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Abstract

A spherical inclusion in an infinite isotropic microstretch medium is examined in this paper. By means of
Green’s function technique, the analytical expressions of the Eshelby tensor for an isotropic microstretch
medium are derived, and their volume averages over a spherical inclusion are obtained in an analytical and
simple form. These results are useful to evaluate the effective property for a heterogeneous microstretch
medium.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

The concept of microcontinuum, proposed by Eringen [1], can take into account the micro-
structure effects while the theory itself is still a continuum formulation. The first grade micro-
continuum consists a hierarchy of theories, namely, micropolar, microstretch and micromorphic,
depending on how much microdegrees of freedom are incorporated. These high order continuum
theories are considered to be potential tools to model the behavior of the material with a com-
plicated microstructure. For example, in the case of a foam composite, when the size of the
reinforced phase is comparable to the intrinsic length scale of the foam, in this situation, the
microstructure of the foam must be taken into account to some degree, so a high order continuum
model must be assigned for the foam matrix. The same remains true for nanocomposites, since the
scale of the reinforced phase is so small, the surrounding matrix cannot be homogenized as a
simple material (Cauchy medium), some intrinsic microstructures of the matrix must be consid-
ered in a proper continuum model.
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Microstretch [2,3] theory is a generalization of the micropolar theory, for such a material, a
homogeneous stretch microdeformation is added to every particle, i.e., besides the translation and
rigid rotation, each particle can have an independently breathe-like degree of freedom. Such a
generalized media can catch more detailed information about the microdeformation inside a
material point, which is more suitable for modeling the overall property of the foam matrix in the
case of foam composites.

In classical Cauchy elasticity, the inclusion problem was first addressed by Eshelby [4]. The
term inclusion originally appeared in Mura’s monograph [5] represents a subdomain of a
homogeneous material, which has been prescribed with certain distribution of eigenstrain, or
stress-free strain. If such a domain has different properties from the surrounding matrix, it
is called inhomogeneity. The above inclusion theory forms the basis for micromechanics to pre-
dict the overall properties of heterogenecous materials, i.e., composites, materials with defects.
Recently by using the Green’s function technique, Cheng and He [6,7] extended the inclusion
problem to micropolar elasticity. In their work a similar term eigentorsion was introduced in
addition to the classical eigenstrain, and consequently four Eshelby tensors are obtained for a
micropolar material. Even for the simplest shape (for example a sphere), the Eshelby tensors are
not uniform inside a spherical inclusion, and to the present only the Eshelby tensors for spherical
and infinite cylindrical inclusions are analytically derived. Recently Liu and Hu [§8] make use of
these results, and obtain analytically the average Eshelby tensors over a spherical region for
micropolar material. With these average Eshelby tensors, they further generalize the classical
micromechanics for a heterogeneous Cauchy medium to a micropolar composite, the influence of
the particle’s size on the overall elastic—plastic behavior of composite materials is correctly pre-
dicted.

Encouraged by these results, in the paper, we will examine the inclusion problem for a mi-
crostretch continuum, this is the first step towards the potential application of microstretch theory
to predict the overall behavior of heterogeneous materials. The microstretch version of inclusion
problem results in new Eshelby tensors due to the new strain measure introduced by the theory, of
cause when the microstretch effect is neglected, the results for a micropolar counterpart must be
recovered. Our work is limited to an isotropic material and a spherical inclusion, to facilitate
further application for micromechanics, the analytical expressions for the average Eshelby tensors
over a spherical region in a microstretch medium will also be given. The paper is arranged as the
follows, In Section 2, a brief recall and the definition of an eigenstrain problem for microstretch
theory will be outlined. In Section 3, the fundamental solution will be completed and the general
expression of the field quantities caused by the eigenstrain will be formulated; and the solution of
an inclusion problem will be presented in Section 4; finally, the average Eshelby tensors over a
spherical inclusion will be performed and the analytical expressions will be given. In most case
indices notation for a tensor (or vector) is adopted in this paper, except some vector represen-
tations appear in bold letter as used for convenience.

