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Abstract

Classical continuum micromechanics cannot predict the particle size dependence of the

overall plasticity for composite materials, a simple analytical micromechanical method is

proposed in this paper to investigate this size dependence. The matrix material is idealized as a

micropolar continuum, an average equivalent inclusion method is advanced and the Mori–

Tanaka’s method is extended to a micropolar medium to evaluate the effective elastic modulus

tensor. The overall plasticity of composites is predicted by a new secant moduli method based

on the second order moment of strain and torsion of the matrix in a framework of micropolar

theory. The computed results show that the size dependence is more pronounced when the

particle’s size approaches to the matrix characteristic length, and for large particle sizes, the

prediction coincides with that predicted by classical micromechanical models. The method is

analytical in nature, and it can capture the particle size dependence on the overall plastic

behavior for particulate composites, and the prediction agrees well with the experimental

results presented in literature. The proposed model can be considered as a natural extension of

the widely used secant moduli method from a heterogeneous Cauchy medium to a micropolar

composite.
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1. Introduction

Microstructures of composite materials can be tailored to have desired overall

properties. To this end, a quantitative relation between microstructural parameters

and the overall property of composite materials must be established. Microme-

chanics accomplishes exactly this objective, and it is seen a rapid development in the
past decades. For predicting the elastic property of composite materials, bounding

methods, proposed by Hashin and Strikman (1963), and by Milton (1981) (see for

example Torquato, 1991 for a review) can restrict the range of effective moduli in

case of limited available microstructure information; approximate methods with

particular microstructures such as Mori–Tanaka’s model (Mori and Tanaka, 1973),

double-inclusion model (Nemat-Nasser and Hori, 1993), self-consistent (Hershey,

1954; Kroner, 1958) or generalized self-consistent method (see for example Chris-

tensen and Lo, 1979) are also widely used for predicting the overall elastic property
of composites. Their interconnections are recently discussed by Hu and Weng

(2000a).

As concern as predicting the overall plasticity of composite materials, linearized

methods such as secant moduli method and its modification (Tandon and Weng,

1988; Qiu and Weng, 1992; Hu, 1996); the variational method (Ponte Casta~neda,
1991) and the unit cell model (Bao et al., 1991; Ji and Wang, 2003) are usually used

for such purpose. These methods provide useful tools to bridge the macroscopic

property of a composite with its microstructural parameters. However they all fail to
predict the influence of particle’s size on the overall plastic behavior for composite

materials, since all the continuum formulations do not include inherently an intrinsic

length scale. A considerable number of experiments reveals that composites do

display different overall properties when their constituents take different absolute

sizes, providing that all the other microscopic parameters remain unchanged. The

finer the particle size, the harder the overall plastic behavior (Yang et al., 1990;

Lloyd, 1994). For example, for the composites with a Al–4wt% Mg alloy matrix and

50% SiC particles, the size of SiC particles ranges from 13 to 165 lm, the macro-
scopic stress of the composites at 3.5% macroscopic deformation can vary from 575

to 375 MPa. Another well-known example is Hall–Petch relation for polycrystals

between their yield stress and the grain size.

There are two different approaches to predict this size dependence, the first one is

based on the viewpoint of material science, the geometrical necessary dislocations

developed in a non-uniform stress field can influence the plastic behavior of materials

(Fleck et al., 1994). This approach is more fundamental, and it has a clear physical

picture. A recent advance of such theory is Taylor-based non-local plasticity theory
(Gao and Huang, 2001), in which intrinsic material characteristic length is explained

from Taylor’s dislocation model. Recently, Hwang et al. (2004) developed the finite

deformation version of this theory. Rashid and George (2004) introduced the cou-

pling between the statistically stored and geometrically necessary dislocations into

the formulation of the intrinsic length scale, experimental methods are also presented

to determine this intrinsic length. For modeling the overall behavior of composites,

Nan and Clarke (1996) used both continuum micromechanics and dislocation
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plasticity, in order to correlate better with experimental results, they additionally

introduced particle cracking effect. Dai et al. (1999) included the geometrically

necessary dislocation to explain the particle size dependence for metal matrix com-

posites. The second approach is based on the viewpoint of continuum mechanics,

this approach is more phenomenological. The basic idea is to consider the non-local

response of a continuum, this leads to high order continuum theories. In this paper,
we will follow the second approach. Recently, Shu and Barlow (2000) and Wei

(2001) proposed a unit cell model, in which the matrix material is considered as a

generalized continuum. The observed size dependence can be reproduced by these

models through a finite element method after choosing carefully the intrinsic length

parameters.

