

A relatively small number of numerical models of the deforma

tion of entangled fiber networks were developed [25, 81, 82, 85]. 

The number and aspect ratio of the fibers that may be considered 

in these models is limited. The simulations performed in [81, 82] 

generally confirm the prediction of van Wyk’s theory, at least for 

aspect ratios of fibers up to 100. 

In [25], networks of fibers with aspect ratio up to 100 were 

subjected to compression, with and without friction between 

fibers. Figure 26.11 shows a stress–strain (pressure–dilatation) 

curve corresponding to the hydrostatic compaction of a mass 

Figure 26.11 Stress (pressure)–strain (dilatation) curves for the first and 

subsequent compression–expansion cycles of an ensemble of non-bonded 

fibers of aspect ratio 100. 
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of fibers of aspect ratio 100 from a very sparse state, through 

stiffness percolation (see the vertical lines in the figure), to full 

compaction. There is no friction between fibers in this simulation. 

The system was subjected to several cycles of loading–unloading. 

The curve corresponding to the first cycle of compaction is marked 

with triangles and is above the others, which indicates that the 

microstructure (fiber arrangement) changes during the first one 

or two cycles. A stable hysteresis loop results for the other cycles. 

This curve exhibits most features observed in experiments: a 

power law stress–strain relation, hysteretic behavior, and evolving 

microstructure during cycling. The stress–strain curve shown in 

Fig. 26.11 can be used to derive the stress–density relation. A 

function similar to that of Eq. (26.9), with exponent n = 4.11 
(evaluated for the loading branch of the stable cycle) results. This 

exponent is larger than that predicted by van Wyk’s theory (n = 3), 
but within the range observed in experiments (3< n < 5) [75]. 

The mechanics of these systems is much more complex than that 

of bonded networks and further studies are required to bring the 

understanding to a level adequate for making predictions accurate 

enough for practical applications. 

26.6 Conclusion 

The importance of the mechanics of random fiber networks 

increases as we make progress in biology and biotechnology, and as 

we develop biomimetic engineering materials. All types of networks 

considered here, bonded and non-bonded, thermal and athermal, 

are important in different applications and need to be studied. These 

systems present exceptional challenges to the investigator, primarily 

due to the large heterogeneity of themicrostructure, the evolution of 

the microstructure during deformation leading to path dependence, 

the very large number of degrees of freedom in a system of realistic 

size, the collective motion of fibers which entails that mean field 

models do not apply, etc. The objective of this chapter was to outline 

some of these difficulties and to present an outline of the current un

derstanding of subject and of the main modeling technologies used. 

Hopefully, this chapter will inspire future developments in this area. 
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Size-Dependent Probabilistic Damage 
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A size-dependent micromechanical framework is rendered to pre

dict the deformation responses of particle-reinforced metal matrix 

composites by incorporating essential features of the dislocation 

plasticity. Within the framework of probabilistic micromechanical 

formulation, the damage caused by the manufacturing process and 

by the external mechanical loading in the presence of thermal 

residual stresses is considered. The density of dislocations due to 

the thermal contractionmisfit and the plastic deformationmisfit are 

taken into consideration within the micromechanical methodology 

to account for the dislocation strengthening. To predict the overall 

elastoplastic damage behavior of composites, a size-dependent 
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hybrid effective yield function is presented based on the ensemble

volume averaging and modified matrix yield strength. 

Additionally, concerning the toughening behavior of unidi

rectional fibrous composites, a micromechanical framework is 

presented by accounting for the frictional shear-slip relation of a 

fiber. Meantime, a methodology to calculate the fiber bridging stress 

is illustrated. 

27.1 Introduction 

Composite materials have been widely studied and employed in 

diverse fields of science and engineering disciplines due to their 

superior structural performance, versatile capabilities, and cus

tomizable design potentials. In comparison with many conventional 

materials, fiber-reinforced or particle-reinforced composites offer 

salient features such as low density, high strength-to-weight ratio, 

high stiffness, high toughness, improved creep resistance, en

hanced wear resistance, superior environmental durability, custom 

microstructure-morphology, and preferred directionality, etc. The 

matrix material may consist of metal, ceramic, or polymer. The 

inclusions (particles or fibers) can be unidirectionally aligned, bi

directional, or randomly dispersed in a matrix material. 

Structurally efficient metallic materials provide a direct path 

for reducing mass, thus improving the performance of structural 

components [72]. By taking advantage of metallic properties 

(ductility and toughness) and ceramic characteristics (high strength 

andmodulus), metal matrix composites (MMCs) can provide greater 

strength and higher service temperature capabilities not obtainable 

with either of the individual phases. Consequently, attractive 

physical and mechanical properties of MMCs have lead to extensive 

use in the aerospace and automotive industries, and in other 

structural applications over the past few decades.While continuous

fiber reinforced MMCs provide the most effective strengthening in 

specified directions, particle reinforced MMCs could be attractive 

due to their cost-effectiveness, isotropic or anisotropic properties, 

and the potential ability to be processed with similar manufacturing 

process used for monolithic materials. 
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For particle-reinforced MMCs (MMCp), different particle-sizes 

lead to distinct damage behaviors. For example, when SiC particles 

are relatively large (e.g., with the diameter >20 μm), a significant 

amount of particle cracking takes place during the extrusion process 

prior to the external loading [10]. Furthermore, the particle fracture 

strength and the matrix–particle interface strength may be size 

dependent; hence the damage caused by the external loading is also 

size-dependent [25, 45, 58]. Therefore, the effect of particle size 

needs to be adequately accounted for to predict the deformation 

behavior of MMCp. 

As a class of microstructure-sensitive material, the deformation 

behavior of MMCp involves different strengthening mechanisms. 

Specifically, the direct and indirect strengthening mechanisms 

are the two primal strengthening mechanisms for MMCp. The 

direct-strengthening mechanism results from the load-transfer 

between the matrix and the reinforcement. Micromechanics, such 

as Eshelby’s approach [18], can account for the load transfer 

effect by introducing the misfit-strain or eigenstrain. On the 

other hand, the indirect-strengthening results from the influence 

of reinforcement on the microstructure or deformation mode 

of a matrix. A number of indirect strengthening mechanisms in 

MMCp have been studied in the literature; cf. [14,52]. Clearly, the 

introduction of reinforcing phases into the matrix influences the 

formation and activity of dislocations in the ductile matrix due 

to the inhomogeneous plastic deformation within the composites. 

For instance, the dislocation strengthening induced by the thermal 

contraction mismatch between the matrix and the reinforcement 

is known as one of the indirect-strengthening mechanisms [1–3, 

5, 9, 56, 75]. The dislocation strengthening caused by the plastic 

deformation mismatch also has a considerable effect on the plastic 

deformation behavior [6–7, 15–16, 19–21, 33, 44, 58–59, 64]. 

Accordingly, the effects caused by the presence of reinforcements on 

in situ properties of a matrix need to be taken into account to predict 
the deformation behavior of MMCp. 

The models of plastic deformation can be approximately divided 

into two groups: those emanating from a continuum approach, and 

those based on the dislocation theory. With the onset of plastic 

flow, the dislocation theories require a precise knowledge of the 
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dislocation arrangement. By contrast, continuummodels require no 

such knowledge and yet allow awide range of material properties to 

be analyzed solely in terms of the matrix flow criteria and the load 

transfer between the matrix and the reinforcement. In particular, 

the analytical models based on Eshelby’s approach [18], which 

aims at the analysis of a representative volume element (RVE) or 

area element (RAE), are quite popular. In the literature, Eshelby’s 

approach has been extensively adopted to predict the effective 

mechanical properties of composites; see, e.g., [11, 22, 26–28, 35, 

39–40, 51, 53, 62, 67, 69, 76]. 

In spite of some advantages of continuum models, it is not plau

sible to include such considerations as the dislocation strengthening 

with an exclusively continuum-based approach. On the other hand, 

it is still infeasible to perform quantum mechanics and atomistic 

simulations on realistic time scale and structures. Therefore, a 

multiscale continuum field theory is necessary to bridge the gap 

between classical continuum theories and molecular dynamics 

simulations [64]. See also [38]. 

27.2 Effective Elastic Moduli of Multi-Phase Composites 

27.2.1 Manufacturing Process Induced Damage 

For MMCp, the modeling of damage should take into consider

ation the fracture of (ceramic) reinforcements, void nucleation/ 

growth/coalescence within the metallic matrix, and the interfacial 

debonding between the matrix and particles. The particle fracture 

caused bymanufacturing processes (such as extrusion) is a common 

phenomenon, and has a dominant effect upon the performance of 

MMCp [70]. Since the cracked particles may not carry any load 

effectively, they can be treated as voids. However, cracked particles 

can still contribute to the composite stiffness. Moreover, the amount 

of particle fracture is dependent on the particle size; therefore the 

deformation behavior of MMCp is particle-size dependent [10]. 

Unique manufacturing process leads to distinct damage accumu

lation and formation prior to thermomechanical testing or external 

loading; the description of such type of damage is rather difficult. 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:53 PSP Book - 9in x 6in 27-Shaofan-Li-c27

 

 

( ) 

( ) 

1037 Effective Elastic Moduli of Multi-Phase Composites 

Therefore, instead of investigating the detailed microstructural 

damage mechanisms, a parametric study is performed to shed 

light on the initial damage caused by manufacturing process. For 

simplicity, it is assumed that cracked particles have no load transfer 

capability. The stiffness of a cracked particle C(2) can be represented 
as 

C(2) C(1)= (1− D ) · , where D = 1 (27.1) 

Here, C(1) represent the elastic stiffness of an intact particle and 
can be expressed as 

C (1) = λ(1)δi jδkl + μ(1) 
i jkl  δikδ j l + δi lδ jk , i, j, k, l = 1,2,3 (27.2) 

where λ(1) and μ(1) denote the isotropic Lamé constants of intact 

particles. The manufacturing process often induces anisotropic 

damage, hence the fourth-order tensor is suitable to characterize 

the damage in Eq. (27.1), if the detailed microstructural information 

is available. In addition, an exponential cumulative density function 

(CDF) is adopted to account for the probable size-dependent particle 

fracture as follows: 

φ(2) = Pm · φ, where Pm = 1− exp −Rmf · a (27.3) 

Here, the coefficient Rmf and the particle radius a control the 
amount of damage or fracture probability of particles as shown 

in Fig. 27.1 Further, φ and φ(2) denote the volume fraction of the 

original (intact) particles and the damaged particles caused by 
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Figure 27.1 The probability function Pm with various particle radii. 
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the manufacturing process, respectively. Accordingly, the volume 

fraction of the intact particles after the manufacturing process can 

be estimated as 

φ(1) = φ − φ(2) (27.4) 

27.2.2 Thermal Residual Stress and Relaxation 

Eigenstrain is introduced in micromechanics to represent inelastic 

strains such as the thermal strain, phase transformation strain, 

plastic strain, and misfit strain [57, 60, 63]. The temperature change 

fT in a composite material during the manufacturing process 
generates a misfit between the natural shape of the inclusion and 

the corresponding matrix. The thermal contraction misfit can be 
simulated by the thermal eigenstrain [14, 77] as follows: 

εi j  
∗ = α ∗ δi j , where α ∗ = (α1 − α0)fT (27.5) 

Here, α0 and α1 signify the coefficients of thermal expansion 

(CTE) of the matrix and inclusion, respectively, and δi j  is the 

Kronecker delta. Since the thermal eigenstrain is the stress-free 

strain within the inclusion, Eshelby’s equivalence principle can be 

ε ∗∗ expressed with the total or fictitious eigenstrain [4, 24, 36–37, 

47, 74] as 

C(r) ε0 + ε� − ε ∗ ε0 + ε� − ε ∗∗: = C0: (27.6) 

C(r)where C0 and represent the stiffness tensors of the matrix and 

the inclusion of the r th phase, respectively. Further, ε0 and ε� signify 
the far-field strain and the perturbed strain, respectively. 

During the manufacturing process, the internal stress caused 

by thermal expansion mismatch can be quickly relaxed by the 
dislocation punching [65, 74]. For example, the internal stress 

relaxation leads to a decreased amount of residual compressive 

cramping force around inclusions. On the other hand, in terms of 

yielding, such relaxation is particularly favored for fiber-reinforced 

composites because the residual deviatoric stress in a matrix can 

also be reduced. Therefore, the thermal residual stress and its 

relaxation need to be properly taken into account. Following [74], we 

simulate the domain of punched-out dislocations by an additional 

prolate spheroid as rendered in Fig. 27.2. By taking advantage of the 
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Figure 27.2 The dislocation loops configurations featuring (a) non-relaxed 

state; (b) relaxed state. See also Color Insert. 

respective dislocation loop configuration as displayed, the following 

thermal eigenstrain decomposition is considered for the relaxed 
state (cf. Fig. 27.2(b)): ⎡ ⎤ 

0 0 0  

ε A∗ = ⎣ 0 α ∗ 0 ⎦ in �A (27.7)i j  

0 0  α ∗ 

⎡ 
α ∗ · (a/a�) 0 0  

⎤ 

ε B∗ 
i j  = ⎣ 0 0 0⎦ in �B (27.8) 

0 0 0 

Here, a represents the particle radius. The distance of dislocation 
punching may be controlled by the intersection of dislocations 

punched out from the adjacent particles [6]. Thus, we define 

the punching distance a� directly with the mean center-to-center 
distance of particles λp [41] as follows:   1/2

λp π 2 
a = , where λp = 2 − + 1 a (27.9)

2 6φ π 

By making use of the original material properties of the particle, 

and in the absence of the external applied strain, the relaxed internal 

stress state can be emulated by the following equivalence equation 
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[73]: 

C(1) • S(B) B∗ B∗ + S(A) ε ∗∗ − εA∗ 
: ε − ε :

S(B) B∗ B∗ + S(A) ε ∗∗ − ε ∗∗= C0 • : ε − ε : (27.10) 

Therefore, the total eigenstrain for a relaxed state can be 
expressed as � �−1 � ( ) � 
ε ∗∗ C0 + fC(1) • S(A) −fC(1) • S(B) − I B∗ + C(1) A∗ = • : ε : εR 

(27.11) 

where 

fC(1) = C(1) − C0 (27.12) 

and I is the fourth-order identity tensor. By contrast, based on Eqs. 
(27.5) and (27.6), the equivalence equation for a non-relaxed state 

is given as 

C(1) • S(A) ε ∗∗ − ε ∗ S(A) ε ∗∗ − ε ∗∗: = C0 • : (27.13) 

Accordingly, in contrast to Eq. (27.11), we obtain the total 

eigenstrain for a non-relaxed state: ( )−1 
ε ∗∗ C0 + fC(1) • S(A) • C(1)= : ε ∗ (27.14)N R 

In the above, S(A) and S(B) represent the interior-point Eshelby’s 
tensor for a sphere (a1 = a2 = a3(= a)) and a prolate spheroid 
(a1(= a�) > a2 = a3(= a)), respectively; their explicit expressions 
take the form (cf. [57]): 

2ν0 I
(M ) − I (M ) 2 

I I
(M )

8π(1− ν0)Si jkl  (M ) = δi jδkl K + aI K I  

2 
I I

(M ) − I (M )+ δikδ j l + δ jkδi l a I J  J 

I (M ) + I (M )+(1− ν0) (27.15)K L 

where, for the superscript M = A (a sphere), we have
 
I (A)

4π
 = I (A) = I (A) = ,1 2 3 3 

I (A)
4π = I (A) = I (A) = I (A) = I (A) = I (A) = (27.16)11 22 33 12 23 31 5a2 

and for M = B (a prolate spheroid), 
4πa2 2πa1a2 a1 − a2 − a2 

I (B) 3 3 1 3 
1 = −  − 

2 
ln � , 

a2 − a2 (a2 − a )3/2 a2 − a2 1 3 1 3 a1 + 31 

I (B) = I (B) 1
4π − I (B) 2 3 = (27.17)12 
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I (B) 
I (B)

4πa3
2 1 1 

11 = −  · + , 
3(a2 − a2) a2 a2 − a2 1 3 1 1 3
 

I (B) = I (B) = I (B) = I (B) 2π 3 
I (B)
= − (27.18)12 21 13 31 − a2 1a2 2(a2 − a2)1 3 1 3

I (B)
2π 1 1

I (B)= I (B) = I (B) = I (B) = − (27.19)22 23 32 33 122 a3
2 4 

Here, Mura’s tensorial indicial notation [57] is adopted; i.e., the 

repeated lower-case indices are summed up from1 to 3, whereas the 

upper-cases indices take on the same numbers as the corresponding 

lower-case ones but these are not summed up. Further, ν0 is 

Poisson’s ratio of the matrix material. Finally, by assuming that the 

dislocation punching occurs in every possible direction, the amount 

of stress relaxation is estimated by the following equation: )Angle ∗∗ ∗∗fTref = η · fT, where η = /ε /ε (27.20)R i j  N R i j  

where (•)Angle represents the angle-ensemble averaging operator. 
The angle–ensemble averaging can be performed by the following 

equation:     2π π/2
 /
ε ∗∗)Angle 1 

ε ∗∗ QT
= Q: R : cosφdφ dθ (27.21)R 4π 0 −π/2 

where ⎡ ⎤ 
cos θ cosφ sin θ cos θ sinφ 

Q i j  = − sin θ cosφ cos θ − sin θ sinφ (27.22)⎣ ⎦ 

− sinφ 0  cosφ 

By carrying out the angle-ensemble averaging in Eq. (27.21), one 

can obtain /
ε ∗∗)Angle 1 (

2ε ∗∗ + 3ε ∗∗ + ε ∗∗ )= R 11 R 11 R 22 R 336/ )Angle 1 ( )∗∗ ∗∗ ∗∗ ∗∗ ε = 2ε + 3ε + εR 22 R 11 R 22 R 336/ )Angle 1 ( )∗∗ ∗∗ ∗∗ ε = ε + 2εR 33 R 11 R 333/ )Angle ∗∗ Otherwise, ε = 0 (27.23)R i j  

From Eq. (27.23), we can show that / / /
ε ∗∗)Angle ε ∗∗)Angle ε ∗∗)Angle = = (27.24)R 11 R 22 R 33 
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In the following sections, the reference temperature change 

fTref in Eq. (27.20) is adopted instead of the real temperature 
change fT in order to account for the thermal stress relaxation. 
That is, the following relaxed thermal eigenstrain is employed for 
the micromechanical formulation in place of Eq. (27.5): 

∗ ∗ ∗ εi j  = α δi j , where α = (α1 − α0)fTref (27.25) 

27.2.3 Concept of Equivalent Inclusion Method 

Upon external loading conditions, the interfacial debonding between 

the matrix and particle may be activated once the local principal 

stress at the interface reaches a certain critical value. In reality, the 

interfacial debonding involves complex phenomena, and depends 

on complicated local stress and strain fields. Therefore, rather 

than reverting to complex stress and strain analysis to predict 

the overall deformation behavior of composites, a convenient 

approach is to replace the stiffnesses of those debonded particles by 

fictitious equivalent orthotropic yet perfectly bonded particles with 

reduced stiffness [78–80]. The aforementioned equivalent inclusion 

approach has been successfully applied to predict the deformation 

response of composites in the literature [29–32, 36–37, 48–49, 68]. 

In what follows, by adopting the damage model proposed by [68], 

the stiffness reduction of composites is simulated associated with 

the interfacial particle-debonding. 

While the tensile radial stress reaches a critical interfacial 

debonding stress σcri, the local debonding criterion can be charac

terized as 

σ Interface ≥ σcri = 0, then the interface is partially debonded 

σ Interface < σcri = 0, then the interface is perfectly bonded 

(27.26) 

Here, for simplicity, we consider the zero interface strength. 

In other words, once the interface is stressed under tension, 

the interfacial debonding can be activated. Since thermal residual 

stresses are induced before the mechanical loading due to the 

manufacturing process, the presence of residual stress plays an 

important role for the interfacial damage evolution [36–37]. To 
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estimate the extent of damage, we make use of the approximate 

interface stress of intact particle based on the micromechanical 

general field equations [26]: 

σ Interface = β · F : σ̄ + G : ε ∗ (27.27) 

where 
−1(1) −1F = C0 • I + (I − S) • � • �̄A • � ¯̄ (27.28)A A 

(1)
(S − I) • �B

G = C0 • −1(1) −1− I + (S − I) • � • �̄ • � ¯̄ • �̄̄B + �̄BA A A 

(27.29) 

with �( ) �−1 ( )(r)
�A = − C(r) − C0 • S + C0 • C(r) − C0 , �( ) �−1(r) • C(r)�B = C(r) − C0 • S + C0 (27.30) 

φ(1)
(1) (2) 
A + φ(2)�̄A = I + S • � � ,A 

φ(1)
(1) (2) 
B + φ(2)�̄B = S • � �B (27.31) 

(1) (2)
φ(1) A + φ(2) −1�̄̄A = C0 • I − � � • �̄A (27.32)A 

(1) (2) (1) (2)
φ(1) A + φ(2) −1 φ(1) B + φ(2)�̄̄B = C0• � �A • �̄A • �̄B − � �B 

(27.33) 

Equation (27.27) acts as the interfacial damage predictor. In 

reality, the reinforcing particles in composite may not be spherical. 

Accordingly, to account for potentially higher stress concentration 

caused by angular particles, the correction factor β is adopted in 

Eq. (27.27). In this work, we assume β = 1.1 for demonstration 
purpose. 

The elastic stiffness of intact particle is rendered by Eq. (27.2). 

In order to simulate the reduction in load-transfer capability of 

particles, the following equivalent orthotropic stiffness is defined for 

the partially debonded particles: ( )
C (3) (3) (3) 
i jkl  = λI K δi jδkl + μI J  δikδ j l + δi lδ jk , 

i, j, k, l = 1, 2, 3 and  I, J , K = 1, 2, 3 (27.34) 
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where 

(3) = λ(1) (1− DI )λ · I K  (1− DK ) 

I J  = μ(1)μ
(3) 

(1− DI ) · (1− D J ) (27.35) 

with 

σ Interface 0, for < σcri
DK = K K  

(27.36) 
σ Interface 1, for K K  ≥ σcri 

In Eq. (27.36), the summation convention is suppressed. In the 

above equations, we assume that after the activation of interfacial 

debonding in a given direction, the load transfer capability of 

particle vanishes in the corresponding direction. 

27.2.4 Volume Fraction Evolution of Debonded Particles 

To characterize the evolution of interfacial damage, the multi

stage debonding probabilities are adopted [68]. Accordingly, the 

total probability theorem renders the volume fraction of debonded 

particles as follows: 

φ(3) 
(3) (3) (3) (3) (3) (3) (3)= φ + φ + φ + φ + φ + φ + φ (27.37)1 2 3 12 13 23 123 

(3)
Here, for instance, φ12 signifies the volume fraction of particles 

debonded in the 1 and 2-direction. Further, on the foundation of 

conditional probability, each volume fraction can be expressed by 

the following equations: 

(3)
/φ(1)φ = P1 · (1− P2) · (1− P3) ,1 

(3)
/φ(1)φ = (1− P · P2 · (1− P3)2 1)

(3)
/φ(1)φ = (1− P · 2) · P3,3 1) (1− P

(3)
/φ(1)φ = P1 · P2 · (1− P3)12 

(3)
/φ(1)φ13 = P1 · (1− P2) · P3 

(3)
/φ(1)φ = (1− P1) · P2 · P323 

(3) 
/φ(1)φ = P1 · P2 · P3 (27.38)123

In Eq. (27.38), we consider the probability of damage evolution 

after the initial damage, and assume the independence among the 
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Figure 27.3 The probabilistic size-dependent interfacial damage evolution 

(with Rid = 0.003). 

probability functions P1, P2 and P3. Moreover, to describe the failure 
probability PK , the exponential CDF is employed (cf. Fig. 27.3): 

σ Interface PK = 1− exp − (a · Rid) · K K  (27.39) 

Here, the summation convention is suppressed. It is noted 

that the coefficient Rid and the particle radius a control the 
interfacial damage evolution rate. Therefore, the size-dependent 

damage evolution can be accounted for by Eq. (27.39). Since the 

volume fraction of particle is a material constant, by using Eqs. 

(27.3) and (27.37), the volume fraction of intact particles can be 

rendered as ( )
φ(1) φ(2) + φ(3)= φ −	 (27.40) 

27.3 Effective Elastoplastic-Damage Behavior 

27.3.1	 Effective Elastic-Damage Moduli of 4-Phase 
Composites 

By making use of the elastic stiffness given in Eqs. (27.1), (27.2), 

(27.34) and the evolutionary volume fractions, the effective elastic

damage moduli of particle reinforced composites can be predicted 

within the framework of micromechanics and homogenization. 

Since the self-equilibrium residual stresses do not influence the 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:53 PSP Book - 9in x 6in 27-Shaofan-Li-c27

 

� � 

� 

� � � 

1046 Size-Dependent Probabilistic Damage Micromechanics 

elastic properties of composites, the effective stiffness tensor of 

four-phase composites can be expressed as 

σ̄ = C∗ : ε̄e	 (27.41) 

where ( )−1
C∗ = C0 • I + Ȳ−1 − S
Y = φ(1) + φ(2) + φ(3)¯ (A1 + S)−1 (A2 + S)−1 (A3 + S)−1 ( )−1

Ar = C(r) − C0 • C0, r = 1, 2, 3 (27.42) 

27.3.2	 Effective Yield Function for Multi-Phase 
Elastoplastic Composites with Damage and 
Residual Stress 

In MMCs, high stress concentration occurs around the interface 

between thematrix and inclusion due to the mismatched stiffness of 

constituents [12–13]. As a result, the matrix material tends to yield 

at a relatively low stress around the interface. However, this local 

plastic yielding does not control the onset of global yielding. The 

overall plastic flow of metal matrix composites is governed not so 

much by the premature local yielding of thematrix, but rather by the 

attainment of an average stress in the matrix, which is sufficient for 

the global yielding [14]. Moreover, due to the similarity of the yield 

criteria developed for monolithic materials that reflect the triaxial 

state of stress, it seems reasonable to take this triaxial stress state 

into account for metal matrix composites. A number of models use 

the von Mises and Tresca type yield criteria. The matrix material 

plays a crucial role for the overall composite yielding [61]. 

Following [28], the effective yield function for a composite is 

defined by the following equation: 

¯	 pF = (H (x)) − K (ē ) ≤ 0 (27.43) 

The ensemble-volume-averaged stress norm (H (x))m for thema
trix material with three distinct phases of particles is approximated 

as 

3 �	 � 
∼(H (x))m = H 0 + H (x|xr)− H 0 · P (xr) (27.44) 

|x−xr |�=�rr=1 
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where xr represents a material point in the r th phase particle, 
H (σ) ≡ σ : Id :σ denotes the square of the deviatoric stress form, Id 

signifies the deviatoric part of the fourth-rank identity tensor I, and  
H 0 = σ0: Id : σ0 is the square of the far-field stress norm. Further, 
P (xr) defines the probability density function for finding a particle 
at xr , and�r is the domain of the r th phase particle. As shown in Eq. 
(27.44), the integration needs to be performed within the infinite 

spherical RVE [28, 67] In particular, the exterior point Eshelby 

tensor [34, 36–37, 57] needs to be employed in the integration. 

On the other hand, by using the ensemble-volume-averaged stress, 

Eq. (27.44) can be simplified as follows: 

3 

∼ Id σ0(H (x)) = σ0: : + (σ(x |xr) ) : Id : (σ(x |xr) )m
 
|x−xr |�=�r
r=1 

− σ0: Id : σ0 P (xr)dV 
3 � � � N (r) 

= σ0: Id : σ0+ (VRV E − �r) σ0: Id : σ0−σ0: Id : σ0 
VRV Er=1 

= σ0: Id : σ0 (27.45) 

Here, N (r)/VRV E signifies the number density of the r th
phase particles. In Eq. (27.45), (•)represents the ensemble-volume
averaging operator featuring the following property [23]: /

σ0 + σ�) /
σ0
) /

σ�)= + (27.46) 

After applying the Tanaka-Mori lemma [46, 73] for a spherical 

RVE with a spherical inclusion, Eq. (27.46) becomes / ) /
σ�) / )

σ0 σ0 = σ0+ = (27.47) 

The far-field stress σ0 in Eq. (27.45) can be expressed in terms of 

macroscopic stress and thermal eigenstrain as 

σ0 = P : σ̄ + Q : ε ∗ (27.48) 

where � �−1P = C0 • I + (I − S) • Ȳ • C−1 (27.49)0 

� �−1Q = C0 • I + (I − S) • Ȳ • (I − S) • Ȳ̄ (27.50) 
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with 

3 � � � ( )−1
Ȳ̄ = φ(r) (Ar + S) • C(r) − C0 • C(r) (27.51) 

r=1 

By making use of Eq. (27.48), Eq. (27.45) can be rewritten as 

(H (x))m = σ̄ : T̄A 
: σ̄ + 2 · σ̄ : T̄B 

: ε ∗ + ε ∗ : T̄C 
: ε ∗ (27.52) 

where 

T̄ A 
i jkl  = Pmni j I d Ppqkl ,mnpq 

T̄ B 
i jkl  = Pmni j I d Q pqkl ,mnpq 

T̄ C i jkl  = Qmni j I d Q pqkl (27.53)mnpq 

As only the intact particles can effectively constrain the deforma
tion of surroundingmatrix material, the ensemble-volume-averaged 

current stress norm for a four-phase composite is defined as 

(H (x)) = 1− φ(1) σ̄ : T̄A 
: σ̄ + 2 · σ̄ : T̄B 

: ε∗ + ε∗ : T̄C 
: ε∗ 

(27.54) 

φ(1) iswhere the volume fraction of intact particles. The residual 

stress results in hydrostatic stress for the matrix and composite for 

TC 
MMCp. Therefore, the third term (ε ∗ : ̄ : ε ∗ ) in Eq. (27.54), which 
represents the stress norm solely caused by residual stress, has a 

negligible effect on the proposed yield function. 

