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a b s t r a c t
Explicit cross-link relations between effective elastic modulus and thermal conductivity for composites
with different ﬁber orientation are derived with help of Mori–Tanaka micromechanical method. Numerical cross-link relations are also established by digital-image-based ﬁnite element method, and they compare favorably with the analytical cross-link relations especially for the composite with aligned ﬁbers and
planar randomly oriented ﬁbers. Both analytical and numerical cross-link relations agree well with the
experimental results available in the literature. For the composite with space randomly oriented ﬁbers,
the numerically obtained cross-link relations are insensitive to the ﬁber’s shape, and the analytical
cross-link relations are weakly dependent on ﬁber’s shape. In sum, the sensitivity of cross-link relations
to the ﬁber’s shape depends on the extent of anisotropic behavior of ﬁber composites. Such cross-link
relations can be potentially applied for predicting the difﬁcult-to-measure elastic modulus from the measured thermal conductivities.
Ó 2011 Elsevier B.V. All rights reserved.

1. Introduction
The overall elastic modulus, electrical/thermal/magnetic conductivity, dielectric coefﬁcient and thermal expansion coefﬁcient,
are typically functions of the same microstructural parameters
for a speciﬁed composite material. By eliminating all or partially
these parameters, we can obtain the cross-link relations between
two different classes of overall properties, e.g. elastic modulus
and thermal conductivity. These cross-link relations are useful to
determine one class of property in term of the others, especially
when one class of property is difﬁcult to measure. Bristow [1]
was probably the ﬁrst to establish approximately such cross-link
relation between elastic modulus and conductivity for a solid containing low density, randomly oriented microcracks. The exact correlation between the effective bulk modulus and the thermal
expansion coefﬁcient for a ﬁber-reinforced composite was subsequently derived by Levin [2]. Based on non-interaction approximation, Lu et al. [3] established the correlations between the effective
modulus and thermal conductivity of thermal barrier coatings
(TBCs) for a variety of anisotropic pore morphologies, a similar
work can be found in Sevostianov and Kachanov [4] for plasma
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sprayed ceramic coatings. Kachanov et al. [5] and Sevostianov
and Kachanov [6] derived, also in the framework of non-interaction
approximation, explicit correlations between the effective modulus and electrical conductivity of two-phase composites and porous materials with anisotropic microstructures. Based on the
analytical micromechanical method and numerical method, Zhao
et al. [7,8] examined the cross-link relation between elastic modulus and conductivity for a general planar composite, the inﬂuence
of microstructure on such cross-link relation was studied in detail.
It was found that the correlation relations are insensitive to the
microstructure for moderate phase contrast. A very comprehensive
review on the cross-link relation and sensitivity to inhomogeneities was presented by Sevostianov and Kachanov [9]. Recently,
Sevostianov and Shrestha [10] also developed a cross-link relation
between electrical conductivity and ﬂuid permeability of a porous
material with randomly distributed interconnected phases. Experimental investigation of the cross-property link between the effective modulus and thermal conductivity was addressed by
Sevostianov et al. [11] for close-celled aluminum foams and by
Sevostianov and Kachanov [12] for short ﬁber-reinforced thermoplastics. The elastic modulus and thermal conductivity of composites with aligned ﬁber and planar randomly oriented ﬁber were
measured by Rousion et al. [13].
The focus of this paper is on two-phase composites with different ﬁber orientations, both numerical and analytical methods have
been utilized to obtain the cross-property relations. The inﬂuence
of microstructures and reinforced phase property on the crosslinks is examined. The paper is arranged as follows: explicit
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Nomenclature
c
E
K

Subscripts
0
matrix
1
ﬁber
c
composite

volume fraction
Young’s modulus
bulk modulus (K = E/3/(1  2m))

Greek symbols
q
aspect ratio of the ellipsoid
m
Poisson’s ratio
l
shear modulus (l = E/2/(1 + m))