It is widely accepted that high order continuum theories with inherent length

parameters can display some scale dependence. Generally speaking, there are four

types of high order theories presented in the literature: non-local theory; gradient
plasticity; Mindlin’s generalized strain gradient theory (couple stress) and micro-

polar theory. In the first theory (Bazant and Pijaudier-Cabot, 1988), the response of

a material at a point is determined not only by the state at that point but also by the

deformation of its neighborhood. The second theory (Aifantis, 1984) adds gradients

of state variables, in this approach, the yield function or plastic multiplier depends

on second order spatial derivatives of the effective plastic strain, which introduces a

length scale. The recent development of this theory is implicit gradient-enhanced

plasticity (Roy et al., 2003), which involves the high order derivatives of non-local
variables rather than local ones. The third one (Mindlin, 1963, 1964) introduces

higher-order strain gradients in addition to original strain and stress measures,

however this theory does not bring in new basic degrees of freedom, and this theory

is often referred to as couple stress theory. In micropolar (Cosserat) theory (Coss-

erat, 1909; Toupin, 1962; Eringen, 1968), three micro-rotations are introduced in

addition to the conventional three displacements at each material point, this leads to

a non-symmetric stress (strain) and a high order couple stress (torsion). This theory

was proposed as early as 1909, after a silence of about half a century, it has received
great attention recently in exploring the scale effect presented in heterogeneous

materials. Recently, Cheng and He (1995, 1997) derived an analytical solution for an

inclusion problem in a micropolar medium, their work will be used in this paper to

build the localization relation. In addition to elasticity, recently, Muhlhaus and

Vardoulakis (1987), Vardoulakis (1989) and De Borst (1993) proposed a plasticity

theory for a micropolar continuum (see more discussions by Lippmann, 1995). Fleck

and Hutchinson (1997) also proposed a deformation and a flow version of plasticity

for couple stress theory, a special case of micropolar theory. High order theories are
valuable in simulation of localized phenomenon due to presence of microstructure in

materials, as well as size dependence (De Borst, 1993; Kim and Oh, 2003). The

application of high order theories hinged on the determination of the material’s

intrinsic length, there are some experimental efforts on this issue (e.g., Stolken and

Evans, 1998; Wang et al., 2003).

Although there are many works devoted to micropolar theory, there is at present

no corresponding analytical continuum micromechanical method in the framework
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of micropolar theory, which enables one to relate microstructural parameters to the

overall plasticity for micropolar composites. Some efforts have been made in planar

elasticity (Ostoja-Starzewski et al., 1999) or elastoplasticity (Forest et al., 2000),

however these methods are basically numerical in nature. The objective of this paper

is to propose an analytical micromechanical method in the framework of micropolar

theory and to explain the observed particle size dependence for composite materials.
The paper is arranged as follows: A brief introduction for micropolar elasticity and

plasticity will be given in Section 2; A basic transition principle from micro to

macroscopic scale for micropolar composites will be outlined in Section 3; in Section

4, a generalized Mori–Tanaka model for micropolar composites will be proposed to

account for particle interactions; in Section 5, a secant moduli method will be pro-

posed to predict the plastic behavior of composite materials; and finally in Section 6,

numerical calculations will be performed to illustrate the predictive capability of the

proposed model, the prediction will also be compared with experimental results in
literature.
2. A brief review of micropolar theory

2.1. Micropolar elasticity

Micropolar theory assumes that not only forces but also moments can be trans-
mitted across a surface element of a body, and in addition to the displacements, three

extra degrees of freedom are introduced, characterizing the micro-rotation of each

material point. The gradient of the rotation vector is defined as a torsion tensor, it is

related by the constitutive relation to a couple stress tensor. Both the new introduced

couple stress (torsion) and the classical stress (strain) are non-symmetric. A well-

posed micropolar boundary value problem is properly established by the following

three sets of governing equations (body forces and couples are neglected),

Kinematical relations:
eij ¼ uj;i � ekij/k; ð1aÞ

kij ¼ /j;i: ð1bÞ
Balance equations:
rij;k ¼ 0; ð2aÞ

mij;k þ ejikrik ¼ 0: ð2bÞ

Constitutive equations
rji ¼ Cjiklekl þ Bjiklkkl; ð3aÞ

mji ¼ Bjiklekl þ Djiklkkl; ð3bÞ

with the following boundary conditions,
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rijni ¼ pj mijni ¼ zj on Cr; ð4Þ

ui ¼ ubi /i ¼ /b
i on Cu; ð5Þ
where rij and mij are respectively stress and couple stress tensors, eij and kij are the
corresponding strain and torsion tensors; ui and /i are displacement and micro-ro-

tation vectors; Bijkl, Cijkl and Dijkl are elastic constant tensors, pj and zj are surface

force and moment vectors, ni is exterior unit normal, eijk is the permutation tensor.

Repeated indices imply a summation over 1, 2, 3. Subscripts preceded by a comma

denote the derivatives with respect to the corresponding spatial coordinates.

For a centro-symmetric and isotropic micropolar continuum considered in this

paper, Bjikl ¼ 0, and
Cjikl ¼ l
�

þ j
2

�
djkdil þ l

�
� j

2

�
dikdjl þ kdijdkl; ð6aÞ

Djikl ¼ cdjkdil þ bdikdjl þ adijdkl; ð6bÞ
where l, k are the classical Lame’s constants, while j, c, b, a are new material

constants introduced in micropolar theory, dij is Kronecker delta.

