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I. Introduction

S INCE the 1960s, thermally induced vibrations of spacecraft
booms have been studied by many researchers [1]. Later,

Thornton and Kim [2] provided an investigation on bending
vibrations of the Hubble Space Telescope (HST) boom, in which the
uncoupled and coupled thermal-structural analyses were presented.
In addition, thermally induced attitude dynamics of a simple
spacecraft as a two-dimensional structure consisting of a rigid hub
and a flexible boom with tip mass was also investigated by Johnston
and Thornton [3]. Recently, based on the finite element method, Xue
et al. [4] examined the bending-torsion coupling vibrations of open-
section booms on the HST. The aforementioned works focus on the
study of a cantilevered and nonrotating boom subjected to sudden
thermal loading. However, many spacecraft are spin stabilized and
with large and flexible booms; therefore, study of the thermally
induced dynamic motions of a spinning boom has a practical
importance. An analytical study of thermally induced vibrations of a
spinning boom on the Ulysses spacecraft was presented by Gulick
and Thornton [5], and Ko and Kim [6] analyzed the spinning
composite thin-walled beam based on the finite element method. In
their studies, the boom is not connected to the spacecraft platform,
therefore, thermally induced attitude dynamics of a spinning space-
craft cannot be examined.
This Note focuses on the investigation of the thermally induced

attitude dynamics of a spinning spacecraft using the coupled thermal-
structural analysis. A thermal analysis model of the flexible boom is
first represented as a thin-walled tube, and its thermal governing
equations are solved by means of the weighted residual method. For
the structural analysis, the spacecraft is idealized as a rigid–flexible
multibody system of a rigid hub and a cantilevered flexible boom.
The natural coordinates [7] and the absolute nodal coordinate
formulation [8] are employed to describe the motions of the rigid hub
and flexible boom, respectively. The position vector of the boom is
given by a second-order model, which can consider distortion and
warping effects of beam cross section, and the elastic forces are
formulated by the three-dimensional continuum mechanics

approach, in which the coupling effect of tension, flexure, and
torsion of a beam is included. In addition, due to the nonlinear
stiffnessmatrix, some invariantmatrices that are calculated only once
in advance are also derived for saving computation time. Numerical
simulations are conducted to illustrate the dynamic responses for the
Ulysses spacecraft.

II. Thermal Analysis

Thermal analysis of uncoupled and coupled thermal-structural
models of a spinning thin-walled tube under solar radiation is studied
to determine the tube’s temperature distribution. Figures 1a and 1b
show, respectively, the uncoupled and coupledmodels, inwhichS0 is
the solar radiation vector and β is its incident angle, one end of the
tube is fixed on a rigid body and the rigid–flexible structure is rotated
about X axis with a spin rate Ω, and the angle γ is dependent on the
deformation of the rigid–flexible structure. Figure 1c shows the cross
section of the thin-walled tube, in which R is its radius, h is its wall
thickness, t is the time, S is the normal heat flux vector, and the angle
φ is used to describe the points.
With the assumptions given in [5], the thermal governing equation

is derived as

ρc
∂T
∂t

−
kφ
R2

∂2T
∂φ2
� σTεT

h
�T4 − T4

∞� �
αsS

h
δ cos�φ�Ωt� (1)

where ρ is the mass density, c is the specific heat, kφ is the thermal
conductivity along the circumferential direction, σT is the Stefan–
Boltzmann constant, εT is the emissivity, T∞ is the surrounding
temperature, αs is the absorptivity, S is the length of the vector S, and
the parameter δ is equal to one or zero [5].
Because of the discontinuity of the parameter δ, Eq. (1) is difficult

to solve, therefore, the term including δ in Eq. (1) is considered by
Fourier series, which is expressed as

δ cos�φ�Ωt� ≈ 1

π
�
XM
n�1

An cos nφ� Bn sin nφ (2)

where An and Bn are the Fourier coefficients, andM is the number of
Fourier series.