Decoration

same quantity as in elasticity
–
effective quantity

Bold symbols
L
stiffness tensor
k
thermal conductivity tensor

Operation
{}
orientational average

tensor product

cross-link relations are derived analytically by Mori–Tanaka’s
micromechanical method [14] in Section 2; In Section 3, numerical
cross-property relations are established by ﬁnite element method,
and they have been compared with the analytical, and experimental results available in the literature.
2. Analytical cross-link relations

ð1aÞ
ð1bÞ

where L, k denote the stiffness tensor and thermal conductivity tensor, respectively. The indices 0, 1 and c refer, separately, to the matrix, the ﬁber and the composite. c0 and c1 are respectively the
volume fractions of the matrix and ﬁber. The quantity with an overbar means the same quantity as in elasticity, however it is a second
order tensor. {} means orientational average operation, deﬁned by:
for planar randomly oriented ﬁbers

fg ¼

1

Z p

p

0

 d#

ð2Þ

and for space randomly oriented ﬁbers

fg ¼

1
4p

Z p Z 2p
0

 sin # du d#

ð3Þ

0

h
i1
e 1 ¼ eI þ P
e 1 ðk1  k0 Þ , the tenwhere T 1 ¼ ½I þ P 1 ðL1  L0 Þ1 ; T
e 1 for a general ellipsoidal ﬁber are given in the appendices.
sors P 1 ; P
Eqs. (1a,b) can be further recast as

c0
I
c1
e 1 g ¼ c0 eI
½ðkc  k0 Þ1 ðk1  k0 Þ  eI f T
c1

½ðLc  L0 Þ1 ðL1  L0 Þ  IfT 1 g ¼

e 1g
½ðLc  L0 Þ1 ðL1  L0 Þ  IfT 1 g : eI ¼ ½ðkc  k0 Þ1 ðk1  k0 Þ  eI f T
ð5aÞ
½ðLc  L0 Þ1 ðL1  L0 Þ  IfT 1 g  eI

In the following, Mori–Tanaka’s mean ﬁeld theory [14] is utilized to evaluate the effective modulus and thermal conductivity
for composite materials. Since this method is widely used to predict the effective property for composite materials, here only ﬁnal
results are provided. For a two-phase composite, the effective stiffness and thermal conductivity of the composite are given respectively by [15]

h
i1
Lc ¼ L0 þ c1 ðL1  L0 Þ c0 fT 1 g1 þ c1 I
h
i1
e 1 g1 þ c1eI
kc ¼ k0 þ c1 ðk1  k0 Þ c0 f T

different rules in mind, we can eliminate the volume fraction of ﬁber from Eqs. (4a,b), leading to

ð4aÞ
ð4bÞ

In order to eliminate the volume fraction of the ﬁber, we multiply
both side of Eq. (4a) a second order tensor eI . There are different
ways to reduce a fourth order unit tensor to a second one. For a
fourth order tensor Iijkl ¼ 12 ðdik djl þ dil djk Þ, it is easy to show that
Iijkl dkl ¼ dij ¼ eI ij ; Iijkl dik ¼ 2djl ¼ 2eI jl ; Iijkl dij ¼ dkl ¼ eI kl . We note these
operations by I : eI ¼ eI ; I  eI ¼ 2eI ; eI : I ¼ eI , respectively. With these

e 1g
¼ 2½ðkc  k0 Þ1 ðk1  k0 Þ  eIf T

ð5bÞ

eI : ½ðLc  L0 Þ1 ðL1  L0 Þ  IfT 1 g
e 1g
¼ ½ðkc  k0 Þ1 ðk1  k0 Þ  eIf T

ð5cÞ

Eqs. (5a-c) form the general explicit cross-link relations between
the effective stiffness tensor and thermal conductivity, derived from
the approximate Mori–Tanaka’s method. These relations are independent of the volume fraction of ﬁber. In the following, some speciﬁc applications of Eqs. (5a–c) will be illustrated.
2.1. Particulate composites
In this case, the tensors appeared in Eq. (5) are all isotropic, any
isotropic fourth order tensor and its inverse can be written in the
following form:



2
Hijkl ¼ K H dij dkl þ lH dil djk þ dik djl  dij dkl
3


1
1
2
dij dkl þ
dil djk þ dik djl  dij dkl
H1
ijkl ¼
KH
3
lH

ð6aÞ
ð6bÞ

An isotropic fourth order tensor and its inverse can be written in a


compact form as H ¼ ð3K H ; 2lH Þ; H 1 ¼ 3K1H ; 2l1 . It can be easily
H


shown that H : eI ¼ 3K H eI , and H  eI ¼ K H þ 10
lH eI . Now we write
3
the stiffness tensor and the tensor P1 in a compact form as: Lc = (3Kc,
2lc), L1 = (3K1, 2l1), L0 = (3K0, 2l0) and P1 = (3KP, 2lP), where for a
spherical inclusion K p ¼ 3ð4l 1þ3K 0 Þ ;
0

0Þ
lp ¼ 10l3ð20 ð4ll0 þK
.
0 þ3K 0 Þ

It can be shown that the following relations hold

½ðLc  L0 Þ1 ðL1  L0 Þ  IT 1

ðK 1  K 0 Þ
1
¼
1
;
ðK c  K 0 Þ
½1 þ 9K p ðK 1  K 0 Þ
!

ðl1  l0 Þ
1
1
ðlc  l0 Þ
½1 þ 4lp ðl1  l0 Þ
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e1 ¼
½ðkc  k0 Þ1 ðk1  k0 Þ  eI  T



k1  k0
3k0 e
I
1
kc  k0
k1 þ 2k0

where

Eqs. (5a–c) give the explicit correlations between the bulk modulus
and the effective thermal conductivity of the composite.

"
#
"
#
1  1Þ
ðK 1  1Þ
3½1 þ 9K p ðK 1  1Þ ðk
1 þ
1 þ 2
c  1Þ  1
ðK c  1Þ
k
ðk
"
#

 1  1Þ
ðK 1  1Þ
5½1 þ 9K p ðK 1  1Þ ðl
1 þ
1
 p ðl
 c  1Þ
 1  1Þ ðl
1 þ 4l
ðK c  1Þ
"
#
1  1Þ
18½1 þ 9K p ðK 1  1Þ ðk
1
¼
K1 þ 2
ðK c  1Þ

ð7aÞ


1
0
4kT þ 2lT þ 2lT þ nT ;
9
1
0
kT  ðlT þ lT Þ þ nT þ 6ðmT þ pT Þ
¼
15

K 3D ¼

l3D

Finally, it can be shown that

½ðLc  L0 Þ1 ðL1  L0 Þ  I T 01




ðK 1  K 0 Þ
ðl1  l0 Þ
¼ 3K 3D
 1 ; 2l3D
1
ðK c  K 0 Þ
ð lc  l0 Þ

ð11Þ

ð7bÞ

For the thermal conductivity of the same composite, in the local
e 0 are
coordinate system, the non-zero components of the tensor P

 c ¼ lc =l0
where
K 1 ¼ K 1 =K 0 ; K c ¼ K c =K 0 ; l1 ¼ l1 =l0 ; l
and
lP ¼ lP l0 ; K P ¼ K P K 0 ; K 1 ¼ k1 =k0 and K c ¼ kc =k0 . They are non
dimensional quantities.
Eqs. (7a,b) ﬁnally give the cross-link relation between the shear
modulus and the thermal conductivity as

e 11 ; P
e 22 ¼ P
e 33 . The non-zero components of the tensor
P
h
i1
e 1 ðk1  k0 Þ
e 1 ¼ eI þ P
in the local coordinate are respectively
T



"
#
 1  1Þ
 p ðl
 1  1Þ ðk1  1Þ
ðl
3½1 þ 4l
1
1 ¼
 c  1Þ
ðl
K1 þ 2
ðkc  1Þ

1

ð8Þ

e 11 ¼
T

1

1þe
P 11 ðk1 k0 Þ

e 22 ¼ T
e 33 ¼
;T

1

1þe
P 22 ðk1 k0 Þ

. The space orientational

e 1 g ¼ k3D eI ,
e 1 is isotropic, it is noted as f T
average of the tensor T
e
e
ﬁnally
we
can
show
and
k3D ¼ 1=3ð T 11 þ 2 T 22 Þ,
h
i
e 1 g ¼ k3D k1 k0  1 eI . The cross-link
that½ðkc  k0 Þ1 ðk1  k0 Þ  eI f T
kc k0