2. Basic equations and symbolic notations

We denote u; and ¢, as the displacement and microrotation of a material point respectively, and
0 represents the microstretch (or contraction) to that point. The strain measures of a microstretch
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media consist of these quantities themselves and their space gradients, the three sets of governing
relations for an isotropic microstretch continuum are:

geometrical relations:
gi =uij+eud, ki=¢,; =0, (1)

where e;; 1s the third order permutation tensor, a comma preceded by a subscript means space
derivative. The stress quantities, as the strain measure’s dual part, must satisfy the balance
equations:

balance equations:
lj,‘,j+fi:0 mji7j+e,~k1tk1+li:0 pk,k—S‘i‘Z:O (2)

where ¢;;, m;; are asymmetric stress and couple-stress, p; and s is new stress quantities additional to
micropolar theory, which are thermodynamically conjugate to 0; and 0. f;, /; and [ are body loads
which make balance in the three equations. Finally, for an isotropic microstretch solid, the stress
and strain are related by the following constitutive equation:

constitutive equations:
ti = Ciier + 0;i400  mji = Djukiy  pi =m0, s = Aoew + b0 (3)

where Cjy, Dy 1s the isotropic modulus tensors of the following form:
K K
Cjirt = 40;i0k + (H + 5) 0x0ir + <,U - 5) 010
Dty = 00;;01; + 70 x0i; + 010

(4)

There are in total nine independent material constants, /, u, k, «, f§, y are micropolar constants,
and Ay, # and b are new constants due to the generalization to microstretch theory. For a well-
posed boundary value problem, the following boundary conditions must be provided:

i Prlg :p on S°
U = u; (bi:&ﬁi 0= on S*

(5)

I

where n; is the outer normal of the boundary.

Eigenstrain, or stress-free strain, is usually used to simulate the thermal expansion, phase
transformation, initial strains, plastic strain or misfit strains. The incompatibility of eigenstrain
will result in a self-equilibrium stress field in a material free from any external load. Here this
concept from a classical Cauchy media is generalized for a microstrech continuum as an eigen-
strain &};(x), an eigentorsion £ (x), an eigenmicrostretch-gradient {; (x) and an eigenmicrostretch
07 (x), all these eigenvariables are called eigendeformation in the following.
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Consider an infinitely extended microstretch elastic body with a distribution of eigendefor-
mation

ef(x) ki(x) {(x) and 07(x)

'ji
the constitutive equation (3) must be modified due to the introduction of such nonelastic defor-
mation

ti = Cia(ew — &) + 0;i20(0 — 07)  m;; = Dy (ks — k)

6
pi=n0;—C") s=lolew — &) + b0 —67) (6)

In absence of body force, by substitution of the geometrical equation (1) into the constitu-
tive relation (6) and then into the balance equations (2), we obtain the following governing
equations:

Ciratty j + Keikl¢1,k + 200 +fi+ =0
Djici P4 + Kemurx — 2K¢; + IF=0 (7)
1’]9"](1( — )L(]l/lr‘r — bg + l7L =0

where

1= (Gl + 2007) 17 = —(xewey + Djuikyy ;) 17 = Joggg + b0 —nl], (8)

1

Here the role of the introduced eigendeformation is transformed as the equivalent body forces.

3. Solution of elastic field

Determination of u;, ¢, and 6 can apply standard Green’s function technique. The Green’s
functions of a microstretch media are not explicitly at hand, However Eringen [1] has indicated a
way to obtain the fundamental solution for a microstretch media. We give directly the expressions
of Green’s function here and the detail derivation is explained in Appendix A. Assuming in an
infinitely extended body there exist impulse body loads at the position x’

f=Fi(x—x') 1=Lé(x—x) [=Lo(x—X) 9)

Then the fundamental solution of microstretch theory can be summarized in the following
expressions:

" = (Gllj + Gijtretch)};} + GzszJ —+ GiL
b= HLF, + H2L, (19
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where G}, G}, = H;; and H;; are the Green’s functions for micropolar theory, one can refer to

Sandru [9] for their detail expressions, and Gsfrmh G;, ©; and O are the additional Green’s
functions due to the incorporation of microstretch effect, they read

bp* — 1 & P [l—elP
GlSjtretch P n - r +p2
4dnn(A+2p) | 2 Ox;0x; Ox;0x;; r

— e/
Gi:—@i: l()p i 1 e /P (ll)
4nn(A + 2u) ox; r
9 L e"’/l’
4mn r
where p = % has a dimension of length, and » = |x — X/|.