27.3.3 Dislocation Strengthening 

To account for the dislocation strengthening, we consider the 

thermal contraction misfit and plastic deformation misfit between 

the matrix and particles. By following [16], the dislocation density 

generated by the thermal contraction misfit is estimated as 

∗ 6φ αTρ = (27.55)
a b  

where b is the Burgers vector of thematrixmaterial. Since only intact 
particles can effectively constrain the deformation of surrounding 
matrix, only the plastic deformation mismatch between the matrix 

and intact particles is considered. Accordingly, by invoking the 
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1049 Overall Elastoplastic-Damage Stress–Strain 

volume fraction of intact particles, the following incremental form 

is considered [16]: 

3φ(1) ē̇ pP p pρ̇ = ėm, where ė = (27.56)m 1− φ(1)a · b 
Here, ē̇ p and ėp are the effective plastic strain rate of the m 

composite and the matrix material, respectively. Since the increased 

dislocation density in composites leads to the higher yield strength 

of matrix material, the yield strength of the matrix in composite is 

expressed as 

σy = σym + fσy (27.57) 

Here, σy
m represents the yield strength of the unreinforced 

matrix, and fσy signifies the amount of dislocation strengthening. 

The mechanisms of similar strengthening, which act unevenly 

throughout the matrix, are most suitably combined with the square 

root sum [14]; thus the net strengthening is expressed as 

( )2 ( )2 
fσy = fσy

T + fσy
P (27.58) 

The amount of dislocation strengthening fσ T and fσ P can be y y 

estimated by the Taylor dislocation strengthening relation: 

fσ T = cTμmb ρT (27.59)y 

P P ρ Pfσy = c μmb (27.60) 

T Pwhere μm is the shear modulus of the matrix, and c , c represent 

the respective dislocation strengthening coefficients. 

27.4 Overall Elastoplastic-Damage Stress–Strain 
Responses with a Hybrid Effective Yield Function 

For illustration, let us consider the isotropic hardening function in 

Eq. (27.43): 

( P ) 2 ( P )qK ē = σy + h ē (27.61) 
3 
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1050 Size-Dependent Probabilistic Damage Micromechanics 

where h and q signify the linear and exponential isotropic hardening 
parameters. By making use of the forward Euler algorithm with 

Eq. (27.57), a hybrid effective yield function reads 
qp pF̄(n+1) = �(n+1) − σy(n+1) + h ē + fē ≤ 0 (27.62)(n) (n+1) 

where 

3 ( ) � 
�(n+1) = 1− φ(1) σ̄ : T̄A 

: σ̄ + 2σ̄ : T̄B 
: ε∗ + ε∗ : T̄C 

: ε∗ � 
2 (n+1) 

(27.63) 

During the plastic deformation process (F = 0), the effective ¯

plastic strain rate is written as 

p �(n+1) − σy(n+1) 1/q
p

fē = − ē (27.64) (n+1) (n)h 
On the other hand, the increment of plastic strain can be 

expressed with the plastic consistency parameterfλ as follows: 

fε̄ = fλ(n+1) · (27.65)(
P
n+1) ξ(n+1) 

where 

∂ F̄(n+1)
ξ(n+1) = 

∂σ̄(n+1) ( ) ( )
1− φ(1) �T̄A : σ̄ + T̄B : ε ∗ � = � � (n+1) (27.66) 

σ̄ : T̄A 
: σ̄ + 2 · σ̄ : T̄B 

: ε∗ + ε∗ : T̄C 
: ε∗ 

Furthermore, the following conventional definition is adopted for 

the equivalent plastic strain rate of composite [17, 42]: 

εp εpfēp = 2 
f ¯ :f ¯ (27.67) 

3 

By combining Eqs. (27.64), (27.65) and (27.67), the plastic 

consistency parameter can be obtained as 
1/q

�(n+1)−σy(n+1) p− ēh (n) 
fλ(n+1) = � (27.68) 

2 
3
ξ(n+1): ξ (n+1) 

The classical additive decomposition of strain leads to the 

following total strain increment: 
p

fε̄(n+1) = fε̄e (n+1) + fε̄(n+1) 
−1 

= C∗ 
(n+1) :fσ̄(n+1) + fλ(n+1) · ξ(n+1) (27.69) 
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Figure 27.4 The comparisons between the theoretical predictions and 

experimental data (T6-A356/SiC 15% composite by [50]). 

POnce the plastic strain increment fē at the current time step 

is obtained, the dislocation strengthening needs to be updated for 

the next time step. In particular, the dislocation density due to the 

plastic deformation mismatch (cf. Eq. (27.56)) needs to be updated 

as follows: 

P P Pρ = ρ + fρ(n+1) (n) (n+1), 

– σ 1
1 (

M
P

a)
 

Particle diameter = 7.5 μm (Experiment) 
Particle diameter = 17 μm (Experiment) 
Matrix material (φ = 0) (Experiment) 

0 0.005 0.01 0.015 0.02 

(1) p
3φ fēP (n) (n)

where fρ = · (27.70)(n+1) (1)a · b 1− φ(n) 

27.5 Numerical Simulations 

In the experiment, the uniaxial tensile behaviors were observed 

for T6-A356/SiC and T4-A356/SiC composites, respectively. As 

exhibited by Fig. 27.4, 27.5 and 27.6, the interfacial debonding 

cannot be observed instantly after themechanical loading is applied. 

The CTE mismatch between the Al-matrix and SiC-particle is quite 

large. Therefore, a significant amount of compressive residual 

stresses are expected to exist around the SiC-particles due to the 

large CTE mismatch. Correspondingly, in the theoretical predictions 
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Figure 27.5 The comparisons between the theoretical predictions and 

experimental data (T4-A356/SiC 15% composite by [50]). 

demonstrated in Figs. 27.4 and 27.5, the interfacial debonding can be 

observed only for T6 A356/SiC composite (dP = 3.5μm) primarily 

due to the higher applied stress (cf. Fig. 27.6). 

In the spherical-particle reinforced composites, the thermal 

residual stresses exist in the form of hydrostatic stress. Therefore, 

0 
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Figure 27.6 The theoretical predictions on the particle volume fraction 

evolutions for T6-A356/SiC 15% composite (the volume fraction= 0.15, the 
particle diameter= 7.5 μm). 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:53 PSP Book - 9in x 6in 27-Shaofan-Li-c27

 

 

1053 Numerical Simulations 

– σ 1
1 (

M
P

a)
 

450 

400 

350 

300 

250 

200 

150 

100 

50 

0 

–ε11 

Particle diameter = 1.0 μm 
Particle diameter = 3.0 μm 
Particle diameter = 10.0 μm 
Particle diameter = 100.0 μm 

0 0.005 0.01 0.015 0.02 

Figure 27.7 The gradient effects on the uniaxial deformation behavior of 

T6-A356/SiC composite (the volume fraction= 0.15, without damage). 

the residual stresses have negligible effect on the composite or 

matrix yielding, which can be easily predicted by the von Mises 

plasticity model. The residual stresses in MMCp hence exert a bene

ficial effect on the deformation behavior of composites by providing 

compressive residual stresses or cramping forces surrounding 

the particles. The interfacial debonding strength is superficially 

improved by the locking effect due to the thermal contraction misfit. 

Although the theoretical predictions are in good agreement with 

the experimental data, the limitation of the proposed formulation 

should be noted. As illustrated by Eq. (27.69), the classical additive 

decomposition (valid for small deformations) is adopted to estimate 

the overall stress–strain behavior of composites. 

To investigate the gradient effects predicted by Eqs. (27.59) 

and (27.60), the size-dependent plastic deformation responses of 

composites are investigated in the absence of damage. As exhibited 

in Fig. 27.7, the use of smaller particles leads to higher yield strength. 

By contrast, although the incorporation of larger particles results in 

lower yield strength, the size-dependency becomes less significant 

for larger-sized particles (> 10μm). Figure 27.8 illustrates the effect 

of particle volume fraction on the uniaxial deformation behaviors of 

composites. It is plausible that higher volume fraction of particles 

results in increased amount of particle-damage, thus leading to 
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Figure 27.8 The effects of volume fractions on the uniaxial deformation 

behavior of T6-A356/SiC composite (the particle diameter = 7.5 μm, with 

damage). 

lower stiffness and lower yield strength of composites [36–37]. 

However, in contrast to our previous study, we observe that higher 

volume fraction of particles effectively leads to enhanced overall 

deformation behavior of composites. 

Despite some fruitful theoretical and experimental works in 

the literature and this work, further research is necessary. There 

is difficulty in measuring the material length scales associated 

with the size-dependent plasticity models, and in implementing 

truly definitive experiments on critical aspects of the evolution of 

dislocation patterns and crack/void structures. Moreover, the cali

bration of constitutive coefficients of the size-dependent plasticity 

model, such as those in Eqs. (27.59) and (27.60), should not be 

solely determined by the stress–strain behavior obtained from 

macroscopic mechanical tests, but should also utilize information 

from micromechanical, gradient-dominant tests (such as the mi

cro/nano indentation test, micro-bending test, and micro-torsion 

test), accompanied by metallographic studies and stereology based 

quantification methods using tomography images. Accordingly, 

this research area remains a significant challenge and should be 

collectively tackled by the general mechanics and material science 

communities [21, 64]. 
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Figure 27.9 The relative sliding of a fiber against amatrixmaterial. See also 

Color Insert. 

27.6 Fracture Mechanics for Unidirectional Composites 

27.6.1 Fiber Bridging Stress 

By taking advantage of a shear-slip relation, we formulate the 

bridging stress at the crack surface. As exhibited in Fig. 27.9, the 

force equilibrium within dξ leads to the following equation: 
dP f (ξ)−dP f (ξ)+2πb ·τ (ξ) ·dξ = 0 ⇒ = 2πb ·τ (ξ) (27.71) 
dξ 

Here, b is the radius of the fiber. Further, the slip denoted by S (ξ) 
is associated with the mismatch deformation between the matrix 

and fiber. Therefore, by considering a composite cylinder, we obtain: 

P f (ξ) Pm(ξ)dS(ξ) = − dξ, (27.72)
E f A f EmAm 

where EmAm = η · E f A f 

Here, A f and Am denote the cross sectional area of a fiber 
and the matrix, respectively. Regarding the force equilibrium in the 

composite, we have 

P f (ξ)+ Pm(ξ) = P∞ 
f + P∞ (27.73)m 

where P∞ and P∞ represent the forces in the fiber and the matrix f m 

far away from the crack. By using Eq. (27.73), Eq. (27.72) can be 

rewritten as 

dS(ξ) 1+ η η ( )= P f (ξ)− P ∞ + P∞ (27.74)
dξ E f A f E f A f 

f m 

Finally, by differentiating Eq. (27.74), the following second-order 

differential equation can be obtained: 

d2S(ξ) 1+ η dP f (ξ) 2πb (1+ η) = · = · τ (ξ) (27.75)
dξ2 E f A f dξ E f A f 
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Figure 27.10 Nonlinear shear-slip behaviors. 

Apparently, if the following equation is specified: 

τ = f (S) (27.76) 

Equation (27.75) can be solved with the appropriate boundary 

conditions. Consequently, the distribution of τ and P f can be 
obtained. In practice, since many micromechanisms may operate 

simultaneously in Eq. (27.75), it may be reasonable to use a 

phenomenologicalmodel inwhich the effects of variousmechanisms 

are smeared together [66]. In the literature, [54–55] proposed 

approximate methods to solve Eq. (27.75). In particular, their phe

nomenological shear-slip model is not only mathematically simple 

but is also convenient to simulate/approximate various shear-slip 

relations by using two material parameters. In what follows, the 

latter approximate solution is presented for completeness and for 

a further derivation of fiber-bridging stresses. 

It is assumed that the shear-slip relationship is dictated by the 

following equation ([55]; Fig. 27.10): 

τ (ξ) ln T (ξ) = e · (27.77)
τmax T (ξ) 

where 

S(ξ)
T (ξ) = (e− 1) + 1, with SM = Sτ (27.78) =τmaxSM 

It is noted that τmax and SM are related to the interface properties 
between the matrix and the fiber. Using Eqs. (27.77) and (27.78), 
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Eq. (27.75) can be rephrased as 

d2T (ξ) ln T (ξ) = γ 2 ,
dξ2 T (ξ) 

where 

2πb (1+ η) τmax 
γ 2 = e (e− 1) · (27.79)

E f A f SM 
For convenience, we consider the following equation: 

dT (ξ) = γ 2 (ln T (ξ))2 + ω (27.80)
dξ 

where 
2dT (ξ)

ω = − γ 2 (ln T (ξ))2 
dξ �  �22 2e− 1 dS(ξ) (e− 1) = − γ 2 ln S(ξ)+ 1
SM dξ SM 

(27.81) 

Concerning the boundary conditions, it is assumed that there is 

no slip when ξ = L . Therefore, the following conditions must be 
satisfied: 

dS(ξ = L) = 0, S(ξ = L) = 0,
dξ
 

dT (ξ = L)
 = 0, ln T (ξ = L) = 0. (27.82)
dξ 

Based on Eqs. (27.80), (27.81) and (27.82), we arrive at 

ω = 0 (27.83) 

Therefore, Eq. (27.80) becomes
 

dT (ξ)
 = ±γ · ln T (ξ) (27.84)
dξ 

Since the slip S(ξ) or T (ξ) is a decreasing function with respect 
to ξ , we have  

dT (ξ) = −γ · ln T (ξ),
dξ 

where 

2πb (1+ η) τmax 
γ = e (e− 1) · (27.85)

E f A f SM 
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Figure 27.11 The crack mouth opening and the interfacial sliding. See also 

Color Insert. 

Using Eq. (27.85), we proceed to formulate the fiber-bridging 

stresses. Substituting Eqs. (27.74) and (27.78) into Eq. (27.84) leads 

to 

γ A f E f SM (e− 1) · S(ξ)
P f (ξ) = · ln + 1 

(e− 1) · (1+ η) SM 
η ( )+ P∞ + P∞ (27.86)f m1+ η 

By referring to Fig. 27.11, the following relation holds at the crack 

surface (ξ = 0) 
S(ξ = 0, x) = v(x) (27.87) 

γ A f E f SM (e− 1) · v(x)
P f (x) = · ln + 1 

(e− 1) · (1+ η) SM 
η ( )+ P∞ + P∞ (27.88)f m1+ η 

Further, let us divide Eq. (27.88) by A f + Am: 
P f (x) 1 γ A f E f SM (e− 1) · v(x) = · · ln + 1
A f + Am A f + Am (e− 1) · (1+ η) SM
 

P∞ + P∞

η f m + (27.89)

1+ η A f + Am 
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1059 Fracture Mechanics for Unidirectional Composites 

Eq. (27.89) can therefore be rewritten as: 

γφE f SM (e− 1) · v(x) η∗ p (x) = · ln + 1 + σ∞ , 
(e− 1) · (1+ η) SM 1+ η 

A f 
where φ = (27.90)

Am + A f 

Equation (27.90) represents the smeared-out bridging stress in a 
composite, which the reinforcing fibers provide. Apparently, for an 

unreinforced matrix (φ = 0, η  = 0), the following condition can be 

easily recovered: 
∗ p (x) = 0 (27.91) 

27.6.2 Crack Mouth Opening Displacement 

The crack mouth opening displacement, v(x) for  a transversely  
isotropic material is rendered by the following equation [8, 63]: √ √ 

a � �2D ∗ � a2 − x2 + a2 − t2 � 
v(x) = [σ∞ − p (t)] · ln � √ √ � dt 

π 0 � a2 − x2 − a2 − t2 � 
√ √ � a � a2 − x2+ a2 − t2 �2D∞ ∗ � � = 2Dσ a2 − x2− p (t) · ln � √ √ � dt 

π 0 � a2 − x2− a2 − t2 � 
(27.92) 

In Eq. (27.92), a constant D is given as [71]: 

� A11A22 2A12 + A66 A22D = + (27.93)
2 2A11 A11 

1− v2 EL − v2ET νTT (1+ ν) 1
A11 = , A22 = , A12 = −  , A66 = 

E 2ET L EL μL 
(27.94) 

In the above equations, by virtue of mathematical simplicity, it 

has been assumed that v f = vm = v . A substitution of Eq. (27.90) 
into Eq. (27.92) leads to an integral equation for the crack mouth 

opening displacement. To find v(x), a numerical method needs to 
be employed. Once v(x) is obtained, the bridging stress p ∗ (x) can  
be easily found with Eq. (27.90). Finally, the linear elastic fracture 

mechanics dictates that fracture may be triggered when 
aa [σ∞ − p ∗ (x)] ∗ ∗K √ dx = K (27.95)I = 2 I Cπ 0 a2 − x2 
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∗ where K IC is an intrinsic material property to be determined by 

experiments [43]. 

27.7 Conclusions 

Within the framework of micromechanics, the size-dependent 
deformation behaviors of particle-reinforced composites are pre

dicted by accounting for essential features of the dislocation 

plasticity. The proposed framework can reasonably reproduce the 

deformation responses of ductile composites in comparison with 

available experimental data. The effects of particle sizes and particle 

volume fractions are systematically investigated. Furthermore, a 

micromechanical framework is presented to study the toughening 

behavior of unidirectional fibrous composites. The calculation of 

fiber bridging stress is systematically illustrated. 
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Microstructures 
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A consistent asymptotic expansion multiscale strategy is presented 

for analyzing the heterogeneous slab and column structures with 

three-dimensional microstructures. The types of structures consid

ered herein, i.e., heterogeneous slabs and columns, are the typical 

two-dimensional or one-dimensional global structural problems, 

while they have the in-plane or axial periodic reinforcements 

which consist of complete three-dimensional microstructures. To 

reflect these special characteristics, consistent multiscale asymp

totic expansions of the displacement fields are proposed for the 

slab and column structures, respectively. Subsequently by use of 

the multiscale asymptotic expansion approach, the local unit cell 

problems and the global homogenized structural problems are ratio

nally derived based on the equilibrium equations of heterogeneous 
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media. The resulting local unit cell problems are capable of 

representing the physics of the microstructure, i.e., the given 

directional periodicity and traction free boundary conditions, while 

the homogenized global equations stand for the conventional slab 

or column problems. The effectiveness of the present formulations 

is illustrated by a series of representative numerical examples. 

28.1 Introduction 

The engineering practice has experienced rapid evolution with the 

wide spreading applications of various composite materials due 

to their favorable mechanical properties [1–3]. Thus analysis of 

these types of composite structures has been of important research 

interests and many methods have been proposed for the estimation 

of the homogenized material properties and more recently the 

multiscale analysis of the structural responses at different spatial 

and temporal scales. The classical micromechanics-based analytical 

approaches have been employed to estimate the overall properties 

of composites and extensive and excellent discussions on these 

methods can be found in the monographs [1–7] and the review 

articles [8, 9]. On the other hand, for these analytical methods 

the particle interaction with complex geometric properties often 

cannot be accurately considered. Subsequently the computational 

methods for multiscale composite analysis have gained significant 

research attention [10]. The hierarchical and concurrent methods 

are two major types of multiscale methods and in this chapter 

the discussions are restricted to the typical hierarchical approach, 

i.e., the asymptotic expansion multiscale method [11–13]. In this 

approach the field variable is expressed as a series solution via 

asymptotic expansion and then is substituted into the governing 

equation to perform scale separation. The separated neighboring 

scale governing equations are used for the up-scale homogenization 

and the down-scale localization analyses. 

The asymptotic expansionmethod [11–13] provides a consistent 

and rational framework to furnish the multiscale analysis of 

composite structures. Within the category of multiscale asymptotic 

expansion family Suquet [14] discussed the homogenization of 
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inelastic composites. Guedes and Kikuchi [15] introduced an adap

tive finite element homogenization analysis for composite materials 

based on the asymptotic expansion method. The strain- and stress

controlled homogenization methods were systematically studied 

by Swan [16]. Subsequently the asymptotic expansion multiscale 

method was combined with the multi-grid method by Fish and 

Belsky [17], and Ghosh and Moorthy [18] proposed a multiple scale 

analysis procedure using homogenization theory and Voronoi cell 

finite element method. Pellegrino et al. [19] investigated the numer
ical homogenization of periodic composite materials with nonlinear 

material response. Later Takanoa et al. [20] proposed a large 
deformation asymptotic expansion formulation for composites and 

the micro-to-macro scale transitions was systematically discussed 

by Miehe and Koch [21]. Cao et al. [22] performed a multiscale 
asymptotic analysis and numerical simulation for the second order 

Helmholtz equation with oscillating coefficients. Chung and Nam

buru [23] also constructed an asymptotic expansion formulation 

for the analysis of atomistic-continuum system. A variationally 

consistent multiscale asymptotic expansion method was proposed 

by Chen and Mehraeen [24, 25] for stressed grain growth modeling. 

Zhang et al. [26] discussed an asymptotic expansion multiscale 
method for the thermo-mechanical analysis of periodic multiphase 

materials. More recently Han et al. [27] proposed a statistical 
two-order and two-scale method for predicting the mechanics 

parameters of core-shell particle-filled polymer composites. The 

scale transition and enforcement of RVE boundary conditions 

in second-order computational homogenization was studied by 

Kaczmarczyk et al. [28]. The heat conduction in heterogeneous 
solids through computational homogenization was investigated by 

Ozdemir et al. [29]. Mehraeen et al. [30] proposed an iterative 
asymptotic expansion method for elliptic eigenvalue problems with 

oscillating coefficients. The finite element implementations and 

multiscale applications for asymptotic homogenization in linear 

elasticitywere emphasized byOliveira et al. [31]. Fish andKuznetsov 
[32] developed the computational continua approach within the 

asymptotic expansion setting. A two-scale thermo-mechanical 

analysis for porous solids with micro-scale heat transfer was 

developed by Terada et al. [33]. Su et al. [34] proposed a multiscale 
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computation method for parabolic problems of composite materials 

andmeanwhile Larsson et al. [35] proposed a weak format of micro
periodicity in multiscale computational homogenization. In the 

context ofmeshfreemethods,Wang et al. [36] presented an enriched 
interface meshfree method for large deformation homogenization 

analysis of magnetostrictive particle-filled elastomers and Wu and 

Koishi [37] introduced a meshfree procedure for the microscopic 

analysis of particle-reinforced rubber compounds. It is noticed that 

these asymptotic expansion multiscale works mainly address the 

multiscale asymptotic formulations in which the global and local 

problems share the same structural dimensions. 

In this chapter, the consistent multiscale asymptotic formu

lations for the heterogeneous slab and column structures with 

three-dimensional microstructures are discussed [38–40]. These 

structures are commonly used structural forms and they have 

very distinct global and local structural characteristics, i.e., in the 

global structural level the slab structure subjected to in-plane 

loadings can be treated as a typical plane stress problem, the 

column structure subjected to axial loadings is a typical one-

dimensional problem. Nonetheless, the local microstructures for 

the heterogeneous structures are completely three-dimensional 

and consequently they have different structural dimensions with 

their global structural counterparts. Consequently either two-

dimensional or three-dimensional asymptotic expansion formula

tions are not suitable for these problems. Moreover the conventional 

periodic assumption for the unit cell assembling does not hold 

either, say, the three-dimensional microstructures for the slab and 

column structures often exhibit in-plane or axial periodic patterns 

only. In the other dimensions, the surfaces of these microstructures 

are actually traction free, i.e., the upper and lower surfaces along 

the thickness direction of the slab and the surrounding surface 

of the column. Thus consistent multiscale asymptotic expansion 

formulations are required to reflect these special characteristics. 

For these heterogeneous slab and structures, Wang and Fang 

[38, 39] and Wang et al. [40] systematically developed consistent 
multiscale formulations based on special asymptotic expansions 

of the displacement fields. Recently Lee and Yu [41, 42] also 

studied the homogenization analysis of these types of structures 
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using the variational asymptotic method. While the focus herein 

is the development of multiscale methods based on the direct 

asymptotic expansions of the displacement fields in which both 

the homogenization and localization analyses are simultaneously 

established in a consistent and rational way. In this chapter two 

special forms of asymptotic expansions of the displacement fields 

for the slab and column structures proposed by Wang and Fang 

[38] andWang et al. [40] are systematically discussed. The resulting 
consistent multiscale formulations are presented in details. A series 

of examples are shown to illustrate and verify the proposed 

algorithms. 

The layout of this chapter is as follows. The preliminaries of the 

asymptotic expansion multiscale method are presented in Section 

28.2with several detailed numerical illustrations. In Section 28.3 the 

consistent multiscale asymptotic formulation for the heterogeneous 

slab structures is discussed. Section 28.4 devotes to the multiscale 

asymptotic formulation for the heterogeneous column structures. 

Finally conclusions are drawn in Section 28.5. 

28.2 Preliminaries of Multiscale Asymptotic Expansion 
Method 

28.2.1 Governing Equations 

According to the asymptotic expansion theory [11–13], the length 

scales associated with the macroscopic and microscopic material 

behaviors need to be considered simultaneously. Let’s denote the 
3local (microscopic) coordinate system by y = {yi } and global i=1 

3(macroscopic) coordinate system by x = {xi } which are shown i=1 
in Fig. 28.1, respectively, the local and global coordinates are related 

as 

xi 
ε = � 1; i = {1, 2, 3} (28.1) 

yi 

where ε is a very small positive real number. 
Moreover, during the multiscale analysis the homogenization 

and localization process can be carried out within a representative 

volume element (RVE), or a unit cell. As shown in Fig. 28.1, a unit cell 
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Figure 28.1 Schematic illustration of multiscale analysis. See also Color 

Insert. 

of microstructure, say,Qy , can be defined as 

Qy = (0, λ1)⊗ (0, λ2)⊗ (0, λ3) (28.2) 

where λ1, λ2 and λ3 denote the y1, y2 and y3 dimensions of the unit 
cell. It is noted that the unit cell Qy = QI ∪ QM and QI and QM 

y y y y 

denote the material domains of inclusion and matrix, respectively. 

The boundary of the unit cell, i.e., ry , is the union of three surface 
+ − 3pairs { ri ri } in each yi -direction as shown in Fig. 28.1. It isy, y i=1 

noted that the definition of a unit cell is not unique. 

The asymptotic expansion of the displacement field ui 
ε(x) is  

ε 0 1ui (x) = ui (x, y) = ui (x, y)+ εui (x, y) (28.3) 

where for clarity only first order expansion is used without loss 

of generality. For convenience of expression, unless specified the 

Latin indices range from 1 to 3, i.e., i = {1,2,3}. By chain rule the 
displacement gradients can be obtained as follows: ( )

∂uε 1 ∂u0 ∂u0 ∂u1 ∂u1 i i i i i = + + + ε (28.4)
∂x j ε ∂yj ∂x j ∂yj ∂x j 

The stress tensor σi j  
ε is related to the strain tensor ekl 

ε through 

Hooke’s law: 
εσ ε = C i jkl e (28.5)i j  kl 
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where C i jkl  is the fourth-order elastic tensor. ei j  
ε is given by ( )

∂uε
1 ∂uε 

ε i je = + (28.6)i j  2 ∂x j ∂xi 

Thus the stress tensor σi j  
ε becomes 

∂uε 

σ ε k 
i j  = C i jkl  

∂xl 

1 ∂u0 ∂u0 ∂u1 ∂u1 k k k k = C i jkl  + + + ε 
ε ∂yl ∂xl ∂yl ∂xl 

1 = σi j  
−1 + σi j  + εσi j  

1 (28.7)
ε 

−1in which σi j  , σi j  and σi j  
1 take the following forms: 

∂u0 −1 kσi j  = C i jkl  (28.8)
∂yl 

( )
∂u0 ∂u1 

σi j  = C i jkl  
k + k (28.9)

∂xl ∂yl 

∂u1 
σ 1 k 

i j  = C i jkl  (28.10)
∂xl 

The local and global problems can be rationally derived from the 

three-dimensional equilibrium equation of heterogeneous media: 

∂σ ε 
i j  + bi = 0 (28.11)

∂x j 

where bi is the body force. Substituting Eq. (28.7) into Eq. (28.11) 

yields 

−1 −1∂σ ∂σ ∂σ 11 i j  1 i j  ∂σi j  ∂σi j  i j+ + + + = 0 (28.12)
ε2 ∂yj ε ∂x j ∂yj ∂x j ∂yj 

Equation (28.12) implies 

−1∂σi j  = 0 (28.13)
∂yj 

−1∂σi j  ∂σi j+ = 0 (28.14)
∂x j ∂yj 
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∂σi j  ∂σi j  
1 

+ + bi = 0 (28.15)
∂x j ∂yj 

From the positive definite property of the elastic tensor, Eq. 

(28.13) gives 

u0 = u0 i (x, y) i (x) (28.16)−1σ = 0i j  

Further plugging Eq. (28.16) into Eq. (28.14) yields the local unit 

cell problem: 

∂σi j  = 0 (28.17)
∂yj 

which is subjected to the conventional periodic boundary condi

tions: 

1 � 1 �u j = u j (28.18)i +ry i −ry 

Subsequently imposing a volume average within the representa

tive volume element on Eq. (28.15) implies 

∂σ̄i j  + b̄i = 0 (28.19)
∂x j 

where the volume average is given by φ̄ = (Q−1) φdy for y Qy 

a generic function φ. Moreover use is made of the periodic 

characteristics of σ 1 i.e.,i j ,� −1 � 
∂σi j  −1dy = σi j  n j dr = 0 (28.20) 

Qy 
∂yj ry 

with n j being the outward normal of the unit cell boundary surface. 

Equation (28.19) represents a set of three homogenized equilibrium 

equations for the global analysis in the macroscopic scale. 