If we denote by r0
ðijÞ, rhiji, �r and e0ðijÞ, ehiji, �e respectively the deviatoric parts of

symmetric stress and strain, anti-symmetric and hydrostatic parts of the stress and

strain tensors, and similar notations for the couple-stress and torsion, the isotropic

constitutive equations can be rewritten in the following form (Nowacki, 1986):
r0
ðijÞ ¼ 2le0ðijÞ rhiji ¼ jehiji �r ¼ 3K�e; ð7aÞ

m0
ðijÞ ¼ ðcþ bÞk0ðijÞ mhiji ¼ ðc� bÞkhiji �m ¼ 3L�k; ð7bÞ
where K ¼ kþ 2
3
l, L ¼ aþ 1

3
ðcþ bÞ, K is the bulk modulus, L can be regarded as the

corresponding measure for the torsion. The symbols in the subscript, () and h i,
denote the symmetric and anti-symmetric parts of a tensor, respectively. With such

notation, the strain energy density for an isotropic micropolar continuum can be

expressed as
U ¼ le0ðijÞe
0
ðijÞ þ

j
2
ehijiehiji þ

9

2
K�e2 þ cþ b

2
k0ðijÞk

0
ðijÞ þ

c� b
2

khijikhiji þ
9

2
L�k2: ð8Þ
We have two distinct sets of moduli: l, k, j relate traditional stresses and strains,

they have dimension of force per unit area; and c, b, a relate high order couple-

stresses and torsions, they have dimension of force. Due to the difference in the

dimension between the two sets of moduli, these define some intrinsic characteristic
lengths in a micropolar material. The characteristic length can be defined in different

ways, in this paper, we consider:
l21 ¼
c
l

l22 ¼
b
l

l23 ¼
a
l

ð9Þ
as three different intrinsic lengths.
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2.2. Micropolar plasticity

The traditional J2-flow theory can be extended to handle the plasticity for a mi-

cropolar material, a deformation version of micropolar plasticity will be presented in

this paper. With the assumption that the hydrostatic parts of stress and couple-stress

do not participate in plastic deformation, a new von Mises-like strain invariant for a
micropolar material can be defined as (Lippmann, 1995)
�ee ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3
e0ðijÞe

0
ðijÞ þ b1ehijiehiji þ b2 ð�l21 þ �l22Þk0ðijÞk0ðijÞ þ �l21 � �l22

� �
khijikhiji

h in or
: ð10Þ
In the absence of micropolar effect, Eq. (10) will reduce to the classical I2 invariant. bi
and �li are material constants, �li can be considered as characteristic lengths at plastic

state (Lippmann, 1995). The parameters bi mean that only a portion of the anti-

symmetric stress and couple stress participates in plastic hardening. For simplicity,

we will consider in the following only two special cases, the case I: b1 ¼ 0, b2 ¼ 1;

and the case II: b1 ¼ 1, b2 ¼ 1. The first case means that the anti-symmetric strain

does not take part in plastic hardening, it will be shown in Section 5 that this case

gives better correlation with experimental results. In the following we omit the
symbol b2 and let b1 ¼ b.

The strain energy density of a micropolar continuum is assumed to be

For case I
w ¼ w0ð�eeÞ þ
1

2
jehijiehiji þ

9

2
K�e2 þ 9

2
L�k2: ð11Þ
For case II
w ¼ w0ð�eeÞ þ
9

2
K�e2 þ 9

2
L�k2: ð12Þ
On the other hand, we have:
dw ¼ r0
ðijÞ de

0
ðijÞ þ rhiji dehiji þ m0

ðijÞ dk
0
ðijÞ þ mhiji dkhiji þ 3�rd�eþ 3�md�k: ð13Þ
This gives for the stress (couple stress) and strain (torsion) relations (b ¼ 0 for the

type I and b ¼ 1 for the type II):
r0
ðijÞ ¼

ow
oe0ðijÞ

¼ �re

o�ee
oe0ðijÞ

¼ 2

3

�re

�ee
e0ðijÞ; ð14aÞ

rhiji ¼ b
2

3

�re

�ee
ehiji þ ð1� bÞjehiji; ð14bÞ

m0
ðijÞ ¼ ð�l21 þ �l22Þ

2

3

�re

�ee
k0ðijÞ; ð14cÞ

mhiji ¼ �l21
�

� �l22
� 2
3

�re

�ee
khiji; ð14dÞ
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�r ¼ 3K�e; ð14eÞ

�m ¼ 3L�k: ð14fÞ

Here we use the definition of w0ð�eeÞ, that is dw0ð�eeÞ ¼ �re d�ee, where �re is the corre-

sponding equivalent stress. The traditional power type law for plastic hardening is

generalized to a micropolar material with the above defined equivalent strain and

stress, it can be written as
�re ¼ ry þ H�enep; ð15aÞ

�ee ¼
�re

3l
þ �re � ry

H

 !1=n

; ð15bÞ
where ry, H , n are initial yield stress and hardening parameters determined from a

uniaxial tensile test, l is the shear modulus.

With help of the defined hardening law and Eq. (14), the stress and couple stress

can be completely determined provided that the strain and torsion are known. This

deformation version of micropolar plasticity will be used to define the secant moduli

of the matrix in Section 6. It is interesting to note that this deformation version of

micropolar plasticity (the type I) is identical to a recent model proposed by Chen and

Wang (2001) from a different perspective.
3. Micro–macro transition principle for a micropolar composite

Prediction of effective property for heterogeneous materials requires an appro-

priate definition of boundary conditions on a representative volume element (RVE)

and the solution of this boundary value problem. The boundary condition must be

specified to produce a well-posed structural problem, different boundary conditions

are discussed by Forest et al. (1999). In this paper, we will examine the influence of

particle size on the overall property of particulate composite materials. We are in-

terested in the case where the particle size is small enough compared to the size of

RVE, at the same time, the size of RVE is also small compared to the structural size.
In this case, the macroscopic load gradient can be neglected on RVE (the size of