With the help of the obtained fundamental solutions, the whole displacement fields u;, ¢, and 0
under the previously prescribed eigendeformation can be readily obtained. To do this we firstly
use the work reciprocal theorem of a microstretch media

/V(ﬁu§+li¢;+10’>dx:/V(ﬂu,-—l—l;(b,-+l’8)dx (12)

where the quantities with and without a prime are two distinct independent sets of the load and
the resulted displacement fields. By taking respectively,

(ﬁ AR 9’) (0xd(x — X),0,0, G, + GSh Ht @,)
= (0,40(x — x'),0, G, Hz, 0) = (0,0,6(x —x'),G;,0,0) (13)

we have the general expressions of u;, ¢, and 0 for an infinitely extended body under the body

loads f;(x), /;(x), /(x)
/ {A(X)GL(x —x) + G (x — x)] + L(X)Hy (x — X) — [(x) O (x — X) }dx’
= [ UG x = x) + (63 x x) oy

/{ [i(X)Gi(x = X) + I[(x)O(x — x') }dx’
(14)
By substituting the expression of body loads defined by Eq. (8) into Eq. (14), and integrating by

parts, the final solutions for the local displacement fields due to the prescribed eigendeformation
read
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Uy (X) = — / {Cjik/gkl( )(Glln ,+G,Sfft°h) + Keweg (X)H,, + Dy (X)H,, |
4

+ 2007 (x) (G}n, + GStretch) + JogE(X)O, + b0 (X)O, — ncj(x)@n,,}dx'

m,

(15)
d)n(X) = _/ {Cjiklgkl( )ij—i_Kelklgljl( ) 111+Dﬂklkkl( ) m/}dx
vV

X) = / {Cime(X)Gij + 4007 (X)Gi; + Aoe,(x)O + bOT (x)O — i (x)O, }dX’
V

These general expressions, together with aid of Egs. (11), (1), (6), provide the complete local
elastic displacement, strain and stress fields due to any eigendeformation. In the next section, this
general result will be applied to the inclusion problem.

4. Inclusion problem

Consider an infinite extended elastic body, in a spherical subdomain Q, there is a uniform
eigendeformation (¢, k7, {7, 67) and this eigendeformation is zero outside of Q.

ij° "ijo

Eq. (15) can be rearranged in the following form:

u, (X) upoldr( ) +I§]§;’etch( )87;] 4 [slzretch(x)gl-: + IStretCh (X)9+

$,(x) = ¢ (x) (16)
0 X) :chsltretCh(X)glJcr] +JkStretCh(X)CZ _’_JStretch(X)6+
where uP°% (x) and ¢P**"(x) are just the micropolar elastic fields of the corresponding inclusion
problem given by Cheng and He [6,7]. We just give in the following the other six coefficient
functions with a superscript Stretch indicating the relevant quantities due to the microstretch
effect. From above equations, we note that the microrotation ¢, is independent of the micro-

stretch effect, it just remains the same form as that in micropolar theory. The other six coefficient
functions are

L = —Ciu / G MV — Jody / 0,dV
Inslzretch — ;,]/ @n,de
o "
InStretch — _/1 / (Glly” + G]Sﬂtr]etch) dy — b/ @ndV
JStretch C]zkl/ Gi,jdV + /L()ak[/ edr
Q

JkStretch = —y /Q @de

JStretCh:AO/Gh,-dVer/@dV
Q Q

(17)
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With help of Egs. (11) and (4), we obtain finally

) bA— 2} M bu 22
Stretch __ . 0 " )
Inkl - (/1 + 2,“ A >5kl¢.n (X) + ()u + 2[1 A )w,nkl (X) A 5k/M" (X)

bn(A+2
+ <77(Az/i) - Z) (465 M jin (X, p) 4 2UM s (X, p) — 2 1y (X)]

retc nj’
L = = =2 [ ,u(X) = Mou(x. p)]