28.2.2 Finite Element Discretization of Unit Cell Problem 

The unit cell problem defined by Eqs. (28.17) and (28.18) is 

crucial for the homogenization analysis to extract the macroscopic 

homogenized material constants, or for the localization analysis to 

probe the detailed microscopic unit cell response. The unit cell may 

involve several material phases with complex geometries, thus quite 

often onemay utilize various numerical method to solve the unit cell 
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problem, i.e., the finite element method [14–17, 19–35], the Voronoi 

cell finite element method [18], and the meshfree method [36–37]. 

Here the standard finite element method is adopted. The variational 

form corresponding to the local unit cell problem of Eq. (28.17) can 

be stated as 

∂σi j1 

Qy 

δui ∂yj 
dQ = 0 (28.21) 

with δui 
1 denoting the virtual displacement field. After the operation 

of integration by parts, Eq. (28.21) becomes 

∂δu1 i σi j dQ = δui 
1ti dQ = 0, ti = σi j n j (28.22) 

Qy 
∂yj ry 

where the periodic property of δu1 and σi j  is utilized. Further i 

substitution of Eq. (28.9) into Eq. (28.22) gives 

∂δu1 ∂u1 ∂δu1 ∂u0 i k i kC i jkl  dQ = −  C i jkl  dQ (28.23) 
Qy 

∂yj ∂yl Qy 
∂yj ∂xl 

For convenience of development, we define the following matrix

vector notations: ⎧ ⎪ ⎪ ⎪ ⎪ ē = 
� 

∂u0 1 ∂u0 2 ∂u0 3 ∂u0 1 + ∂u0 2 ∂u0 1 + ∂u0 3 ∂u0 2 + ∂u0 3 
�T 

⎪ ⎨ ∂x1 ∂x2 ∂x3 ∂x2 ∂x1 ∂x3 ∂x1 ∂x3 ∂x2 ⎪ ⎪ δu ∗ = � δu1 1 δu1 2 δu1 3 
�T ⎪ ⎪ ⎪ ⎩ u ∗ = � u1 1 u1 2 u1 3 �T 

(28.24) ⎡ 
∂(·) 
∂y1 

0 0  ∂(·) 
∂y2 

∂(·) 
∂y3 

0 
⎤T 

L(·) = ⎢ ⎢ ⎣ 0 
∂(·) 
∂y2 

0 ∂(·) 
∂y1 

0 ∂(·) 
∂y3 

⎥ ⎥ ⎦ (28.25) 

0 0  ∂(·) 
∂y3 

0 ∂(·) 
∂y1 

∂(·) 
∂y2 

⎡ ⎤ 
C 1111 C 1122 C 1133 C 1112 C 1113 C 1123 ⎢ ⎢ C 2211 C 2222 C 2233 C 2212 C 2213 C 2223 

⎥ ⎥ 

D = 
⎢ ⎢ ⎢ ⎢ 

C 3311 C 3322 C 3333 C 3312 C 3313 C 3323 

C 1211 C 1222 C 1233 C 1212 C 1213 C 1223 

⎥ ⎥ ⎥ ⎥ 
(28.26) ⎢ ⎣ C 1311 C 1322 C 1333 C 1312 C 1313 C 1323 

⎥ ⎦ 
C 2311 C 2322 C 2333 C 2312 C 2313 C 2323 
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With Eqs. (28.24)–(28.26), Eq. (28.23) can be recast into amatrix 

form: 

∗ ∗	 ∗ (L(δu ))T D (Lu )dQ = −  (L(δu ))T DēdQ (28.27) 
Qy	 Qy 

Introducing a standard finite element approximation with the 

three-dimensional eight-node hexahedral elements [43]: 

nen nen 

∗ ∗ u = NA dA ; δu = NAδdA (28.28) 

A=1 A=1 
where NA ’s, A = 1, 2, · · ·  , 8, are the conventional tri-linear shape 
functions, nen denotes the total number of nodes in an element. 

Substituting Eq. (28.28) yields the discretized unit cell problem: 

Kd = f (28.29) 

with 

K = nel 

A (Ke) ; f = nel 

A (fe) (28.30) 
e=1 e=1 ⎧ ⎪ ⎪ K

e 
A B  = � 

Qe BT 
A DBB dQ ⎨ 

fe 
A = −  � 

Qe BT 
AD ̄edQ (28.31) ⎪ ⎪ ⎩ BA = L(NA ) 

where nel being the number of elements. A is the standard element 
assembly operator. Equation (28.29) is subjected to the periodic 

boundary conditions given by Eq. (28.18)which can be implemented 

very efficiently by a master-slave node technique [14, 16]. 

Thereafter to characterize the overall in-planematerial response, 

the following six macroscopic strain vectors are selected for the 

force vector in Eq. (28.31): ⎧ ⎪ e[t1] 
� �T ⎪ ¯ = 1 0 0 0 0 0  ⎪ ⎪ � �T⎪ ⎪ e[t2] ⎪ ¯ = 0 1 0 0 0 0  ⎪ ⎪ � �T ⎨ e[t3]¯ = 0 0 1 0 0 0  �	 �T (28.32) ⎪ e[s12] ⎪ ¯ = 0 0 0 1 0 0  ⎪ ⎪ ⎪ ⎪ e[s13] ⎪ ¯ = 0 0 0 0 1 0  

�T ⎪ ⎪ � �T ⎩ e[s23]¯ = 0 0 0 0 0 1  

e[t1]in which ̄ ,	ē[t2] and ē[t3] represent the tensionmodes in y1, y2 and 
e[s12] e[s13] andy3 directions, ̄ , ̄ ē[s23] denote the shear modes in y1y2, 
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y1y3 and y2y3, respectively. With the six strain modes in Eq. (28.32), 
one can solve the corresponding averaged stress fields from the local 

problem of Eq. (28.29) and obtain themacroscopic effectivematerial 

properties as follows: 

σ[t1] σ̄[t2] σ̄[t3] σ̄[t12] σ̄[t13] σ̄[t23]D̄ = ¯ (28.33) 

On the other hand, once the global strain measures are known, 

Eq. (28.29) can be used to effectively extract the local unit cell re

sponse. The homogenization analysis, global structural analysis with 

the homogenized material properties, and the localization analysis 

constitute the multiscale solution procedure in a hierarchical way. 

28.2.3 Numerical Illustrations 

In this subsection, several examples are employed to illustrate the 

conventional multiscale asymptotic expansion method. 

(I) One-dimensional heterogeneous bar problem 

As shown in Fig. 28.2 we consider the one-dimensional model 

problem of an elastic heterogeneous bar with periodic two-phase 

material properties: 

E1 0 < [x − (n − 1)l] < φl
E (n)(x) = (28.34)

E2 φl < [x − (n − 1)l] < l 

where n = 1,2, . . . , N is the unit cell index, l is the length of unit 
cell, φ is the volume fraction ratio of material phase 1 to phase 2. 

For this one-dimensional heterogeneous bar problem, the 

analytical solution within the n-th unit cell,  can be obtained as  

follows: 

n−1 n−1 ( )
c x2 p̃ � � cx2 (n) iu (x) = −  + x − pxi ˜ + Ẽ12˜ E12E (n)A 2 E (n) 2A

i=1 i=1 ⎧ 
n−1 � � ⎪ xi − c(x̃i )

2 ⎪ ˜⎨ p̃ ˜ (n − 1) l ≤ x ≤ (n + φ − 1) l
2A E12 

i=1+ n � � ⎪ xi − c(x̃i )
2 ⎪ p̃ ˜ ˜ (n + φ − 1) l ≤ x ≤ nl⎩ 2A E12 

i=1 
(28.35) 

© 2013 by Taylor & Francis Group, LLC

http:Eq.(28.29
http:y1y3andy2y3,respectively.WiththesixstrainmodesinEq.(28.32


March 6, 2013 15:55 PSP Book - 9in x 6in 28-Shaofan-Li-c28

� � � 

1078 Multiscale Asymptotic Homogenization 

Figure 28.2 One-dimensional heterogeneous bar. 

where A is cross section area, c is the constant body force as shown 
in Fig. 28.2. The parameters Ẽ12, x̃i and ̃p are defined as follows: ⎧ 

1 1 ⎪ Ẽ12 = − ⎨ E1 E2 

x̃i = (xi−1 + φl) (28.36) ⎪ ⎩ F cLp̃ = A + A 

in which F is the applied force at the bar end as shown in Fig. 28.2. 
For this typical one-dimensional problem the homogenized 

elastic constant E can be analytically solved from the local unit cell ¯

problem as 

� � �−1 
1 l dy E1E2Ē = = (28.37)
l 0 E (y) (1− φ) E1 + φ E2 

Therefore the global homogenized problem becomes ⎧ ( )⎪ d du0 ⎪ ¯ + c = 0⎪ E A⎪ ⎪ dx  dx  ⎨ 
u0(0) = 0 (28.38) ⎪ ⎪ ⎪ ⎪ du0 ⎪ ¯ � ⎩ E A = F

dx  x=L 
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Subsequently the displacement field u0 can be readily obtained 
as 

1 c0 2u (x) = − x + (F + cL)x (28.39)
¯ 2E A  

At the same time the local fluctuating displacement field u1 can 
also be obtained from the unit cell problem as 

y E −1 
1 l (y) dy du0 0u (x, y) = −y + � (28.40)l E −1 (y) dy dx  

0 

Thus the fine scale solution, i.e., the microscopic local fluctuating 

displacement u1 becomes 

⎧ 
E2 x̃ − E1 x̃ du0 ⎪ ⎪ 0 ≤ x̃ ≤ φl⎨ E1 + E2 dx  

u1 (x) = � � (28.41) ⎪ (l − x̃)+ E1 (x̃ − l) du0 ⎪ E2 ⎩ φl ≤ x̃ ≤ l
E1 + E2 dx  

where x̃ = x − nl . 
For the one-dimensional example as shown in Fig. 28.2, the 

scale decomposition and transition can be shown in a very clear 

picture. For convenience of presentation, the material and geometry 

properties are given as follows: E1 = 1, E2 = 10, φ = 0.5, L = 10, 
A = 1. The constant body force is set to be c = 3, and the right end 
of the bar is subjected to a point force of F = 2. For clarity we only 
consider the problem with N = 5. It is noted that the microscale 
solution u1 can be expressed using either the local coordinate y and 
the global coordinate x and they are related as εu1(x, y) = u1(x), 
where ε = l/L = 0.2. The global and local solutions in Fig. 28.3 
clearly show the relationship between the solutions in each scale, 

where “AEM” denotes the asymptotic expansion multiscale method. 

Moreover, as shown in Figs. 28.3(a) and 28.3(c) the microscale 

solution can be expressed either in the local coordinate or in the 

global coordinate. 

For this problem it is also interesting to study that how the 

periodic AEM method models the heterogeneous material as the 

unit cell number N varies. The numerical results are compared to 
the analytical solution as shown in Fig. 28.4. It can be seen that 

when the bar consists of 10 repeated unit cells, the AEM solution 
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Figure 28.3 Illustration of scale transition in the one-dimensional hetero

geneous bar: (a) u1(x, y); (b) u0(x); (c) u1(x); (d) u(x). 

already matches reasonably well with the analytical solution. The 

relationship between the solution error and the number of unit cells 

is also depicted in Fig. 28.4(d) that indicates that the AEM method 

produce very accurate solution as N goes beyond 20. 

(II) Two-dimensional plane strain problem 

Another important problem in the multiscale analysis is about the 

influence related to the selection of shape and size of unit cell since 

the unit cell is not unique. Here we consider a two-dimensional 

periodic heterogeneous solid with plane strain assumption as 

shown in Fig. 28.5, where different shape and size of unit cells are 

also shown. During the analysis, each cell is discretized with 12×12 

bi-linear quadrilateral finite elements. The geometric and material 

properties for the heterogeneousmaterials are listed in Fig. 28.5 and 

Poisson’s ratio for both materials is 0.3. The results of homogenized 
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Figure 28.4 Solution comparison for the one-dimensional heterogeneous 

bar: (a) N =1; (b) N =10; (c) N =50; (d) L 2 error norm. 

Figure 28.5 Illustration of different choices of two-dimensional unit cells: 

(a) unit cell formed by one inclusion; (b) unit cell formed by basic inclusions; 

(c) unit cell formed by 16 inclusions; (d) unit cell formed by four quarter 

inclusions. See also Color Insert. 
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Figure 28.6 Illustration of two-dimensional periodic composite. 

elastic constants for different unit cells are 

⎡ ⎤ 
1.5355 0.6380 0.0000 

D̄(a) = D̄(b) = D̄(c) = D̄(d) = ⎣ 0.6380 1.5355 0.0000⎦ (28.42) 

0.0000 0.0000 0.4336 

It can be seen no variation occurs for different choices of unit cell. 

To illustrate the scale transition in two-dimensional case, as 

shown in Fig. 28.6 we consider a two-dimensional periodic square 

composite made of 100 cells defined in Fig. 28.5(a). The problem 

domain is subjected to the following displacement boundary 

conditions: ux1 = x2 − x2 and ux2 = x2 + x2
2. The results at different 1 2 1 

scales are clearly listed in Fig. 28.7. 

28.3 Multiscale Formulation for Slab Structure 

28.3.1 Definition of Slab Unit Cell 

Let’s still denote the local (microscopic) coordinate system by y = 
3 3{yi } and global (macroscopic) coordinate system by x = {xi } 1,i=1 i=

while for convenience of description, as shown in Fig. 28.8, the 

planes of y1y2 and x1x2 are set to be the mid-plane of the slab, while 
y3 and x3 denote the thickness direction. Thus for the slab structure 
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Figure 28.7 Solutions for the two-dimensional periodic elastic composite: 

(a) u0 (x); (b) u0 (x); (c) u1 (x); (d) u1 (x); (e) ux1 (x); (f) ux2 (x).x1 x2 x1 x2

considered herein, the local and global coordinates are related as 
xαε = � 1, α  = {1,2}yα (28.43)

ε� = x
y
3

3 
= 1 

where ε is a very small positive real number. For convenience of 
development, the Greek indices take on the values 1 to 2 for the slab 

formulation, i.e., α = {1,2}. It is observed that since the periodicity 
only occurs in the in-plane dimensions and consequently for the out 

of plane direction of y3, there are no distinction between the global 
and local scales in the thickness direction, namely, x3 = y3. 
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Figure 28.8 A slab structure with three-dimensional heterogeneities. 

The heterogeneous slab considered herein only involves the in

plane periodicity as shown in Fig. 28.8. In this case the unit cell a 

unit cell of microstructure can be defined as 

Qy = (0, λ1)⊗ (0, λ2)⊗ (−h/2, h/2) (28.44) 

where λ1 and λ2 denote the in-plane y1 and y2 dimensions of the 
unit cell and h is the thickness of the slab. Two typical unit cells are 
depicted in Fig. 28.8. It is noticed that the unit cell is subjected to 

the in-plane periodic condition and its upper and lower surfaces are 

subjected a physical traction free boundary condition. 

28.3.2	 Consistent Asymptotic Expansion of Slab 
Displacement Field 

To represent the in-plane only periodicity relationship, the following 

asymptotic expansion of displacement field is proposed [38, 39]: ( )y3ε	 0 1uk(x) = uk(xα, yα, y3) = uk (xα, yα, y3)+ εu xα, yα, (28.45)k ε 
According to Eqs. (28.43) and (28.45), one has
 

∂uε 
k(x) ∂uk

ε(x) ∂uk 
0(xα, yα, y3) ∂u1 k (xα, yα, y3 )


ε= = + ε 
∂x3 ∂y3 ∂y3 ∂y3 

∂u0 k (xα, yα, y3) ∂u1 k (xα, yα, y3) = + (28.46)
∂y3 ∂y3 
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where the following relationship is employed: 

∂u1 k(xα, yα, y3 ) 1 ∂u1 k(xα, yα, y3)ε =	 (28.47)
∂y3 ε ∂y3 

It is noted that Eq. (28.47) is exact in case that the fluctuating 

displacement u1 k varies linearly with the thickness coordinate y3 and 
this is a rational hypothesis for slab or plate structures. Eq. (28.46) 

also states that the gradient of a displacement component uε 
k with 

respect to the thickness coordinate y3 all falls into the global scale, 
which reflects the physical periodicity arising only in the y1 and y2 
in-plane directions. 

Moreover from Eq. (28.45), one knows that if a function gε(x) 
depends on both the local and global coordinates, i.e., gε(x) = 
g(x, y), the following relationship holds: 

∂gε(x) ∂g(x, y) ∂g 1 ∂g = = + (28.48)
∂xα ∂xα ∂xα ε ∂yα 

Subsequently based on Eqs. (28.46) and (28.48), the following 

equations of displacement gradients can be readily obtained: ⎧ ( )
∂uε 1 ∂u0 ∂u0 ∂u1 ∂u1 ⎪ k k k k k ⎪ = + + + ε ⎨ 
∂xβ ε ∂yβ ∂xβ ∂yβ ∂xβ (28.49) ⎪ ∂uε ∂u0 ∂u1 ⎪ k k k ⎩ = + 
∂x3 ∂y3 ∂y3 

28.3.3	 Construction of Local and Global Problems for Slab 
Structure 

The construction of local and global problems for the slab structure 

is based on the three-dimensional equilibrium equation, i.e., 

Eq. (28.11), in which the in-plane body force bα is considered for 

the plane stress slab structure. Now according to Hooke’s law and 

Eq. (28.49), the stress tensor can be expressed by the displacement 

gradients as follows: 

∂uε 

σ ε k 
i j  = C i jkl  

∂xl 

∂uε ∂uε 
k k = C i jkβ + C i jk3 

∂xβ ∂x3 
1 −1 = σi j 	  + σi j  + εσi j  

1 (28.50)
ε 
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−1where σi j  , σi j  and σi j  
1 are defined by 

∂u0 −1 kσi j  = C i jkβ (28.51)
∂yβ ( )

∂u0 ∂u1 k kσi j  = C i jkl  + (28.52)
∂xl ∂yl 

∂u1 
σ 1 k 

i j  = C i jkβ (28.53)
∂xβ 

Further plugging Eq. (28.50) into Eq. (28.11) gives 

−1 −1 ∂σ 1
1 ∂σ 1 ∂σ ∂σi j  ∂σiα i jiα i j+ + + + = 0 (28.54)
ε2 ∂yα ε ∂x j ∂yj ∂xα ∂yj 

Due to the fact of ε � 1, Eq. (28.54) implies the following three 
equations: 

−1∂σiα = 0 (28.55)
∂yα 

−1∂σ ∂σi ji j  + = 0 (28.56)
∂x j ∂yj 

∂σ 1
∂σiα i j+ = 0 (28.57)
∂xα ∂yj 

From the positive definite property of the elasticity tensor and by 

using Eq. (28.51), Eq. (28.55) yields 

u0 k(x, y) = u0 k(x) (28.58)−1σ = 0i j  

Moreover, through substitution of Eq. (28.58) into Eq. (28.56) the 

local unit cell problem can be obtained: 

∂σi j  = 0 (28.59)
∂yj 

This unit cell problem is subjected to the periodic boundary 

conditions on the surrounding surfaces: 

1 � 1 �ui +rα = ui − α (28.60)
ry y 

and the traction free boundary conditions on the upper and lower 

surfaces: 

+ 3 3ti = σi j n j = 0 on ry ∪− ry (28.61) 
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with n j being the outward surface normal of the corresponding 

upper and lower surfaces. 

The discretization of the local unit cell problem takes the 

same path as that of the complete three-dimensional formulation 

discussed in the previous section. The discrete equation has the 

same form of Eq. (28.29) except that the unit cell now is subjected to 

the specific boundary conditions given in Eqs. (28.60) and (28.61). 

The homogenized in-plane material response can be obtained by 

imposing the following three macroscopic in-plane strain modes: 

�T⎧ 
e[t1]¯ = 1 0 0 0 0 0⎪ ⎪ ⎨ 

⎪ ē
� �T[t2] = 0 1 0 0 0 0  (28.62) �T⎪ ⎩ 

[ ]¯ se = 0 0 0 1 0 0  

[t1] and ē[t2]in which ē represent the tension modes in y1 and y2 
ē[s] denotes the in-plane shear mode. directions and 

On the other hand, introducing the volume average within the 

unit cell into Eq. (28.57) yields the global equilibrium equation: 

⎧ 
∂σ̄11 ∂σ̄12 ⎪ ⎪ + + b̄1 = 0 ⎨ 
∂x1 ∂x2 

(28.63) ⎪ ∂ ¯ ∂ ¯⎪ σ21 σ22 ⎩ + + b̄2 = 0 
∂x1 ∂x2 

28.3.4 Algorithm Verification for Homogeneous Slab 

Ahomogenous slab is adopted here to check the proposed algorithm. 

The material and geometry properties for the two phase material 

are given by the following: E M = E I = 70 GPa, λ1 = λ2 = 0.2 m,  
h = 0.08 m, l = 0.04 m, υM = υ I = 0.2. The two typical unit cells 
are discretized with 20 × 20 × 8 conventional eight-node tri-linear 
finite elements as shown in Fig. 28.9. 

With the present consistent multiscale formulation the resulting 

fluctuating and total microscopic deformations of the unit cells are 

shown in Figs. 28.10–28.12. The results show no difference for both 

unit cells and the corresponding homogenized material properties 
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Figure 28.9 Finite element discretizations for unit cells. 

(a) (b) 

Figure 28.10 Microscopic y1-tension deformations for homogenous 
material: (a) fluctuating deformation; (b) total deformation. 

are obtained as 

⎡ ⎤ 
1.0417 0.2083 0 

¯

It is straightforward show that D in Eq. (28.64) exactly follow 

D = 70GPa 0.2083 1.0417⎣ 0 ⎦ 

0 0 0.4167 ⎡ ⎤ 

D = E 

1− υ2 
⎣ 
1 υ 0 

υ 1 0 

0 0  (1− υ)/2 
⎦ (28.64) 

¯to

the classical plane stress constitutive equation, i.e., the homogenous 

material response can be perfectly reproduced by the present 

method. 
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(a)	 (b) 

Figure 28.11 Microscopic y2-tension deformations for homogenous 
material: (a) fluctuating deformation; (b) total deformation. 

(a)	 (b) 

Figure 28.12 Microscopic in-plane shear deformations for homogenous 

material: (a) fluctuating deformation; (b) total deformation. 

28.3.5 Homogenization Analysis for Heterogeneous Slab 

Consider the heterogeneous slab structure as shown in Fig. 28.8. 

The geometric information of the unit cells and their finite element 

discretizations for this problem are the same as those of the previous 

homogenous example while the material properties are as follows: 

E M = 30 GPa, E I = 200 GPa, υM = 0.2, υ I = 0.3. The microscopic 
fluctuating and total deformations of the unit cell I are shown in 

Figs. 28.13–28.15, respectively, where it can be clearly seen that 

the periodic characteristics of fluctuating deformation occurs on 

the surrounding surfaces. The corresponding homogenizedmaterial 

properties are ⎡	 ⎤ 
5.2880 0.9956 0.0000 ⎣	 ⎦D̄I =	 0.9956 5.2880 0.0000 × 10 GPa (28.65) 

0.0000 0.0000 1.6618 
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(a) (b) 

Figure 28.13 Microscopic y1-tension deformations for unit cell I: (a) 
fluctuating deformation; (b) total deformation. 

(a) (b) 

Figure 28.14 Microscopic y2-tension deformations for unit cell I: (a) 
fluctuating deformation; (b) total deformation. 

(a) (b) 

Figure 28.15 Microscopic in-plane shear deformations for unit cell I: (a) 

fluctuating deformation; (b) total deformation. 
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(a) (b) 

Figure 28.16 Microscopic y1-tension deformations for unit cell II: (a) 
fluctuating deformation; (b) total deformation. 

Moreover to examine the fact that the homogenized material 

properties are independent on the choice of unit cells, the unit cell II 

as shown in Figs. 28.8 and 28.9 is also employed for homogenization 

analysis. The corresponding fluctuating deformations and the total 

deformations are plotted in Figs. 28.16–28.18. The homogenized 

material constants are exactly the same as those in Eq. (28.65), i.e., 

D̄I = D̄(I I ), which once again proves that different choice of unit cells 

gives no influence on the homogenized material constants although 

the respective local fluctuating deformations are different. 

28.3.6 Multiscale Analysis of Cantilever Beam Problem 

Consider the cantilever beam problem as shown in Fig. 28.19. The 

cantilever beam is assumed to have the microstructure described in 

Fig. 28.8 with a thickness of h = 0.08 m and thus the homogenized 

(a) (b) 

Figure 28.17 Microscopic y2-tension deformations for unit cell II: (a) local 
fluctuating deformation; (b) total deformation. 
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(a) (b) 

Figure 28.18 Microscopic in-plane shear deformations for unit cell II: (a) 

fluctuating deformation; (b) total deformation. 

Figure 28.19 Description of elastic cantilever beam problem. 

material constants in Eq. (28.65) is employed for global structural 

analysis. Other geometric properties of the beam problem are as 

follows: length L = 8 m, height  H = 4 m. The beam is subjected 
to a uniform pressure q = 0.16 KN/m on the upper boundary. A 
uniform40×20 finite elementmesh as shown in Fig. 28.20 is used to 
solve the global homogenized problem under plane stress condition 

and the stress results are plotted in Fig. 28.21. Subsequently the 

proposed multiscale method is used to extract the detailed local 

stress information. The corresponding local stress results at the 
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Figure 28.20 Finite element mesh for the global cantilever beam problem. 

two given locations, i.e., P1 and P2 as indicated in Fig. 28.19 are 
clearly shown in Figs. 28.23 and 28.24, where for comparison the 

direct finite element solutions using 320,000 tri-linear hexahedron 

elements depicted in Fig. 28.22 are plotted as well. The results show 

that the multiscale solutions agree favorably with those of the direct 

finite element simulation, while the proposed multiscale method is 

much more computationally efficient. 

Figure 28.21 Global stress distributions for the cantilever beam problem. 
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Figure 28.22 Mesh for direct finite element simulation of the cantilever 

beam problem. 

Figure 28.23 Comparison of unit cell stress distribution at 1 for the beam 

problem: (a) σ11 using direct finite element simulation; (b) σ11 using 

multiscale analysis; (c) σ22 using direct finite element simulation; (d) σ22 
using multiscale analysis. 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:55 PSP Book - 9in x 6in 28-Shaofan-Li-c28

1095 Multiscale Formulation for Column Structure 

Figure 28.24 Comparison of unit cell stress distribution at 2 for the beam 

problem: (a) σ11 using direct finite element simulation; (b) σ11 using 

multiscale analysis; (c) σ22 using direct finite element simulation; (d) σ22 
using multiscale analysis. 

28.4 Multiscale Formulation for Column Structure 

28.4.1 Definition of Column Unit Cell 

For the heterogeneous column structure with axial periodicity as 

shown in Fig. 28.25, similar to the previous development, let local 

and global coordinate systems are y = {y1, y2, y3} and x = 
{x1, x2, x3} as well, while the x1 and y1 axes are selected to be 
coincide with the column axial direction and thus the column cross 

section are parallel to the x2x3 and y2y3 planes. Obviously for the 
column structure with three-dimensional reinforcements, the global 

and local coordinates have the following relationship: ⎧ x1 ⎪ ⎨ ε = � 1 
y1 (28.66)x2 x3 ⎪ ⎩ ε� = = = 1 
y2 y3 

From Eq. (28.66) it can be clearly seen that within the column 

cross section the global and local coordinates are identical and the 

periodic asymptotic expansion is only required in the axial direction. 
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Figure 28.25 A column structure with three-dimensional heterogeneities: 

(a) global structure; (b) local unit cell. 

Figure 28.25(b) shows one proper unit cell for the global column 

structure with a volume ofQy: 

Qy = (0, λ)⊗ (−w/2, w/2)⊗ (−h/2, h/2) (28.67) 

in which λ is axial dimension of the unit cell, w and h are the width 
and height of the column cross section. It is interesting to point 

out that the unit cell has a physical traction free circumferential 

boundary and the periodicity only occurs along the axial direction. It 

is noted that although a rectangular cross section is considered here, 

other shapes of cross sections can be incorporated into the present 

formulation without any difficulty. 

28.4.2	 Consistent Asymptotic Expansion of Column 
Displacement Field 

To reflect the axial reinforcement periodicity of the heteroge

neous column structure, the following asymptotic expansion of 

© 2013 by Taylor & Francis Group, LLC

http:boundaryandtheperiodicityonlyoccursalongtheaxialdirection.It


March 6, 2013 15:55 PSP Book - 9in x 6in 28-Shaofan-Li-c28

1097 Multiscale Formulation for Column Structure 

displacement uε 
k is proposed [40]: ( )

ε 0 1 yα uk(x) = uk(x1, y1, yα ) = uk (x1, y1, yα )+ εu x1, y1, (28.68)k ε 

In this section the Greek indices range from 2 to 3, i.e., α = {2, 3}. 
It is seen that no x2 and x3 explicitly appear in Eq. (28.68) due to the 
fact of x2 = y2 and x3 = y3. 

According to the definition of uk 
1 in (28.68), if the plane section 

assumption for column is invoked on uk 
1, i.e., u1 changes linearly k 

along the width and height directions, or uk 
1 is a linear function of 

y2 and y3, it is readily show that the following relationship holds: 

∂u1 k (x1, y1, 
yα ) 1 ∂u1 k (x1, y1, yα)ε = (28.69)

∂yβ ε ∂yβ 

Based upon Eqs. (28.68) and (28.69), one has 

yα∂uk
ε (x) ∂uk

ε (x) ∂uk 
0(x1, y1, yα ) ∂uk 

1(x1, y1, )
ε= = + ε 

∂xβ ∂yβ ∂yβ ∂yβ 

∂u0 k (x1, y1, yα ) ∂u1 k (x1, y1, yα) = + (28.70)
∂yβ ∂yβ 

Equation (28.70) implies that the differentiation of uε 
k with 

respect to y2 and y3 belongs to the global scale, which is consistent 
with the coincidence of the global and local coordinates in the 

column cross section. 