RVE is small enough), this means the effective medium can be considered as Cauchy

one. For classical micromechanics, the microstructure of the matrix material is ig-

nored, and the matrix material is idealized to be a Cauchy material model, this in fact

implies that the size of the particle must be much larger than the intrinsic length of

the matrix (for example the size of the grain for polycrystals). However, for metal

matrix composites, the intrinsic length of the matrix is comparable to the size of the

particle, in this situation, the non-local response of the matrix material must be taken
into account to some extend in a proper continue modeling. To this end, we consider

the local constituents to be micropolar materials. The following traditional bound-

ary conditions are prescribed on the boundary of RVE:
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uj ¼ EðijÞxi /j ¼ 0; ð16Þ
where EðijÞ is symmetric and constant over RVE. For any statically balanced local

stresses (rij;mij) and geometrically compatible local strain fields (eij; kij), the volume

average of the internal energy over RVE is
hrijeij þ mijkiji ¼ hrijðuj;i � ekijukÞi þ hmijuj;ii

¼ 1

V

Z
oRVE

rijujni dS þ 1

V

Z
oRVE

mij/jni dS

¼ EðmjÞ
1

V

Z
oRVE

rijxmni dS ¼ EðmjÞhrmji ¼ EðmjÞhrðmjÞi: ð17Þ
On the other hand:
heðijÞi ¼ hðeij þ ejiÞ=2i ¼ hðui;j þ uj;iÞ=2i ¼ EðijÞ; ð18Þ
where h�i means the volume average of said quantity over RVE.

If a stress boundary condition is applied on the boundary of RVE
rijni ¼ RðijÞni; mijni ¼ 0; ð19Þ
where ni is outer normal of the boundary of RVE.
The energy equivalence (Eq. (17)) now can be written as
hrijeij þ mijkiji ¼ RðijÞheðijÞi ð20Þ
and
hrðijÞi ¼ RðijÞ: ð21Þ
So we can define the classical effective modulus tensor �C or effective compliance

tensor �S by
hr : eþm : ki ¼ Es : �C : Es ¼ Rs : �S : Rs; ð22Þ

where the superscript ‘s’ means a symmetric tensor.
4. Generalized Mori–Tanaka’s model for micropolar composites

4.1. Solution of a spherical inclusion problem in an infinite micropolar matrix

In a classical Cauchy medium, Eshelby (1957) obtained the solution for an infinite

medium in which a spheroidal region is subjected to a uniform eigen-strain, the

resulting stress is uniform in this region. For a micropolar medium, Cheng and He

(1995, 1997) formulated the same problem for a spherical and a long cylindrical

inclusions respectively. The problem that they solved can be stated as follows: in an

infinite uniform micropolar medium, there is an isolated spherical (circular) region

with a prescribed uniform eigen-strain eþ and eigen-torsion kþ, the solution for the
resulted strain and torsion in the whole medium can be expressed by (Cheng and He,

1995, 1997):
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e ¼ KðxÞ : eþ þ LðxÞ : kþ; ð23aÞ

k ¼ K̂ðxÞ : eþ þ L̂ðxÞ : kþ; ð23bÞ

where K , K̂ , L, L̂ are Eshelby-like-tensors, and they are given by Cheng and He
(1995, 1997), x is a position vector.

It must be pointed that, unlike the Eshelby’s solution, even for a spherical in-

clusion, the resulted strain and torsion in the inclusion domain are not uniform. This

makes the equivalent inclusion method (Mura, 1982) widely used for a Cauchy

composite difficult to be applied exactly for a micropolar composite. For example, a

spherical inhomogeneity in an infinite micropolar matrix, its effect on the stress and

couple stress distribution can not be simulated by the same form inclusion with a

uniform eigen-strain and eigen-torsion, rather with some non-uniform eigen-strain
and eigen-torsion.

With this limitation in mind, we postulate that the equivalent inclusion method

could be applied in an average sense for a micropolar composite, since in an elastic

case, only the average stress and couple stress in an inhomogeneity will be used to

determine the effective property. For a spherical particle with moduli C1;D1, and it is

embedded into a micropolar matrix C0;D0 under a remote loading E0;K0, we have

according to the average equivalent inclusion method
C1 : ðE0 þ heiIÞ ¼ C0 : ðE0 þ heiI � heþiIÞ; ð24aÞ

D1 : ðK0 þ hkiIÞ ¼ D0 : K0ð þ hkiI � hkþiIÞ; ð24bÞ
where h�iI means the volume average over the inclusion domain. Averaging Eq. (23a)

and (23b) over the particle, it has
heiI ¼ hKiI : heþiI þ hLiI : hk
þiI; ð25aÞ

hkiI ¼ hK̂iI : heþiI þ hL̂iI : hk
þiI: ð25bÞ
In a strict sense, such a simplification does not take all the equivalent information

into account, we would like to call it a weak-form equivalence. In a separate work

(Xun et al., 2004), we determine exactly the stress and couple stress distributions for

an infinite micropolar medium with a cylindrical fiber (plane strain condition) under

a remote tensile loading, the average stress and couple stress in the fiber are com-

pared with those obtained by the average equivalent inclusion method described

above, and it is found that they agree very well with each other.
In order to proceed, the volume averages over the particle for the Eshelby-like

tensors K , K̂ , L, L̂ have to be estimated. The detailed results are given in Appendix

A, it is found after averaging that
hLiI ¼ 0 and hK̂iI ¼ 0: ð26Þ

This implies, in an average sense, that an eigen-strain produces on average only

strain, and an eigen-torsion leads only to an average torsion deformation, they are

uncoupled. These results agree with those obtained by Yang (2000), who took Taylor
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series expansion of the Eshelby-like-tensors inside a spherical inclusion, and then

performed the average.

