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The realization of controllable wrinkle pattern on a thin membrane is of great importance to micro/

nanoengineering and aerospace engineering. Here, we report a straightforward method that

achieves this outcome by introducing simple microstructures such as holes into the membrane. For

a two-end clamped stretched membrane, the presence of holes redistributes stress field in the mem-

brane, therefore monitors the buckling mode and wrinkle pattern of the membrane. Experiment, nu-

merical simulation, and analytical model are provided to quantify this idea, and several wrinkle

patterns are demonstrated. The results can provide insightful ideas to understand wrinkling phe-

nomenon of microstructured membranes and to tailor wrinkle patterns used in various disciplines

such as membrane manufacturing, cell differentiation, and film antenna in aerospace engineering.
VC 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4893596]

Wrinkling is a general phenomenon found in nature,1–4

and it also occurs in classes of applications in aerospace en-

gineering5,6 and micro/nanoengineering.7–14 Tailoring the

wrinkle pattern of a membrane may present considerable

interests, for example, ordered micro/nanostructures can be

formed by buckling a thin film owing to thermal contraction

of the underlying substrate,9–14 offering numerous applica-

tions as stretchable electronics.12–16 Basically, if certain

boundary of a membrane is constraint, the membrane tends

to wrinkle instead of uniform deformation when external

stimuli make the membrane extend or shrink.17–21 A simple

example is the wrinkle formation of a stretched membrane

with clamped boundaries.1,21–24 However, this method pro-

vides less flexibility to control wrinkle pattern on the mem-

brane. It is known that material properties could be

controlled by designing the microstructures.25–28 This in fact

gives some hints to tailor wrinkle pattern on a membrane by

introducing simple microstructures, and this idea will be

explored in the following. To make the problem as simple as

possible, we consider a two-end clamped membrane with

holes, and the wrinkle pattern and its manipulation will be

examined by experiment, numerical simulation, and analyti-

cal method.

The wrinkle pattern of a uniform polyimide membrane

with clamped ends is shown in Fig. 1(a), the sine-shape wrin-

kles are parallel to the loading direction in the central region

of the membrane, consistent with the results reported in pre-

vious works.1,21–24 Then, we consider the effect of a circular

hole on the wrinkle pattern of membrane. To keep the sym-

metry of membrane, a pair of holes with a fixed radius r0 of

1.5 mm is punched along the central line of the membrane.

Because the distance between the pair of holes is very far

comparing with the radius of holes, the interaction of the two

holes is neglected. As shown in Figs. 1(b)–1(d), three differ-

ent kinds of wrinkle patterns are observed by varying the

position of holes, defined as the distance x0 from the hole to

the clamped end divided by the half-length L of the mem-

brane. When the holes are located near the clamped ends,

x0=L¼ 0.05 in Fig. 1(b), the wrinkle pattern of the membrane

is similar to that of the uniform one but with a smaller ampli-

tude at the same strain level. As x0=L increases to 0.15, the

whole membrane almost remains flat, except a local and

small region near the holes [Fig. 1(c)]. When the holes are

far from the clamped ends, for example, x0=L reaches to 0.40

as shown in Fig. 1(d), a different wrinkle pattern takes place,

i.e., the most part of the membrane appears to wrinkle except

a region between two holes.

In order to understand the wrinkle pattern shift with the

changing position of holes, numerical eigenvalue buckling

and postbuckling analysis are carried out by using the com-

mercial finite element software ABAQUS. The shell element

S4R and linear elastic constitutive model are used.29 The

geometric parameters and material properties used in the nu-

merical simulation are the same as those in the experiment.

A mesh sensitivity study is performed to ensure that the ele-

ment sizes are sufficiently fine. The numerical simulations

on the membranes in Fig. 1 by postbuckling analysis agree

well with the experimental results, demonstrating that the

FIG. 1. Wrinkle patterns of a two-end clamped stretched membrane (width-

length ratio k¼ 0.4) at 5% strain observed in experiment: (a) membrane

without holes, membrane with holes at (b) x0=L¼ 0.05, (c) x0=L¼ 0.15,

and (d) x0=L¼ 0.40.
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observed different wrinkle patterns are the result of buckling

of the membrane with holes.29 By varying the position of

holes with a fixed radius r0, three buckling modes and corre-

sponding buckling strains are plotted in Fig. 2 by eigenvalue

buckling analysis. When the holes are located near the

clamped ends (blue region), the membrane will deform into

the lowest buckling mode of the sine-shape pattern (mode 1),

which is similar to that of the uniform membrane (mode 0).