For the axial coordinate of x1, according to Eq. (28.66), similar 
to the in-plane coordinates of the slab formulation, one has the 

following standard chain rule relationship for a function gε(x): 

∂gε(x) ∂g(x, y) ∂g 1 ∂g = = + (28.71)
∂x1 ∂x1 ∂x1 ε ∂x1 

Thus it is straightforward to obtain the following identities for 

the displacement gradients: 

⎧ ( )
∂uε 1 ∂u0 ∂u0 ∂u1 ∂u1 ⎪ k k k k k ⎪ = + + + ε ⎨ 
∂x1 ε ∂y1 ∂x1 ∂y1 ∂x1 

(28.72) ⎪ ∂uε ∂u0 ∂u1 ⎪ k k k ⎩ = + 
∂xβ ∂yβ ∂yβ 
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28.4.3	 Construction of Local and Global Problems for 
Column 

In this subsection, it is shown that the local and global problems 

for the heterogeneous cylindrical membrane structure can be 

rationally constructed based on the proposed asymptotic expansion 

of the displacement field using the three-dimensional equilibrium 

equations, and it is noticed that for column structure one often has 

b2 = b3 = 0. By using Eq. (28.72) and Hooke’s law, the stress tensor 
for the column structure becomes 

σ ε 1	 −1 = σ	 + σi j  + εσ 1 (28.73)i j i j  i jε 
−1with σi j 	  , σi j  and σi j  

1 being given by 

σi j  
−1 = C i jk1 

∂uk 
0 

(28.74)
∂y1 ( )

∂u0 ∂u1 k kσi j  = C i jkl  + (28.75)
∂xl ∂yl 

∂u1 
σ 1 k = C i jk1	 (28.76)i j  ∂x1 

Substitution of Eq. (28.73) into Eq. (28.11) gives 

−1 −1
1 ∂σi1 1 ∂σi j  ∂σi j  ∂σi1 ∂σi j  

1 

+ + + + = 0 (28.77)
ε2 ∂y1 ε ∂x j ∂yj ∂x1 ∂yj 

Equation (28.77) requires the satisfaction of the following three 

equations: 

−1∂σi1 = 0	 (28.78)
∂y1 

−1∂σ ∂σi ji j  + = 0	 (28.79)
∂x j ∂yj 

∂σi1 ∂σ 1 
i j+ + bi = 0 (28.80)

∂x1 ∂yj 

By using and the positive definite property of the elasticity 

tensor, Eq. (28.78) gives that u0 k purely falls into the global scale: 

0 0uk(x, y) = uk(x), σ−1 = 0 (28.81)i j  
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Furthermore, combination of Eqs. (28.58) and (28.79) yields the 

following unit cell problem: 
∂σi j  = 0 (28.82)
∂yj 

As discussed earlier this present three-dimensional unit cell 

problem is subjected to the periodic boundary conditions on the 

axial boundary surfaces: 
1 � 1 �u = u (28.83)i +r1 

y
i −r1 

y 

While for the circumferential surfaces the traction free boundary 

conditions are required: 
+ α αti = σi j n j = 0 on ry ∪− ry (28.84) 

with n j being the outward surface normal of the corresponding 

circumferential surfaces of the unit cell. 

The procedure for the finite element solution of the column unit 

cell problem is very close to that of the slab problem, while the 

periodicity and free surface conditions of (28.83) and (28.84) are 

required to be enforced on the discrete equations. The homogenized 

Young’s modulus Ē can be rationally extracted by employing the 

following macroscopic axial deformation mode: � �T 
ē[t1] = 1 0 0 0 0 0  (28.85) 

The global equilibrium equation can be obtained by performing 

a volume average operation on Eq. (28.80) within the unit cell: 
∂σ̄11 + b̄1 = 0 (28.86)
∂x1 

28.4.4 Algorithm Verification for Homogeneous Column 

A homogeneous column problem is first considered to examine the 

present formulation by homogenization analysis. The geometry and 

material properties for the unit cell as shown in Fig. 28.25 are as 
Ifollows: λ = 0.16 m, w = h = 0.4 m, l I = l = 0.04 m, c = 0.06 m, 

c = 0.08 m, E M = E I1 = E I2 = 30 GPa, υM = υ I = 0.2. The 
finite element mesh used for the unit cell discretization contains 

20×20×8 elements as shown in Fig. 28.26. The resolved fluctuating 
deformation field and the total deformation field are depicted in 

Fig. 28.27, which clearly show a uniform deformation pattern. The 

resulting homogenized material constant turns out to be exactly the 

expected homogenous value, i.e., E = E M = E I1 = E I2 = 30 GPa. ¯
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Figure 28.26 Finite element mesh for the column unit cell. 

(a) (b) 

Figure 28.27 Microscopic deformation for homogenous column unit cell: 

(a) fluctuating deformation; (b) total deformation. 

(a) (b) 

Figure 28.28 Microscopic deformation for heterogeneous column unit cell: 

(a) fluctuating deformation; (b) total deformation. 
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28.4.5	 Homogenization Analysis for Heterogeneous 
Column 

Consider a heterogeneous column that has the same microstructure 

as the previous homogenous example, while the material properties 

are as follows: E M = 30 GPa, υ M = 0.2, E I1 = E I2 = 200 GPa, 
υ I = 0.3. The finite element discretization is the same as that 
of Fig. 28.26. In this case the microscopic deformation fields are 

plotted in Fig. 28.28, which obviously are inhomogeneous due to the 

heterogeneousmaterial properties. The computedmaterial constant 

for this problem is: E = 4.0125× 10 GPa. ¯

28.4.6	 Multiscale Analysis of Heterogeneous Column 

Consider the heterogeneous column as shown in Fig. 28.29 and 

assume that this column has the given microstructure described 

in the previous subsection. The geometry and material properties 

for this problem are follows: H = 8 m,  Ē = 4.1025 × 10 GPa, 
specific weight γ M = 24000 N/m3, γ I = 78000 N/m3. This 

column is subject to a veridical loading F = 100 KN as shown 

(a)	 (b) 

Figure 28.29 A column under self-weight and external load: (a) problem 

statement; (b) mesh for direct finite element simulation. 
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Figure 28.30 Comparison of unit cell stress distribution σ11 at P1 for the 
column problem: (a) direct finite element solution; (b) y-cross section of 

direct finite element solution; (c) multiscale solution; (d) y-cross section of 

multiscale solution. 

Figure 28.31 Comparison of unit cell stress distribution of σ22 at P1 for the 
column problem: (a) direct finite element solution; (b) y-cross section of 

direct finite element solution; (c) multiscale solution; (d) y-cross section of 

multiscale solution. 
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Figure 28.32 Comparison of unit cell stress distribution of σ33 at P1 for the 
column problem: (a) direct finite element solution; (b) y-cross section of 

direct finite element solution; (c) multiscale solution; (d) y-cross section of 

multiscale solution. 

Figure 28.33 Comparison of unit cell stress distribution of σ11 at P2 for the 
column problem: (a) direct finite element solution; (b) y-cross section of 

direct finite element solution; (c) multiscale solution; (d) y-cross section of 

multiscale solution. 
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Figure 28.34 Comparison of unit cell stress distribution σ22 at P2 for the 
column problem: (a) direct finite element solution; (b) y-cross section of 

direct finite element solution; (c) multiscale solution; (d) y-cross section of 

multiscale solution. 

Figure 28.35 Comparison of unit cell stress distribution of σ33 at P2 for the 
column problem: (a) direct finite element solution; (b) y-cross section of 

direct finite element solution; (c) multiscale solution; (d) y-cross section of 

multiscale solution. 
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in Fig. 28.29. For this problem the analysis of the global structure 

with the homogenized material constant Ē is trivial. The resulting 

global stress and strain results corresponding to the middle-height 

and bottom positions P1 and P2 are ē11 = 1.8180 × 10−5 and 
σ̄11 = 7.46 × 105 Pa, and ē11 = 2.1126 × 10−5 and σ̄11 = 8.67 × 
105 Pa, respectively. Subsequently based on the global response 

a localization analysis can be easily carried out by the present 

multiscale formulation. Meanwhile to verify the present multiscale 

algorithm a three-dimensional finite element computation using 

160000 tri-linear hexahedron elements as shown in Fig. 28.9(b) is 

performed. The detailed microscopic stress fields resulting from the 

present multiscale method and the direct finite element simulation 

are shown in Figs. 28.30–28.35. The results once again show good 

agreement between the multiscale solutions and the direct finite 

element solutions. 

28.5 Conclusions 

A summary of the theoretical preliminaries and finite element 

solution procedures was presented for the classical asymptotic 

expansion multiscale method. Several issues associated with the 

asymptotic expansion multiscale method, i.e., the homogenization, 

localization and scale transition, are illustrated in details through 

typical numerical examples. Subsequently within the asymptotic ex

pansion framework, consistent multiscale methods were developed 

for the two-dimensional heterogeneous slabs and one-dimensional 

column structures which can have arbitrary three-dimensional 

microstructures. This type of structures has different local and 

global structural characteristics and the local unit cell problems are 

completely three-dimensional problems. Moreover the periodicity 

has a directional preference, i.e., the in-plane periodicity for the 

slab and the axial periodicity for the column. To represent these 

features properly, the methods presented herein are realized by 

special expansions of the displacement fields. It was shown these 

asymptotic expansions of displacement fields are fully capable of 

reflecting the unique properties of the heterogeneous slab and 

column structures. Thereafter the local and global problems are 
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established in a consistent and rational manner. The resulting 

local unit cell problems are subjected to the given directional 

periodicity and traction free boundary conditions, meanwhile 

the homogenized global equations represent the conventional 

slab or column structural problems. Various numerical results 

demonstrated that the present methods are very effective for the 

modeling of heterogeneous slab and column structures. 
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Chapter 29
 

Computational Homogenization and 
Partial Overlap Coupling Between 
Micropolar Elastic Continuum Finite 
Elements and Elastic Spherical Discrete 
Elements in one Dimension 
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428 UCB, Boulder, CO 80309, USA 
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Interfacial mechanics between granular materials and deformable 

solid bodies involve large shear deformation and grain motion at 

the interface. To resolve such granular physics at the grain scale in 

contact with the deformable solid, but in a computationally tractable 

manner, we present a concurrent multiscale computational method. 

As a simple problem to verify the method, a one-dimensional 

string of glued nonlinear and linear elastic discrete elements 

is overlapped with a linear elastic micropolar continuum finite 

element implementation. The overlap coupling is enabled by the 

bridging scale decomposition method, but now with rotational 
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degrees of freedom (dof) in addition to axial and transverse 

displacements. Numerical examples are presented to demonstrate 

some features of the coupling strategy. 

29.1 Introduction 

Granular materials are commonly found in geomechanics applica

tions, and are composites of three phases: solids, liquids, and gases. 

We limit the modeling currently to single phase (solid grains) and 

dense granular materials (average coordination number ≈ 5). We 
are interested primarily in modeling the grain to macro-continuum 

scale response in the large shear deformation interface region 

between a granular material and deformable solid body. Such 

interface can be between a granular soil (e.g., sand, Fig. 29.1(a)) 

and a tire (Fig. 29.2(a)), tool (e.g., bucket, Fig. 29.2(b)), or cone 

penetrometer (Fig. 29.1(b)), for instance. 

Granular materials are challenging to model their mechanical 

behavior across several orders of magnitude in length-scale. An 

additional modeling challenge is that they can transition from 

deforming like a solid to flowing like a fluid and vice versa. Examples 

of such physical transition are the flow of quartz grains around and 

at the tip of a driven cone penetrometer penetrating sand, and the 

shoveling of sand/gravel by a tractor bucket, for instance. These 

(a) Image courtesy of Khalid 

Alshibli, University of 

Tennessee, Knoxville. 

(b) Cone penetrometers 

(http://geosystems.ce.gatech.edu/ 

Faculty/Mayne/Research/devices/cpt.htm). 

Figure 29.1 (a) Sand grains at 150×. (b) Cone penetrometers. See also 
Color Insert. 
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(a) Mars exploration rover: tire 

interaction with Martian soil 

(photo source NASA). 

(b) Loader bucket scooping gravel 

(www.dymaxinc.com). 

Figure 29.2 (a) Soil–tire, and (b) soil–tool interface problems. See also 

Color Insert. 

examples each involve material regions where relative neighbor 

particle motion is “large” (flowing like a fluid) and regions where 

relative neighbor particle motion is “small” (deforming like a solid). 

Using solely “brute force” physics-based simulation methods 

(such as the discrete element (DE) method [1]), it is too computa

tionally intensive to account for the grain-scale mechanical behavior 

at the “macro”-scale of these geomechanics applications. Thus, we 

attempt to restrict the DE region to only where we need it: at the 

interface of granular material and deformable solid body (i.e., soil– 

penetrometer, soil–tool, or soil–tire interface). The computational 

mechanics modeling challenge is how to couple a DE region to 

a finite element (FE) region representing the granular material 

as a continuum further from the interface with the deformable 

solid, and to do this without introducing artificial boundary effects 

on the DE region (that in turn contacts the deformable solid 

shearing through the granular material). We resort to a concurrent 

multiscale computational modeling approach [2] that retains an 

“open window” computationally on the grain-scale region adjacent 

to the deformable solid, while transitioning through an overlap 

coupling region to a higher order continuum FE method (see 

Fig. 29.6). The higher order continuum in this chapter is limited 

to a small strain linear isotropic elastic micropolar continuum [3], 

whereas a finite strain pressure-sensitive micromorphic elasto
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plasticity model [4] would provide a more suitable higher order 

continuum framework through which to couple to the DE region. 

The micropolar continuum is limited to micro-rotations, whereas 

the micromorphic continuum [5] introduces also micro-shear and 

micro-dilation/compaction which are useful for representing the 

deformation ofmicro-clusters of grains in a granular material. 
A realistic geomechanics application of this multiscale approach 

is to simulate, with grain-scale resolution, the initial boundary value 

problem (IBVP) of cone penetrometer penetration (Fig. 29.1(b)). 

This will allow a physics-based approach to estimating the shear 

strength of a sandy soil, rather than the traditional empirical 

approaches. During the penetration, particles can crush, displace 

and flow to accommodate the cone penetrometer penetrating the 

sand. This is a complex IBVP, whose interpretation will benefit by 

a grain-scale computational simulation approach. The multiscale 

approach will attempt to alleviate the artificial boundary effects 

[6] on an assembly of discrete elements surrounding the cone 

penetrometer (like in Fig. 29.6). The various soil conditions will 

come in naturally through constitutive models that handle effects 

of moisture content, degree of saturation, percentage of clay versus 

sand, etc. The difference is that the constitutive model is formulated 

within amicromorphic continuum theory [4]. This is a good example 

of how the multiscale method discussed in this chapter can be used 

to minimize computational effort by maintaining the DE particle 

region only at the interface with the cone penetrometer, while 

the micromorphic continuum FE will provide the transition to the 

continuum region. Themicromorphic continuumhasmore dofs than 

the standard continuum, but far fewer than the DE region, so it will 

introduce computational efficiency to the problem. 

As a precursor to a three-dimensional (3D) finite strain micro

morphic plasticity model [7] and finite element (FE) implementa

tion [8], and overlap coupling with underlying 3D FE or discrete 

element (DE) DNS region, we consider a simpler one dimensional 

(1D) problem: overlap coupling between a micropolar linear elastic 

1Dmixed FEmodel and a 1D string of Hertzian [9, 10] nonlinear and 

linear glued elastic DE spheres. This chapter provides more details 

and numerical examples than a previous conference paper [11]. 
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29.2 Notation 

Index notation will be used wherever needed to clarify the 

presentation. Cartesian coordinates are assumed, so all indices are 

subscripts, and spatial partial derivative is the same as covariant 

derivative [12]. Some symbolic/direct notation is also given, such 

that (ab)ik  = ai j b jk, (a ⊗ b)i jkl  = ai j bkl . Boldface denotes a tensor 

or vector, where its index notation is given. Subscript (•),i implies a 
spatial partial derivative with respect to xi . Superposed dot (�̇) = 

defD (�)/D t  denotes material time derivative. The symbol = implies a 
definition. 

29.3 One-Dimensional (1D) Micropolar Linear Isotropic 
Elasticity 

This section (in Section 29.3.1) briefly presents the three

dimensional (3D), small strain, linear isotropic micropolar elasticity 

model and balance of linear and angular momentum equations 

based on the work of Eringen (1968) [3], and then provides 

more details on the reduction to a 1D form (Section 29.3.2) using 

Timoshenko beam kinematics with axial stretch [13]. Finally, in 

Section 29.3.3, the 1D form of the model is expressed in weak 

and Galerkin forms for finite element implementation, a mixed 1D 

element is used to interpolate the fields, and a numerical example is 

presented to demonstrate convergence of the FE implementation. 

29.3.1	 Three-Dimensional (3D) Micropolar Linear Isotropic 
Elasticity and Balance Equations 

The balance of linear and angular momentum, respectively, for a 

micropolar continuum are [3] 

σlk,l + ρbk − ρük = 0 (29.1) 

mlk,l + ekmnσmn + ρ�k − ρβ̇k = 0 (29.2) 

where σlk  is the unsymmetric Cauchy stress tensor over body B, 
ρ is the mass density, bk is a body force per unit mass, uk is 
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the displacement vector, ük is the acceleration vector, mlk  is the 

unsymmetric couple stress, ekmn is the permutation operator, �k is 

the body couple per unit mass, βk = j ϕ̇k is the intrinsic spin per unit 

mass, j is the spin inertia for a spin-isotropic material [5], ϕl is the 

micro-rotation vector, indices k, l, · · · = 1,2,3, and (•),l = ∂(•)/∂xl 

denotes partial differentiation with respect to the coordinate xl . 

For a linear isotropic elastic micropolar solid, the constitutive 

equations are [3] 

σkl = λErr δkl + (2μ + κ)Ekl + κeklm(rm − ϕm) (29.3) 

mkl = αϕr,r δkl + βϕk,l + γ ϕl,k	 (29.4) 

where λ, μ, κ , α, β , and γ are isotropic elastic parameters, and the 

deformations are 

1	 1 1 
Ekl = (uk,l + ul,k), rk = eklmum,l , rkl = (uk,l − ul,k) = −eklmrm 

2	 2 2
(29.5) 

where Ekl is the classical small strain tensor, rk the axial vector, and 

rkl the rotation tensor. 

29.3.2	 1D Timoshenko Beam Kinematics with Axial Stretch 
and Resulting 1D Micropolar Linear Elasticity 

We consider Timoshenko beam kinematics from Pinsky (2001) 

[13], with superimposed axial stretch for small deformations. The 

displacement vector u and micro-rotation vector ϕ are 

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ 
u1 u − x2θ ϕ1 0 

u = u2 = v , ϕ = ϕ2 = 0 (29.6)⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ 

u3 0 ϕ3 θ 

where u is the stretch in the x1 direction, θ is the rotation of the 
centroidal axis about the x3 axis, v is the transverse displacement 
in the x2 direction, we ignore displacement w ≈ 0 in the  x3 

def 
direction, and we assume the micro-rotation ϕ3 = θ . Taking spatial 
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derivatives, we have the following deformation measures: 

⎡ ⎤ 
∂u ∂θ− x2 −θ 0
∂x1 ∂x1 ⎢ ∂v ⎥ 

[uk,l ] = ⎣ ∂x1 
0 0⎦ ,
 

0  0 0 
  ⎡ ⎤ 
∂u ∂θ 1 ∂v− x2 − θ 0
∂x1 ∂x1 2 ∂x1 ⎢ ⎥ 

[Ek,l ] = ⎢ 1 ∂v 0 
⎥ (29.7) ⎣ − θ 0⎦2 ∂x1 

0 0 0 ⎡ ⎤ 
0 

1 ⎢ ⎥0[rk] = [eklmum,l ] = ⎣ ⎦ 
2 1 ∂v + θ

2 ∂x1 ⎡ ⎤ 
∂v− 10 + θ 0

2 ∂x1 ⎢ ⎥ 
[rkl ] = −[eklmrm] = ⎢⎣ 1 ∂v + θ 0 0

⎥⎦ (29.8) 2 ∂x1 

0 0 0 ⎡ ⎤ 
0 θ 0 ⎣ ⎦[eklmϕm] = −θ 0 0  (29.9) 

0 0 0  

The unsymmetric stress tensor components then result as 

σ11 = (λ + 2μ + κ)E11 (29.10) 

σ22 = λE11 (29.11) 

σ33 = λE11 (29.12) 

σ12 = (2μ + κ)E12 − κr12 − κe12mϕm 

∂v = (μ + κ)γ sh= (μ + κ) − θ (29.13)
∂x1 

= μγ shσ21 = (2μ + κ)E21 − κr21 − κe21mϕm (29.14) 

∂θ 
m13 = γ (29.15)

∂x1 
∂θ 

m31 = β (29.16)
∂x1 

where γ sh def − θ , σ23 = σ32 = σ13 = σ31 = m22 == ∂v = 0, and m11∂x1 
m33 = m12 = m21 = m23 = m32 = 0. The balance of linear and 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:58 PSP Book - 9in x 6in 29-Shaofan-Li-c29

� � � 

� � � � 

� � 

� [ ] 

� � � 
� � [ 

] 

1118 Computational Homogenization and Partial Overlap Coupling Between 1D FE 

angular momentum equations can likewise be reduced as 

σ11,1 − ρü1 = 0 (29.17) 

σ12,1 − ρü2 = 0 (29.18) 

m13,1 + σ12 − σ21 − ρβ̇3 = 0 (29.19) 

where β̇3 = j ϕ̈3 = j θ̈ , assuming spin-inertia j is constant at 
small strains. However, to reach a form amenable to a 1D mixed 

FE formulation, we express the weak form in terms of the reduced 

kinematics. Consider the weak form in 3D as 

ρwkükdv + wk,lσlkdv = wktkda (29.20) 
B B �t 

ρηkβ̇kdv + ηk,l mlkdv − ηkekmnσmndv = ηkrkda (29.21) 
B B B �r 

where the traction tk = σlknl , surface couple stress rk = mlknl , and  

the weighting functions are ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ 
w1 δu1 δu − x2δθ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦[wk] = w2 = δu2 = δv (29.22) 

0 0 0 ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ 
0 0 0 ⎣ ⎦ ⎣ ⎦ ⎣ ⎦[ηk] = 0 = 0 = 0 (29.23) 

η3 δϕ3 δθ 

where δ(•) is used here as a variational operator. Likewise, ü1 = ü − 
¨ x2θ and ü2 = v̈ . We analyze each term separately, such that the first 

term of (29.20) is 

ρwkükdv = ρ(w1ü1 + w2ü2)dv (29.24) 
B B 

¨ = ρ δu(ü − x2θ)+ δv(v̈)+ δθ(−x2ü + (x2)2θ̈) dv 
B 

(29.25) 

where we consider that all variables are functions only along the 

one-dimensional length x1 (which wewill simplify as x). Thus, when 
reducing the integral (•)dv = A(•)dadx , we have  B L 

ρwkükdv = δu(ρ Aü − ρQ θ̈)+ δv(ρ Av̈) 
B L 

+ δθ(−ρQ ü + ρ I θ̈) dx  (29.26) 
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where, the first moment about the x1 axis Q and moment of inertia 
about x1 axis I are defined as 

Q 
def I def = x2da , = (x2)2da (29.27) 

A A 

Likewise, the stress term is 

wk,lσlkdv = (w1,1σ11 + w2,1σ12)dv (29.28) 
B B 

= [δu,x(λ + 2μ + κ)(Au,x − Q θ,x) 
L 

+ δv,x(μ + κ)A(v,x − θ) 
+ δθ,x(λ + 2μ + κ)(−Q u,x + I θ,x)] dx  (29.29) 

Considering that the traction acts in the x1 direction on the x1 face, 
then the unit normal to �t is n = [1 0 0]T , and  t1 = σ11, t2 = σ12. 
Then, 

wktkda = (w1t1 + w2t2)da (29.30) 
�t A 

= δuσ11da − δθx2σ11da + δvσ12da (29.31) 
A A A 

where if we consider the traction acts at x = L , then concentrated 
axial force FL = A σ11da, end moment−ML = A x2σ11da, and end  
shear force VL = A σ12d A, and thus 

wktkda = δuL FL + δθL ML + δvL VL (29.32) 
�t 

For the balance of angular momentum weak  form, we have for the  

micro-inertia term 

ρηkβ̇kdv = δθ(ρ A j θ̈)dx  (29.33) 
B L 

and for the couple stress term 

ηk,l mlkdv = η3,1m13dv = δθ,x(γ Aθ,x)dx  (29.34) 
B B L 

and the skew part of the stress 

− ηkekmnσmndv = δθ(σ12 − σ21)dv = δθ [κ A(θ − v,x)] dx  
B B L 

(29.35) 

where if the traction couple stress acts on the x1 face at x = L , then 
ηkrkda = δθm13da = δθL ML 

θ , ML 
θ = m13da 

�r A A 

(29.36) 
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29.3.3	 Finite Element (FE) Implementation of 1D
 
Micropolar Linear Elasticity
 

The Galerkin form of the reduced equations may be written as 

h h h h h h hδu (ρ Aüh − ρQ θ̈ )+ δv (ρ Av̈ )+ δθ (−ρQ ü + ρ I θ̈ ) 
L 

h h h h hδu (λ + 2μ + κ)(Auh − Q θ )+ δv (μ + κ)A(v − θ ),x	 ,x ,x ,x ,x 
h	 h h h h+δθ (λ + 2μ + κ)(−Q uh + I θ ) dx  = δuL FL + δθL ML + δvL VL,x	 ,x ,x

(29.37) 

h 
[h h h h	 h hδθ (ρ A j θ̈ )+ δθ,x(γ Aθ,x)+ δθ κ A(θh − v,x) dx  = δθL ML 

θ 

L 

(29.38) 

where interpolations, and their spatial derivatives, for a mixed 

element shown in Fig. 29.3 are the following: 

2 � [ ] de 
h N u N u N u x(1) = N u,edeu (ξ) = (ξ)de = a x(a) 1 2 x 

x(2)de 
a=1 ⎡ ⎤ 
2	 de �	 y(1) ⎢ ⎥ vh(ξ) = N v(ξ)de = N v N v N v ⎣ de ⎦ = N v,ede 

a y(a) 1 2 3 y(2) y 
a=1 de 

y(3) 

2 [ ] de 
h N θ N θ N θ θ(1) = N θ,edeθ (ξ) = (ξ)de = a θ(a) 1 2 θ 

θ(2)de 
a=1 

h = N u,e e h = N v,e e h = N θ,e eδu (ξ) c , δv (ξ) c , δθ (ξ) cx	 y θ 

h = Bu,ede Bu,e N u N uu (ξ),x x , = 1,x 2,x 

he	 vhe 

2 
1v

vhe 

3 
uhe 

1 uhe 

2 

θhe	 3
1	 2 θhe

1 2
ξ 

Figure 29.3 Finite element degrees of freedom (dof) for mixed formulation 

Timoshenko beam with axial stretch. The middle node 3 is at the center of 

the element, i.e., at ξ = 0, where ξ is the natural coordinate [14]. 

he 
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1121 One-Dimensional (1D) Micropolar Linear Isotropic Elasticity 

h = Bv,ede Bv,e N v N v N vv (ξ) = ,x y , 1,x 2,x 3,x 

h = Bθ,ede Bθ,eθ (ξ),x θ , = N θ N θ 
1,x 2,x
 

h = Bu,e e h = Bv,e e h = Bθ,e e
δu (ξ),x cx , δv (ξ),x cy , δθ (ξ),x cθ 

Bθ,e Bu,ewhere we will assign N θ,e = N u,e and = , and the element 

dofs are ⎡ ⎤ ⎡ ⎤
he 

deu1 x(1) ⎢ ⎥ ⎢ ⎥he ⎢ u ⎥ ⎢ de ⎥ 
x(2) ⎢ 2 ⎥ ⎢ ⎥ ⎡ ⎤ ⎢ he ⎥ ⎢ ⎥ ⎢ v ⎥ ⎢ de ⎥ de 

1 y(1) x ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ he ⎥ ⎢ ⎥de ⎢ ⎥ ⎢ v ⎥ = de = ⎢ ⎥ = de (29.39)2 y(2) ⎣ y ⎦ ⎢ ⎥ ⎢ ⎥ ⎢ he ⎥ ⎢ ⎥de de ⎢ v3 ⎥ ⎢ y(3) ⎥ θ ⎢ ⎥ ⎢ ⎥ ⎢ he ⎥ ⎢ de ⎥θ⎣ 1 ⎦ ⎣ θ(1) ⎦ 
he 

deθ2 θ(2) 

Substituting these interpolations into the Galerkin form of balance 

of linear momentum (29.37), and grouping terms, we can define 

element mass and stiffness matrices as ⎡
 

nel ⎢ 
e T ⎢ de 

(c ) ⎢ ρ Ae(N u,e)T N u,edx  ¨
x xA ⎣

� 

�e 
e=1 � �� � 

muu,e 

− ρQ e(N u,e)T N θ,edx  d̈e 
θ 

�e 

muθ,e 

+ (λ + 2μ + κ)Ae(Bu,e)T Bu,edx  de 
x 

�e 

kuu,e ⎤ 

⎥ ⎥ − (λ + 2μ + κ)Q e(Bu,e)T Bθ,edx  dθ 
e = f eF ⎥⎥(29.40) 

�e ⎦ 

kuθ,e 
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1122 Computational Homogenization and Partial Overlap Coupling Between 1D FE 

⎡ 

nel ⎢ � 
e T ⎢ 

(cy) ⎢ ρ Ae(N v,e)T N v,edx  d̈e 
yA ⎣ �e 

e=1 � �� � 
mvv,e 

+ (μ + κ)Ae(Bv,e)T Bv,edx  de 
y 

�e 

kvv,e ⎤ 

⎥ ⎥ − (μ + κ)Ae(Bv,e)T N θ,edx  de 
θ = f eV 

⎥⎥ (29.41) 
�e ⎦ 

kvθ,e ⎡ 

A ⎣
� � 

¨
nel ⎢ � 

e T ⎢ 
(N θ,e(c ) ⎢ − ρQ e )T N u,edx  de 

θ x 
�e 

e=1 � �� � 
mθu,e 

(N θ,e T N θ,edx  d̈e + ρ I e ) θ 
�e 

mθθ1,e 

(Bθ,e de− (λ + 2μ + κ)Q e )T Bu,edx  x 
�e ⎤

kθu,e 

⎥ ⎥ 
(Bθ,e T Bθ,edx  de f e ⎥+ (λ + 2μ + κ)I e ) = (29.42)θ M ⎥ 

�e ⎦ 

kθθ1,e 

where A is the element assembly operator, nel the number of 

elements, �e = he the length of an element e, where the equations 
can be written more concisely in matrix form as 

nel 

A e T uu,ed̈e uθ,ed̈e + kuu,ede − kuθ,ede f e(c ) m − m = x x θ x θ F 
e=1 

(29.43) 
nel 

e T vv,ed̈e + kvv,ede − kvθ,ede f eA(cy) m y y θ = V (29.44) 

e=1 
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1123 One-Dimensional (1D) Micropolar Linear Isotropic Elasticity 

nel 

A e T θu,ed̈e θθ1,ed̈e − kθu,ede + kθθ1,ede f e(c ) −m + m = (29.45)θ x θ x θ M
 
e=1
 

Likewise, when substituting the interpolations into the Galerkin 

form of balance of angular momentum (29.38), and grouping terms, 

we have ⎡ 

⎢nel ⎢ 
e T (N θ,e (Bθ,e(c ) ⎢ ρ j e )T N θ,edx  d̈e + γ Ae )T Bθ,edx  deA θ ⎢ θ θ 

�e �e ⎣e=1 � �� � � �� � 
mθθ2,e kθθ2,e 

(N θ,e+ κ Ae )T N θ,edx  de 
θ 

�e 

kθθ3,e ⎤ 

⎥ ⎥ 
(N θ,e ⎥− κ Ae )T Bv,edx  de

y = f eM θ ⎥ (29.46) 
�e ⎦ 

kθv,e 

where, in summary, we have 
nel 

A e T θθ2,ed̈e + kθθ2,ede + kθθ3,ede − kθv,ede f e(c ) m θ θ y = M θ (29.47)θ θ 

e=1 
Adding (29.45) and (29.47) for the micro-rotation dofs, we have 

nel 
e T θu,ed̈e θθ1,e θθ2,e de − kθu,ede¨(c ) −m + (m + m )θ x θ xA 

[ 
e=1 

+ (kθθ1,e + kθθ2,e + kθθ3,e)de 
θ 

− kθv,ede
y = f eM + f eM θ (29.48) 

Accounting for essential boundary conditions (BCs), and assembling 

the global FE matrix equations [14], we arrive at the coupled system 

of matrix FE equations to solve for the unknown dofs as 

M D D̈ + K D D = F D (29.49) ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
¨dx dx F F
 

D = ⎣ dy ⎦ , D̈ = ⎣ d̈y ⎦ , F D = ⎣ F V ⎦
 
¨dθ dθ F M + F M θ ⎡ ⎤ ⎡ ⎤

M uu K uu−M uθ −K uθ0 0 
M D = ⎣ 0 M vv 0 ⎦ , K D = ⎣ 0 K vv −K vθ ⎦ 

−M θu −K θu −K θvM θθ K θθ0 
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N θ,e = N u,e M θuSince , then = M uθ and M D is symmetric, and since 

Bθ,e Bu,e K uθ= then K θu = , but  K D is in general unsymmetric 

K θv = K vθbecause μ >  0 which leads to � . 