4.2. Effective elastic moduli estimated by generalized Mori–Tanaka method

With the solution of a single inclusion in a micropolar matrix, now we are ready
to estimate the effective modulus tensor defined by Eq. (22). To do this, we have to

write Eq. (25) in form of symmetric and anti-symmetric parts separately. For a

spherical inclusion in an isotropic micropolar matrix, the Eshelby-like tensor is an

isotropic fourth order tensor, i.e., it always has the following form:
Kijkl ¼ T1dijdkl þ ðT2 þ T3Þdikdjl þ ðT2 � T3Þdildjk:

So the volume average of the micropolar Eshelby-like relations can be decom-

posed into symmetric and anti-symmetric parts, respectively:
heðijÞiI ¼ hKS
ijkliI : heþðklÞiI; ð27aÞ

hehijiiI ¼ hKA
ijkliI : heþhkliiI; ð27bÞ
where KS
ijkl ¼ ðKijkl þ KijlkÞ=2, KA

ijkl ¼ ðKijkl � KijlkÞ=2.
With help of Eq. (27), and writing Eq. (24) into a symmetric and an anti-sym-

metric parts, the estimate of the effective moduli �C for a micropolar composite can
follow exactly the same procedure as for a Cauchy composite, this gives (Hu and

Weng, 2000a,b)
�l ¼ l0 1

�
þ f
2ð1� f ÞhKS

1212iI þ ½l0=ðl1 � l0Þ�

�
; ð28aÞ

�K ¼ K0 1

(
þ f

ð1� f ÞhKS
iijjiI=3

� �
þ ½K0=ðK1 � K0Þ�

)
; ð28bÞ
where f is the volume fraction of particles, �K, K1 and K0 are respectively the bulk
moduli of the composite, particle and matrix, and �l, l1 andl0 are the corresponding

shear moduli. The scale information is included in the Eshelby-like-tensor implicitly

through hKSðxÞiI, the analytical expressions of hKS
1212iI and hKS

iijjiI are given in Ap-

pendix A. When particle size is large or the micropolar effect is neglected, hKSðxÞiI is
reduced to the classical Eshelby tensor, and the estimate for the effective bulk and

shear moduli of the composite is reduced to the classical one.
5. Secant moduli method for overall plasticity of micropolar composites

5.1. Second order moment of strain and torsion of the matrix

For composite materials, distributions of stress and strain in the matrix material

are not uniform and they are usually very complicated, since they depend intimately
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on the form and distribution of reinforced phases and also on external loading level.

In this paper for simplification of notation, we discuss the case where only the matrix

material can have a plastic deformation, and the particle remains elastic. When the

effective stress (strain) in the matrix arrives at in an average sense the yielding point,

then the composite starts to yield. It should be mentioned that the proposed method

can be applied for any multi-phase composite and for more than one plastic phase.
In order to estimate the non-linear behavior of a composite, the equivalent strain

defined by Eq. (10) under any given load has to be evaluated. In this paper, an

analytical method will be proposed to calculate this quantity by estimating the

second moment soft strain and torsion, just as for a Cauchy composite (Qiu and

Weng, 1992; Hu, 1996).

Under an affine displacement boundary condition (prescribed by Eq. (16)), let

local stiffness tensors dCðxÞ and dDðxÞ have independent variations, this will lead to

variations of the local strain and torsion fields deðxÞ, dkðxÞ, which in turn leads to a
variation of the composite stiffness tensor d �C , we have according to Eq. (22)
Es : d �C : Es ¼ he : dC : eþ k : dD : ki þ 2he : C : deþ k : D : dki: ð29Þ
Since e : C , k : D are the statically balanced stress and couple-stress, and deðxÞ,
dkðxÞ are the geometrically compatible strain and torsion fields corresponding to

zero boundary displacements. With help of Eq. (17), and du ¼ dEs � x ¼ 0, d/ ¼ 0 on

the boundary of RVE, the second term of the right hand side of Eq. (29) becomes
he : C : deþ k : D : dki ¼ 0: ð30Þ

Therefore we arrive at
Es : d �C : Es ¼ he : dC : eþ k : dD : ki: ð31Þ
We rewrite Eq. (22) as
U ¼ 1

2
he : C : eþ k : D : ki ¼ 1

2
Es : �C : Es: ð32Þ
For an isotropic elastic micropolar material, the left-hand side of the above

equation can be written as (see Eq. (8))
U ¼ le0ðijÞe
0
ðijÞ

�
þ j

2
ehijiehiji þ

1

2
Kekkenn þ

cþ b
2

k0ðijÞk
0
ðijÞ

þ c� b
2

khijikhiji þ
1

2
Lkkkknn

	
: ð33Þ
Let the matrix elastic constants l0, j0, c0 and b0 undergo independent variations,

dl0, dj0, dc0 and db0 respectively, the other constants remain unchanged, the fol-

lowing exact equations can be derived:
ð1� f Þhe0ðijÞe0ðijÞi0dð2l0Þ ¼ Es : d �C : Es; ð34aÞ

ð1� f Þhehijiehijii0dðj0Þ ¼ Es : d �C : Es; ð34bÞ
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ð1� f Þhk0ðijÞk0ðijÞ þ khijikhijii0dðc0Þ ¼ Es : d �C : Es; ð34cÞ

ð1� f Þhk0ðijÞk0ðijÞ � khijikhijii0dðb0Þ ¼ Es : d �C : Es; ð34dÞ
where h�i0 means the volume average of the said quantity over the matrix domain.