1
JSuech — ) [thM X, h) .. — BM(x,h)  + X }
n 0 ( ),ml ( ),n )u+2ﬂ¢( ),n <18)
b 1 ) bl
- j~0 (Z - j, n 2‘Ll> {(P(X),n - P M(X7p>,m'i} + 7 [(l)(X)n - M(Xap),n]
yl i \
Jpteteh — ;O(MM (x,p) + ZO 21 ji(x) = 2uM 4y (X, p) — A0uM ii(X, p)]
JkStretch — _Mk (X,p)
JStretch — éM(X p> o ﬁM(X p) -
n ) A ) Jii
where 4 = (2 +2u)b — 15, B = /[u2u + )], B> = 2 + x)p/4px and
| , Lo, 1 [erh
w(x)—ﬁ/grdx qﬁ(x)—ﬂfg;dx M(X’k)_ﬂ/g . dx (19)

The analytical solution of the above three integrations is hard to obtain for a general shape of

inclusion, especially for the third one. For a spherical inclusion, the analytical expression of

M(x,k) is given by Cheng and He [6], and for the other two integrations in (19), we refer the

readers to the Ref. [5]. In Appendix B we explicitly list these integrals for spherical domain.
The associated strain measures can be obtained without any difficulty through Eq. (1)

e (X) = [Konia (%) + Kbt ™ ())& + L XV + N () + T (x)07

(
kmn (X) I?mnkl (X)Elir] + Zmnkl (X)k]j] (20)
Cn(x) — Ks/getch (X)Sljl 4 NnSktretch (X)C’Z 4 T;qStretch (X)9+

where K,ji Ly I?mnj,« and Zmnﬁ are the four Eshelby tensors for a micropolar medium (see Ref.
[6]), and

RS (x) = 5590 (x) - K3 (x) = Jh (x)
NS (x) = SR (x) - N§RER(x) = JSeet (x) e1)

Tj;retch(x) — I’it’:’etch (X) TnStretch (X) — Jitretch (X)
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These are the additional Eshelby tensors due to the microstretch effect.

With help of the analytical expressions for the integrals (19), all the Eshelby tensors for a
microstretch continuum can be obtained through Egs. (18)—(21). As for the micropolar contin-
uum, the derived Eshelby tensors are position dependent even inside of a spherical inclusion. In
order to be used for predicting the overall property of a heterogeneous microstretch medium, we
will give in the following the analytical expressions for the average Eshelby tensors. Averaging
both side of Eq. (20) and the third one of Eq. (16) over a spherical region, we get

(emnde = [(Knnk)g + (Ko™ aleiy + (Lt ok + (N ™) ol + (T, ") g0

<kmn> < mnk/)QSkl + <Lmnk1> klﬁ? (22)
(g = (K™ ) gt + (N M) ol + (1,15 ) g0

() = W5 H)gs; + (TS glf + (5 407

Here (x), = [, *(x)dx, representing the volume average with respect to the inclusion domain. For
a spherlcal 1nclu51on and an isotropic microstretch material, the average Eshelby tensors over the
inclusion are isotropic and have the following form:
Konit) o = K100 + (K + K3) 001 + (Ka — K3) 010k
KStretch> KStretch5 6“ 4 (KStretch KStretch)é k5 L+ (KStretch o KStretch)é 15 .
Q mn 3 mkYn 2 3 mlYn

mnkl

(
(
(L mnkl)Q = L1 0pm0u + (Lz +1 3) Ok Ot + (Zz - Z3)5»115nk

(NSeehy 5 Stech (23)
<TStretch>Q — 5mn TStretch

(

(

Kmnkl> <Lmnkl> <KnSISCtCh>Q = O
NStretch> < TnStretch> 0= < JkStretch> 0= 0

mnk

We denote that tensors with odd order eventually averages to zero. After a lengthy mathematical
manipulation, we get

3.—2u 2h(a + h)x

K =020 T3d (et 20) I'(r)

= 153;11182!:() B 53;(&1}’2)5 r(n)

K =X g; 3u 2h(;z3:< Z) iﬂzz)x)z r(h) — g(athg) g

7, - +g)l(05ao;g—;l/j +7)u I'g) (h + a)(zlé;hyi/(f +2u) I
I, = %F@ | 3lat h)zl(oﬂa:rh?c)ﬁfx +2p) i
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(@a+h)(y = B)(x +2u)