Given the mixed 1D Timoshenko beam micropolar elastic finite 

element with axial stretch in Fig. 29.3, we can select specific shape 

functions, with resulting first spatial derivatives, as follows: 

1 [ ] 1 [ ] 
N u,e , Bu,e= 1− ξ 1+ ξ = −1 1  (29.50)

2 he 

N v,e 1 1 1− ξ2= ξ(ξ − 1) ξ(ξ + 1) ,
2 2

2 [ ] 
Bv,e = ξ − 1 ξ − 1 −2ξ (29.51)

he 2 2 

where he is the element length. With these element interpolation 

matrices N e and “strain-displacement” matrices Be , and a bar with 

circular cross section such that the firstmoment Q e = 0 (see Section 
29.3.4), we arrive at specific forms of the element stiffness matrices 

as 

Ae 1 −1
kuu,e kuθ,e = kθu,e= (λ + 2μ + κ) , = 0 (29.52)

he −1 1  ⎡ ⎤ 
7 1 − 4 
6 6 3 

2Ae ⎢ ⎥ 
kvv,e ⎢ 1 7 − 4 ⎥= (μ + κ) (29.53)

he ⎣ 6 6 3 ⎦
 
− 4 − 4
 8 
3 3 3 ⎡ ⎤ − 5 − 1 

Ae 3 3
 

kvθ,e ⎢ 5
= (μ + κ)⎣ 1 ⎥⎦ ,3 32 
4 − 4 
3 3 

1 4Ae − 5 

kθv,e 3 3 3 = κ (29.54)
52 − 1 − 4 

3 3 3 

I e 1 −1
kθθ1,e = (λ + 2μ + κ) ,

he −1 1  

Ae 1 −1
kθθ2,e = γ (29.55)

he −1 1  

Aehe 2 1
kθθ3,e = κ (29.56)

6 1 2  

We can similarly derive the element mass matrices, but since our 

simulations are currently limited to quasi-static problems, we do not 
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show all details for including the inertia terms. This is part of future 

work. 

29.3.4 Convergence of 1D Micropolar Linear Elastic FE 

In this section, we take the FE formulation and implementation 

from the previous section and test its convergence with regard to 

spatial discretization refinement (i.e., he → 0). It is well known that 
in the thin limit the Timoshenko beam formulation will do a poor 

job calculating transverse displacement [13], because the classical 
e N v, e Bv,equal interpolation (N u, = e, and  Bu, = e) element “locks” 

as the transverse shear strain approaches zero in the thin limit. 

N v,Thus, we use the mixed formulation (N u,e �= e, and  Bu,e =�
Bv,e) in Fig. 29.3 and reduced integration to alleviate this problema 

[13]. Figure 29.4 shows the 5-element mesh, and the force versus 

displacement results for 2-, 5-, 10-, and 20-element meshes. We 

can see that for the axial force and displacement, the result is the 

same for all meshes (as expected for small strain theory, where axial 

and transverse displacements are decoupled), whereas for the 5

elementmesh, for the transverse force and displacement, the results 

appear convergent. In the overlap coupling simulations in Section 

29.6, we will use the 5-element mesh. 

Eachmesh is L = 20 cm in length, with rod circular cross section 

with radius R = 0.5 cm, as shown in Fig. 29.4. The applied forces 
F EXT are = 1 kN,  F EXT = 1 kN. For the elastic parameters, we usex y 

Young’s modulus E = 10 GPa, Poisson’s ratio ν = 0.3 (approximate 
for quartz), and approximate λ and μ as 

E ν E 
λ = , μ = (29.57)

(1+ ν)(1− 2ν) 2(1+ ν) 
even though λ and μ are not the Lamé parameters. We approximate 
κ = 0.1μ, and γ = (0.05)�2μ, with elastic length scale � = 1 cm. The 
cross-sectional area A = π R2 = 7.85e-5m2, first moment about the 

1 R4x-axis Q = 0, and moment of inertia about the x-axis I = π = 
4

44.9e-10 m . 

aWe note that in our case the reduced integration gives us no added benefit, as the 

mixed formulation seems sufficient to address any potential locking. See results in 

Fig. 29.4. 
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Figure 29.4 (top) 5-element mesh. (bottom) Demonstration of conver

gence of thin Timoshenko beam mixed FE implementation in compression, 

bending, and shear. Axial force versus displacement of the left end node 1 is 

exact, whereas the 2-element meshmay be too coarse, while the 5-, 10-, and 

20-element meshes give nearly the same transverse displacement upon an 

F EXTapplied transverse force y . 

29.4 1D String of Hertzian Nonlinear Elastic Discrete 
Element (DE) Spheres 

We refer to Fig. 29.5 for the kinematics and forces at contact E 

between two discrete element (DE) spheres α and β . From Hertz–  

Mindlin elastic contact theory between stiff elastic spheres [6, 9, 10], 

we have 

4
f E = E0R1/2

(δE)3/2 (29.58)x 0 n3 
E α βE0 = , R0 = R/2 , δE = q − qn x x2(1− ν2) 

4μa
f E δE= (29.59)y t2− ν 

E 
)1/2 α βμ = , a = (δE , δE = q − q + R(ωα + ωβ )n t y y2(1+ ν) 

where E is Young’s modulus, ν is Poisson’s ratio, R is the radius of 
a spherical particle (particles are assumed to have equal R in this 
case). We can then assemble the internal force vector f INT,E and 

∂ f INT,Elocal consistent tangent /∂qE associated with dof vector qE 

3 
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α β 

qα 
x 

qα 
y 

fx 

fyω α 

δt 

δn 

ε 

ε 
ε 

ε 

ε 

Figure 29.5 Kinematics and forces of two DE spheres α and β contacting at 

contact E. 

at contact E as follows: ⎡ ∂ f E ⎤ 
x ⎡ ⎤ ⎡ ⎤ ∂qE

f E qα 
x x ⎢ ∂ f E ⎥ ⎢ y ⎥ ⎢ ⎥ ⎢ ⎥f E qα ⎢ ∂qE ⎥ ⎢ y ⎥ ⎢ y ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ∂ f E

ωα ∂ f INT,E ⎢ ω ⎥ ⎢ f E ⎥ ⎢ ⎥ 
f INT,E ⎢ ω ⎥ E ⎢ ⎥ ⎢ ∂qE ⎥ = , q = , = ⎢ ⎥ (29.60) ⎢ ⎥ ⎢ ⎥ x ⎢ − f E

x ⎥ ⎢ qx 
β ⎥ ∂qE ⎢⎢ −

∂

∂

q
f E

E 
⎥ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎣ − f E ⎦ ⎣ qβ ⎦ ∂ f E

yy y ⎢ ⎥− ⎣ ∂qE ⎦ − f E ωβ 
Eω − ∂ fω 

∂qE 

E V∂ f V ∂δE ∂δE [ ]x n n = 2E0 R0 δn
E , = 1 0 0  −1 0 0 (29.61) 

E E E∂q ∂q ∂q  
∂ f E

4μ 1 ∂δE V ∂δE
y n t = V + δE ,n∂qE 2− ν 2 δE ∂qE ∂qE

n
 

∂δt
E [ ]
= 0 1 1 0  −1 1 (29.62) 

∂qE 

∂ f E 4μ ∂(ωα + ωβ)ω R5/2= B 
∂qE 2− ν ∂qE 

∂ fy
E

∂(ωα + ωβ) [ ]+ R , = 0 0 1 0 0 1 (29.63) 
∂qE ∂qE 

where the contact moment f E is calculated by factoring with ω 

dimensionless scalar B a rotational stiffness, such that 

E R5/2f = B 
4μ 

(ωα + ωβ)+ R f  E (29.64)ω y2− ν 
This is done to avoid a rank deficient local consistent tangent 

∂ f INT,E f E/∂qE because of the linear dependence of R f E
y on y . 
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These internal force and moment vectors are assembled into 

F INTa global nonlinear internal force and moment vector (q), that 
when combined with an external force and moment vector F EXT 

leads to a residual form of the balance of linear and angular 

momentum to solve using the Newton–Raphson method, 

= F INT(q)− F EXT R(q) = 0 (29.65) 
ncontacts 

F INT f INT,E(q) = A
 
E=1 

For the external force and moment vector F EXT, we will insert 

the boundary conditions directly into the corresponding global 

dofs in F EXT . Simulations using the DE implementation will be 

demonstrated in the context of the overlap coupling methodology 

discussed in the next section. 

29.5 1D String of Linear Elastic Discrete Element (DE) 
Spheres 

We now assume a linear elastic contact theory between stiff elastic 

spheres. We do this because when coupling the linear 1Dmicropolar 

FE formulation to the linear DE formulation, we can get better 

convergence (the coupled DE-FE system is still nonlinear in Section 

29.6.4). The tradeoff is that we have a less accurate interparticle 

elastic constitutive model. We refer to Fig. 29.5 for the kinematics 

and forces at contact E between two discrete element (DE) spheres 

α and β . The contact forces are 

Ef E = knδ (29.66) x n 

E0(π R2) E E α βkn = , E0 = , δ = qx − qxn2R 2(1− ν2) 
Efy 

E = ktδt (29.67) 

E α β α βkt = ckkn , 0 ≤ ck ≤ 1 , δt = qy − qy + R(ω + ω ) 

where E is Young’s modulus, ν is Poisson’s ratio, R is the radius 
of a spherical particle (particles are assumed to have equal R in 
this case), kn is the linear normal contact stiffness, kt is the linear 

tangential contact stiffness, and ck is a parameter to scale kt with 
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respect to kn (we assume ck = 1, for now). We can then assemble the 
internal force vector f INT,E and local consistent tangent ∂ f INT,E/∂qE 

associated with dof vector qE at contact E as follows: ⎡ ∂ f E ⎤ 
x ⎡ ⎤ ⎡ ⎤ ∂qE

f E qα 
x x ⎢ ∂ f E ⎥ ⎢ y ⎥ ⎢ ⎥ ⎢ ⎥f E qα ⎢ ∂qE ⎥ ⎢ y ⎥ ⎢ y ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ∂ f E 

f E ωα ∂ f INT,E ⎢ ω ⎥ ⎢ ⎥ ⎢ ⎥ 
f INT,E ⎢ ω ⎥ E ⎢ ⎥ ⎢ ∂qE ⎥ = , q = , = ⎢ ⎥ (29.68) ⎢ − f E ⎥ ⎢ qβ ⎥ ∂qE − ∂ fx 

E ⎥⎢ ⎢ x ⎥ ⎢ x ⎥ ⎢ ∂qE ⎥ ⎢ ⎥ ⎢ ⎥ − f E qβ ⎢ ∂ f E ⎥ ⎣ ⎦ ⎣ y ⎦ y ⎥−y ⎢⎣ ∂qE ⎦ − f E ωβ 
ω − ∂ f E ω 

∂qE 

∂ f E ∂δE ∂δE [ ]x n n = kn , = 1 0 0  −1 0 0 (29.69) 
∂qE ∂qE ∂qE 

∂ fy 
E 

∂δE ∂δE [ ]t t = kt , = 0 1 1 0  −1 1 (29.70) 
∂qE ∂qE ∂qE
 

∂ f E 4μ ∂(ωα + ωβ) ∂ f E ∂(ωα + ωβ )
ω R5/2 y= B + R , 
∂qE 2− ν ∂qE ∂qE ∂qE [ ]= 0 0 1 0 0 1 (29.71) 

where the contact moment fω
E is the same as for the nonlinear case, 

but its relationship is now linear because of the linearity of contact 

stiffness. 

The internal force and moment vectors are assembled into a 

global linear internal force and moment vector F INT(q) similar 
as for the nonlinear Hertzian elastic model. We still use the 

nonlinear Newton–Raphson solution algorithm because for the 

overlap coupled system of DE-FE equations (29.116), they are 

nonlinear. 

29.6 Overlap Coupling between 1D Micropolar FEs and a 
String of Spherical DEs 

An aspect of the computational concurrent multiscale modeling 

approach is to couple regions of material represented by particles, 

discrete element (DE), to regions of material represented by 

continuum, finite element (FE). Another aspect is to bridge the 
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particle mechanics to a continuum representation using finite strain 

micromorphic elasto-plasticity, whereas the small strain micropolar 

continuum is a simple approximation of stiff particles with small 

frictional sliding in the overlap region (we consider no sliding 

in the numerical examples in Sections 29.6.3 and 29.6.4). The 

coupling implementation will allow arbitrarily overlapping particle 

and continuum regions in a single “hand-shaking” or overlap region 

such that fictitious forces and wave reflections are minimized in 

the overlap region. In theory, for nearly homogeneous deformation, 

if the particle and continuum regions share the same region (i.e., 

are completely overlapped), the results should be the same as 

if the overlap region is a subset of the overall problem domain 

(cf. Fig. 29.6). This will serve as a benchmark problem for the 

numerical implementation. The coupling implementation extends to 

particle mechanics and micropolar continuum the “bridging scale 

decomposition” proposed by Wagner and Liu (2003) [15] and 

modifications thereof by Klein and Zimmerman (2006) [16] (see 

references therein for further background on these methods). 

29.6.1 3D Kinematics 

Here, a summary of the kinematics of the coupled regions is 

given, for general three-dimensional (3D) kinematics, following the 

illustration shown in Fig. 29.6. It is assumed that the finite element 

mesh covers the domain of the problem in which the material 

is behaving more solid-like, whereas in regions of large relative 

particle motion (fluid-like), a particle mechanics representation can 

be used (in this case, DE). In Fig. 29.6, discrete domains are defined, 

BD Esuch as the pure particle domain (no overlapping FE mesh) as , 

the FE domain Bh = B̂h ∪ B̃h ∪ B̄h , where  B̂h is the overlapping 

FE domain where nodal dofs are completely prescribed, B̃h the 

overlapping FE domain where particle motions and nodal dofs are 

prescribed and free nodal dofs exist, and B̄h the pure continuum FE 

domain with no underlying particles. The goal is to have the overlap 

region B̂h ∪B̃h as close to the region of interest (e.g., penetrator skin) 

as to minimize the number of particles, and thus computational 

effort. Following some of the same notation presented in Klein and 

Zimmerman (2006) [16], we define a generalized dof vector Q̆ for 
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Figure 29.6 Two-dimensional illustration of the coupling between particle 

and continuum regions. The purple background denotes the FE overlap 

region B̃h with underlying ghost particles, aqua blue the FE continuum 

region B̄h with no underlying particles, and white background (with brown 

Bh ∪ BD Eparticles) the free particle region ˆ . In summary, the finite element 

domain Bh is the union of pure continuum FE domain B̄h , overlapping FE 

domain with underlying ghost particles B̃h , and overlapping FE domain 

with underlying free particles B̂h , such that Bh = B̄h ∪ B̃h ∪ B̂h . The pure 

particle domain with no overlapping FE domain (i.e., the “open-window”) is 

indicated by BD E  . See also Color Insert. 

particle displacements and rotations in the system as 

Q̆ = [qα, qβ, . . . , qγ ,ωα,ωβ, . . . ,ωγ ]
T ,  α, β, . . . , γ  ∈ Ă (29.72) 

where qα is the displacement vector of particle α, ωα its rotation 

vector, and Ă is the set of all particles. Likewise, the finite element 

nodal displacements and rotations are written as 

D̆ = [da, db, . . . , dc, θd, θe, . . . , θ f ]
T (29.73) 

a, b, . . . , c ∈ N̆ , d, e, . . . ,  f ∈ M̆
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1132 Computational Homogenization and Partial Overlap Coupling Between 1D FE 

where da is the displacement vector of node a, θd is the rotation 

vector of node d, N̆ is the set of all nodes, and M̆ is the set of finite 

element nodes with rotational degrees of freedom, where M̆ ⊂ N̆ . 

In order to satisfy the boundary conditions for both regions, the 

motion of the particles in the overlap region (referred to as “ghost 

particles,” cf. Fig. 29.6) is prescribed by the continuum displacement 

and rotation fields, and written as � T � � BhQ = [qα, qβ, . . . , qγ ,ωα,ωβ, . . . ,ωγ ] ,  α, β, . . . , γ  ∈ A , A ∈ ˜

(29.74) 

while the unprescribed (or free) particle displacements and rota

tions are 
T BD EQ = [qδ, qE, . . . , qη,ωδ,ωE, . . . ,ωη] ,  δ, E, . . . , η ∈ A , A ∈ B̂h∪

(29.75) 

where A�∪ A = Ă andA�∩ A = ∅. Likewise, the displacements and 
rotations of nodes overlaying the particle region are prescribed by 

the particle motion and written as � TD = [da, db, . . . , dc, θd, θe, . . . , θ f ] (29.76) 

a, b, . . . , c ∈ d, e, . . . ,  f ∈ �N , M � � Bh ∪ B̂hN ,M ∈ ˜

while the unprescribed (or free) nodal displacements and rotations 

are 

D = [dm, dn, . . . , ds, θt, θu, . . . , θv]
T (29.77) 

m, n, . . . , s ∈ N , t, u, . . . , v ∈ M 

N ,M ∈ B̃h ∪ B̄h 

� ˘ � � ˘where N ∪ N = N , N ∩ N = ∅ M ∪ M = M, and  �, M ∩ 
M = ∅. Referring to Fig. 29.6, the prescribed particle motions Q 
can be viewed as boundary constraints on the free particle region, 

and likewise the prescribed finite element nodal displacements and 

rotations D can be viewed as boundary constraints on the finite 
element mesh in the overlap region. 

In general, the displacement vector of a particle α can be 

represented by the finite element interpolation of the continuum 

macro-displacement field uh evaluated at the particle centroid xα , 

such that 

uh(xα, t) = N u(xα)da(t) , α  ∈ Ă (29.78)a

a∈N̆
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1133 Overlap Coupling Between DE and FE 

where N u are the shape functions associated with the continuuma 

displacement field uh . Recall that N u have compact support and a 

thus are only evaluated for particles with centroids that lie within 

an element containing node a in its domain. In DE, particle dofs 
(translations and rotations) are tracked at the particle centroids, as 

are resultant forces and moments (from forces acting at contacts). 

For example, we can write the prescribed displacement of ghost 

particle α as 

h �qα(t) = u (xα, t) = N u(xα)da(t) , α ∈ A (29.79)a

a∈N̆
Likewise, particle rotation vectors can be represented by the finite 

element interpolation of the continuum micro-rotation field ϕh 

evaluated at the particle centroid xα , such that 

ϕh(xα, t) = Nb
ϕ
(xα)θb(t) , α ∈ Ă (29.80) 

˘b∈M 

where Nϕ
are the shape functions associated with the micro-b 

rotation field ϕh . For example, we can write the prescribed rotation 

of ghost particle α as 

h Nϕ �ωα(t) = ϕ (xα, t) = b (xα)θb(t) , α ∈ A (29.81) 

˘b∈M 

For all ghost particles (cf. Fig. 29.6), the interpolations can bewritten 

as 

Q = N � � D� · D (29.82)Q D  · D + N Q

where N � and N Q� � are shape function matrices containing Q D  D 

individual nodal shape functions N u and Nb
ϕ 
, but for now thesea 

matrices will be left general to increase our flexibility in choosing 

interpolation/projection functions (such as those used in meshfree 

methods). Overall, the particle displacements and rotations may be 

written as 

Q N Q D  N Q � D Q � 
D= · + (29.83)

Q N � � � D 0Q D  N Q D 

where Q � is introduced [16] as the error (or “fine-scale” [15]) in 
the interpolation of the free particle displacements and rotations 

Q , whose function space is not rich enough to represent the true 
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1134 Computational Homogenization and Partial Overlap Coupling Between 1D FE 

free particle motion. The shape function matrices N are in general 
not square because the number of free particles are not the same as 

free nodes and prescribed nodes, and number of ghost particles not 

the same as prescribed and free nodes. A scalar measure of error in 

particle displacements and rotations is defined as [16] 

e = Q � · Q � (29.84) 

which may be minimized with respect to prescribed continuum 

nodal dofs D to solve for D in terms of free particle and continuum 
nodal dofs as  

D� = M−
D�1 D� N T

Q D� (Q − N Q D D) , M D� D� = N T
Q D� N Q D� (29.85) 

This is known as the “discretized L2 projection” [16] of the free 

particle motion Q and free nodal dofs D onto the prescribed nodals 
dofs D . Upon substituting (29.85) into (29.82), we may write the 
prescribed particle dofs Q in terms of free particle Q and continuum 
nodal D dofs. In summary, these relations are written as 

Q = B � � (29.86) Q Q Q + B Q D D 

D = B � � (29.87) D Q Q + B D D D 

where 

B � = N Q � � B � � Q� D B � (29.88)Q Q  � D B D Q  , Q D  = N Q D  + N � D D  

B � = M−1 N T
D 

, B � N T � (29.89)D D  = −M−1 N Q DD Q  D� D� Q � D� D� Q D

As shown in Fig. 29.6, for a finite element implementation of this dof 

coupling, we expect that free particle dofs Q will not fall within the 
support of free continuum nodal dofs D , such that it can be assumed 
that N Q D  = 0 and 

Q = B � � D = B � (29.90)Q Q Q + B Q D D , D Q Q 

where 

B = N � � (29.91) Q Q� � D B D Q  , B � Q D�Q Q D  = N 

B� = M−1 N T
D 

, B � (29.92)D Q  � Q � D D  = 0
D D�

The assumption N Q D  � a= 0 would be valid for meshfree projection 

of the particle motions to the FE nodal dofs, as in Klein and 

Zimmerman (2006) [16], wherewe could imagine that the domain of 

influence of themeshfree projection could encompass a free particle 
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1135 Overlap Coupling Between DE and FE 

centroid; the degree of encompassment would be controlled by the 

chosen support size of the meshfree kernel function. The choice of 

meshfree projection in Klein and Zimmerman (2006) [16] was not 

necessarily to allow Q be projected to D (and vice versa), but to 
M−1 remove the computationally costly calculation of the inverse 

D D 
in (29.86) and (29.87). 

29.6.2	 3D Kinetic and Potential Energy Partitioning and 
Coupling 

For the particle DE equations, the kinetic energy is T Q , dissipation 

function F Q , and potential energy U Q , such that 

T Q 1
˙= Q M Q Q̇

2 

F Q = aT Q (29.93) 

Q 
F INT,QU Q (Q) = (S)dS 

0 
where M Q is a mass and rotary inertia matrix (not given in Section 

29.4), and F INT,Q is provided from (29.65). The dissipation function 

F Q is written as a linear function of the kinetic energy T Q with 

proportionality coefficient a, which falls within the class of damping 
called “Rayleigh damping” (page 130 of Rayleigh (1945) [17]). For 

the micropolar continuum FE equations, T D is the kinetic energy, 

F D the dissipation function, and U D the potential energy, such that 

T D = 1 ˙ DD M D ˙
2 

F D = 0 (29.94) 

D 
U D F INT,D(D) = (S)dS 

0 
where M D and F INT,D (S) = K D S come from (29.49). We assume 
the total kinetic and potential energy and dissipation of the coupled 

particle-continuum system may be written as the sum of the 

energies 

˙	 ˙T (Q̇ , Ḋ) = T Q (Q̇ , Q� (Q̇ , Ḋ))+ T D (Ḋ, D� (Q̇)) (29.95) 

U (Q , D) = U Q (Q , Q� (Q , D))+ U D (D, D(Q)) (29.96) 

˙˙ ˙ ˙ � ˙ ˙F (Q , D) = F Q (Q , Q(Q , D))	 (29.97) 
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where we have indicated the functional dependence of the pre

scribed particle motion and nodal dofs solely upon the free particle 

motion and nodal dofs Q and D , respectively. Note that the  

dissipation function F = F Q only applies for the particle system, 

and only for static problems (dynamic relaxation DE simulation). For 

purely dynamical problems, F Q = 0, and there is only dissipation in 
the particle system if particles are allowed to slide frictionally, and 

the continuumhas plasticity or other inelastic constitutive response. 

Lagrange’s equations may then be stated as 

d ∂T ∂T ∂ F ∂U = F E X T,Q− + +
dt ∂ Q̇ ∂ Q ∂ Q̇ ∂ Q 
d ∂T ∂T ∂ F ∂U = F E X T,D− + + (29.98)
dt ∂ Ḋ ∂ D ∂ Ḋ ∂ D 

which lead to a coupled system of governing equations (linear and 

angular momentum) for the coupled particle-continuummechanics. 