A. Uncoupled Model

The uncoupled thermal-structural model, as shown in Fig. 1a,
assumes that the absorbed solar radiation by the surface of the tube is
independent of the deflection and motion of the structure. To solve
Eq. (1), the temperature distribution along the circumferential
direction is approximated bymeans of trigonometric functions and is
written as

T�φ; t� ≈ �T�t� �
XM
n�1

T̂2n−1�t� cos nφ� T̂2n�t� sin nφ (3)

where �T is the average temperature, T̂2n−1 and T̂2n are the
perturbation temperatures, T̂2n−1 ≪ �T and T̂2n ≪ �T, and the value of
M is the same as in Eq. (2).
Substituting Eqs. (2) and (3) into Eq. (1), then decoupling this

equation by the weighted residual method and using cos nφ and
sin nφ as the weight functions, respectively, one obtains

(
∂T̂2n−1
∂t � 1

τn
T̂2n−1 � T�n

τn
An

∂T̂2n

∂t � 1
τn
T̂2n � T�n

τn
Bn

(4)
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where the integer n is from one to M, and a steady-state average
temperature �Ts is employed as an approximation of the transient
average temperature �T [2]. Thus, the parameters τn and T

�
n are both

constant and are written, respectively, as

1

τn
� n2k

ρcR2
� 4σTεT

ρch
�T3
s (5)

and

T�n �
αsS0 cos β

ρch
τn (6)

If n � 1, the solution for the perturbation temperatures in Eq. (4) is

� T̂1 �
T�
1

2�1�Ω2τ2
1
� �cos Ωt�Ωτ1 sin Ωt − e−�t∕τ1��

T̂2 �
T�
1

2�1�Ω2τ2
1
� �Ωτ1 cos Ωt − sin Ωt − e−�t∕τ1��

(7)

and if n > 1, the solution of Eq. (4) is written as

�
T̂2n−1 � T̂max�e−�t∕τn� − cos nΩt − nΩτn sin nΩt�
T̂2n � T̂max�e−�t∕τn� − nΩτn cos nΩt� sin nΩt� (8)

where

T̂max �
2T�n cos�nπ∕2�

π�n2 − 1��1� n2Ω2τ2n�
(9)

and if n is odd except one, the perturbation temperatures are zeros.

B. Coupled Model

The coupled thermal-structural model in Fig. 1b considers the
coupling effect between the normal heat flux and the structural
deformations. The angle γ depends on the local coordinate x along the
tube’s axis direction and the time t. To solve Eq. (1), the linear
interpolation functions and Eq. (3) are used to approximate the axial
and circumferential temperature distributions, respectively. For one
element p, the approximate temperature is given by [4]

T�x;φ; t� ≈ �1 − ξ�Tp1�φ; t� � ξTp2�φ; t� (10)

where ξ � x∕l, x is the element coordinate, and l is the length of the
element; and the subscripts p1 and p2 denote the nodes p1 and p2,
respectively.
Theweight residualmethod is also employed, and then the element

equations in a matrix form of the average and perturbation
temperatures can be written, respectively, as [4]

C _�T� �R� �T� �T � �P�γ� (11)

and

C
_̂
Tn � �K̂n � 4 �R� �T��T̂n � P̂n�γ� (12)

where the angle γ in Eqs. (11) and (12) can be expressed as

γ � arc cos

�
n ·

S0
jS0j

�
− β (13)

where n is the normal vector of the plane determined by the slope
vector rx along the tube axis and the Z axis.

III. Structural Analysis

Structural analysis of a rigid–flexible structure composed of a rigid
hub and a flexible boom is presented to obtain the structural dynamic
responses. The boom as a thin-walled tube beam is studiedmainly by
means of a three-dimensional continuum mechanics approach in the
absolute nodal coordinate formulation, where the formulations of the
elastic forces and the damping forces are given.

