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A holey-structured metamaterial is proposed for near-field acoustic imaging beyond the diffraction

limit. The structured lens consists of a rigid slab perforated with an array of cylindrical holes with

periodically modulated diameters. Based on the effective medium approach, the structured lens is

characterized by multilayered metamaterials with anisotropic dynamic mass, and an analytic model

is proposed to evaluate the transmission properties of incident evanescent waves. The condition is

derived for the resonant tunneling, by which evanescent waves can completely transmit through the

structured lens without decaying. As an advantage of the proposed lens, the imaging frequency can

be modified by the diameter modulation of internal holes without the change of the lens thickness

in contrast to the lens due to the Fabry–P�erot resonant mechanism. In this experiment, the lens is

assembled by aluminum plates drilled with cylindrical holes. The imaging experiment demonstrates

that the designed lens can clearly distinguish two sources separated in the distance below

the diffraction limit at the tunneling frequency. VC 2014 Acoustical Society of America.

[http://dx.doi.org/10.1121/1.4868395]

PACS number(s): 43.20.Fn, 43.58.Ls, 43.20.Mv [GH] Pages: 1686–1691

I. INTRODUCTION

The diffraction effect of acoustic waves imposes a fun-

damental limit for the spatial resolution of imaging systems.

The diffraction limit can be attributed to the absence of

decaying evanescent waves in image regions that carry the

fine features of objects. In the past decade, metamaterials

with unusual physical properties1,2 have been employed to

achieve subwavelength images beyond the diffraction limit

by enhancing transmission amplitudes of evanescent waves.

Acoustic subwavelength imaging can be achieved either by

the surface resonant effect in doubly negative3 or single

negative-mass metamaterials4,5 or by the Fabry–P�erot (FP)

resonant,6,7 the near-zero mass,8 or the resonant tunneling

effects9 in anisotropic-mass metamaterials. The advantage

for the anisotropic-mass metamaterial lens is that evanescent

wave amplitudes with different wave numbers can be uni-

formly enhanced, then the image is undistorted as a result.

The reason of the uniform enhancement is that the dispersion

of anisotropic metamaterials can be tailored so that the equal-

frequency surface is hyperbolic or nearly flat. In such case,

evanescent waves with large parallel wave numbers can be

converted into propagating waves and transferred across the

metamaterial lens, forming a subwavelength image.

Following this mechanism, parallel stacked rigid slabs10 or a

bundle of straight brass tubes7 have been demonstrated in

experiment to produce super-resolution near-field images.

For efficiently transferring evanescent waves, these lenses

need to satisfy the FP resonant condition, i.e., the lens thick-

ness equal to the integer number of half wavelength. Hence

their imaging frequency is correlated to the lens thickness.

To overcome this thickness limitation, an acoustic meta-

material lens with a near-zero dynamic mass is proposed.8 The

lens is composed of parallel stacked rigid slabs with the slits

partially filled by elastic layers. The clamped elastic layers

produce the Drude-medium behavior;11,12 this means that

effective mass density is negative below a cutoff frequency.

The zero dynamic effective mass can be realized at the cutoff

frequency.12,13 The imaging frequency, that is also the fre-

quency where effective mass is near zero, is invariant to the

lens thickness. Further studies demonstrate that this lens can

also work for super-resolution imaging by the tunneling mech-

anism.9 In an equivalent mass-spring periodic structure, the

tunneling conditions have been derived; this requires that the

lens thickness should be the integer number of half wavelength

of Bloch wave in the periodic lattices. The condition means

that the imaging frequency can be determined by microstruc-

tural parameters of periodic structures without the change of

the lens thickness in contrast to the FP resonant lens.

Motivated by previous results, in this work, we will propose a

new type of lens based on holey-structured metamaterials, and

the imaging features that rely on the resonant tunneling mecha-

nism. Based on the effective medium approach, the proposed

lens can be homogenized to multilayered metamaterials with

an anisotropic mass density. An analytic model can be estab-

lished to describe acoustic wave interaction with the lens.

Finally, experimental study is conducted to verify the imaging

effect of the metamaterial lens beyond diffraction limit.

II. ANALYTIC MODEL OF HOLEY-STRUCTURED LENS

A. The geometry and dispersion characteristics of the
holey-structured lens

The holey-structured lens is composed of a rigid mate-

rial perforated with cylindrical holes arranged into a square
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lattice in the xOz plane, as shown in Fig. 1(a), where the di-

ameter of the holes is modulated periodically along the y
direction. The diameter and depth of the cylindrical holes

are, respectively, d1¼ 4d2¼ 8 mm and s2¼ 2s1¼ 20 mm.