Before we continue, we limit the equations to quasi-statics as 

follows: 

∂U ∂U = F E X T,Q = F E X T,D , (29.99)
∂ Q ∂ D 

where the derivatives are 

∂U ∂U Q ∂U Q ∂U D 

= + B Q� Q + B D� Q (29.100)
∂ Q ∂ Q ∂ Q� ∂ D�
∂U ∂U D ∂U D ∂U Q 

= + B � B � (29.101)D D + Q D ∂ D ∂ D ∂ D� ∂ Q�
If the potential energy U is nonlinear with regard to particle 

frictional sliding and micropolar (or micromorphic) plasticity, then 

(29.99) may be linearized for solution by the Newton–Raphson 

method. The benefit of this multiscale method, as pointed out by 

Wagner and Liu (2003) [15], is that time steps are different for the 

DE and FE solutions. To complete (29.99) and identify an approach 

to energy partitioning, the individual derivatives may be written as 

∂U Q ∂U Q 

= F INT,Q = F INT,Q �(Q) , (Q) (29.102)
∂ Q ∂ Q�
∂U D ∂U D 

= F INT,D = F INT,D �(D) , (D) (29.103)
∂ D ∂ D�
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1137 Overlap Coupling Between DE and FE 

where superscript Q denotes free particle motion and Q ghost 
particle motion, whereas superscript D denotes free nodal dofs 
and D prescribed nodal dofs. The energy partitioning will be 
introduced through the definition of these terms below. First, 

substitute (29.102)–(29.103) into (29.99) to arrive at the coupled 

nonlinear equations in terms of free dofs Q and D as 

F INT,Q F INT,Q(Q)+ BT B � �Q Q  Q Q  Q + B Q D D 

F INT,D = F E X T,Q F E X T,Q+BT B� � + BT � D Q  Q + B D D  D �D Q  Q Q  

(29.104) 

F INT,Q F INT,DBT
Q D� B Q Q  Q + B Q D D + BT

D D� B D Q  Q + B D D D 

+F INT,D = F E X T,D F E X T,D(D) + BT (29.105)
D D

where an expression in parentheses (•) denotes the functional 
dependence of the nonlinear internal force andmoment vector. Note 

the projections through the B matrices of the corresponding force 
and moment vectors. For the potential energy (internal force and 

moment) and external force partitioning in the particle system, we 

write 

F INT,Q f INT,Q B̃h= (1− q̂)A , xE ∈ (29.106)E 

E 

INT,Q
F INT,Q = F INT,D E ,Q + F� (29.107) 

F INT,D E ,Q f INT,Q 
, xδ ∈ BD E= A δ 

δ 

INT,Q 
f INT,QF� = (1− q̂)A δ , xδ ∈ B̂h 

δ 

F E X T,Q f E X T,Q B̃h= (1− q̂)A , xE ∈ (29.108)E 

E 

E X T,Q
F E X T,Q = F E X T,D E ,Q + F� (29.109) 

F E X T,D E ,Q f E X T,Q 
, xδ ∈ BD E= A δ 

δ 

E X T,Q 
f E X T,QF� = (1− q̂)A δ , xδ ∈ B̂h 

δ 
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1138 Computational Homogenization and Partial Overlap Coupling Between 1D FE 

where F INT,Q is the internal force and moment vector associated 

F INT,D E  ,Qwith ghost particle contacts in B̃h , is the internal	 force 

BD Eand moment vector associated with free particle contacts in , 
INT,Q

F is the internal force and moment vector associated with free 

F E X T,Qparticle contacts in B̂h , is the external force	 and moment 

F E X T,D E  ,Qvector associated with ghost particle contacts in B̃h , is 

the external force and moment vector associated with free particle 
E X T,Q BD E  �contacts in , F is the external force and moment vector 

associated with free particle contacts in B̂h , and  ̂q is a weighting 
factor for the potential energy in the overlap region B̂h ∪ B̃h . For  

no homogenized continuum contribution to the potential energy in 

the overlap region, ̂q = 0, and for full continuum homogenization 

of the underlying particle potential energy, q̂ = 1. In our case, 
we will consider the range 0 ≤ q̂ ≤ 1. Note that in Klein and 
Zimmerman (2006) [16], they chose ̂q = 0. Their Cauchy-Born 
elastic constitutivemodel acts like a homogenization operator on the 

underlying atomistic response, but instead of keeping an overlain 

Cauchy-Born representation, the potential energy is completely 

represented by the underlying atomistic response, except in the 

overlap region B̃h where partitioning occurs. Note that xE and xδ 

denote positions of particle contacts for calculating internal force 

and moment vectors in (29.106)–(29.110). 

For the potential energy (internal force) partitioning in the 

continuum, we write 

INT,D
F INT,D � + F̄ INT,D = F	 (29.110) 

F 
INT,u¯

F 
INT,D¯ = 

F 
INT,ϕ¯

F 
INT,u f INT,u,e F 

INT,ϕ f INT,ϕ,e¯	 ¯,= A = A 
e∈B̄h	 e∈B̄h 

and 

� INT,D INT,D
F INT,D �= F + F�

INT,ŭ
INT,D̆ F

F = INT,ϕ̆
F 
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1139 Overlap Coupling Between DE and FE 

INT,ŭ
f INT,u,e e f INT,u,eq̂ + q̃F = A
 

e∈B̃h 

f INT,u,e (Bu,e T = ) · �σ� dv 
Be 

F 
INT,ϕ̆ = A
 f INT,ϕ,e e f INT,ϕ,eq̂ + q̃

e∈B̃h ⎡ ⎤
INT,û

INT,D F ⎣ ⎦F = q̂
INT,ϕ̂

F 

F 
INT,û = A
 f INT,u,e , F 

INT,ϕ̂ = A
 f INT,ϕ,e (29.111) 

e∈B̂h e∈B̂h 

INT,D 
where F is the internal force and moment vector associated 

INT,D Bh �with free nodal dofs in ˜ , F the internal force and moment 
INT,D 

vector associated with prescribed nodal dofs in B̃h , where  F 
INT,D 

and F are extracted from the full internal force and moment 
INT,D̆ ˘

vector F , with superscript (•)D denoting the full internal force 

and moment vector associated with elements in B̃h , q̃e is the 

partitioning coefficient of continuum potential energy associated 

with element Be ⊂ Bh , and  �•� is a homogenization operator (to ˜

be defined later). A simple choice is a volume fraction ̃qe = r̃ e . 

Klein and Zimmerman (2006) [16] considered a more sophisticated 

approach using an atomic bond density function solved to reproduce 

a minimum potential energy state for homogeneous deformation. 

The analogy here for particles would be a particle contact density 

for the potential energy terms (internal force vectors). This will 

be considered further in future work. For now, we consider a 

volume fraction partitioning through q̃e, and a simple scaling 
INT,D 

through coefficients q̄ (see 1D numerical examples). F is the 

homogenized internal force vector associated with prescribed nodal 

dofs in B̂h , which has no contribution if q̂ = 0, i.e., underlying 
particle contact forces and moments provide full contribution in B̂h . 

F 
INT,D¯ is the internal force vector associated with free nodal dofs 

in the pure continuum domain B̄h . The external force and moment 
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1140 Computational Homogenization and Partial Overlap Coupling Between 1D FE 

vectors are written as 

F E X T,D � E X T,D 
F 

E X T,D = F + ¯ (29.112) 

F 
E X T,u¯

F 
E X T,D¯ = 

F 
E X T,ϕ¯

F 
E X T,u¯

Bh 
A 

¯∈e 

A 

f E X T,u,e 
b 

f E X T,ϕ,e 

= F t + F ug +

F 
E X T,ϕ¯ = F r + F ϕ 

g +
e∈B̄h 

and 

� E X T,D E X T,D
F E X T,D � + �= F F (29.113) 

E X T,ŭ
˘ �E X T,D F

F = E X T,ϕ̆
F 

E X T,ŭ
q̂ f E X T,u,e e f E X T,u,e+ q̃b bF A
=

e∈B̃h 

E X T,ϕ̆
q̂ f E X T,ϕ,e e f E X T,ϕ,e+ q̃F A
=

e∈B̃h 

E X T,û
E X T,D F

F = q̂ E X T,ϕ̂
F 

E X T,û E X T,ϕ̂
f E X T,ϕ,ef E X T,u,e 

bF = A
 F = A
, 

e∈B̂h e∈B̂h 

E X T,D 
where F is the external body force and couple vector 

E X T,D 
associated with free nodal dofs in B̃h , F the external body 

force and couple vector associated with prescribed nodal dofs in 
E X T,D E X T,D E X T,D̆B̃h , where  F� and F� are extracted from F� , the total 

E X T,D 
external body force and couple vector calculated in B̃h . F� is 

the homogenized external body force and couple vector associated 

with prescribed nodal dofs in B̂h , which has no contribution if 

q̂ = 0, i.e., underlying particle body forces and couples provide full 
F 

E X T,D 
contribution in B̂h . ¯ is the external force and couple vector 

associated with free nodal dofs in the pure continuum FE domain 

B̄h . 
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FEXT 
x 

FEXT 
y Q , D 

B̂h 

Figure 29.7 Domain of full overlap coupling B̂h between a 1D string of 21 

glued, Hertzian nonlinear and linear elastic, spherical DEs, and a 5-element 

1Dmicropolar linear elastic mesh. Free particle dofs are indicated by Q , and  
prescribed FE nodal dofs by D� . B̂h is the overlapping FE domainwhere nodal 

dofs are completely prescribed by the underlying particle dofs. 

29.6.3 1D Full Overlap Coupling 

Starting with (29.104) above, and referring to Fig. 29.7, we are able 

to arrive at a simplified set of nonlinear equations to solve for a fully 

overlapped particle-continuum region. 

We express the free dofs of a particle α in terms of the prescribed 

nodal dofs of an element e, such that 
α = N u,e α d

e α = N v,e α d
e = N θ,e α d

e 
q [ξ(x )] ˆ , q [ξ(x )] ˆ , ωα [ξ(x )] ˆx x y y θ ⎡ ⎤

N u 
1 0 0 0  N2 

u 0 0 
  

qα = N α d̂
e 
, N α = ⎣ 0 N v 0 N v 0 N v 0 ⎦
 

Q D̂ Q D̂ 1 3 2 

0 0  N1 
θ 0 0 0  N2 

θ
 

N Q ˆ N α , M ˆ = N T N Q ˆ , B ˆ = M−1 N T
 
D = A Q D̂ D D̂ Q D̂ D D Q  D̂ D̂ Q D̂

α∈B̂h 

where ξ(xα) = (2/he)[xα −(xe +xe)/2] , and the resulting nonlinear 1 2
ˆF INT,equations to solve for Q , with D̂ = B ˆ D (D̂) = K D D̂ = D Q Q and

K D B D̂ Q Q , are  

q)F INT,Q q BT K D B ˆ = F E X T,Q(1− ˆ (Q)+ ˆ ˆ D Q  QD Q  

(29.114) 

The 21 DE spheres of 1 cm diameter , and overlaying 5-element 

micropolar elastic mesh in Fig. 29.7 are used to demonstrate the 

overlap coupling procedure. The parameters are modified slightly 

from the Timoshenko beam convergence example: F EXT = 10 kN, x 

F EXT 
y = 10 kN, E = 29 GPa, ν = 0.25, κ = 0.1μ, and γ = 400�2μ, 

� = 1 cm,  R = 5 mm, B = 50, q̄u = 0.077, ̄qv = 5.5, q̄θ = 
1.0. Notice the micropolar couple modulus γ is ≈ 3 ∗ 400/0.05 = 
24,000 times larger than used for the results reported in Fig. 29.4. 
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Figure 29.8 Full overlap results with scaling coefficients q̄’s on micropolar 
stiffness, but no coupling, and nonlinear DE formulation. 

See more discussion below. The different q̄’s indicate which equation 
they influence in the scaling of micropolar elastic FE stiffness (u for 
axial, v for transverse, and θ for rotation). The axial load F EXT is first x 

applied to DE particle 1 (same x = 0 position as node 1 of FE mesh) 
to generate a transverse stiffness from the Hertz–Mindlin nonlinear 

theory, and then the transverse loading F EXT is applied while they 

axial load is held fixed. The end moment at x = 0 is zero. It is 
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cantilevered at x = L (zero axial and transverse displacement, and 
zero rotation). The results in Fig. 29.8 demonstrate how the DE and 

FE results can be nearly matched (but are not coupled) by scaling 

the micropolar elastic stiffness with the q̄’s. The rotations of the FE  
and DE do not match closely, and there is no coupling between DE 

and FE. This example only demonstrates the scaling through q̄ of the 
micropolar elastic FE stiffness. Also, because of the relatively stiff 

transverse response of the nonlinear Hertzian DE spheres in contact 

after 1 cm of compression (this is a large strain compression for a 

Hertzian theory, which is valid only for small strains, but we use it 

to demonstrate the overlap coupling), the value of the micropolar 

couple modulus γ was increased by a factor of ≈ 3 ∗ 400/0.05 = 
24, 000, thus the large transverse displacement observed in Fig. 29.4 

versus Fig. 29.8. We keep the parameters of the Hertzian elastic 

contact model constant, and vary the micropolar elastic model 

parameters to match the Hertzian model. This micropolar elastic 

parameter variation and energy scaling through the q̄’s take the 
place, for now, of the homogenization operator �•� discussed in 
the previous section on the overlap coupling method. This will be 

revisited in future work. Also, in Fig. 29.8 we use ten times the axial 

and transverse end forces F EXT and F EXT when compared to Fig.x y 

29.4. Using the samemicropolar stiffness scaling coefficients q̄’s, and 
fully overlapped coupling equation (29.114), and with energy factor 

coefficients ̂qu = 0.65, ̂qv = 0.5, ̂qθ = 0.5, we get the results in 

Fig. 29.9. Notice that the energy is factored between the DE particles 

and FE micropolar mesh. The DE particle rotations oscillate about 

the FE nodal rotations. Notice that the “particle 1” axial force ≈ 6.3 

kN and the “particle 1 projected from rod node 1” axial force ≈ 3.6 

F EXT kN add up to the = 10 kN through (29.114). Likewise for thex 

transverse force. This is the effect of the energy factor coefficients 

q̂’s, whereas energy partitioning coefficient ̃q has no effect because 
there is no partial overlap region (i.e., B̃h = ∅), only a full overlap 
region B̂h (see Figs. 29.6,29.7). 

If we set the energy factor coefficients ̂qu = 0, ̂qv = 0, ̂qθ = 0, 

we get the results in Fig. 29.10. Notice that the micropolar FE mesh 

contributes no energy to the system. The particle DE simulation 

provides all the energy, and in the rotations, they oscillate. 
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Figure 29.9 Full overlap coupling results with energy factor coefficients 

q̂u = 0.65, q̂v = 0.5, q̂θ = 0.5, and nonlinear DE formulation. 

We repeat the simulations with the same parameters, but 

different scaling coefficients (q̄u = 0.43, ̄qv = 1.25, ̄qθ = 5.0) 
and using the linear DE formulation in Section 29.5. Results are 

shown in Figs. 29.11–29.13. Notice the results are similar to using 

the nonlinear DE formulation, except the force versus displacement 

results are all linear for DE. 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:58 PSP Book - 9in x 6in 29-Shaofan-Li-c29

 

 

 

 

 

 

 

 

 

 

0.2 

0.4 

0.6 

0.8 

4 

6 

8 

10 

12 

Overlap Coupling Between DE and FE 1145 

1 
particle centroids 
finite element nodes 

T
R

A
N

S
V

E
R

S
E

 D
IS

P
LA

C
E

M
E

N
T

 (
cm

)

0 5 10 15 20 

0.04 

0.035 

0.03 

0.025 

particle centroids 
finite element nodes 

0 5 10 15 20 

A
X

IA
L 

F
O

R
C

E
 (

kN
) 

A
X

IA
L 

D
IS

P
LA

C
E

M
E

N
T

 (
cm

)

0.02 

0.015 

0.01 

0.005 

0 0 

X LOCATION (cm) X LOCATION (cm) 

0.025 

0.02 

0 
particle centroids 
finite element nodes 

0 5 10 15 20 

−
R

O
T

A
T

IO
N

 (
m

ill
ira

d)

0.015 

0.01 

0.005 

−0.005 

X LOCATION (cm) 
12 

particle 1 
particle 1 projected from rod node 1 
rod node 1 

0 0.01 0.02 0.03 0.04 

particle 1 
particle 1 projected from rod node 1 
rod node 1 

T
R

A
N

S
V

E
R

S
E

 F
O

R
C

E
 (

kN
) 

0 0.2 0.4 0.6 0.8 1 
AXIAL DISPLACEMENT (cm) 

10 

8 

6 

4 

2 2 

0 0 

TRANSVERSE DISPLACEMENT (cm) 

Figure 29.10 Full overlap coupling results with energy factor coefficients 

q̂u = 0, q̂v = 0, q̂θ = 0, and nonlinear DE formulation. 

Using the same micropolar stiffness scaling coefficients q̄’s, and 
(29.114), and with energy factor coefficients ̂qu = 0.5, ̂qv = 0.5, 
q̂θ = 0.5, we get the results in Fig. 29.12. Notice that the energy is 
factored between the DE particles and FE micropolar mesh. The DE 

particle rotations oscillate about the FE nodal rotations. 

If we set the energy factor coefficients ̂qu = 0, ̂qv = 0, ̂qθ = 0, 
we get the results in Fig. 29.13. Notice that the micropolar FE mesh 
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Figure 29.11 Full overlap resultswith scaling coefficients q̄’s onmicropolar 
stiffness, but no coupling, and linear DE formulation. 

contributes no energy to the system. The particle DE simulation 

provides all the energy, and in the rotations, they oscillate. 

29.6.4	 1D Partial Overlap Coupling with Partial Overlay 1D 
Micropolar FE 

We now consider a partial overlap coupling as illustrated in Fig. 

29.14. Referring to Fig. 29.14, N Q D  = 0 because there is no overlap 
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Figure 29.12 Full overlap coupling results with energy factor coefficients 
u v qθq̂ = 0.5, q̂ = 0.5, ̂ = 0.5, and linear DE formulation. 

between free particle dofs and free continuum dofs. We need the 

additional interpolation matrices for particle α as 

⎡ ⎤ ⎡ ⎤
N u 

N α ⎣ 0 0 0 0  0  N v 0 ⎦ , N α ⎣ N v 0 N v 0 ⎦ 
0 0 0 0  1 0 0  0 N2 

u 0 0  

ˆ D 
= ˆQ ˆ 1 Q D  

= 3 2 

0 0 0 0 0  0  N1 
θ 0 0 0  N2 

θ 

(29.115) 

2 

3 

4 

5 

particle 1 
particle 1 projected from rod node 1 
rod node 1 

0 0.05 0.1 0.15 0.2 
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Figure 29.13 Full overlap coupling results with energy factor coefficients 

q̂u = 0, q̂v = 0, q̂θ = 0, and linear DE formulation. 

where we can then relate prescribed dof to free dof through the 

projection operators as 

N α N α N α 
D = A Q ˆ ˆ Q D = A ˆN Q ˆ Q D̂ , N ˆ D = A Q D̂ , N ˆ Q D  

α∈B̂h α∈B̂h∩B̃h α∈B̃h 

M ˆ = N T N Q D̂ , B ˆ = M−1 N T 
D D̂ Q D̂ D Q D̂ D̂ Q D̂ ,
 

B ˆ = N ˆ D B ˆ B ˆ
Q Q Q ˆ Q D = N ˆD Q , Q D 

ˆ ˆQ = B ˆ Q D D , D = B ˆQ Q Q + B ˆ D Q Q 
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FEXT 
x 

FEXT 
y Q Q D 

D 

B̄hB̃hB̂hBDE 

Figure 29.14 1D string of 11 elastic spheres overlapped partially by 4 1D 

micropolar continuum FEs. Free particle dofs are indicated by Q , ghost  
particle dofs by Q , prescribed FE nodal dofs by D , and free FE nodal dofs 

BD Eby D . is the pure particle domain (no overlapping FE mesh), B̂h the 

overlapping FE domain where nodal dofs are completely prescribed, B̃h 

the overlapping FE domain where particle motions and nodal dofs are 

prescribed and free nodal dofs exist, and B̄h the pure continuum FE domain 

with no underlying particles. 

where we solve the coupled system of nonlinear balance equations 

as (simplified from (29.104) and (29.105)) 

RQ = F INT,Q F INT,Q �(Q , D) (Q)+ BT
Q Q  

(Q) 

+BT F INT,D D� )− F E X T,Q 
D Q  

( = 0 

RD F INT,Q Q� )+ F INT,D (D)− F E X T,D(Q , D) = BT
Q D  

( = 0 

(29.116) 

For volume average energy partitioning in the overlap region B̃h , 

q̃ = (he Ae − 2.5(4/3)π R3)/(he Ae) = 0.583 because there are 
2.5 particle volumes in B̃h . We illustrate the performance of the 

overlap coupling algorithm in Figs. 29.15 and 29.16. We can see 

that with scaling of micropolar elasticity through the q̄ coefficients, 
we can achieve a homogeneous axial displacement gradient across 

the overlap coupling region B̃h , whereas the transverse component 

cannot be made homogeneous. This can be observed because of 

the ratcheting of the DE particle rotations, which the micropolar 

continuum FE can only represent if the element length he is chosen 

to be one DE particle diameter, which defeats the purpose of the 

overall overlap coupling strategy. The transverse shear and rotation 

dofs are coupled within the 1D micropolar FE formulation, as well 

as within the DE formulation, and in turn both sets of equations 

are coupled in the overlap regions in Fig. 29.14. We believe that 

with more particles in 2D and 3D, as illustrated in Fig. 29.6, the 

particle displacements and rotations will be smoothed and thus the 

overlap coupling should work more effectively. In a sense, this 1D 
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Figure 29.15 Partial overlap coupling results for energy factor coefficients 

q̂u = 0, q̂v = 0, q̂θ = 0, with nonlinear DE formulation. 
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Figure 29.16 Partial overlap coupling results for energy factor coefficients 

q̂u = 0, q̂v = 0, q̂θ = 0.9, with nonlinear DE formulation. 
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example assumes “too discrete” a 1D DE particle string, that exhibits 

an oscillation/ratcheting behavior upon transverse shear loading. 

The axial component is handled without trouble. 

We set themicropolar scaling coefficients q̄u = 0.0195, q̄v = 0.8, 
q̄θ = 0.85 in Bh = Bh ∪ Bh ∪ Bh for 1D micropolar FE stiffness;ˆ ˜ ¯

energy factor coefficients ̂qu = 0, ̂qv = 0, ̂qθ = 0 in  B̂h ∪ B̃h; and  

energy partitioning coefficient ̃q = 0.583 in B̃h . The “not scaled” 

plots indicate that q̄u = 1, q̄v = 1, q̄θ = 1. The results are shown in 
Fig. 29.15. 

If we set the micropolar scaling coefficients the same q̄u = 
0.0195, q̄v = 0.8, q̄θ = 0.85, and energy factor coefficients 
q̂u = 0, ̂qv = 0, ̂qθ = 0.9, then we have the result in Fig. 29.16. 
Notice how factoring some of the DE rotational energy to the 1D 

micropolar FE mesh, reduces the oscillations of the DE particles in 

the transition/overlap region. 
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Figure 29.17 Partial overlap coupling results for energy factor coefficients 

q̂u = 0, q̂v = 0, q̂θ = 0, with linear DE formulation. 
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Figure 29.18 Partial overlap coupling results for energy factor coefficients 

q̂u = 0, q̂v = 0, q̂θ = 0.9, with linear DE formulation. 

We now rerun the simulations using the linear DE formulation. 

We set the micropolar scaling coefficients q̄u = 0.11, q̄v = 0.18, 
q̄θ = 0.85 in Bh = B̂h ∪ B̃h ∪ B̄h for 1D micropolar FE stiffness; 

energy factor coefficients ̂qu = 0, ̂qv = 0, ̂qθ = 0 in  B̂h ∪ Bh; and  ˜

energy partitioning coefficient ̃q = 0.583 in B̃h . The “not scaled” 

plots indicate that q̄u = 1, q̄v = 1, q̄θ = 1. The results are shown in 
Fig. 29.17. 

If we set the micropolar scaling coefficients the same q̄u = 0.11, 
q̄v = 0.18, q̄θ = 0.85, and energy factor coefficients q̂u = 0, q̂v = 0, 
q̂θ = 0.9, then we have the result in Fig. 29.18. Notice how factoring 

some of the DE rotational energy to the 1D micropolar FE mesh, 

reduces the oscillations of the DE particles in the transition/overlap 

region. 
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29.7 Summary and Conclusions 

The details of a one-dimensional overlap coupling between a 

micropolar linear isotropic elastic finite element (FE) model and 

a 1D string of Hertzian (nonlinear) and linear elastic-at-contact 

discrete element (DE) spheres were presented. Numerical examples 

demonstrated various overlapping domains: (1) full overlap cou

pling with fully informed upscaled micropolar FE response from 

underlying DE response, and (2) partial overlap coupling with 

partially informed upscaled micropolar FE response (along partial 

length of domain) from underlying DE response (also along partial 

length of domain). 

The simple 1D problem presented in this chapter provides an 

accessible model problem through which to better understand 

how such coupling strategies should work for overlap coupling of 

underlying DNS particulate models (in this case, DE), and overlying 

generalized continuum models (in this case, micropolar elasticity). 

What makes this coupling strategy different than those for atomistic 

continuum coupling methods [15, 16] is the rotational degree of 

freedom of the DE model, the open window BD E  region, and 

the additional degrees of freedom inherent in the generalized 

continuum models, in this case a micropolar continuum (a subset 

of micromorphic continuum). 

Future work will first involve extending the 1D formulation and 

implementation to include inertia terms to study wave propagation 

(axial, transverse, and rotational) along the 1D domain. Extending 

these concepts for the envisioned full 3D overlap coupling problem 

and micromorphic continuum will come later. 

Acknowledgments 

Funding for this research was provided by National Science 

Foundation grant CMMI-0700648, Army Research Office grant 

W911NF-09-1-0111, the Army Research Laboratory, and Office of 

Naval Research grant N00014-11-1-0691. This funding is gratefully 

acknowledged. 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:58 PSP Book - 9in x 6in 29-Shaofan-Li-c29

1154 Computational Homogenization and Partial Overlap Coupling Between 1D FE 

References 

1. P. Cundall and O. Strack, A discrete numerical model for granular 

assemblies, Geotechnique. 29, 47–65, (1979). 

2. R. Regueiro and B. Yan. Concurrent multiscale computational modeling 

for dense dry granular materials interfacing deformable solid bodies. 

In eds. R. Wan, M. Alsaleh, and J. Labuz, Bifurcations, Instabilities and 
Degradations in Geomaterials; Springer Series in Geomechanics and 
Geoengineering, pp. 251–273. Springer-Verlag, (2011). 

3. A. Eringen. Theory of Micropolar Elasticity. In ed. H. Liebowitz, Fracture, 
An Advanced Treatise, vol. 2, pp. 622–729. Academic Press, (1968). 

4. R. Regueiro, Finite strain micromorphic pressure-sensitive plasticity, J. 
Eng. Mech. 135, 178–191, (2009). 

5. A. Eringen, Microcontinuum Field Theories I: Foundations and Solids. 
(Springer-Verlag, 1999). 

6. B. Yan, R. Regueiro, and S. Sture, Three dimensional discrete element 

modeling of granular materials and its coupling with finite element 

facets, Eng. Comput. 27(4), 519–550, (2010). 

7. R. Regueiro, On finite strain micromorphic elastoplasticity, Int. J. Solids 
Struct. 47, 786–800, (2010). 

8. V. Isbuga and R. Regueiro, Three-dimensional finite element analysis of 

finite strain micromorphic linear isotropic elasticity, Int. J. Engr. Sci. 49, 
1326–1336, (2011). 

9. H. Hertz, Ueber die Ber ¨ fester elastischer Korper. [On the fixed uhrung ¨

elastic body contact], Journal f ̈ur die reine und angewandte Mathematik 
(Crelle). 92, 156–171, (1882). 

10. R. Mindlin, Compliance of elastic bodies in contact, J. App. Mech. 16(3), 
259–268, (1949). 

11. R. Regueiro and B. Yan. Coupling discrete elements and micropolar 

continuum through an overlapping region. In Geo-Frontiers, Dallas, TX, 
pp. 1–10, (2011). 

12. A. Eringen, Nonlinear Theory of Continuous Media. (McGraw-Hill, 1962), 
1 edition. 

13. P. Pinsky. Finite Element Structural Analysis. unpublished course notes, 

Stanford University, (2001). 

14. T. J. R. Hughes, The Finite Element Method. (Prentice-Hall: New Jersey, 

1987). 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:58 PSP Book - 9in x 6in 29-Shaofan-Li-c29

1155 References 

15. G. Wagner andW. Liu, Coupling of atomistic and continuum simulations 

using a bridging scale decomposition, J. Comput. Phys. 190 (1), 249–74, 
(2003). 

16. P. Klein and J. Zimmerman, Coupled atomistic-continuum simulations 

using arbitrary overlapping domains, J. Comput. Phys. 213 (1), 86–116, 
(2006). 

17. J. Rayleigh, The Theory of Sound. Volume 1. (Dover Pub. Inc., New York,  

1945), 1 edition. 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 15:58 PSP Book - 9in x 6in 29-Shaofan-Li-c29

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 16:0 PSP Book - 9in x 6in 30-Shaofan-Li-c30

Chapter 30
 

Non-Concurrent Computational 
Homogenization of Nonlinear, Stochastic 
and Viscoelastic Materials 

Julien Yvonnet,a Qi-Chang He,a Eric Monteiro,a 

Anh Binh Tran,a,b Charles Toulemonde,b Julien Sanahuja,b 
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30.1 Introduction 

Biological tissues, reinforced rubbers, polymers or concrete materi

als are examples of heterogeneous materials composed of nonlinear, 

viscoelastic phases, possibly undergoing large deformations and 

characterized by a random microstructure. The homogenization of 

suchmaterials is highly challenging, due to the following difficulties: 

(i) first, taking into account a nonlinear behavior of the phases, 

i.e. material and geometrical nonlinearities, it is not possible 

to define a priori a general form for the constitutive law; (ii) 
as the superposition principle does not hold, all analytical and 

computational homogenization techniques proposed for the linear 

case break down, unless a proper linearization procedure is defined; 

(iii) finite strains might induce instabilities and bifurcations of 

solution due to the loss of ellipticity of the tangent elastic tensor; 

(iv) the determination of the homogenized behavior requires solving 

nonlinear partial differential equations and entails considering, 

in principle, an infinite number of macroscopic loading modes; 

(v) taking into account the different sources of uncertainties 

involves solving nonlinear stochastic partial differential equations 

and increases the complexity of the problem (vi) considering vis

coelasticity of the phases, the convolution nature of the constitutive 

equations in the time space domain complicates the homogenization 

process, even in the linear case. 

Many analytical and numerical works have been devoted to 

the homogenization of nonlinear heterogeneous and viscoelastic 

materials. 