The critical buckling strain of the membrane increases with

rising distance x0=L until to 0.072. With further increase of

x0=L (red region), a turnover happens, i.e., the lowest buck-

ling mode will transform from mode 1 into mode 2, in which

wrinkles only decorate the local region near the holes. When

the holes are far from the clamped ends, e.g., x0=L¼ 0.40,

the higher buckling mode, mode 3, occurs at the strain level

close to that of mode 2. As a result, the wrinkle pattern may

mix modes 2 and 3 (or other higher modes) at a relative low

strain level, as proved by our experiment [Fig. 1(d)] and

postbuckling analysis.29 It is also observed that the critical

buckling strain of the membrane with holes is significantly

higher than that of the uniform membrane when x0=L is less

than 0.096, suggesting an increase of the membrane stability.

Although people have studied the wrinkles around holes in

substrates,9,10 as well as elastic sheets with holes,19 the dis-

appearance of wrinkle controlled by putting two holes in a

free-standing sheet has not been reported.

Now we are ready to explain the observed wrinkle pat-

terns in terms of the stress distribution on the membrane

by developing an analytical model. The basic idea is the

following: According to previous works,1,21,22 the deforming

process of a stretched membrane under clamped boundaries

can be divided into two parts, a uniform uniaxial tension

force is first introduced to stretch the membrane and then a

shear force is provided to prevent the contraction due to the

clamped end. For simplification, a pair of concentrated

forces F is used to replace the nonuniform distributed shear

force on the clamped end.29 By assuming the solution in the

form of a Fourier series,30 the analytical stress of a two-end

clamped uniform membrane under stretched strain ex can be

obtained as

rx ¼ Eex þ
2F

L
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(1)

where xr¼ x=L and yr¼ y=C are the coordinates along the

length 2L and width 2C direction, respectively, with the

origin at the center of the membrane. k¼C=L is the width-

length ratio and mk ¼ mpk. The concentrated force

F ¼ a�exEC, and a is a factor related to the equivalence

between the concentrated force and the nonuniform distrib-

uted shear force, which keeps nearly constant 0.38 for slen-

der membranes (k� 0.45). E and � are the Young modulus

and Poisson ratio of the membrane, respectively. Our analyt-

ical solution has rapid convergence performance and high

accuracy for slender membranes except small regions near

the boundaries.29 Similarly, when the hole is much smaller

comparing with the size of membrane, the stress solution of

an infinite plate with a circular hole under uniform tension30

and the analytical stress solution in Eq. (1) can be adopted to

describe the stress distribution of a stretched membrane with

holes.29 Furthermore, effective force Fy, defined as the inte-

gral of ry with respect to y from �C/2 to C/2, can be used to

analyze the mechanism of buckling together with local stress

field because of the high compressive stress near the holes.

Figure 3 shows the results of Fy and ry for the mem-

branes in Fig. 1. As shown in Fig. 3(b), when the membrane

is stretched with the clamped ends, there are tensile region

near the clamped ends and compressive region in the center

of the membrane. But the trend is reversed for the stress

caused by the hole along the central line of the membrane,

i.e., a remarkable compressive region near the hole and a ten-

sile region relatively far from the hole.29 So variation on the

FIG. 2. Buckling modes and corresponding buckling strains versus the posi-

tion of holes. The points A, B, and C correspond to specimens shown in

Figs. 1(b)–1(d), respectively.

071905-2 Yan et al. Appl. Phys. Lett. 105, 071905 (2014)
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position of holes will lead to different superposition results.

For example, as shown in Fig. 3(a), when the holes are

located near the clamped ends, the compressive force in the

center of the membrane decreases due to the introduced ten-

sile force caused by the holes. As a result, the membrane

will have a higher critical buckling strain and a smaller am-

plitude of the wrinkle. As increasing x0=L, the compressive

force in the center of the membrane decreases further, even

resulting in vanishing of the wrinkles on membrane at the

same strain level; however, the region near the holes endures

a large compressive stress and thus becomes easy to buckle.

Mode 2 will be therefore triggered instead of mode 1. When

the holes are punched near the region of compressive force,

a remarkable increase of compressive force and region in the

membrane can trigger the mixed pattern of modes 2 and 3

(or other higher modes). In addition, there are obvious tensile

regions between two holes, which is the reason why a flat

region between two holes is observed in Fig. 1(d).

Actually, not only the position of holes but also the

radius of holes can trigger the transformation of wrinkle pat-

terns, which has been observed by experiment (Fig. 4) and

numerical postbuckling analysis.29 The membrane in

Fig. 4(a) is little wrinkled. Comparing with the pattern in

Fig. 1(b), the larger holes can provide larger tensile stress to

neutralize the compressive stress in the membrane, and

therefore reduce the amplitude of wrinkle. However, as the

increasing radius of holes, the holes lead to a remarkable

increase of compressive force and region in the membrane,

and the distance x0=L should be changed to achieve the

expected wrinkle pattern. Meanwhile, when the distance

x0=L is fixed, the radius of holes also needs to be chosen

properly. For example, when the distance x0=L is fixed at

0.15, the holes with r0 equal to 1.5 mm can eliminate the

wrinkles on membrane [Fig. 1(c)], but increasing r0 up to

5.0 mm will make the wrinkles serious [Fig. 4(c)]. A phase

diagram of wrinkle pattern related to the position and radius

of holes is given in Fig. 4(d) by numerical eigenvalue buck-

ling analysis, indicating that the wrinkle pattern could be

controlled by designing the position and radius of holes.