The period of the square array is a¼ 10 mm and the number

of the unit cell arranged in the y direction is N¼ 2, so that

the total length of the lens is 80 mm. The background me-

dium is the air with mass density q0¼ 1.25 kg/m3 and sound

velocity c0¼ 343 m/s.

The dispersion curves are computed for the unit cell

with periodic boundary conditions by meshing only the air

parts, using the commercial FEM package COMSOL

Multiphysics. The band structure along the CXMRC path of

the irreducible Brillouin zone is shown in Fig. 1(b). The flat

dispersion curve can be observed in XM and MR directions,

meaning that the fundamental mode along the CX direction,

namely inside the holes, is irrelevant to the parallel wave-

number kk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

x þ k2
z

p
of incident waves. This result

implies that most parts of evanescent waves can be coupled

to a fundamental mode inside the holes at a unique fre-

quency. We will explain in the following text that by cou-

pling to the tunneling mode, evanescent waves are able to be

completely transferred across the structured lens, realizing

the near-field super-resolution imaging. To this end, an ana-

lytic model will be established in the next subsection to

quantify transmission coefficients of evanescent waves inci-

dent on the structured lens, then to derive the tunneling con-

dition of complete transmission for evanescent waves. It is

worth noting that the tunneling mechanism is due to the

standing wave resonance in a finite periodic structure and is

distinct from the all-angle-negative-refraction superlens14

based on the phase velocity matching. So the intersection

between dispersion curves for the structured lens and the

background air cannot be observed.

B. Analytic model of the holey-structured lens

The analytic model that describes acoustic wave interac-

tion with the studied holey structure is constructed based on

effective medium approach. To proceed, we impose a limit

on the lens model in that the periodicity a is far less than the

operating wavelength of imaging. With this assumption, the

zeroth-order longitudinal mode dominates the transmission

process in cylindrical holes. As a result, the unit cell of the

lens can be represented effectively by a three-layer acoustic

fluid with anisotropic effective mass density as explained in

Fig. 2. Effective mass density tensor ~q ið Þ and sound velocity

ci for the ith layer (i¼ 1,2) are written, respectively, as15

~q ið Þ ¼ diag qx
i ; q

y
i ; q

z
i

� �
; with

qy
i ¼ q0

4a2

pd2
i

; qx
i ¼ qz

i ¼ 1; (1a)

ci ¼ c0: (1b)

Infinite effective mass densities qx
i and qz

i are defined due to

the fact that only the longitudinal inertial motion is allowed

inside the holes. The dispersion relation for a general

anisotropic-mass acoustic media is expressed as k2
x=q

x þ k2
y=

qy þ k2
z =q

z ¼ x2=j where j is the bulk modulus, and it

becomes k ið Þ
y ¼ k0 with k0 ¼ x=c0 for the ith layer of acoustic

media in the present model. The dispersion relation shows the

independence on the parallel wave number kk; this theoretical

prediction is consistent to the observation in Fig. 1(b).

For the effectively homogeneous model of the holey-

structured lens, the pressure p and particle velocity vy along

the y direction in the ith region (i¼ 1,2,3) are written as

p ¼ Aie
jk0 y�yi�1ð Þ þ Bie

�jk0 y�yi�1ð Þ
� �

ej kxþkz�xtð Þ;

yi�1 � y � yi; (2a)

vy ¼
k0

xqy
i

Aie
jk0 y�yi�1ð Þ � Bie

�jk0 y�yi�1ð Þ
� �

ej kxþkz�xtð Þ;

yi�1 � y � yi; (2b)

where y0 ¼ 0, y1 ¼ s1, y2 ¼ s1 þ s2, y3 ¼ s ¼ 2s1 þ s2, and

j ¼
ffiffiffiffiffiffiffi
�1
p

. When a plane acoustic wave is incident obliquely

on the N three-layer units with the parallel wavenumber

FIG. 1. (a) The model of the holey-structured lens and its unit cell; (b) the

band structure of the periodic holey structure along the CXMRC path of the

irreducible Brillouin zone.

FIG. 2. The model of three-layer anisotropic acoustic fluids that effectively

represents the unit cell of the structured lens under long-wavelength

approximation.
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kjj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

x þ k2
z

p
, the general expression of transmission coef-

ficient T can be expressed as

T x;kk
� �

¼ 2z0

2z0 cos Nqsð Þ� T1þT2z2
0

� �
sin Nqsð Þ=sin qsð Þ

;

(3)

with z0 ¼ q0x=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

0 � k2
k

q
and

T1 ¼ iqy
2c0

1

d2
cos k0s2 sin 2k0s1 þ sin k0s2

�

� cos2 k0s1 �
1

d4
sin2 k0s1

� 	

; (4a)

T2 ¼
i

qy
2c0

d2 cos k0s2 sin 2k0s1 þ sin k0s2

�

� ðcos2k0s1 � d4 sin2 k0s1Þ�; (4b)

where d ¼ d1=d2 is defined, and q is the wavenumber of the

Bloch wave that propagates in the y direction and satisfies

the following dispersion relation:

cos qs ¼ cos k0s� 1

2
d� 1=dð Þ2 sin k0s2 sin 2k0s1: (5)

The tunneling condition corresponds to the complete trans-

mission jTj ¼ 1 for all evanescent waves with kk > k0.