A. Elastic Forces

The position vector of a second-order model of beam cross section
is employed to prevent the Poisson locking and is written as [9]

r � r0 � yr1 � zr2 � y2r3 � yzr4 � z2r5
� N�x; y; z�q�t� � �q�t� �N�x; y; z� (14)

where the vectors from r0 to r5 are only dependent of the element
coordinate x,N is the shape function matrix, �N is its condensation, q
is the nodal coordinate, and �q is the rearranged nodal coordinate. The
cross-sectional distortion and warping effects can be included by the
position vector [9]. For the thin-walled tube, the transverse
coordinates y and z in the shape function N can be replaced by
R cos φ and R sin φ, respectively. In the following, the thermal
effect in the elastic forces is considered and the formulation of the
damping forces using this position vector is also proposed.
The virtual strain energy with thermal effect is used to formulate

the elastic forces of a given element on the tube and is written as

δU � Rh
Z
l

0

Z
2π

0

�ε − εT�TEδ�ε − εT� dxdφ (15)

whereE is the elasticity matrix, ε is the engineering strain vector, and
εT is the thermal strain vector, expressed as

εT � � αT�T − T0� 0 0 0 0 0 �T (16)

where αT is the coefficient of thermal expansion, T0 is the reference
temperature, T is the temperature obtained by solving Eq. (1), and
thermally induced axial strain is only considered. Using the position
vector given in Eq. (14), the components of the engineering strain
vector can be obtained, in which the normal strain εxx and the shear
strain γyz are written, respectively, as [10]

εxx �
1

2

�
∂r
∂x

·
∂r
∂x

− 1

�
� 1

2
� �qij �qik �Nxj �Nxk − 1� (17)

and

γyz �
∂r
∂y

·
∂r
∂z
� �qij �qik �N

y
j
�Nzk (18)

where �Nxj , �Nyj , and �Nzk are the components of the derivatives of the
matrix �N with respect to x, y, and z, respectively, and �qij are the
components of the matrix �q. Similarly, the other normal and shear
strains can be also obtained.
Submitting these strains into Eq. (15), the structural elastic forces

are obtained, and its mth row is written as
Fig. 1 Thermal-structural models of a spinning rigid–flexible
multibody system.
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�Q�m � �qij �qik �quvRh×Z
l

0

Z
2π

0
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x
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w � �Nzv �N

y
w�

�G �Nzj �N
x
k� �Nzv �Nxw � �Nxv �N

z
w� dxdφ

− �quvRh ×
Z
l

0

Z
2π

0

3λ� 2G

2
� �Nxv �Nxw � �Nyv �N

y
w � �Nzv �N

z
w� dxdφ (19)

where m � u� 3�w − 1�, λ is the Lamé’s constant, and G is the
shear modulus. The mth row of the thermal elastic forces is

�QT�m � �quvαTRh×Z
l

0

Z
2π

0

�T − T0���λ� 2G� �Nxv �Nxw � λ �Nyv �N
y
w � λ �Nzv �N

z
w� dxdφ

(20)

According to the definition of the thermal momentMT [5], in the
temperature T, the average temperatures are not considered and
M � 1 is adopted, because the bending deformation cannot be
induced by the average temperatures and the n > 1 terms of the
perturbation temperature part.

B. Damping Forces

Based on the Rayleigh proportional damping model, the
formulation of the damping forces using the fully parameterized
position vector in the absolute nodal coordinate formulation are
proposed, in which the Rayleigh damping matrix is given by [11]

D � α1Mf � α2Kb (21)

where α1 and α2 are Rayleigh’s parameters and depend on
frequencies and damping ratio ζ,Mf is themassmatrix of the flexible
boom, and Kb is the bending stiffness matrix of the flexible boom.
To formulate Kb, the position vector of Eq. (14) is separated and

rewritten as

r � r0 � rb � N0q�Nbq (22)

where rb is the part related with the transverse coordinates, and N0

and Nb are the separated shape functions. Then, the axial strain-
induced bending deformation can be obtained by removing the terms
not related to rb in εxx,

εbxx �
1

2

∂rb
∂x

·
∂rb
∂x
� ∂r0

∂x
·
∂rb
∂x

(23)

The bending elastic forces can be written as

Qb � Rh
Z
l

0

Z
2π

0

Eεbxx
∂εbxx
∂q

dxdφ (24)

and the bending stiffness matrix can be obtained by formulating its
Jacobian,

Kb �
∂Qb
∂q
� Rh

Z
l

0

Z
2π

0

E
∂εbxx
∂q

T ∂εbxx
∂q
� Eεbxx

∂2εbxx
∂q2

dxdφ (25)

where E is the Young’s modulus.