Finally the average equivalent strain of the matrix defined by Eq. (10) can be

evaluated for any applied strain by the following equation:
heeffi0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

3ð1� f ÞE
s : S : Es

s
; ð35Þ
where
S ¼ o �C

ol0

þ 2b
o �C

oj0

þ 2�l21
o �C

oc0
þ 2�l22

o �C

ob0

: ð36Þ
The effective stiffness tensor �C can be evaluated by the method proposed in

Section 4, so the average effective strain of the matrix can then be computed, and the

non-linear behavior of the composite can be estimated with help of a secant moduli

method defined in the following.

5.2. Secant moduli of the matrix and composite

With the deformation theory presented in Section 2.2 for a micropolar plasticity

and a power type law for plastic hardening, when the matrix undergoes a plastic

deformation, the secant moduli of the matrix can be defined as (here we set
�l21 ¼ �l22 ¼ l2p for simplification):
ls ¼ 1

ð1=l0Þ þ 3½ð�re � ryÞ=H �1=n=�re

; ð37aÞ

js
0 ¼ 2bls

0 þ ð1� bÞj0; ð37bÞ

cs0 ¼ bs
0 ¼ 2l2pl

s
0; ð37cÞ

Ks
0 ¼ K0; ð37dÞ

Ls
0 ¼ L0; ð37eÞ
where b ¼ 0 and b ¼ 1 correspond respectively to the deformation theories of the
type I and II described in Section 2.2. It is seen that for the deformation theory of the

type II, there is a jump for the modulus j0 when a material passes from elasticity into

plasticity.

With the above-defined secant moduli of the matrix in micropolar plasticity, we

can follow exactly the same idea of the secant moduli method developed for a

Cauchy composite (see for example Tandon and Weng, 1988; Qiu and Weng, 1992;

Hu, 1996). This method can be explained by the following procedure: for any given
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macroscopic load Es, at which the matrix has undergone a plastic deformation, for a

given average effective stress of the matrix �re > ry, the secant moduli of the matrix

can be evaluated by Eq. (37), the stiffness tensors �CL of a linearized elastic composite

with an elastic matrix having the secant moduli of the actual matrix can then be

determined from Eq. (28), and these moduli are interpreted as the secant moduli of

the actual composite. By repeating �re, the non-linear relation between the stress and
strain of the composite material can be established. For a Cauchy composite, the

prescribed secant moduli method corresponds exactly to the variational method

proposed by Ponte Casta~neda (1991) (see for example Suquet, 1995; Hu, 1996). It is

also shown that the proposed method has also a similar variational structure

(Hu et al., in press).
6. Numerical applications

In this section, the proposed micromechanical method will be illustrated by some

numerical examples. In the following, we assumed the elastic characteristic lengths

l1 ¼ l2 ¼ l3 ¼ lm for simplification. A metal matrix composite (SiC/Al) is taken to be

the sample material. The material constants of the constituents are listed in Table 1.

We idealize the matrix as a micropolar material, and the SiC particles are considered

as a Cauchy material, that is, the corresponding micropolar moduli are set to be

zero.
Fig. 1 shows the predicted effective stress and strain curves of the composite with

the deformation theory of the type I for different particle sizes, the volume fraction of

the particles is set to be f ¼ 0:15, and the plastic material characteristic length

lp ¼ 2lm. The particle radii are chosen to be 1, 5, 10 and 100 times the matrix

characteristic length lm. The stress is normalized by the matrix initial yield stress, and

at the same time the classical micromechanical prediction and the matrix stress and

strain curve are also included for comparison. When particle diameter approaches to

the matrix’s characteristic length lm, the predicted effective stress and strain curves of
the composite differs significantly from those predicted by classical micromechanical

methods. When a ¼ lm, the predicted stress can reach almost twice the initial yield
Table 1

Material constants of 6061 Al and SiC used in calculations

6061 Al SiC

E (GPa) 68.3 490

m 0.33 0.17

l (GPa) 26 209

k (GPa) 50 108

j (GPa) 26

lm (lm) 10

ry (MPa) 250

h (MPa) 173

n 0.455



Fig. 1. Particle size effect predicted by the proposed micromechanical model with deformation theory of

type I.
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stress at 3.5% macroscopic strain; on the other hand when a ¼ 100lm, the classical
and micropolar predictions are almost the same.

Fig. 2 shows the predicted stress and strain curves by the deformation theory of

the type I and II respectively, the volume fraction of particles is 30%, and the plastic

material characteristic length lp ¼ 2lm. It is also seen that the deformation theory of

the type I for the matrix material gives more pronounced scale dependence than that

predicted by the deformation theory of the type II. It is recalled that the anti-sym-

metric part of strain is not active in the plastic hardening for the deformation theory

of the type I. This result means that the anti-symmetric shear modulus is an im-
portant parameter in micropolar theory, its elastic value and plastic evolution rule

will definitely affect the predicted results, as discussed by Koiter (1964), and recently

confirmed by Chen and Wang (2001). So in the following computation only the

deformation theory of the type I is considered.