According to Eq. (3), this condition is obtained as

Nqs ¼ mp; m ¼ 1; 2; :::;N � 1: (6)

Note that this condition also leads to the complete transmis-

sion of propagating waves (kk � k0). Equation (6) follows

the similar form to that obtained for discrete mass-spring

structures.9

C. Analytic results and discussions

The tunneling condition for the present model (N¼ 2)

reads

2 cos k0sð Þ ¼ d� 1=dð Þ2 sin k0s2 sin 2k0s1: (7)

If d ¼ 1, Eq. (7) is then reduced to the FP resonant condition

for which the general expression is Nk0s ¼ mp.6 In this case,

the controlling parameter for the operating frequency is the

lens thickness h¼Ns. However, when the periodic holes with

d 6¼ 1 are considered, the imaging (tunneling) frequency can

be modified by the diameter ratio d without the change of the

lens thickness. In Fig. 3 is shown the tunneling frequency

obtained for various d. The tunneling frequency is always

less than the FP resonant frequency and is lowered with d
deviating away from the unity. The theoretical prediction on

the tunneling frequency of the studied lens (d ¼ 4) is 925 Hz.

Figure 4 shows the contour plot of transmission ampli-

tudes for different parallel wavenumber kk and frequency of

incident waves. It can be seen that incident waves, in partic-

ular evanescent waves (kk > k0), can be transported with

unity modulus in amplitude at the tunneling frequency

925 Hz. The result implies that the holey-structured lens

could transfer subwavelength details that are characterized

by large kk to the output side of the lens, and produce high-

resolution images in the near field.

III. NUMERICAL AND EXPERIMENTAL STUDIES
ON HOLEY-STRUCTURED LENS

A. Numerical analyses on the holey-structured lens

To verify the analytic model, the transmission spectrum

of normally incident waves computed by Eq. (3) are com-

pared with numerical results by COMSOL Multiphysics, as

shown in Fig. 5. It can be observed that the overall trend and

magnitude between numerical and analytic results coincide

very well, validating the analytic model proposed for the

structured lens. But there is a small discrepancy between

both results around the tunneling frequency. The reason of

the deviation can be attributed to the unreasonable analytic

approximation in the vicinity of abrupt changes of hole

diameters where inhomogeneous wave fields prevail. As a

result, the actual tunneling frequencies that result in the com-

plete transmission turns out to be 905 Hz. As is explained

before, the propagating wave vector in the lens is independ-

ent on the parallel wave number kk. The frequency 905 Hz is

also the peak transmission frequency for any waves with

FIG. 3. The model of three-layer anisotropic acoustic fluids that effectively

represents the unit cell of the structured lens under long-wavelength

approximation.

FIG. 4. (Color online) Contour plot of transmission amplitudes |T| for differ-

ent parallel wavenumbers kk and frequencies of incident waves.
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kk > 0, thus it will be the operating frequency for acoustic

subwavelength imaging.

In Fig. 6(a) is shown the finite element model based on

COMSOL Multiphysics for conceptual demonstration of the

super-resolution imaging. The structured lens of a height

50 mm is placed inside a parallel waveguide with sound hard

boundary settings for the top and bottom surfaces, and the

waveguide is surrounded by perfectly matched layers (PML).

The acoustic source emanating from a small waveguide is

taken as the object. For verification of the imaging perform-

ance of the lens, pressure amplitudes will be examined in the

image region that is taken to be the middle surface of the

waveguide behind the lens as shown in Fig. 6(b). Simulation

results for verifying imaging performance of the lens will be

presented in the next subsection by comparison to the experi-

mental results.

B. Experimental verification for acoustic
subwavelength imaging

The holey-structured lens is assembled from five alumi-

num plates drilled with cylindrical holes according to the

design presented in Fig. 1(a); the fabricated sample is shown

in Fig. 7(a). Due to the large impedance mismatching between

aluminum and air ZAl=ZAir ¼ 4:1� 104,16 it is reasonable to

assume the aluminum lens to be rigid with respect to the air.