C. Equations of Motion

According to the principle of virtual displacements, and using the
method of Lagrange multipliers, the equations of motion with the
constrained conditions can be expressed as�

M �q�D�q� _q�Q�q� −QT�q� �ΦT
qλ � 0

Φ�q; t� � 0
(26)

whereΦ is the constraint matrix,Φq is the Jacobian of the constraint,
λ is the Lagrangemultipliers, andM is the mass matrix assembled by
the rigid hub mass matrixMr [7] and the flexible boom mass matrix
Mf [8].

IV. Numerical Results

In this section, numerical simulations are conducted to illustrate
the dynamic responses of Ulysses spacecraft with an axial boom
under solar radiation. Table 1 lists the geometry and material
properties of the boom as a thin-walled tube, where L and v is the
boom’s length and the Poisson’s ratio, respectively. In addition, the
solar heat flux S0 is 1390 W∕m2, the surrounding temperature T∞ is
0 K, and the initial temperature T0 is 290 K.

A. Validation

A classical coupled thermal-structural analysis of a cantilevered
and nonrotating boom with tip mass under solar radiation is
considered to verify the proposed approach. Figure 2 shows the Y
displacement V over time for the boom’s tip, in which the incident
angle β is 80 deg, the tip mass is 1.5 kg, and the different damping
ratios are considered. The results obtained by the present approach
agree well with Thornton and Kim’s approach [2].

B. Uncoupled Analysis of Ulysses Boom

Uncoupled thermal-structural analysis of a cantilevered spinning
boom on the Ulysses spacecraft is studied, and the model is the same
as in [5]. First, the results of the difference between themaximum and
minimum steady-state temperatures ΔT and the steady-state tem-
perature distributions around the boom’s circumference Tss [12] are
shown in Figs. 3a and 3b, respectively, in which the results obtained
by the different approaches are compared. FE represents the results of
the finite element analysis in [12], and the results obtained by Gulick
andThornton’s approach [5] is the same as the present approach in the
case ofM � 1. The results given byM � 2 andM � 4 in the present
approach show a good agreement with the FE analysis.
Figure 4 shows the boom’s tip paths by means of the quasi-static

and dynamic analyses, respectively, in which the histories of the Y
displacementV and theZ displacementW are from 0 to 500 s. For the
quasi-static response, there is an excellent agreement between the
present andGulick and Thornton’s [5] approaches, the tip trace under
the thermal moment is a circle ring, and its period is 6 s, which is half
of the spinning period of the boom. For the dynamic response, the tip
trace is oscillatory near the ring, and the damping forces are not taken
into account in the equations of motion because the vibration will
disappear over time if the damping is included in the consideration.
The vibrational response, which is the difference between the

Table 1 Boom’s data from [5,12]

Parameter Value Units

L 7.5 m
R 0.011 m
h 5.15 × 10−5 m
E 1.31 × 1011 N∕m2

ν 0.3 — —

ρ 8250 kg∕m3

c 420 J∕kg · K
kφ 104 W∕m · K
αs 0.7 — —

αT 1.8 × 10−5 1∕K
εT 0.114 — —

Article in Advance / ENGINEERING NOTES 3

D
ow

nl
oa

de
d 

by
 B

E
IJ

IN
G

 I
N

ST
IT

U
T

E
 O

F 
T

E
C

H
N

O
L

O
G

Y
 o

n 
A

ug
us

t 1
3,

 2
01

5 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/1
.A

33
11

6 



dynamic and quasi-static responses, is presented in Fig. 5. The dif-
ference Vd − Vq and Wd −Wq are the vibrational responses along
the Y and Z directions, respectively, which are similar to the beating
phenomenon in vibration. For the beats, there is about 90 deg phase
difference between the Y and Z directions, and the period is
about 40 s.