So Eqs. (7a) and (8) form the basic explicit cross-link relations between the effective modulus and the thermal conductivity for a particulate composite, derived from Mori–Tanaka’s method.

relation between the effective modulus and thermal conductivity
of the composite with space randomly oriented ﬁbers can be derived by following the same method as the particulate composite,
and this gives

2.2. Composites with space randomly oriented ﬁbers

"
#
"
#
ðK 1  1Þ
k3D k1  1
1 ¼
1
3K 3D kc  1
ðK c  1Þ

In this situation, the composite as a whole is isotropic, and the
tensor {T1} is also isotropic, and noted by{T1} = (3KT, 2lT). For ellipsoidal ﬁbers, we note the P1 tensor as P 01 , in the local principle
coordinate system attached with x01 being the symmetrical axis of
the ellipsoidal ﬁber. In this coordinate system, P 01 is written as
P 01 ¼ ðP2222 þ P2233 ; P 1122 ; P 1122 ; P 1111 ; 2P 2323 ; 2P1212 Þ, the physical
interpretations of these notation are provided by Hashin [16]. Let
I þ P 01 ðL1  L0 Þ ¼ ðc; g; h; d; e; f Þ, where

2
c ¼ 1 þ ðl0  l1 Þð2P1122  P2222  P2233 Þ  3ðK 0  K 1 Þ
3
 ðP 1122 þ P2222 þ P 2233 Þ
2
ðl  l1 ÞðP1111  P1122 Þ  ðK 0  K 1 ÞðP1111 þ 2P1122 Þ
3 0

4
h ¼  ðl0  l1 Þ þ K 0  K 1 P1122
3

2
þ ðl0  l1 Þ  K 0 þ K 1 ðP 2222 þ P2233 Þ
3

g¼

ð9aÞ
ð9bÞ

ð9cÞ

e ¼ 1  4ðl0  l1 ÞP2323

ð9eÞ

f ¼ 1  4ðl0  l1 ÞP1212

ð9fÞ

We note the tensor T1 in the local coordinate system as
1
0
T 0 ¼ I þ P 01 ðL1  L0 Þ
¼ 2kT ; lT ; lT ; nT ; 2mT ; 2pT , where

¼ h=ðcd  2ghÞ;

2mT ¼ 1=e;

0

lT

"
#

 1  1Þ
ðl
k3D k1  1
1 ¼
1
 c  1Þ
ðl
5l3D kc  1

ð13Þ

Eqs. (12a) and (13) provide the analytical cross-link relations between the effective modulus and thermal conductivity for isotropic
composites with space randomly oriented ﬁbers. It is easy to check
that the particulate composite is a special case of the general relations (Eqs. (12a) and (13)). The inﬂuence of the ﬁber’s shape is characterized by the coefﬁcients k3D/3K3D and k3D/5l3D.

For the composite with aligned ﬁbers, the composite as a whole
is transverse isotropic. If we take the symmetric axis of the ellipsoidal ﬁber asx1in a local coordinate system, and note


1
0
T 0 ¼ I þ P 01 ðL1  L0 Þ
¼ 2kT ; lT ; lT ; nT ; 2mT ; 2pT , the moduli of
the composite, ﬁber and matrix are noted respectively by Lc = (2kc,
lc, lc, nc, 2mc, 2pc), and Li = (2ki, li, li, ni, 2mi, 2pi)(i = 0, 1), where ki = Ki + li/3, li = Ki  2li/3, ni = Ki + 4li/3, mi = pi = li. A fourth order
tensor Q, which is written as Q = (c, g, h, d, e, f), it can be shown that
e is a second order tensor with non zero components
Q : eI ¼ Q
e 22 ¼ Q
e 33 ¼ h þ c. The nonzero components of the
e 11 ¼ d þ 2g; Q
Q
e
e 11 ¼ d þ e; Q
e 22 ¼ Q
e 33 ¼ f þ ðc þ eÞ=2, and
e
tensor Q  I ¼ Q are Q

