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We propose a solid phononic crystal lens capable of acoustic superfocusing beyond the diffraction
limit. The unit cell of the crystal is formed by four rigid cylinders in a hosting material with a
cavity arranged in the center. Theoretical studies reveal that the solid lens produces both negative
refraction to focus propagating waves and surface states to amplify evanescent waves. Numerical
analyses of the superfocusing effect of the considered solid phononic lens are presented with a
separated source excitation to the lens. In this case, acoustic superfocusing beyond the diffraction
limit is evidenced. Compared to the fluid phononic lenses, the solid lens is more suitable for
C 2014 AIP Publishing LLC.
ultrasonic imaging applications. V
[http://dx.doi.org/10.1063/1.4904262]

Acoustic superfocusing by metamaterials and phononic
crystals has been a subject of much research in the past decade. The concept of superfocusing can be traced back to the
Pendry’s perfect lens,1 and the lens system requires the ability of both the convergence of propagating waves and the
participation of nonpropagative evanescent waves in the
wave-focusing spot. The metamaterial superlens consists in a
flat slab of composite medium with doubly negative mass
density and bulk modulus. Mediums with these parameters
exhibit negative refraction for incident waves and can also
support surface resonant states to enhance the evanescent
wave amplitudes.2 Theoretical researches have been fully
conducted to analyze the formation of surface states concerning both the fluid and solid nature of homogeneous metamaterials.2,3 The structure design of the metamaterial superlens
relies on accurate effective medium models, especially for
prediction of evanescent wave behavior. Now it is still a
hard task to find an optimum microstructure with good focusing performance.4–6 Acoustic superfocusing can also be
obtained in the phononic crystal lens consisting of a periodic
array of inclusions in a fluid matrix.7 Bragg scattering offers
the opportunity for negative dispersion and wave convergence. There are two mechanisms for the phononic crystal
lens to achieve the subwavelength focusing. One is based on
the bound modes of the phononic crystal,8–10 much like
Lamb modes in a solid plate, which can be excited by evanescent waves emitted by the source. The lens with this ability
is a fluid phononic crystal consisting of a triangular lattice of
steel cylinders in methanol and surrounded by water, and
superfocusing has been demonstrated both experimentally
and theoretically. The other is by introducing a modulation
on the surface of the phononic crystal;11 this surface modulation is used to produce the surface states to amplify evanescent waves.
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In this work, we focus on the solid phononic crystal lens
with acoustic superfocusing in a water environment. The
solid lens is studied considering the fact that they are more
suitable for the human tissue environment. Compared with
the only longitudinal mode in fluid, the modes in solid phononic crystals are more complex due to the coupling of longitudinal and transverse waves. While low-frequency modes
are dominated by shear and rotational ones, negative dispersion of longitudinal waves usually appears at higher frequencies. This has been evidenced experimentally in a solid
phononic crystal made of a triangular lattice of steel rods
embedded in epoxy.12 The other kind of solid crystal with a
hollow metallic foam-like structure can also exhibit the negative dispersion behavior.13 Focusing of elastic waves in a
solid background has been realized by a solid crystal made
of a square array of circular air holes perforated in a
Duraluminium thin plate,14 or by a gradient-index structure
based on cylindrical stubs bonded on an aluminum plate.15
These solid lenses are able to focus the propagating waves,
however, lack in the ability of amplifying evanescent waves
to overcome the diffraction limit. Inspired by the model proposed by Lai et al.,16 who utilize four particles in a unit cell
to create a locally resonant effect for longitudinal wave
modes, we surprisingly find that the negative dispersion of
longitudinal modes and surface states can be both produced
in a simple crystal with four cylinders embedded in a solid
hosting material. It is further found that the surface states
can indeed provide the ability of coupling and amplifying
the evanescent waves. This letter will report the properties of
the band structure and surface states of this solid phononic
crystal and demonstrates numerically acoustic superfocusing
in the water environment.
The unit cell of the considered two-dimensional phononic crystal is shown in Fig. 1. The model is composed of
four brass cylinders embedded in an Al-SiC foam matrix,
and a vacuum cavity is arranged in the center. The lattice
constant of the square lattice is 5 mm; the cylinder has a radius of 0.5 mm and is located at a distance of 1 mm from the
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FIG. 1. The model of the studied superlens whose unit cell is composed of
four brass cylinders embedded in an Al-SiC foam matrix with a vacuum cavity arranged in the center.