C. Coupled Analysis of Ulysses

A simplified model of the Ulysses spacecraft consisting of a rigid
hub and a flexible boom, as shown in Fig. 6, is studied bymeans of the
coupled thermal-structural analysis. In the rigid–flexible model, the
rigid hub is a cylinder with the radius Rr of 3.2 m, the height hr of
2.1 m, and the mass of 340 kg; θX, θY , and θZ are the angles between
the axis of the rigid hub and the X, Y, and Z axes, respectively; the

flexible boom is subjected to the solar radiation, but that is not
suddenly increased, which is the same as in [5]. At the initial time, the
analysis assumes that the axis of the rigid hub is overlapped with the
X axis, the axial boom has a deflection that is determined by the
steady-state analysis of a cantilevered boom, and the rigid–flexible
structure is rotating about X axis and has a spin rate of 5 rpm.
Figure 7 shows the traces of the boom’s tip displacements and

provides the responses for the different incident angles and damping
ratios. For β � 0 deg, the deflection is obviously larger than β �
80 deg and is smaller than Fig. 4. For ζ � 0.01, the traces will not be
a perfect circle over time, which is due to the small oscillation of the
rigid hub and the coupling effect between the boom’s deformations
and the solar heat flux. To more clearly show the histories of the
displacements, theY andZ displacements of the boom’s tip, and theY

Fig. 2 Comparison of the tip displacement history.

Fig. 3 Comparison of the temperatures: a) history of temperature
difference and b) steady-state temperature distributions.

Fig. 4 Trace of tip displacements from 0 to 500 s.

Fig. 5 History of vibrational responses.

Fig. 6 Simplified model for the Ulysses spacecraft.
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displacement difference ΔV and the Z displacement difference ΔW
between ζ � 0 and ζ � 0.01 are also given in Fig. 8. For ζ � 0.01,
the vibration amplitudes of the displacements are almost invariable
after about 100 s. For the displacement differences, there is a
vibration characteristic that is also similar to the beating
phenomenon, the periods of the beats are different between ΔV
and ΔW, and the amplitudes of the beats for β � 0 deg are larger

than β � 80 deg. And for ΔV in β � 80 deg, the amplitude of the
beat has a significant increase.
Figure 9 shows the dynamic responses of the attitude angles θX, θY ,

and θZ of the rigid hub, in which ΔθX is the X angle difference
between ζ � 0 and ζ � 0.01. Between β � 0 and β � 80 deg, there
is no significant difference for the response shape, however, the
difference for the order ofmagnitude is apparent. For the angle θX, the
value is always positive because the initial thermal deformation exists
in the flexible boom. ForΔθX, the maximum value of the envelope is
increasing significantly over time, and the period of the envelope is
the same as the angle θX. For the angles θY and θZ, the beating
characteristic is exhibited obviously, the period and phase of the beat
are identical, and the period is different from Fig. 5. Between ζ � 0
and ζ � 0.01, there is significant difference for the angle θX,
however, it is virtually identical for the angles θY and θZ; because the
damping forces induced by the boom’s bending deformation are only
considered, the damping effect of the rigid hub is not included in this
simulation.

V. Conclusions

Thermally induced motions of a spinning spacecraft under solar
radiation are performed by means of the absolute nodal coordinate
formulation and the natural coordinates. For the uncoupled thermal
analysis, the analytical solution of the temperature distribution is
given, and the solution ofM � 2 is accurate enough to describe the
temperatures of the Ulysses boom. For the coupled thermal analysis,
the formulation of the normal heat flux S is performed based on the
boom’s slope vector rx, which is easily obtained in the absolute nodal
coordinate formulation. For the damping forces, the numerical results
show that the proposed formulation is reasonable and accurate
enough. Through numerical results, the phenomenon of the beating is
observed in the attitude angles of the rigid hub on the Ulysses
spacecraft.

Fig. 7 Traces of tip displacements from 0 to 500 s.

Fig. 8 Histories of tip displacements for a) β � 0 and b) β � 80 deg.

Fig. 9 Histories of attitude angles for a) β � 0 and b) β � 80 deg.
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