2pT ¼ 1=f

The space orientational average of the tensor T0 leads to

fT 0 g ¼ ð3K 3D ; 2l3D Þ

ð12bÞ

2.3. Composites with aligned ﬁbers

ð9dÞ

lT ¼ g=ðcd  2ghÞ;

"
#

 1  1Þ
ðK 1  1Þ
10l3D ðl
1 þ
K 3D
1
 c  1Þ
ðl
3
ðK c  1Þ
"
#
k1  1
1
¼ k3D
kc  1
Eqs. (12a,b) together give ﬁnally

4
d ¼ 1  ðl0  l1 ÞðP1111  P1122 Þ  ðK 0  K 1 ÞðP1111
3
þ 2P1122 Þ

2kT ¼ d=ðcd  2ghÞ;

ð12aÞ

ð10Þ

the nonzero components of
e 22 ¼ Q
e 33 ¼ g þ c.
e 11 ¼ d þ 2h; Q
Q

the

tensor

e
eI : Q ¼ Q

are
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 T k x þ l l x þ 2m
11 Tb 11
 T mx þ 4p
 T px ¼ k
2k
T

ð19cÞ

33 Tb 33
 T mx þ n
T nx ¼ k
2lT lx þ 4m

ð19dÞ

ð14Þ

11 Tb 11
T kx þ l0 nx þ 2kT þ l0 lx ¼ k
4k
T
T

ð19eÞ

ð15Þ

33 Tb 33
 T nx þ 2ðlT þ nT Þlx ¼ k
4lT kx þ n

ð19fÞ

If we note [(Lc  L0)1(L1  L0)  I] = (2kx, lx, lx, nx, 2mx, 2px), for
the aligned ﬁbers we have fT 1 g ¼ T 01 . So the following tensors
can be expressed as:

ðkc  k0 Þ ðk1  k0 Þ  eI  ¼ k11 e1  e1 þ k22 ðe2  e2 þ e3  e3 Þ

0

1

e 1 ¼ Te 11 e1  e1 þ Te 22 ðe2  e2 þ e3  e3 Þ
e 1g ¼ T
fT

e 11 ; T
e 22 are given previously. k11 ; k22 are related to the effecwhere T
tive thermal conductivity of the composite, kx, lx, nx, mx, px are related to the effective engineering constants of the composite [17].
Especially, the axial direction Young’s modulus, deﬁned in [13], is
2
expressed as Ec1 ¼ nx  lx =kx . With the help of such notations, Eqs.
(5a)–(5c) now become


0 
2 2kT þ lT lx þ ð2lT þ nT Þnx ¼ k11 Te 11

ð16aÞ


0 
2 2kT þ lT kx þ ð2lT þ nT Þlx ¼ k22 Te 22

ð16bÞ

0
2lT lx þ nT nx þ 4pT px ¼ 2k11 Te 11

ð16cÞ

2kT kx þ lT lx þ 4mT mx þ 2pT px ¼ 2k22 Te 22

ð16dÞ

0

0
4lT kx þ nT nx þ 2 lT þ nT lx ¼ k11 Te 11

ð16eÞ

4kT kx þ lT nx þ 2ðlT þ kT Þlx ¼ k22 Te 22

ð16fÞ

It is easy to check that in the above six equations only ﬁve are independent, for example, it can be shown that 16(a) + 2  16(b) =
16(e) + 2  16(f). These ﬁve independent equations allow one to
solve kx, lx, nx, mx, px in the term of the the variables k11 ; k22 , the
cross-link between effective modulus and effective thermal conductivity can then be established. The detail expressions are complicated, and they will not be listed in this paper. It is checked that
for an isotropic particulate composite, the results presented by
Eqs. (7a) and (8) can be recovered.
2.4. Composites with planar randomly oriented ﬁbers