center; the radius of the cavity is 0.4 mm. The Young’s modulus, Poisson’s ratio, and mass density are, respectively,
70 MPa, 0.3, and 72 kg/m3 for the foam, and 104 GPa, 0.37,
and 8500 kg/m3 for the brass. Based on the finite element
simulation, we calculate the band structure of the infinitely
periodic crystal in the principal symmetry directions of the
Brillouin zone, as shown in Fig. 2(a). The first two branches
starting from the C point correspond to quasi-transverse and
quasi-longitudinal modes. The next three branches are attributed to the rotation and shear deformation modes, while the
sixth branch with a negative slope in both CX and CM directions corresponds to the longitudinal mode, which is of interest in this work. The displacement amplitude distribution of
the eigenstate at the C point in this branch (marked with
“A”) is plotted in Fig. 2(b), where the arrows indicate the
direction of motion. The eigenstate is clearly a monopolar
response as evidenced by the collective motion of four

FIG. 2. (a) The band structure of a square lattice of the infinite crystal (solid
line), the dispersion curve of the water (dashed line), and the dispersion
curve given by effective medium prediction (cross); (b) and (c) the displacement distributions of the unit cell corresponding to the eigenstates marked in
(a) with “A” and “B,” respectively; the retrieved effective mass density qeff
(d) and effective bulk and shear moduli jeff and leff (e).
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cylinders toward or outward from the center. Notice that the
arranged cavity is for the purpose of easy bulk deformation
near the center region. Since acoustic focusing in water is
concerned, we illustrate the straight dispersion curve of
water in Fig. 2(a). This dispersion curve intercepts the longitudinal wave branch with the negative curvature at frequencies of 37.65 Hz and 37.4 Hz in the CX and CM directions,
respectively. We have verified that the equifrequency contour is nearly circular at these frequencies (see Fig. 3). The
result means the all angle negative refraction of the phononic
crystal with an effective index 1 relative to water, which is
the key property required for the convergence of propagating
waves.
We further show in Fig. 2(c) the eigenstate of the phononic crystal in the intersection point labeled with “B.” It is
seen that away from the C point, the pure monopolar state
turns into a state of the combination of the monopolar and
dipolar ones. In this state, cylinders move toward the center
uniformly, but with a little different displacement amplitudes; this provides the dipolar response. From the eigenstate
analyses, one readily finds that the wave behavior of the
studied sonic crystal is dominated by the relative motions of
local cylinders, while not by the interference among cells, as
evidenced by the weak field strength near the edge of the
cell. The phenomenon is very similar to that observed in the
hybrid elastic solids,16 which have been recognized as metamaterials with doubly negative mass density and bulk modulus. In our model, the wavelength in the foam corresponding
to the C point frequency is 6 times bigger than the lattice
constant; we are not convinced that this value falls within
the effective medium description of metamaterials.
However, if the effective medium model is forced to apply
for the structure, effective parameters can be achievable
according to surface integration method.16 The predicted
branch in the CX direction is plotted by the cross in Fig. 2(a)
and shows the agreement with the band structure results.
Both of the retrieved effective mass density qeff and bulk
modulus jeff are found to be negative, as shown in Figs. 2(d)
and 2(e). Though not based on a reliable assumption, the
effective medium analysis may explain the formation of negative curvature of the longitudinal wave branch and more

FIG. 3. The eigenfrequency contour plot of the solid phononic crystal.
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importantly imply the presence of the surface states associated to the double negativity.
To examine the property of the surface states of the
studied solid crystal, the supercell model consisting of N
cells in water as shown in Fig. 4(a) is used for calculating
the band structure in the direction parallel to the water-lens
interface. The periodic boundary conditions are imposed on
the top and bottom boundaries of the supercell. Mass density
and sound velocity of water are set as 1000 kg/m3 and
1490 m/s. Figures 4(b) and 4(c) show, respectively, the band
structure results of the supercell comprising N ¼ 8 and
N ¼ 10 unit cells of the phononic structure. The dispersion
curves of water (the red dashed line) and longitudinal wave
branch (the blue solid line) of the phononic crystal are also
included for comparison. For the modes on the right of the
water line, acoustic fields in water are evanescent, while in
solid crystals, we have propagative modes which fall below
the longitudinal wave branch. These propagating modes
have the same physics with Lamb modes in pure plate and
are dependent on the finite thickness, namely, the number of
unit cells. The modes that fall above the longitudinal wave
branch and in the right of the water line are surface modes
bound to the water-lens interface. Shown in Fig. 4(d) are the
eigenstates of the surface mode at frequency of 37.65 kHz
for the case of N ¼ 8, and it is indeed observed that the wave
fields are strongly confined near to the interface. Moreover,
these surface modes are almost irrelevant to the crystal thickness, meaning the weak coupling between two interfaces of
the lens.
In order to produce the super-resolution focusing, evanescent waves emitted from a point source must excite and
couple the surface mode of the phononic crystal. This