Ly= rih
} 8athrpu (2)
KStretch — M (p) . 8#7}(2)
: 5a3A%p 15A(/+ 2)
KStretch — _ 2(61‘1‘—[7),“77}«2) (p) 2[1—}»(2)
? 5a34%p 154(7 + 2p)
KStretch -0
3 =
24)
retc p(a +p) <
NSt tch _ a3 F(p)
. —i—p)i()
TStretch —_ IL
Stretchy __ /10(3/1—’_4#) 4p(a+p)u/10
<Jk1t M= 34 - =y I'(p)
2
retc p b 3[? a +p
<JSt th>Q :_(a:;)l_,(p)
where
I'(y) = e?*|aCosh ™ — ySinh~ 25)
Yy Y
h=+y2u+x«)/dux
Y (2u+ 1) /4u )

g=(a+p+7)/2k

notice that %, g and p can be regarded as the characteristic length of a microstretch material; a is
the radius of the spherical inclusion.

5. Conclusion

We therefore derive the analytical expressions of the Eshelby tensors for a spherical inclusion in
an isotropic microstretch medium, the volume averages of the derived Eshelby tensors over a
spherical inclusion are also obtained in a simple and analytical form. These results can be used to
evaluate the average local fields in a spherical inhomogeneity for a microstretch material, which is
essential for predicting the overall property for a heterogeneous microstretch medium.
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Appendix A

The fundamental solution of a microstretch continuum has been discussed by Eringen [1], here
we complete the final small step left. The balance equations read with the vector presentation

WVO+ (A4+20)VV -u— (u+k/2)VXxVxu+kVxe+f=0
(0+B+79)VV -9 -9V xVx@+kVXxu—2kp+1=0 (A.1)
nV20 — b0 — oV -u+1=0

where the impulse body loads take the form defined by Eq. (9). Green’s functions come out from
solution of the previous problem for an infinite extended microstretch elastic solid.

The decomposition of the displacement and rotation into scalar and vector potentials in a
micropolar media is still valid in microstretch context, among various decomposition, we make
use of Sandru’s [9] representation

u=VA+V x (GsA) —kV x (VX A") where V-A =0

A2
@0 =VA;—kV x (VxA)+V x((2A") where VA" =0 (A.22)
f=Vt+V Il where V-II1=0 (A2b)
1=V +V xII' where V-II' =0 '
and where
= (A4 2p)V? = (u+x/2)V?
&1 =( ) $r = (u /2) (A.3)

O3 = (a+B+7y)V =2k Oy =9V =2k

By such manipulation, the balance equations (A.1) are transformed to the following five equa-
tions:

(0204 + KPVHA +1I' = 0 (A.4a)
(0204 + K2VHA 4+ 1T =0 (A.4b)
OsAy+7 =0 (A.4c)
200+ G149 +1=0 (A.4d)
nV20 — b0 — 3NV’ Ag+1=0 (A.de)

Here, fortunately, we find that the governing equations for a microstretch media are quite similar
to the micropolar version after the decomposition by the potentials. In fact, the first three
equations are uncoupled and identical to those in a micropolar media; only the last two coupled
equations with the unknown variables 6 (microdilatation) and A, (scalar potential of displace-
ment) need to be solved here.
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Egs. (A.2b) and (9) lead to

r:—LF‘V<l> where r = |x — X/| (A.5)
47

7

using Fourier transformation technique, we obtain the following solution:

2 —r/p 2 _e7/p
pF- b e l—¢ Jop’L 1 —e
Ay=—L"" 129~ (n—bpA)V
O (4 + 2u) { 2" (n=bp’) r dnn(A+2u) r (A6)
_ —pF 1 —e'/? N L e/P '
 dmn(A+ 2pu) r dny

Substitution of the above expressions and the micropolar solutions of A4;, A and A" (see for
example Ref. [8]) into (A.2a), after some manipulation, we obtain Egs. (10) and (11) in the text.

Appendix B

The integrals appeared in Eq. (19) for a spherical inclusion are evaluated by Cheng and He [6],
the results are

—%(x4 — 10a*x* — 15a*) x € Q
Y(x) = & &
L, 2
_E(X —3a") xeQ
P(x) = &
— Q
3x X ¢
K> — Kk (k + a)efa/kw xe
X
M<X7k) = e—x/k
k*(aCosh¥ — kSinh%) X¢ZQ

where x = |x|.
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