The analytical methods which have been proposed since the 

pioneer work of Hill [29] aim at estimating or bounding the effective 

behavior of nonlinear heterogeneous materials. In the case of non

linear materials at small strains, some extensions to the nonlinear 

case of some well-established techniques available for estimating or 

bounding the effective behavior of linear heterogeneous materials 

(see., e.g., Nemat-Nasser & Hori [44]; Torquato [62]; Milton [41]) 

have been proposed, including the ones by by Willis [68], Dvorak 

[14], Qiu and Weng [49], Ponte Castañeda [50], Hu [30], Milton and 

Serkov [40]. In the case of large strains, many authors have also 

extended analytical homogenization approaches in some specific 
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cases. In a series of works (see [1, 12, 27] among others), estimates 

and exact solutions for some classes of hyperelastic composites 

have been derived. Ponte-Castaneda [48] introduced˜ a second-order 

homogenizationmethod to determine the effective constitutive laws 

of both porous and reinforced nonlinear composites, followed by 

several authors [5, 34, 38]. 

On the other hand, it may also be necessary to take into 

account the different sources of uncertainty at the microscopic level 

and the general area of stochastic multiscale modeling has thus 

recently attracted a growing attention in the scientific community. 

Naturally, most efforts have focused on linear problems. Parametric 

approaches have been used to characterize the effective properties 

of the homogenized medium through, for instance, Monte-Carlo 

simulations [54] or spectral stochasticmethods allowing solving sto

chastic boundary value problems [61]. Non-parametric approaches, 

based on the maximum entropy principle, have also been developed 

to build the probability distributions of apparent stress tensors in 

the case of linear elasticity [20, 53]. 

In the case of nonlinear media, the analytical estimates, bounds 

and exact results reported in the literature are of both theoretical 

and practical importance. However, due to the difficulties inherent in 

analytically solving nonlinear homogenization problems, all of them 

have been obtained under rather restrictive assumptions and are not 

sufficient for the computation of structures consisting of nonlinear 

heterogeneous materials of complex microstructure and subjected 

to arbitrary macroscopic loadings. 

In the case of linear viscoelastic media, analytical methods of 

homogenization have been proposed since the works of Hashin 

[23, 24], who exploited the correspondence principle between linear 

elasticity and viscoelasticity by mean of the Laplace transform. 

In the Laplace space, classical homogenization methods such as 

the self-consistent scheme [2, 3, 9, 36, 51, 66] and Mori–Tanaka 

technique [7, 16, 17, 46, 67] can be applied. The main difficulty 

is then the inversion of the Laplace transform which, in most 

cases, needs to be performed numerically [25, 39]. Accuracy and 

computational costs of this numerical inversion are serious issues. 

When applied to homogenization, the restrictive assumptions 

underlying the analytical methods on the morphology and local 
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constitutive laws prevent them from being applied to complex 

realistic microstructures. 

As an efficient alternative, numerical multiscale methods are 

suitable for dealing with the treatment of arbitrary morphologies 

and local constitutive laws that cannot be handled by analytical 

approaches. Twomainmethodologies can be distinguished. The first 

one is based on techniques sometimes named in the literature as 

concurrent or integrated multiscale methods. They generally employ 
a modeling strategy where problems are solved simultaneously 

at two scales, e.g., by means of the finite element method. 

The macroscopic computation provides the strain state in all 

integration points, and boundary conditions are prescribed for all 

corresponding RVE problems. Their solution gives the stress for the 

next iteration of the macroscopic FEM calculation. The interested 

reader can find for more details about the method (called “FE2” 

in [15]) and its recent extensions in [15, 19, 32, 42, 55, 60, 69] 

for nonlinear problems and in [15, 33] for similar methodologies 

applied to viscoelastic problems. A second class of methodologies 

consists in decoupling computations at both scales, to avoid the 

drastic computational costs of nested finite element solvers. The 

most popular one aims at identifying parameters of a macroscopic 

constitutive law from experimental or numerical tests, given some 

loading evolutions [18, 45]. To construct constitutive laws without 

prior knowledge on the form of the constitutive equations, several 

authors [10, 56, 57, 59, 63, 70] have introduced a database obtained 

fromRVE calculations to describe the effective behavior as a function 

of the macroscopic load. 

The purpose of this chapter is to provide an overview of 

recently proposed computational homogenization methods based 

on non-concurrent computations at both scales, in the nonlinear and 

viscoelastic cases. The ideas have been originally introduced in our 

recent papers [10, 63, 70, 71], where more details and numerical 

examples can be found. The proposed techniques share the common 

feature of constructing a numerical mapping to obtain the effective 

(macroscopic) constitutive relationship. In the case of nonlinear 

composites, the mapping directly relates the components of the 

effective strain tensor to the effective potential, and thus through 

derivation to the stress tensor. In the case of linear viscoelastic 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 16:0 PSP Book - 9in x 6in 30-Shaofan-Li-c30

1161 Homogenization of Nonlinear Materials 

materials, themapping relates time to the effective relaxation tensor, 

which allows evaluating the constitutive relationship through a 

standard convolution form. 

The layout is as follows. In Section 30.2 and 30.3, the theoretical 

frameworks for nonlinear elastic homogenization at small, finite 

strains and for linear viscoelastic material are reviewed. In Section 

30.4, the proposed computational homogenization methods for 

nonlinear elastic materials at small strains, finite strains and 

random microstructures is introduced. Section 30.6 presents the 

numerical homogenization method for treating heterogeneous 

linear viscoelastic structures. Finally, each of the above cases are 

illustrated by numerical examples in Section 30.7. 

30.2 Homogenization of Nonlinear Materials 

We consider a heterogeneous structure defined over an open 

domain Q ⊂ RD , whose microstructure is assumed characterized 

by a representative volume element (RVE), defined over an open 

domain Q ⊂ RD , as depicted schematically in Figure 30.1. The 

boundary of the RVE is denoted by ∂Q. The RVE Q of such a 

composite consists of N homogeneous phases. The subdomain of 
Q occupied by phase r ∈ {1,2, . . . , N } is denoted by Qr and is 

described by the characteristic function χ (r) such that χ (r)(x) = 1 

u 

F 

Ω∂Ω 

∂Ω Ω 

(a) (b) 

Figure 30.1 (a) Heterogeneous structure and (b) associated representative 

volume element (RVE). 
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for x ∈ Qr and χ (r)(x) = 0 for x ∈/ Qr . We shall symbolize the volume 

average overQr by �.�r and the one overQ by �.�. In particular, c(r) = 
χ (r) is the volume fraction of phase r . The interfaces between the 
phases of the composite are taken to be perfect. In this work, we 

assume separation of scales, i.e. that the characteristic length related 

to the microstructure is much smaller than the wavelength of loads 

applied on the macroscopic structure. 

30.2.1 Nonlinear Elasticity at Small Strains 

This first part is concerned with estimating the effective or 

homogenized behavior of nonlinear elastic composites undergoing 

small deformations. 

Let be given the local strain-energy density function w of the 
composite under investigation by 

N 

χ (r) (r)w(x, ε) = (x)w (ε), (30.1) 

r=1 

where w(r) is the strain-energy density function of phase r and ε is 
the infinitesimal strain tensor related to the displacement vector u 
via 

1 
ε = ε(u) = [∇u+ (∇u)T ]. (30.2)

2

In what follows, each strain energy function w(r) is assumed to be 

convex but not necessarily quadratic with respect to ε. The local 

stress–strain relation of the composite is then provided by 

∂w(x, ε)
σ = , (30.3) 

∂ε 
where σ is the Cauchy stress tensor which must satisfy the 
equilibrium equation in the absence of body forces: 

∇ · (σ ) = 0 inQ. (30.4) 

In (30.4), ∇ ·  (.) is the divergence operator. As usual in 
micromechanics, the macroscopic (or overall) strain and stress 

tensors, ε̄ and ̄σ , are defined as the volume averages of the local 
counterparts, where �.� corresponds to the volume average overQ. 

ε̄ = �ε� , σ̄ = �σ � . (30.5) 
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In the case of a composite with cracks, voids and rigid inhomo

geneities, the foregoing definitions for the macroscopic strain and 

stress tensors have to be extended. The boundary conditions (b.c.) 

considered in this work is either of the following three ones: 

(a) uniform traction b.c., i.e., 

σ n = σ̄n on ∂Q; (30.6) 

where n is the outward unit normal to ∂Q; 

(b) uniform strain b.c., i.e., 

u = ε̄x on ∂Q; (30.7) 

(c) periodic b.c., i.e., 

u− ε̄x is periodic and σ n is anti-periodic on ∂Q. (30.8) 

In short, equations (30.1)–(30.5) with either of the b.c. (30.6)– 

(30.8) formulate the nonlinear elastic boundary value problem for 

determining the effective stress–strain relation of the composite. 

This problem can be conveniently formulated in a variational way. 

The Hill–Mandel lemma states that if the RVE is subjected to 

uniform (30.7) or periodical periodic boundary conditions (30.8), 

then 

�σ : ε� = �σ � : �ε� . (30.9) 

A consequence of this lemma is that the macroscopic stress 

tensor can be defined according to (see, e.g., [28]) 

∂w̄(ε̄)
σ̄ = , (30.10)

∂ ε̄

where the effective strain-energy density function w̄ of the compos

ite is obtained by solving the following minimization problem: 

w̄(ε̄) = in f  �w(x,ε(v))� (30.11) 
¯v∈K(ε) 

where K(ε̄) is the space of all displacements v defined over Q and 

verifying the boundary conditions (30.7) or (30.8). It can be shown 

that w̄ is a convex function of ε̄ provided w is convex with respect to 
ε [47]. 
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30.2.2 Nonlinear Elasticity at Finite Strains 

A material point is identified by its position vector X in the 
reference configuration or by its current position x in the deformed 
configuration. These quantities are related through: 

x = X+ u, (30.12) 

where u is the displacement vector. The deformation gradient tensor 
F at X is defined as
 

∂x

F = = 1+ ∇X (u), (30.13) 

∂X 
where 1 is the second-order identity tensor and∇X (.) is the gradient 

with respect to the reference configuration. The material is com

posed of different hyperelastic phases occupying the subdomains �N 
Q(r)Q(r) such that Q = . The constitutive behavior of the r=1 

phases is thus characterized by a strain energy density function, or 

an elastic potential �(r) which depends on the right Cauchy–Green 

strain tensor C = FT F. Thus, the local strain energy density function 
of the composite can be written inQ as 

N 

χ (r)�(X,C) = (X)�(r)(C). (30.14) 

r=1 

The strain energy density functions�(r)(C) automatically satisfy 
thematerial frame invariance. Thematerial impenetrability imposes 

that the condition �(r) → ∞ as det(C) → 0+ be satisfied. In the 
Lagrangian description, the local constitutive law is then given by 

∂�
S = 2 (X,C), (30.15) 

∂C
where S denotes the second Piola–Kirchhoff stress tensor, and 
sufficient smoothness is assumed for � with respect to C. Other  
useful quantities can be defined: 

1
J = det(F), P = FS, σ = PFT , (30.16)

J 
where J is the Jacobian and P is the first Piola–Kirchhoff stress 
tensor. For later use, the fourth-order elastic tangent tensor is 

defined by 

∂2�(X,C)
L = 4 . (30.17) 

∂C∂C 
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At the macroscopic scale, kinematic quantities can be defined as 

follows: 

F = �F� , J = det(F) �= � J � , (30.18) 

1 � � 
C = (F)T F �= �C� , E = C− 1 �= �E� . (30.19)

2 

An extension of the Hill–Mandel lemma to finite strains states 

that if the RVE is subjected to homogeneous or periodic boundary 

conditions (30.31), then 

�P : F� = �P� : �F� . (30.20) 

A consequence of this lemma is that the macroscopic first Piola– 

Kirchhoff stress tensor can be defined according to 
∗ 

∂� (F)
P = �P� = , (30.21) 

∂F 
∗ 

where � (F) defines the strain density function or elastic potential 
associated with the homogeneous equivalent material, determined 

by 

N � � � �(r)∗ 
� ∗ (r) � ∗(r)� (F) = I n f  (X,F) = I n f  c (F) , (30.22) 

F∈K∗(F) F∈K∗(F) r=1 
whereK∗ is the set of kinematically admissible deformation gradient 

∗ ∗ 
tensors. It can be shown that � is objective. Thus, �(C) = � (F). 
It is worth noting that only F and P can be defined as the volume 
spatial averages of their microscopic counterparts. Furthermore we 

have the relations 

1
S = F−1

P �= �S� , σ = P F
T =� �σ � . (30.23)

J 
A similar relation to (30.21) can be stated to relate the effective 

second Piola–Kirchhoff stress S and right Cauchy–Green strains C. 
Using (30.21), we have 

∗ ∗ 
∂� (F) ∂� (F) ∂C kl ∂�(C) ∂C klP i j  = = = (30.24) 
∂ F i j  ∂C kl ∂ F i j  ∂C kl ∂ F i j  

and 

∂ � �∂C kl ∂ F mk ∂ F ml = F mk F ml = F ml + F mk 
∂ F i j  ∂ F i j  ∂ F i j  ∂ F i j  

= δmi δkl F ml + F mkδmi δl j  = F i l  δkj + F ikδl j  (30.25) 
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which lead to 

∂�̃(C) � � = F −1
Sα j = F αi P i j  αi F ilδkj + F ikδl j

∂C kl 

∂�̃(C) � � = δαlδkj + δαkδl j  . (30.26) 
∂C kl 

After simplifications and using the symmetry of Cwe obtain 

∂�(C)
S = 2 . (30.27) 

∂C 

Then the effective strain-density function� of the composite can 

be defined as 

N 
(r) �(r)�(C) = in f  ��(X,C)� = in f  c (C) , (30.28)r 

C∈K(C) C∈K(C) r=1 
where K is the set of kinematically admissible strain tensors for 
C. In other words, for a given macroscopic strain state C, the  

corresponding value of �(C) is found by evaluating the average of 
local potential functions �(X,C), where C(X) is an admissible strain 
field. Using similar arguments, the macroscopic tangent elastic 

tensor L can be expressed as 

∂2�(C)
L = 4 . (30.29) 

∂C
2 

At the microscopic scale the stress must satisfy the local 

equilibrium condition: 

∇X · (FS) = 0 on Q. (30.30) 

Eq. (30.30) must be completed with boundary conditions. 

Different types of boundary conditions can be considered, such 

as kinematically uniform, statically uniform or periodic boundary 

conditions. In this work we use the last, expressed in the case of 

finite strains by 

u(X) = (F− 1)X+ ũ(X) = ud(X) on  ∂Q, (30.31) 

where ũ(X) is a periodic function over Q. At the macroscopic scale, 

the equilibrium equation must be verified: 

∇X · (FS) = 0 on Q, (30.32) 

© 2013 by Taylor & Francis Group, LLC



March 6, 2013 16:0 PSP Book - 9in x 6in 30-Shaofan-Li-c30

1167 Viscoelasticity 

with boundary conditions 

u(X) = û(X) on ∂Qu, PN̂ = F̂ on ∂QF , (30.33) 

where u, X, ∂Qu , ∂QF , F̂ and N̂ denote the macroscopic displace

ments, the macroscopic coordinates in the reference configuration, 

the macroscopic Dirichlet boundary, the macroscopic Neumann 

boundary, the applied external force and the outward unit normal 

vector to the boundary of ∂Q. 

30.3 Viscoelasticity 

A linearly viscoelastic material can be characterized by a stress– 

strain relationship in the form of a convolution integral: 

 t dε (s)
σ (t) = G (t − s) ds, (30.34) 

−∞ ds 

where G (t) is the relaxation modulus function. It will be convenient 
to consider only time-dependent stress σ (t) and strain ε (t) which 
are null for t < 0, and which may have jump discontinuities at t = 0. 
In this case, we write (30.34) in the form  t dε (s)

σ (t) = G (t − s) ds + G (t) ε (0) . (30.35) 
0 ds 

We consider the generalized Maxwell model. The corresponding 

relaxation modulus function is given by (see, e.g., [52])  
G (t) = E∞ + i

N 
=1 Ei exp (−t/τi ), (30.36) 

where N is the number of parallel viscoelastic elements, E∞, Ei 

are Young’s moduli and τi are the relaxation times of the parallel 

viscoelastic elements. Substituting (30.36) into (30.35), the total 

stress is given by (see [52] for more details) 

N N L L
σ (t) = qi + γi exp (−t/τi )σ∞ (0)+ σ∞ (t) . (30.37) 

i=1 i=1 
In the three-dimensional (3D) isotropic case, the deviatoric and 

hydrostatic stresses are usually expressed separately. The stress– 

strain relationship of a linearly viscoelastic material is then given 
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by 

ttr (σ (t)) = G k (t − s) tr (ε̇ (s)) ds + G k (t) tr (ε (0)) ,
0 

tdev (σ (t)) = G μ (t − s)dev (ε̇ (s)) ds + G μ (t)dev (ε (0)) ,
0 

(30.38) 

where tr(.) and  dev(.) denote the trace and deviatoric parts of a 
tensor and G k (t) and G μ (t) are the time-dependent shear and bulk 
moduli. For an isotropic compressible material described by the 

generalized Maxwell model, we have [52] 

NG k (t) = 3k∞ + 3ki
eexp −t/τ k ,i=1 i � � (30.39)

G μ (t) = 2μ∞ + N 
2μi

eexp −t/τμ 
,i=1 i 

where k∞ and μ∞ are the bulk and shear moduli of the elastic 
element, ki

e and μe
i are the elastic bulk and shear moduli of a 

μ
viscoelastic element, say element i , and τ k and τ are defined by i i 

kv μv 
k i μ iτ = τ = , (30.40)i ike μe 

i i 

with ki
v and μi

v being the viscous bulk and shear moduli of 

viscoelastic element i . 
In the present work, we will not consider any incompressible 

linear viscoelastic materials. 

In the following, we present the equations defined over an RVE 

and formulate the local viscoelastic problem that will be solved 

numerically. The solution to this problem will be used in section 

30.6.1 to construct the macroscopic constitutive law. 

At the microscopic scale, neglecting body forces, the equilibrium 

equations of the problem read 

∇ · σ (t) = 0 inQ, (30.41) 

while the time-dependent stress–strain relation can be written as 

σ (t) = V(t) {ε(t)} . (30.42) 

In (30.42) V(t) is the time-dependent linear operator associated 
to the viscoelastic model as expressed in Eqs. (30.38). Next, we 

prescribe the displacement boundary conditions as follows: 

ū(t)= ε̄(t)x+ ũ on ∂Q (30.43) 

where ε̄(t) is a time-dependent macroscopic strain tensor, x is 
the position vector of a material point in Q and ũ is a periodic 
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displacement vector function. Equation (30.43) corresponds to 

periodic boundary conditions. 

The phases of the composite under investigation are assumed 

to be linearly viscoelastic and to have arbitrary morphology. Then, 

it can be shown that the effective, or macroscopic behavior of 

the composite remains linearly viscoelastic (see [23, 24]) and is 

generally characterized by 
t dε̄kl(s)¯σ̄i j (t) = �i jkl(t − s) ds 

−∞ ds 

t dε̄kl(s)¯= �i jkl(t − s) ds + �̄i jkl(t)ε̄kl(0), (30.44) 
0 ds 

¯

the components of the macroscopic relaxation tensor which is not 

known in closed form in the general case. In this work we seek to 

determine an approximated numerical expression for �̄i jkl(t). 

where σ̄i j (t) = σi j  Q 
and ε̄i j (t) = εi j  Q 

. In Eq. (30.44), �i jkl(t) are  

30.4 Construction of Numerically Explicit Potentials for 
Nonlinear Homogenization at Small and Finite 
Strains 

In this section, a non-concurrent computational homogenization 

method, called method of numerically explicit potentials (NEXP) is 

introduced for the homogenization of nonlinear elastic materials at 

small and finite strains. 

30.4.1 Basic Ideas 

The NEXP method aims at constructing the effective behavior of 

nonlinear materials by means of an overall potential, w(ε), and 
�(C), for small and large strains respectively, which is evaluated 
and interpolated numerically in the space of macroscopic strains 

components as L L 
w(ε) ≈ Ni (ε)wi �(C) ≈ Ni (C)� i , (30.45) 

i i 

where Ni are interpolation functions in the macroscopic strain 

domain. For this purpose, finite element computations are per
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formed on an RVE for each point of the strain domain, which 

corresponds to boundary conditions for the local nonlinear problem. 

Once computed and stored, the discrete values of the potential (wi 

or� i ) can be interpolated and derived for obtaining the stress σ and 
S (respectively for small and finite strains) as 

L L∂ Ni (ε) ∂ Ni (C)
σ (ε) ≈ wi , S(C) ≈ 2 � i . (30.46)

∂ε ∂C
i i 

Finally, the tangent elastic tensor L (here denoted by the same 
notation for small and large strains), required at each integration 

point of the macroscopic mesh to solve numerically the problem 

defined at the macroscopic scale is computed according to 

L L∂2Ni (ε) ∂2Ni (C)
L(ε) ≈ wi L(C) ≈ 4 � i . (30.47)

∂ε∂ε ∂C∂C
i i 

The main steps of the method are summarized as follows: 

(1) A representative volume element is defined, associated with the 

microstructure of the heterogeneous material. 

(2) A domain� ⊂ R6 for a 3D problem or� ⊂ R3 for a 2D problem 

is defined, related to the space of strains tensor components 

(ε, C), respectively macroscopic infinitesimal and right Cauchy– 
Green strains). 

(3) The domain � is discretized into a finite number of nodes. 

For each node, the corresponding values of ε or C are used to 
prescribe boundary conditions on the RVE, as detailed for finite 

strains in section 30.4.4. The problem is then solved numerically 

to obtain w(ε) or  �(C). This operation is repeated for all the 
nodes. 

(4) Given the database, a continuous interpolation of the discrete 

values is realized by an appropriate interpolation scheme 

(see section 30.4.3). During the macroscopic finite element 

computations, the effective stress–strain relationship as well as 

the tangent matrix can be computed by deriving the continuous 

interpolation, for all macroscopic strains falling within � using 

Eqs. (30.46)–(30.47). For points falling outside of the strain 

domain, an extrapolation method is proposed (more details can 

be found in [71]). 
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30.4.2 Construction of NEXP 

30.4.2.1 Construction of the strain domain 

In the present section and in section 30.4.3, the framework is 

presented in the context of small strains. For finite strains, the 

infinitesimal strains εi j  must be replaced by right Cauchy–Green 

strain C i j  and the Cauchy stress σi j  by the second Piola–Kirchhoff 

stress Si j . 

First, we carry out the discretization of the six-dimension loading 

space E . A general non-uniform discretization can be envisaged. 
However, for the sake of simplicity, we only present the case of 

regular discretization in the following. For this, the ε̄α-axe associated 

with the effective strain component ̄εα with α = 1,2, . . . ,6 is  

uniformly graduated. Note that ε̄α has to vary between a certain 

εmin maxminimum value ̄ and a certain maximum value ε̄ imposedα α 

by the hypothesis of small strains made in that case. A uniform 

εmin εmaxgraduation of any ε̄α-axe limited to the interval [¯ , ¯ ] can beα α 

obtained by introducing a set of points {ξ0α, ξ1 
α, . . . , ξm

α
α
} such that 

εmin εmax¯α = ξ0 α < ξα < . . . < ξα = ¯ and ξ1 
α − ξα = ξ2 α − ξ1 α = . . .  = 1 mα α 0 

ξα εmin max εmin εmax− ξα Thus, the subdomain � = [ ¯ , ε̄ ] × [ ¯ , ¯ ] ×mα mα−1. 1 1 2 2
 

εmin max
 . . . × [ ¯ , ε̄ ] of E is discretized into a uniform grid. A node of�6 6 

is a point (ξ1, ξ2, . . . , ξ6) with 0 ≤ iα ≤ mα . In this work, we seti1 i2 i6
m1 + 1 = m2 + 1 = . . . = m6 + 1 = p so that� contains p6 nodes. 

Next, we evaluate w̄ at each node of � by FEM. More 

precisely, given the effective strain components (ξ1, ξ2, . . . , ξ6)i1 i2 i6
corresponding to the node i1i2 . . . i6 with 0 ≤ iα ≤ p − 1, 
we apply the FEM to solve the nonlinearly elastic boundary value 

problem for an RVE Q of the composite. Let u(x; ξ1, ξ2, . . . , ξ6) be  i1 i2 i6
the corresponding displacement field obtained by FEM. Then, the 

evaluation of w̄ at the node i1i2 . . . i6 is given by 

w̄(ξ1, ξ2, . . . , ξ6) = w[x, ε(u(x; ξ1, ξ2, . . . , ξ6))] . (30.48)i1 i2 i6 i1 i2 i6

For later use, the value of w̄ evaluated at the node i1i2 . . . i6 is 
designated by w̄i1i2...i6 , via  

w̄i1i2...i6 = w̄(ξ1, ξ2, . . . , ξ6). (30.49)i1 i2 i6

Further, we introduce a “hypermatrix” W̄whose components are 

constituted of all the elements w̄i1i2...i6 (1 ≤ iα ≤ mα), symbolically 
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writing 

W̄ = w̄i1i2...i6 . (30.50) 

In sum, after solving p6 boundary value problems by FEM, 
we have the estimations w̄i1i2...i6 of w̄ for p6 nodes. These 
estimations constitute the discrete representation of w̄. By properly  
interpolating the nodal data w̄i1i2...i6 with 0 ≤ iα ≤ p − 1, we 
can obtain a continuous finite approximation w̄∗ of w̄. Note that for 
a problem involving less macroscopic strain components (e.g. 2D 

problems), we only have to solve pd boundary value problems for 

pd nodes, d being the number of macroscopic strain components. 
In the following, we describe two techniques for carrying out 

the interpolation. The first resorts to a multidimensional spline 

interpolation method. The second technique takes advantage of an 

outer product decomposition of the data ̄wi1i2...i6 and requires only 

the storage of one-dimensional data among w̄i1i2...i6 . 

30.4.3 Interpolation Methods 

30.4.3.1 Direct multidimensional interpolation 

A first way to carry out interpolation in a multidimensional domain 

is to use the multidimensional spline interpolation procedure as 

detailed in [21]. To satisfy the requirement that a continuous finite 

approximation w̄∗ of w̄ be C2, cubic spline functions can be chosen. 
Technical details on the implementation of such interpoaltion 

scheme to obtain the stress and tangent elastic tensor can be found 

in [70]. Deriving the interpolation function as in Eqs. (30.46)– 

(30.47), the stress and elastic tensors can be recovered. As most 

of the development are similar to those in the next section, the 

interest reader is invited to refer to [70] for more details. For 2D 

problems involving 2 or 3 strains components, this first technique 

runs very fast, even for relatively fine grids. However, for 3D 

problems involving 6 strain components, finding the coefficients 

ci1i2...i6 implies solving a very large system of equations, and requires 

extensive computational time and memory. In the next section, an 

alternative technique is proposed which avoids these drawbacks. 
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30.4.3.2 Separated variables 

The outer product decomposition of a multidimensional data 

grid into rank-one tensors goes back to Hitchkock [26]. It was 

later rediscovered independently and called differently such as 

parallel factors [22], canonical decomposition [8] or parallel fac

tors (PARAFAC) decomposition [31]. The PARAFAC decomposition 

factorizes a tensor into a sum of rank-one tensors. Another 

tensor decomposition closely related is the Higher-Order Singular 

Value Decomposition (HOSVD) [13]. As compared to the PARAFAC 

decomposition, the HOSVD introduces a core tensor in the tensor 

outer product (see [65]). Muti and Bourennane [43] used the HOSVD 

for multidimensional signal analysis. Beylkin and Molhenkamp [4] 

elaborated algorithms based on the separated variable represen

tation to solve high-dimensional linear systems and addressed 

the issue of conditioning. They also developed techniques for 

dealing with antisymmetric functions, as arising in the multiparticle 

Schrödinger equation in quantummechanics. 

In this second approach (referred to as NEXP2), the hypermatrix 
¯

tion 

W defined by (30.50) is approximated by its separated representa

Ū: 

R L 
(ξ1, ξ2, . . . , ξ6 i1 i2 i6UW̄ ¯

r=1 

where φr
i (i = 1, . . . ,6) is the real-valued vector associated with the 

macroscopic strain tensor component ε̄i and R is an integer. In index 
notation Eq. (30.51) reads: 

R L 
w̄i1i2...i6 ≈ Ū i1i2...i6 = φ1 

r φ2 
r . . .  φ6 

r , (30.52)i1 i2 i6 
r=1 

where φr
j denotes the k-th entry of vector φr

j . The vectors φ
r
jk 

involved in (30.51) are found by solving the following least square 

problem for a given R: 

� R � 2 L 

φr ⊗ φr ⊗ . . . ⊗ φr 
1 2 6≈ ) = (30.51), 

in f  W̄ 1 2 6 

φ
r

r=1j 

φr ⊗ φr ⊗ . . . ⊗ φr , r = 1, . . . , R, j = 1, . . . ,6,− 

(30.53) 
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where �.� is the Frobenius norm. To achieve a desired accuracy, R 
can be increased until: 

� R � L � W̄ − φr ⊗ φr ⊗ . . . ⊗ φr � < δ ,  (30.54)1 2 6 

r=1 

where δ is a tolerance parameter. As the problem (30.53) is 

nonlinear with respect to the unknown vectors φr
j , an iterative  

procedure is required to solve it. An efficient algorithm is the 

alternated least squares algorithm [8, 22, 72]. The decomposition 

(30.51) is well-known to the community of psychometrics, and 

efficient routines and software have been developed. In this work, 

use is made of the ”parafac.m” Matlab R routine, which can be 

downloaded freely from the Matlab Tensor Toolbox package (see 

[6]). 