The schematic illustration of the experimental setup estab-

lished for verifying acoustic subwavelength imaging is shown

in Fig. 7(b). The waveguide system for measuring acoustic

response of the lens is composed of two parallel 1.0 m2

PMMA plates of 10 mm thickness, and the distance between

the plates is 50 mm. The loudspeaker is placed in front of the

lens and produces continuous sine-wave signals of frequencies

905 Hz. Pressure amplitude distributions in the region behind

the lens are measured by a microphone moved in 2 mm step

by stepping motors. To reduce the influence of background

FIG. 6. (a) The finite element model for verifying imaging performance of

the holey-structured lens; (b) the schematic illustration for the image region.

FIG. 8. Simulation and experiment results of normalized pressure ampli-

tudes in the line taken 2 mm behind the lens when one loudspeaker operating

at frequency 905 Hz is placed in front of the lens with the distance 2 mm.

FIG. 7. (a) The fabricated sample of the holey-structured lens; (b) the

scheme of the experimental setup established for verifying acoustic subwa-

velength imaging.

FIG. 5. Theoretical and numerical results of the transmission spectrum for

acoustic waves normally incident on the holey-structured lens.
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noise, the signals received by the microphone are filtered by

band-pass filters. The LABVIEW program is coded to deal with

the signal processing and control of stepping motors.

Figure 8 shows both simulation and experiment results

of the normalized pressure amplitudes in the line taken 2 mm

behind the lens when one source with the operating frequency

905 Hz (its wavelength in air is 380 mm) is placed in front of

the lens at the distance w¼ 2 mm. It can be found that there

is only one lobe observed from the pressure amplitude profile

in the plane parallel to the output side of the lens, and the ba-

sis of the lobe of this profile becomes zero in the location far

from the peak position. So the resolution of the lens can be

defined as the full width at half maximum (FWHM) of pres-

sure amplitudes, which is k/5.2 according to simulation

results. The measured FWHM is about k/4.1� 92.7 mm; the

possible reason for this difference is the moderate acoustic

loss when acoustic wave penetrates the lens.

When two sources with the separation 110 mm (� k/3.5)

are located in front of the lens at the distance w¼ 2 mm, the

amplitude distributions of pressure fields in the image region

are displayed in Figs. 9(b) and 9(d), which are obtained,

respectively, by numerical simulation and experimental mea-

surement. Two bright spots can be observed in the near field

adjacent to the lens by which two sources can be clearly dis-

tinguished. Because the subwavelength information of the

two sources is stored in near-field evanescent waves, one

cannot distinguish two sources in the far field when the lens

is absent as illustrated in Figs. 9(a) and 9(c).

Figure 10 shows the pressure amplitudes in the line taken

2 mm behind the lens for various distances between the source

and the lens, w¼ 2, 4, and 6 mm. It can be found that the

imaging effect becomes worse when the source is located fur-

ther away from the lens. This is because evanescent waves

decay rapidly; their wave amplitudes become very small

when they travel a long distance before reaching the lens. The

overall profile between simulation and experiment coincides

very well, but there are some discrepancies of pressure ampli-

tudes between them. The reason of the discrepancy may be

that the small waveguide used as the source in numerical sim-

ulation is not able to describe very accurately the loudspeaker

performance, so that the wave interference between the wave-

guides cannot result in an evident drop around the center

region of the amplitude curves.

FIG. 9. (Color online) Simulation (a) and (b) and experiment (c) and (d) results of normalized pressure amplitudes in the image region in the absence (a) and

(c) and presence (b) and (d) of the holey-structured lens when two loudspeakers separated by 110 mm are placed in front of the lens with the distance 2 mm.

FIG. 10. (a) Experiment and (b) simulation results of normalized pressure

amplitudes in the line taken 2 mm behind the lens for various distances

between the source and the lens, 2, 4, and 6 mm.
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The preceding experimental results clearly demonstrate

that the designed lens can indeed interact with evanescent

waves by coupling to the tunneling modes and then transfer

them to the far side of the lens to form acoustic super-

resolution images. In practice, evanescent waves may appear

as parts of scattered fields coming from unknown objects.

When they are captured by acoustic imaging system with

help of the designed lens, high-resolution images can then be

achieved.

IV. CONCLUSIONS

This work studies a holey-structured metamaterial lens

capable of acoustic subwavelength imaging beyond the dif-

fraction limit. The lens prevents evanescent waves from

decaying based on the resonant tunneling mechanism. An

advantage of the lens is that the tunneling frequency can be

changed by modulating the diameter ratio of internal cylindri-

cal holes, while the lens thickness remains unchanged. Its

behavior is distinct from that of the holey-structured lens

based on the FP resonance, the imaging frequency of which is

controlled by the lens thickness. The analytic model has been

constructed to evaluate transmission properties of evanescent

waves through the structured lens. Experimental results dem-

onstrate that the proposed lens is easily fabricated and capable

of distinguishing two sources separated in the distance below

the diffraction limit at the tunneling frequencies.
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