Furthermore, effective control of the wrinkle pattern can

also be achieved by designing the distribution of holes. As

shown in Fig. 5, when holes with a radius of 2.0 mm are

arranged in square and hexagonal patterns, some local wrin-

kles will be formed near the holes with the same pattern as

the arrangement of holes. The local wrinkles near a single

hole are the mixed pattern of mode 2, mode 3, and other

higher modes (Fig. 2). The wrinkles of the microstructured

membrane with periodic-arranged large holes can be

regarded as the collection of the wrinkle pattern of a single

FIG. 4. Wrinkle patterns of a stretched membrane with holes at 5% strain.

The radius r0 and distance x0=L are (a) 2.0 mm and 0.05, (b) 3.0 mm and

0.05, and (c) 5.0 mm and 0.15, respectively. (d) Phase diagram of wrinkle

pattern related to the position and radius of holes. According to the position

and radius of holes, the six specimens in experiment shown in Figs.

1(b)–1(d) and Figs. 4(a)–4(c) are marked by the big symbols.

FIG. 5. Wrinkle patterns achieved by designing the distribution of holes:

holes with a radius of 2.0 mm are arranged in square pattern (a) and hexago-

nal pattern (b).

FIG. 3. Analytical stress analysis of the stretched membrane with the varia-

tion on the position of holes at 5% strain: (a) effective force Fy and (b) ry of

the membrane. Only the left half of Fy is plotted due to the symmetry.
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hole. Hence, wrinkle pattern of the membrane would have a

significant dependence on the distribution of holes.

Actually, besides the wrinkling of a two-end clamped

membrane under tension, many soft material systems per-

form morphological instability and surface wrinkling under

various environmental stimuli, e.g., wrinkling of a stiff film

anchored by a compliant substrate and surface wrinkling on

a core-shell soft sphere.9–14,20 For these systems, elastic

instability is often triggered when large enough compressive

stress is generated in materials due to inhomogeneous defor-

mation or constrained swelling/growing.14 Our proposed per-

forating method should also be available in other systems to

tailor tunable wrinkle patterns effectively. In previous

works,9,10 wrinkle patterns of a stiff film anchored by a

compliant substrate have been controlled by patterning the

surface of substrate. In this model, the non-uniform compres-

sive stress generated by the structural heterogeneity of pat-

terned substrate is applied on the stiff film and triggers

regular wrinkles.9,10 In contrast, designing the microstruc-

tures of film by perforating method, such as punching large

holes on the film, can redistribute the stress field in the film

and motivate different wrinkles. Furthermore, the wrinkle

pattern and its wavelength strongly depend on the material

properties, which can be changed by introducing holes in

periodic arrangement.

We have observed wrinkle patterns in a stretched mem-

brane with holes. We also show the ability to control these

wrinkle patterns by designing microstructures of the mem-

brane such as varying the position, radius, and distribution of

holes. The effect has been revealed at millimeter scale but

should also be at work at micro or even smaller scales. There

are considerable current interests in developing complex pat-

tern of surface wrinkles for applications in sensors,12,13,15

optical components,13,15 templates with complex ordered

structures,12,13 or morphology and differentiation of cell.8

Our work offers a potential method to produce targeted sur-

face wrinkles with tailored pattern. Equally important, thin

membranes for use sometimes demand very smooth surfaces

with few wrinkles such as film antenna in aerospace engi-

neering. Our work indicates that wrinkles can be eliminated

in a stretched membrane by introducing properly designed

holes.

To conclude, we have investigated wrinkle pattern for-

mation of a stretched microstructured membrane by design-

ing the microstructures, including varying the position,

radius, and distribution pattern of holes. It is found that the

microstructures such as holes can make the membrane dis-

play a desired wrinkle pattern or even a suppression of wrin-

kles in a stretched membrane. The mechanism of the

different wrinkle patterns is due to the modification of stress

field in the membrane by introducing microstructures,

resulting in variations on the buckling mode and wrinkle pat-

tern of the membrane. Our study provides a simple and

effective method to control and design wrinkle patterns of a

membrane and may be applied in various disciplines such as

membrane manufacturing, cell locomotion, and aerospace

engineering.
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