Fig. 3 shows the influence of the plastic characteristic length lp on the prediction,

two values of the matrix plastic characteristic lengths lp ¼ 2lm and 3lm are examined

respectively. It is found that as lp increases, more pronounced scale dependences are

predicted.
The computed results for the composites with 30% rigid inclusions or voids are

shown in Fig. 4, the matrix property remains the same for the both cases. It shows

that the harder the particle, the more pronounced the particle size dependence. For

voided materials, the predicted void’s size dependence in tension can be neglected.

Finally we have compared the predictive capability of the proposed model

with experimental results in literature. Two experimental results are taken for



Fig. 2. Comparison of predicted effective stress and strain curves by deformation theories of the type I and

II for different particle sizes.
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comparison, the first one is a composite with the Al356 (T4) matrix and 15% SiC

particles, analyzed by Lloyd (1994); the second is a composite with Al–4wt% Mg

alloy as the matrix and 50% SiC particles, presented by Yang et al. (1990). In the
micromechanical modeling of both composites, the deformation theory of the type I

(b ¼ 0) and plastic characteristic length lp ¼ 2lm are used. The material constants

used in the computation are listed in Table 2. The elastic characteristic length

lm ¼ 0:75 lm is taken for the first composite, and lm ¼ 2 lm for the second, these

values can give a better fit to the experimental results, which will be shown in the

following. We recall that at present there is almost no available experiment for de-

termining these micropolar material constants. Nevertheless, these length scales must

be in a reasonable range, they ought to be on the same magnitude order with those
obtained from material science approaches. For typical metals the length scales of

local non-uniform deformation is indeed on the order of micrometers (Fleck et al.,

1994; Gao et al., 1999). Our choice of lm conforms to this result.

Fig. 5 shows the comparison results for the first composite, the particle diameters

are 7.5 and 16 lm respectively as determined by the experiment (Lloyd, 1994), an

excellent correlation is found between the modeling and the experiment for a large

range of macroscopic strain.

Fig. 6 illustrates the comparison results for the second composite, in the experi-
ment, the composites with two very different particle sizes, 13 and 165 lm are ex-

amined. The volume fraction of the particles is 50% for the both cases. The



Fig. 3. Predicted effective stress and strain curve of composites for different plastic characteristic lengths lp
of the matrix and different particle sizes.

Fig. 4. Predicted effective stress and strain curves of composites for different elastic properties and sizes of

particles.
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Table 2

Material constants of each constituent used in comparison

Al356(T4) Al–4wt% Mg SiC

E (GPa) 70 70 490

m 0.33 0.33 0.17

l (GPa) 26.3 26.3 209

k (GPa) 51.1 51.1 108

j (GPa) 26.3 26.3

ry (MPa) 86 124.2

h (MPa) 414.7 414.7

n 0.365 0.365

Fig. 5. Comparison between the modeling and Lloyd’s (1994) experimental results for the effective stress

and strain relations.
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composites exhibit a strong particle size dependence due to a relatively high particle

volume fraction. As for the first composite, the modeling results agree quite well with

the experimental results performed by Yang et al. (1990).
Through the comparison with the experiment, we find that the proposed micro-

mechanical model can indeed capture the particle size dependence of plasticity for

composite materials. It must be mentioned that the residual stress is not considered

in the modeling and the particle is considered to be spherical, the influence of these

two factors will be considered in our further works. Finally, It must be emphasized

that the proposed secant moduli method is independent of the way for evaluating the



Fig. 6. Comparison between the modeling and Yang et al. (1990) experimental results for the effective

stress and strain relations.

794 X. Liu, G. Hu / International Journal of Plasticity 21 (2005) 777–799
elastic stiffness of composites, so other elastic micromechanical models can also be

considered with the proposed method.
7. Conclusions

An analytical micromechanical method in a framework of micropolar theory is

proposed to investigate the size dependence on the overall plasticity of composite

materials. The method is based on the average equivalent inclusion method for a

micropolar material, and Mori–Tanaka’s method is extended to a micropolar
composite to evaluate the effective elastic stiffness tensor. A secant moduli method

based on the second moment of strain and torsion of the matrix is then proposed to

examine the non-linear behavior of composites. The proposed micromechanical

method can be considered as a natural extension of the widely used secant moduli

method from a Cauchy composite to a micropolar composite.

The influence of matrix characteristic lengths, size and property of the particle on

overall plastic behavior of composites are examined. The size dependence is more

pronounced for the case where the particle size approaches to the matrix charac-
teristic length, and where the stiffness of the particle is large. When the particle size is

much larger than the matrix characteristic length, the prediction based on micro-

polar theory is reduced to the classical results. The computed results also show that

for voided materials the size effect of the void is not significant in case of a tensile

loading. The prediction based on the proposed method agrees well with experimental

results in literature.
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Appendix A

According to Cheng and He (1995), the four Eshelby-like tensors K , K̂ , L, L̂ are

evaluated by the following three primitive potential integrals and their derivatives

with respect to spatial coordinates,
wðxÞ ¼ 1

4p

Z
X
xdx0; /ðxÞ ¼ 1

4p

Z
X

1

x
dx0; Mðx; kÞ ¼ 1

4p

Z
X

e�x=k

x
dx0; ðA:1Þ
where x ¼ jxj and X represents the inclusion domain, note that /ðxÞ has a different
meaning as in the main text.