FIG. 4. (a) The supercell model for calculation of acoustic bulk (Lamb) and
surface modes of a N-layers phononic crystal. Dispersion curves (solid
circle) of acoustic bulk and surface modes of phononic crystals composed of
(b) N ¼ 8 and (c) N ¼ 10 layers. (d) The field distribution of the eigenstate of
acoustic surface mode of the eight-layer crystal at frequency 37.65 kHz.
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normally happens if the source lies in the near field of the
crystal. Moreover, the coupling should be efficient when the
point source is placed between the unit cells, because the
pressure amplitude reaches the maximum in front of each
cell, as observed in Fig. 4(d). Thus, the maximum displacement amplitude is achieved between the unit cells in both the
fluid and solid regions. Acoustic focusing by the solid phononic crystal is studied based on the commercial software,
COMSOL Multiphysics. The lens under study comprises 8
cells in thickness and 60 cells in width. This means that the
thickness d of the lens is about one wavelength (k) in water
corresponding to the operating frequency 37.65 kHz, and the
aspect ratio of the lens is 7.5, which suffices to avoid the
imaging distortions.8 Figure 5(a) shows the contour plot of
the normalized pressure fields, in which a point source is
placed at a distance of s ¼ 2 mm (k/20) from the surface of
the slab lens. It can be seen that a focusing spot appears on
the right side of the crystal. According to acoustic ray tracing, the distance i of the focusing spot should perfectly
match i ¼ d-s. Since s  d, the focusing distance is approximately equal to the lens thickness, i.e., i  d. We therefore
examine the lateral distribution of pressure intensity in the
image line located at x ¼ d, as illustrated in Fig. 5(b). The
result clearly demonstrates the sub-diffraction-limited acoustic focusing with a spatial resolution of 0.41k, which is
defined as the full width at half maximum (FWHM) of the
transmission peak measured at the basis of the peak.9
The presence of the superfocusing emphasizes the role of the
crystal’s surface modes in amplification of evanescent

FIG. 5. (a) Pressure field distribution of a point source with an oscillating
frequency 37.65 kHz placed at a distance of 2 mm from the surface of an
eight-layer phononic crystal. (b) Lateral distribution of pressure intensity
across the focusing spot (i ¼ 40 mm) behind the lens.
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waves. It is noted that the proposed crystal structure has not
been optimized for the purpose of the matched impedance to
the background; as a result, the pressure levels are different
in the source and image regions, as indicated by different
color scales in Fig. 5(a). Further optimization studies are
being conducted regarding this aspect.
In this work, we have proposed a solid phononic crystal
lens capable of acoustic superfocusing beyond the diffraction
limit. We have found a mechanism by which evanescent
waves can be amplified in a solid phononic crystal composed
of four rigid cylinders embedded in a solid matrix. From the
band structure analyses, the negative curvature of the longitudinal wave branch can be attributed to relative motions of
cylinders and associated very well to the double negativity.
This may imply the existence of the surface mode that
accounts for the evanescent wave amplification. Acoustic
superfocusing by the solid lens is finally assessed by numerical simulations. The proposed superlens is simple in geometry and based on physically realizable materials. In addition,
the wavelength of the focused wave is much larger than the
lattice constant of the solid crystal, and the relevance
between the sensitivity of the wave focusing to the crystal
array imperfections should be very low. This will facilitate
the experimental realization of the lens. The solid nature of
the proposed lens makes it more suitably used for ultrasonic
medical imaging in human tissue environment.
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