Once Ū is computed, an arbitrary value of w̄ can be approximated 

by interpolating the one-dimensional discrete functions φr
j . Thus, we 

obtain a separated variables representation of w̄∗ in the form: 

R L ∗ w̄(ε̄1, ε̄2, . . . , ε̄6) ≈ w̄ (ε̄1, ε̄2, . . . , ε̄6) = φ̃r (ε̄1)φ̃
r (ε̄2) . . . φ̃

r (ε̄6),1 2 6

r=1 
(30.55) 

where φ̃r
j (ε̄ j ) are the interpolated values of φ

r
j : 

n L 
φ̃r

j (ε̄ j ) = Nk(ε̄ j ) φr
j . (30.56)k 

k=1 

In Eq. (30.56), Nk is one-dimensional C2 interpolation function 
associated with node k, and  n denotes the number of nodes 
supporting the shape functions Nk(ε̄ j ) whose value at ε̄ j is different 

from zero. As previously, the stress can be expressed by ⎧ ⎫ 
R ⎨ ⎬ 
⎛ ⎞ L ∂φ̃i

r (ε̄i )
σ̄i 

∗ (ε̄1, ε̄2, . . . , ε̄6) = ⎝ φ̃k
r (ε̄k) ⎠ , (30.57) ⎩ ⎭ ∂ε̄ir=1 k �=i 

where 

n 
∂φ̃i

r (ε̄i ) L ∂ Nk(�̄i ) � � 
φr= . (30.58)i k∂ε̄i ∂�̄ik=1 
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Then, the approximated value L̂∗ of L̂ is evaluated by ⎧ ⎫ ⎛ ⎞ 
R ⎬ L ⎨� ∂φ̃i

r(ε̄i ) ∂φ̃r
j (ε̄ j )


L̂ i j
∗ (ε̄1, ε̄2, . . . , ε̄6)= ⎝ φ̃k

r(ε̄k) ⎠ if i �= j,
 ⎩ ⎭ ∂ε̄i ∂ε̄ jr=1 k �=i, j 

(30.59) ⎧ ⎫ 
R ⎨ ⎬ 
⎛ ⎞ L � ∂2φ̃i

r(ε̄i )L̂ i j
∗ (ε̄1, ε̄2, . . . , ε̄6) = ⎝ φ̃k

r(ε̄k) 
ε2 
⎠ if i = j , ⎩ ⎭ ∂ ¯ ir=1 k �=i 

(30.60) 

with 
n 

∂2φ̃i
r(ε̄i ) L ∂2Nk(�̄i ) � � 

φr= . (30.61)i kε2 �2∂ ¯ ∂ ¯i ik=1 
In this work, the functions Ni are chosen to be one-dimensional 

C 2 cubic spline functions, even though other C 2 interpolation 

schemes can be considered. For a strain domain of high di

mension, this approach only requires finding the coefficients of 

one-dimensional spline functions, and thus only a small system 

of equations has to be solved, which saves computational time 

and memory. Furthermore, the separated representation technique 

needs only storing one-dimensional discrete functions and thus p × 
d × R values. 

30.4.4 Microscopic Boundary Conditions for Finite Strains 

In the case of finite strains, as the local problem is solved with the 

purpose of computing the potential �(C), it is necessary to define 
boundary conditions on the RVE with respect to C. As  � does not 

depend on rotations R, we can choose among all possible R the unit 
C
1/2 

tensor R = 1 which leads to F = U = . Then the boundary 

conditions (30.31) can be reformulated as 

= (C1/2 u(X) − 1)X+ ũ(X) on  ∂Q. (30.62) 

30.4.5 Issues Related to Finite Strains 

In the case of finite strains, several additional issues occur as 

compared to the case of small strains: (i) some strain states might 

lead to very high distortions of the microstructure and lead to very 
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high, or infinite values of the potential; (b) the strain domain is 

difficult to define a priori. Some treatments to handle these issues 

have been proposed in [71]. 

30.5 Extension of NEXP to Stochastic Modeling 

The uncertain nature at the microscopic level of many classes of 

heterogeneous materials, should be taken into account if one seeks 

to obtain a reliable model of the effective constitutive law. The NEXP 

method allows incorporating random parameters leading to seek 

a functional representation of the effective strain energy density 

function with respect of both the macroscopic boundary conditions 

depending on the stress tensor and the random parameters 

characterizing the microstructure. In this section, we present an 

extension of theNEXPmethod to the stochastic framework, so-called 

the stochastic numerically explicit potentials method (S-NEXP), as it 

has been proposed in [10]. Themethod is presented in the context of 

nonlinear elasticity at finite strains but is also available for nonlinear 

elasticity at small strains. 

30.5.1 Probabilistic Modeling of the Microstructure 

We consider a microstructure submitted to geometrical and/or 

material uncertainties. We consider that the probabilistic content 

of the problem can be represented by a Rm-valued random vector 

ξ with probability distribution Pξ for which its support is a subset 
of Rm . Using a principal component analysis [37], the Rm-valued 

random vector ξ is written as follows: 

the M first largest eigenvalues 

in which μξ = � 

ξ � μξ + λ j ϕ j ζ j , (30.63) 

M L 

j=1 

� 

E{ξ}, where  E{·} denotes the mathematical �M 
expectation, and λ j , ϕ j are j =1 
and associated eigenvectors of the covariance matrix of random 

vector ξ. Second-order random variables ζ1, . . . , ζM are centered 
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and orthonormal, that is to say, E{ζ j } = 0 and  E{ζ j ζ j � } = δ j j � . 

Assuming that the random vector ξ = (ξ1, . . . , ξm) is characterized 
(k) μ

by a set of realizations {ξ } 1, the reduced-order random vector k=
(k) μ

ζ = (ζ1, . . . , ζM ) is characterized by the realizations {ζ } . Since  k=1
the microstructure is random, the strain energy density function 

� is also random and depends on components of tensor C and 
components of random vector ζ. 

30.5.2	 Extension of NEXP for Stochastic Problems (S-NEXP 
Method) 

The aim of the S-NEXP method is to numerically determine the 

strain density energy function�(C, ζ) for a finite set of macroscopic 
boundary conditions depending on tensor C and on the reduced-
order random vector ζ. The first step of the approach consists in 

defining and discretizing the parameters domain � which includes, 

in the stochastic case, both the macroscopic strains and the random 

parameters. The parameters domain � is thus split into two 

domains such that 

�C = �C 1 × �C 2 × . . . × �C D� = �C × �ζ where	 . 
�ζ = �ζ1 × �ζ2 × . . . × �ζM 

(30.64) 

The strain domain �C can be defined and discretized as 

explained in section 30.4.2.1 and we proceed as follows for the 

parameters domain �ζ. Extreme values �min and �max of a domainζi ζi 
(k) μ

�ζi are naturally chosen using the set {ζ }k= using the extreme i 1 

values of each variable ζi or the quantile values of each ζi which 

allows reducing the support of each domain �ζi with respect of the 

marginal law probability Pζi . Concerning the discretization of each 

domain �ζi related to �ζ, we use  the same type of procedure  as  

proposed in section 30.4.2.1 resulting in discretizing each domain 

�ζi into a fixed number q of nodes homogeneously distributed, 
which can be taken different from p. Filling the hypermatrix W 

D Mthus requires to solve p × q boundary value problems. The 

separated variables representation consists in approximating W 
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into a tensorial representation U such that 

R D M L� � 
W ≈ U = φr

k1 φr , (30.65)k2 
r=1 k1 =1 k2 =1 

where {φr , k1 = 1, . . . , D } are real-valued vectors related to thek1
macroscopic strain tensor component C i , and where  {φr , k2 = k2
1, . . . , M } are real-valued vectors related to the random parameter 

∗ 
ζi . From equation (30.65), the continuous interpolation� of� can 

be obtained as 

R D M L� �∗ 
� ≈ � (C 1, . . . , C D , ζ1, . . . , ζM ) = φ�r ) φ�r ) ,k1(C k1 k2 (ζk2

r=1 k1 =1 k2 =1 
(30.66) 

where φ�r
j (·) are the interpolated values of φr

j computed as in 

equation (30.56) with one-dimensional C 2 cubic spline functions. 

Thus, the stress can be approximated by 

⎧ ⎫ 
R ⎨ ⎬ 
⎛ ⎞ L � � φ�r∂ i (C i )S 

∗ = 2 ⎝ φ�r (C k1 ) φ�r (ζk2) 
⎠ , (30.67)i k1 k2⎩ ⎭ ∂C ir=1 k1 �=i k2 

in which k1 = 1, . . . , D and k2 = 1, . . . , M . In the same manner, the 

approximated value L 
∗ 
of tangent elastic tensor L is given by 

⎧ ⎫ 
R ⎨ � ⎬ φ�r 
⎛ ⎞ L � ∂φ�i

r(C i ) ∂ j (C j )
L i j  

∗ = 4 γi j  ⎝ φ�r (C k1 ) φ�r (ζk2 ) 
⎠ ⎩ k1 k2 ⎭ ∂C i ∂C jr=1 k1 �=i, j k2 

if i �= j, (30.68) ⎧ ⎫ 
R ⎨ ⎬ 
⎛ ⎞ L � � ∂2φ�r 

i (C i )L ii  
∗ = 4 γi i  ⎝ φ�r (C k1 ) φ�r (ζk2) 

⎠ , (30.69) ⎩ k1 k2 ⎭ ∂C
2 

r=1 k1 �=i k2 i 

with k1 = 1, . . . , D and k2 = 1, . . . , M . A numerical example 

for which geometrical random parameters are associated with 

the microstructure characterizing an heterogeneous hyperelastic 

material is given in section 30.7.3. 
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30.6 Viscoelasticity 

30.6.1	 Numerical Mapping, Discrete Scheme and 
Interpolation 

The objective is here to determine an approximated numerical 

expression for �̄i jkl(t) in Eq. (30.44). More precisely, we introduce 
the numerically explicit mapping �i jkl  : R+ → R defined by ¯

M L 
i jkl  i jkl  �̄i jkl(t) � φp (t)χp , (30.70) 

p=1 
where M is the number of non-zero shape functions at time t and 
χ i jkl  

p are the components of the effective relaxation tensor function 

sampled at time tp (see Fig. 30.2) such that 

�̄i jkl(t p) ≡ χ i jkl 	  (30.71)p 

and φi jkl  
p (t) is the interpolation function related to the time step t p. 

The components χ i jkl  are the values of �i jkl(t) computed  ¯
p 

numerically at the discrete time tp. By choosing 

= H (t)ε(i j)ε(t)	 (30.72) 

where H (t) is the Heaviside step function and ε(i j) is an elementary 

strain state, and by introducing (30.72) in (30.44), we obtain 
t 
¯σ̄i j (t) = �i jkl(t − s)ε̄(i j)

δ(s)ds, (30.73)kl 
−∞ 

t 

(t) ijkl 
p 

χ 

t p 

ijklΓ

ijklΓ

χ i j kl  Figure 30.2 Discrete values of the macroscopic relaxation tensor p and 

continuous interpolation �i j kl(t) .¯
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with δ(t) being the Dirac delta function. With the help of the 
property 

t 

f (t − s)δ(s)ds = f (t), (30.74) 
−∞ 

we finally have 

(kl)(kl) (t)σ (t) σi ji j  (30.75)�̄i jkl  (t) = = 
ε0 ε0 

(kl)
where σ (t) is the stress field in the RVE obtained numerically by i j  

solving the problem (30.41)–(30.43), when ε(t) is given by (30.72) 
with 

ε(kl) 1 = ε0 (ek ⊗ el + el ⊗ ek) . (30.76)
2 

In Eqs. (30.75)–(30.76), ε0 is an arbitrary constant, small enough 

to maintain the resulting microscopic andmacroscopic strains small 

and such that no geometrical and mechanical nonlinearities occur. 

30.6.2 Macroscopic Algorithm 

tmax ] tmax The macroscopic time interval T̄ = [0, ¯ with ̄ being the 

maximum simulation time is discretized into time steps t̄i , with 

t̄i = (i − 1)�̄t, i = 1,2, . . . , n̄ and �̄t the macroscopic time step 
tmax taken to be constant. Note that ¯ and �̄t may be different from 

tmax and�t used for the microscopic calculations. 
We express the stress at time t̄n+1 by 

tn+1¯
n+1 ¯ tn+1 − s) dε̄kl (s) tn+1 (0)

σ̄i j  = �i jkl  (¯ ds + �̄i jkl  (¯ )ε̄

0 ds kl
 

n t̄m+1 L dε̄kl (s) (0)= �̄i jkl  (t̄n+1 − s) ds + �̄i jkl  (t̄n+1)ε̄kl . 
t̄m ds 

m=0 
(30.77) 

With the approximation 

dε̄kl (t̄) ε̄kl
m+1 − ε̄kl

m 
˜ ¯

� 
t̄m , t̄m+1 � � , for t ∈ , (30.78)

dt̄ �̄t 
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the stress at time t̄n+1 is given by 

σ n+1 kl kl tn+ tn+1 (0)¯¯i j  = 
L n 

ε̄m+1 − ε̄m t̄m+1 

�i jkl(¯
1 − s)ds + �̄i jkl(¯ )ε̄kl

�̄t t̄m 
m=0
 

n
 L 
εm+1 A(m,m+1) tn+1 tn+1 (0)= ¯ − ε̄m (¯ )+ ¯ )ε̄ , (30.79)kl kl i jkl  �i jkl(¯ kl
 

m=0
 

where 

t̄m+1
 

A(m,m+1) 1 1 
tn+
(t̄n+ ) = ¯ 1 − s)dsi jkl  �i jkl(¯

�̄t t̄m 

M t̄m+1 L1 i jkl  i jkl  tn+= χp φp (¯
1 − s)ds. (30.80)

�̄t t̄m 
p=1 

Remark that, in the above expression, the integral can be expressed 

φi jkl  in closed form if the shape functions p (t̄) are explicit analytical 
functions. 

We  now consider an open domain  Q̄ ⊂ R3 with the external 

boundary ∂Q̄ corresponding to the macroscopic domain (see Fig. 

30.1(a)) which is decomposed into two complementary and disjoint 

parts ∂Q̄u and ∂Q̄F where the Dirichlet and Neumann boundary 

conditions are prescribed, respectively. At time t̄n+1, we have  

σ n+1 = 0 in  ̄ (30.81)∇ · ¯ + b Q, 

σ n+1 fn+1¯ n = ¯ on ∂Q̄F , (30.82) 

n+1 n+1ū = v̄ on ∂Q̄u, (30.83) 

where b is body force, n is the unit outward normal vector to ∂Q̄, 

f̄n+ vn+1 tn+11 and ¯ are prescribed forces and displacements at time ¯ , 

un+respectively. Let ¯ 1 be the macroscopic displacement vector of a 

point in Q. The weak form associated with equations (30.81-30.83) ¯

is given as follows: 

un+1 1 Qu andFind ¯ , ūn+1 = v̄n+ on ∂ ¯ ūn+1 ∈ H 1(Q̄) such that 

σ n+1 1¯ : ε̄(δu)dQ̄ = b · δudQ̄ + f̄n+ · δud�̄ (30.84) 
¯ ¯ ∂ ¯Q Q QF 

¯∀δu ∈ H0
1(Q) and δu = 0 on ∂Q̄u . 
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1182 Computational Homogenization 

Inserting (30.79) into (30.84) and setting δε̄i j  = [ε̄(δu)]i j , it  

follows that 

δε̄i j  Ai jkl  
(n,n+1)

(t̄n+1)ε̄kl
n+1dQ̄ = δui bi dQ̄ + δui f̄ i

n+1d�̄
¯ ¯Q Q ∂Q̄F 

n−1 L 
tn+1 εm+1− δε̄i j A(m,m+1) 
(¯ ) ¯ − ε̄m dQ̄i jkl  kl kl 

Q̄m=0 

tn+1 tn+1 (0)+ δ ¯ (¯ )ε̄n Q − δ ¯ )ε̄ Q. (30.85)εi j  Ai jkl  
(n,n+1) 

kl d ¯ εi j �̄i jkl(¯ kl d ¯
¯ ¯Q Q 

Introducing a standard finite element approximation and owing 

tn+1to the arbitrariness of the variations, we obtain at time ¯ a system  

of linear equations: 

Kn+1 n+1 fn+1 fn+1¯ ū = ¯ − ̄ , (30.86)ext V 

with 

[A](n,n+1) Bd ¯K̄n+1 = BT Q, (30.87) 
Q̄ 

¯ NT f̄n+1d ¯fext = NTbdQ̄ + �, (30.88) 
Q̄ ∂Q̄F 

n−1 L 
f̄n+1 BT 

� 
A(m,m+1) tn+1 εm+1 εm d ¯= (¯ ) ¯ − Q (30.89)V 

Q̄m=0 

BT 
� 
A(n,n+1) tn+1 BT 

� 
tn+1 ε(0)− (¯ ) [ε̄n] dQ̄ + �(¯ ) ¯ d Q̄. 

¯ ¯Q Q 

A(m,m+1)(¯ tn+1)Above, tn+1) , �(¯ are thematrix forms of the fourth

order tensors A(m,m+1)
(t̄n+1) and  ̄ tn+1), and [ε̄n] is the vector i jkl  �i jkl(¯

form of the second-order tensor ̄ .εn 

30.7 Numerical Examples 

30.7.1 Nonlinear Composite at Small Strains 

In this example we study the anisotropic short-fiber reinforced 

composite whose microstructure is periodic as depicted in Fig. 30.3. 

The fibers, called phase 2, and the matrix, referred to as phase 1, are 
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L 

L 0.2 L 

0.8 L 
(a) (b) 

Figure 30.3 (a) Anisotropic material; (b) Representative Volume Element 

geometry (FE mesh). 

assumed to be isotropic and compressible materials characterized 

by the following potential: �1+m(r) 
(r) (r)

9 ε0 σ0 εeq(r) κ (r)w (ε) = ε2 + 
(r) . (30.90) 

2 m 1+ m(r) 
ε0 

In this equation, κ(r) denotes the bulk modulus of phase r ; εm = 
T r(ε)/3 is the hydrostatic strain; εeq is the equivalent strain defined √ 
by εeq = 2εd : εd /3 with εd = ε − εm1 and 1 being the second
order identity tensor. In Eq. (30.90) m(r) is the strain-hardening 

(r) (r)
parameter of phase r such that 0 ≤ m ≤ 1; σ and ε are 0 0 

the flow stress and reference strain of phase r , respectively. This 
constitutive model is commonly used to represent a number of 

m(r)nonlinear mechanical phenomena. In particular, the cases = 0 
andm(r) = 1 are relative to perfectly rigid plastic and linearly elastic 
materials. 

Thematerial parameters are chosen in such away that thematrix 

is highly nonlinear while the fibers are linear elastic and much more 

rigid than the matrix. This example aims to investigate the accuracy 

of the present method for strongly anisotropic compressible 

materials. The values of the material parameters adopted are: κ(1) = 
κ (2) 

(2) (1) m(2) m(1)= 20 MPa, σ0 /σ0 = 1000, = 1, = 0.4. The NEXP2 
method is used. It turns out that R = 40 products in Eq. (30.51) are 
necessary to reproduce w̄ with an accuracy δ = 10−6. 
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Figure 30.4 (a) Overall stress for the anisotropic compressible composite 

in biaxial traction; (b) in uniaxial stretching with shear. 

In the first test, we prescribe a biaxial stretching. Plots for the 

effective stress are provided in Fig. 30.4 (a). As expected, the stress 

response σ̄11 and σ̄22 are different, due to the anisotropy of the r.v.e. 

in Fig. 30.3 (a). The NEXP solution is also in excellent accuracy with 

the full field FE solution. In this case the stress are normalized with 

respect to the maximum value of the fibers’ response. 

In a second test, we impose a uniaxial stretching combined with 

simple shear. A comparison between the NEXP and FE solutions is 

given in Fig. 30.4 (b). Once again, excellent agreement with the FE 

solution is noticed. 

30.7.2 Nonlinear Composite at Finite Strains 

The purpose of this second example is to demonstrate the accuracy 

and convergence of this method in the case of finite strain. A 

square RVE containing a centered cylindrical inclusion and volume 

fraction f = π/16 � 0.1963 is considered. Within each phase, 
a compressible Neo-Hookean model described by the following 

potential function is assumed: 

1	 1 
�(C) = λ {log( J )}2 − μlog( J )+ μ (T r(C)− 3) , (30.91) 

2 2 

where λ = Eν/((1+ν)(1−2ν)) andμ = E/(2(1+ν)). Using (30.15) 

the stress is given by 

S(C) = λlog( J )C−1 + μ(I− C−1). (30.92) 
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Figure 30.5 (a) Effective stress and (b) Effective tangent elastic tensor 

for a load evolving linearly from C 1 = 0.8, C 2 = 1, C 6 = 0 (point A) 

to C 1 = 2, C 2 = 1, C 6 = 0.4 (point B), uniaxial traction combined with 
shear; comparison between NEXP and exact (FEM) solutions. 

The parameters of the model for the different phases are taken 

as: E m = 1000 MPa, νm = 0.4, E i = 10000 MPa, ν f = 0.3, the 
indices m and i referring to the matrix and inclusion, respectively. 
The macroscopic strain domain was chosen as: � = �1 × �2 × 
�6 = {0.8; 2} × {0.8; 2} × {−0.4; 0.4}. We take into account the 
symmetry of the RVE (D4 symmetry) to reduce the computations 

(see [71]). 

In this example, the same number of points p along each 
dimension is taken. The discrete potential is computed for dif

ferent refined grids comprising p = 5, p = 11 and p = 
21. A macroscopic strain is prescribed on the RVE, evolving 

linearly from C 1 = 0.8, C 2 = 1, C 6 = 0 (point A in Fig. 30.5) 

to C 1 = 2, C 2 = 1, C 6 = 0.4 (point B in Fig. 30.5). The NEXP 

solution is compared with a direct FEM calculation. In Figs. 30.5 

(a) and (b) we compare the effective stress components Si j  and the 

effective tangent elastic tensor L i jkl  for both NEXP and FEM. We 

can note that the NEXP solution is convergent with respect to the 

number of discretization points p in the macroscopic strain space. 
We also note the good accuracy of the approximations even for 

coarse discretizations. Surprisingly, the elastic tensor components 

are well approximated, even though second order derivatives of 

the approximated potential have been carried out. This is very 

0 

NEXP, p = 5 
NEXP, p = 11 
NEXP, p = 21 
Exact (FEM) 

A BA 

B11S 

22S

12S

0 

NEXP, p = 5 
NEXP, p = 11 
NEXP, p = 21 
Exact (FEM)A B 

A 

B 

1111L 

2222L
1122L 

1112L 

1212L 

2212L
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important for the macroscopic computations to ensure stability and 

second-order convergence in the Newton–Raphson computations. 

30.7.3 Stochastic Nonlinear Composite at Finite Strains 

The purpose of this third example is to demonstrate the efficiency 

of the extension of the NEXP approach to the stochastic framework. 

We assume that the microstructure, representing a fiber reinforced 

polymer composite, is submitted to geometrical uncertainties. Each 

fiber is represented by an ellipse parametrized by the position 

of its center, the length of its semi-major axis associated with an 

orientation angle, and an aspect ratio. To generate the realizations 

of the geometry of the microstructure, characterized by the set 

{ζ (k)}μ 
, we use the randomgenerator given in [10]. In the statistical k=1

reduction (30.63) we choose M = 2 eigenvalues to represent the 
geometrical stochastic field leading to ζ = (ζ1, ζ2). Examples of 
realizations of the geometry are presented in Fig. 30.6. 

Within each phase, we consider a compressible Neo-Hookean 

model described by the potential function (30.91) with = 1000E m 

MPa, νm = 0.4, E i = 10000 MPa and ν f = 0.3. The macroscopic strain 

domain is chosen such as �C = �C 1 × �C 2 × �C 6 = [1 ,1.5] × 
[1 ,1.5] × [0 ,0.5]. We use p = 5 points for each domain �C i 

and q = 11 points for each domain �ζi . Figure 30.7 illustrates the

 

  

(a) (b) 

Figure 30.6 Examples of Geometries and meshes of the microstructure for 

two realizations of random parameter ζ1. See also Color Insert. 
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(a) S-NEXP response surface of S11. (b) Reference response surface of S11 

Figure 30.7 Response surfaces of S11 according to ζ1 and macroscopic 
strains such that (C 11, C 22, C 12) belongs to [1 , 1.5] × [1 , 1.5] × [0 , 0.5] 

for the S-NEXP solution (a) and the reference solution (b). 

surface response of S11(C, ζ), with respect to ζ1 (and for ζ2 fixed to 

zero) and to macroscopic strains such that (C 11, C 22, C 12) belongs  
to [1 , 1.5]× [1 , 1.5]× [0 , 0.5]. The reference solution consists in a 

set of direct nonlinear FEM computations for a given regular grid of 

20×20 points. As in the previous numerical example, we can observe 
a good accuracy of the NEXP approximation regarding the reference 

solution. A full analysis of this problem can be found in [10]. 

30.7.4 Linear Viscoelastic Composite 

In this example, the accuracy of the numerical method used to 

homogenize linear viscoelastic materials is analyzed. 

The RVE of Fig. 30.8(a) consists of an elliptical inclusion 

embedded in a unit square domain, the semi axes of the ellipse being 

equal to ra = 0.45 and rb = 0.1, while the RVE of Fig. 30.8(b) 
contains 100 inclusions with random positions and radii. The 

objective of this test is to compare the effective response of the RVE 

computed through the proposed method with the one obtained by 

directly employing FEM. A conformingmesh of 1264 linear triangles 

is used. The material forming the matrix is linearly viscoelastic and 

isotropic while the inclusion is linearly elastic and isotropic. More 

precisely, the matrix is described by a generalized Maxwell model 

with one elastic branch and 5 spring-dampers branches. The ratio 
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Figure 30.8 (a) Mesh and geometry of the RVE containing one elliptical 

inclusion; (b) Geometry of the RVE containing 100 circular inclusions. See 

also Color Insert. 

between inclusions and matrix rigidity is 60. Numerical values for 

all parameters can be found in [63]. 

We apply the procedure described in section 30.6.1 so as to 

compute themacroscopic relaxation tensor. Some components of the 

latter are depicted in Fig. 30.9. 

Next, we impose strain ε(t̄) on the boundary of the RVE and 
compute σ̄i j (t̄) by using the FEM and proposed method. Periodic 
boundary conditions (30.43) are prescribed by means of Lagrange 

multipliers. The results are compared and presented in Fig. 30.11. 

x 10 4 
x 10 4 69 

8 
5
 

7
 Γ1111 (t) 
46 

Γ1111 (t)5 
3
 

4
 
Γ1212(t)3 Γ2222(t) 2 

2 
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Γ1122 (t)

0 0 
0 100 200 300 400 500 600 0 100 200 300 400 500 600 700 800 
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Figure 30.9 Some components of the macroscopic relaxation tensor for 

(a) the RVE containing one elliptical inclusion; (b) the RVE containing 100 

inclusions. 

© 2013 by Taylor & Francis Group, LLC

http:inFig.30.11


March 6, 2013 16:0 PSP Book - 9in x 6in 30-Shaofan-Li-c30

F(
 t 

)

F(
 t 

)

ij
σ

(  
)

(
)t t

ij
σ

1189 

0 

Numerical Examples 

-0.5 

0 

0.5 

1 

1.5 

-0.5 

0 

0.5 

1 

1.5 

0 1 2 3 4 5 6 7 8 0 5 10 15 20 25 30 35 
t (days) x10 2 

t (days) x10 2 

(a) (b) 

Figure 30.10 Two types of time-dependent loading functions F (t̄): (a) l j
t̄

1 t̄ 1 500F (t̄) = 
2
(1+ cos(

50
)), (b) F (t̄) = 

2
(1+ (−1) ). 

In this figure, we have ε(t̄)

Aε

= F (t̄)εA with εA given by ⎛ ⎞ 
3 2 0  

= 2 2 0  10−3 (30.93)⎝ ⎠
0 0 0  

and F (t̄) taken to be first the time-dependent sinusoidal function )) 
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Figure 30.11 Comparison between the proposed method and a direct FEM 

calculation for the test of RVE containing one elliptical inclusion: (a) F (t̄) = l j
t̄

1 t̄ 1 500
2
(1+ cos(

50
)); (b) F (t̄) = 

2
(1+ (−1) ). 
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and then the function 

1 t̄
500F (t̄) = 1+ (−1)� � (30.95)

2 

where �x� denotes the floor function, i.e. the greatest integer less 
than or equal to x . The function F (t̄) is plotted in Fig. 30.10. We 
observe a very good agreement between the solution given by our 

approach and the reference (direct FEM) solution in each case. Other 

examples implying two scales can be found in [63]. 

30.8 Conclusion and Prospects 

In this chapter, we presented a new family of numerical methods to 

compute the response of structures made of nonlinear elastic, linear 

viscoelastic heterogeneous materials, with possible uncertainties at 

the microscopic level. The main idea is first to construct a database 

from microscopic calculations, which then serves to evaluate the 

effective constitutive relationship during the macroscopic structure 

calculations without any further need to solve the nonlinear or 

transient microscopic problems. As a result, large computational 

gains can be obtained as compared to concurrent approaches and 

more than two scales can be handled [64]. The construction of 

the database is conducted via preliminary computations on a RVE, 

corresponding to points in the effective strain space or in the case of 

viscoelastic materials, in the time space domain. A direct mapping 

between overall quantities, i.e. stress and strains, or in the case 

of linear viscoelastic materials between effective relaxation tensor 

and time is then obtained. We proposed an interpolation method 

to evaluate a continuous representation of these operators. This 

interpolationmight be carried out in a largemultidimensional space, 

defined by the strain components and uncertainty parameters. For 

that purpose, one key ingredient is separated representation, which 

allows to compute efficiently this interpolation. Then, structure 

computations can be conducted, as the stress–strain response is 

readily available. However, for high dimensional parameter spaces, 

as found for 3D problems or when the number of uncertainty 

parameters is large, the number of preliminary computations 

might be a strong limitation. In the stochastic case, when the 
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geometry of the microstructure is represented by a high number 

of random variables, current progresses aim at identifying the 

random potential in polynomial chaos expansions [11]. Other 

new techniques for representing functionals in high dimensional 

domains must also be investigated. 
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