Therefore to average Eshelby-like tensors over the inclusion domain, we just need

to average Eq. (A.1) and their derivatives. The first two integrals are identical to the

classical inclusion theory (Cauchy theory) as discussed by Mura (1982), and the last

one is new due to the presence of micropolar effect. Since wðxÞ and /ðxÞ are just

simple polynomial for a spherical inclusion, any manipulation of them is easy, we

consider in the following only the average of Mðx; kÞ. For an interior point of a

spherical inclusion, Mðx; kÞ and its necessary derivatives are
Mðx; kÞ ¼ k2 þ UðkÞj0
ix
k


 �
; ðA:2aÞ

M;iðx; kÞ ¼ UðkÞ xi
ikx

j1
ix
k


 �
; ðA:2bÞ

M;ijðx; kÞ ¼ UðkÞ dij
ikx

j1
ix
k


 �"
þ xixj
ðikxÞ2

j2
ix
k


 �#
; ðA:2cÞ

M;ijmðx; kÞ ¼ UðkÞ xidjm þ xjdim þ xmdij
ðikxÞ2

j2
ix
k


 �"

þ xidjm þ xjdim þ xmdij
ðikxÞ3

j3
ix
k


 �#
; ðA:2dÞ

M;ijmnðx;kÞ ¼ UðkÞ dijdmn þ dimdjn þ dindjm
ðikxÞ2

j2
ix
k


 �"
þ xixjxmxn

ðikxÞ4
j4

ix
k


 �

þ xixjdmn þ xixmdjn þ xixndjm þ xjxmdin þ xjxndim þ xmxndij
ðikxÞ3

j3
ix
k


 �#
;

ðA:2eÞ
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where UðkÞ ¼ �kðk þ aÞe�a=k, i ¼
ffiffiffiffiffiffiffi
�1

p
and jnðix=kÞ is the spherical Bessel function

of order n. Thus in order to calculate the averages
hMðkÞiI ¼
1

VX

Z
X
Mðx; kÞdx; ðA:3aÞ

hM;iðkÞiI ¼
1

VX

Z
X
M;iðx; kÞdx; ðA:3bÞ

hM;ijðkÞiI ¼
1

VX

Z
X
M;ijðx; kÞdx; ðA:3cÞ

hM;ijmðkÞiI ¼
1

VX

Z
X
M;ijmðx; kÞdx; ðA:3dÞ

hM;ijmnðkÞiI ¼
1

VX

Z
X
M;ijmnðx; kÞdx; ðA:3eÞ
we only need to evaluate the following six primitive averages, where VX is the volume

of the inclusion. Here we give the results directly:
hj0ðix=kÞiI ¼
4p
VX

ak2 cosh
a
k

� �h
� k3 sinh

a
k

� �i
; ðA:4aÞ

hj1ðix=kÞ=xiI ¼
4p
VX

ik2 sinh
a
k

� �h
� Shi

a
k

� �i
; ðA:4bÞ

hj2ðix=kÞ=x2iI ¼
2p
VX

kShi
a
k

� ��
þ 3k3

a2
sinh

a
k

� �
� 3k2

a
cosh

a
k

� �
; ðA:4cÞ

hxmxnj2ðix=kÞ=x2iI ¼ dmn
4pk2

3VX
4k sinh

a
k

� �h
� a cosh

a
k

� �
� 3kShi

a
k

� �i
;

ðA:4dÞ

hxmxnj3ðix=kÞ=x3iI ¼ dmn
2p
3VX

ik2

a2
15ak cosh

a
k

� �h
� ð2a2 þ 15k2Þ sinh a

k

� �
� 3a2 Shi

a
k

� �i
; ðA:4eÞ

hxmxnxpxqj4ðix=kÞ=x4iI ¼ ðdmndpq þ dmpdnq þ dmqdnpÞ

� 2p
15VX

k2

a2
ð2a3
h

þ 105ak2Þ cosh a
k

� �
� ð22a2k þ 105k3Þ sinh a

k

� �
� 15a2kShi

a
k

� �i
; ðA:4fÞ
where a is the radius of the spherical inclusion, VX ¼ 4pa3=3, and

ShiðzÞ ¼
R z
0
sinhðtÞdt. With the volume averages of w, / and M over the inclusion
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and their derivatives in hand, the average Eshelby-like tensors can be easily evalu-

ated using the expressions given by Cheng and He (1995).

For convenience, we only list the two components of the average symmetric Es-

helby-like tensor appeared in Eq. (28):
hKS
1212iI ¼

3

5

ðK þ 2lÞ
ð3K þ 4lÞ �

3hðaþ hÞj
5a3ðjþ 2lÞ e

�a=h a cosh
a
h

h
� h sinh

a
h

i
; ðA:5aÞ

hKS
iijjiI ¼

9K
3K þ 4l

; ðA:5bÞ
where K, l, j, c are the micropolar moduli appeared in Eq. (7) for the matrix ma-
terial, and h ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cð2lþ jÞ=4lj

p
. The first term of Eq. (A.5a) is just the counterpart

of the classical Eshelby tensor for a spherical inclusion.
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