From Eq. (19), the cross-link relations of planar randomly oriented
composites can then be derived. Detailed expressions will not be
listed in this paper. It is easy to show that be in above six equations,
only ﬁve are independent. In the following, the established analytical cross-link relation will be checked by ﬁnite element simulation,
they will also be compared with experiment in the literature.
3. Numerical simulation and application
The above explicit cross-link relations have been established by
an approximate micromechanical method, namely Mori–Tanaka’s
mean ﬁeld theory. In order to check whether cross-link relations
are sensitive to speciﬁed microstructure of composite, we will in
this section numerically generate some ﬁber composites with speciﬁc microstructures, and compute the corresponding cross-link
relations. The numerically obtained cross-link relations will be
compared with those obtained previously by Mori–Tanaka method. They will also be compared with the experimental results given
by Rousion et al. [13].
Three types of composites are generated: aligned ellipsoidal ﬁbers, planar randomly oriented ﬁbers and space randomly oriented
ﬁbers. Three aspect ratios of the ﬁber, namely, 1:100, 1:10 and 1:1
are examined for each case. For each type of the microstructure,
different volume fractions of the ﬁber are analyzed. The typical
microstructures generated for different types of composites are
shown in Figs. 1–4. In the realization of microstructure, non-overlap for ﬁbers is guaranteed. Moreover, periodic boundary conditions are considered here: when a phase point of ﬁber appears
outside the digital image, it is periodically continued on the other
side of the given system. In FEM simulations, every image is considered as a representative volume element (RVE) for the corre-

In this situation, the composite as a whole is still transverse isotropic. If locally the symmetric axis is attached with x01 and the ﬁbers are randomly oriented in x1  x2 plane, the composite is
transversely isotropic with the symmetric axis x3. We note
1
0
T 0 ¼ I þ P 01 ðL1  L0 Þ
¼ 2kT ; lT ; lT ; nT ; 2mT ; 2pT , which is symmetric with respect to the axis x01 in the local coordinate system.
The orientational average {T1} of the tensorT1 is symmetric with respect to the axis x3, and also the effective modulus of the composite.
We still note [(Lc  L0)1(L1 
 L0)  I] = (2kx, lx, lx, nx, 2mx, 2px) and
 T ; 2m
 T ; 2p
T , the relation between T1 and {T1}
fT 1 g ¼ 2kT ; lT ; l0T ; n
and the matrix form of a tensor with x3 as symmetric axis are provided in the appendix. For thermal conductivity

½ðkc  k0 Þ1 ðk1  k0 Þ  eI  ¼ k11 ðe1  e1 þ e2  e2 Þ þ k33 e3  e3
ð17Þ
e 1 g ¼ Tb 11 ðe1  e1 þ e2  e2 Þ þ Tb 33 e3  e3 Þ
fT

ð18Þ

b 11 ¼ T
b 22 ¼ 1 ð T
e 11 þ T
e 22 Þ; T
b 33 ¼ T
e 22 . k11 ; k22 are related diwhere T
2
rectly to the effective thermal conductivity of the composite,
kx, lx, nx, mx, px are related to the effective engineering constants
[17]. Eqs. (5a)–(5c) now become


T þ lT Þkx þ 2l0 þ n
11 Tb 11
 T lx ¼ k
2ð2k
T

ð19aÞ


33 Tb 33
T þ lT Þlx þ 2l0 þ n
T nx ¼ k
2ð2k
T

ð19bÞ

Fig. 1. Microstructures
composite).

generated

with

impenetrate

spheres

(particulate
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Fig. 2. Microstructures
ratio = 1:100).

generated

with

aligned

ﬁbers

along

x1

(aspect
Fig. 4. Microstructures generated with space randomly oriented ﬁbers (aspect
ratio = 1:100).

Table 1
Material constants of the composite used in the numerical study.

Young’s modulus E (GPa) [13]
Poisson’s ratio m
Thermal conductivity k (W/m C) [13]

Fig. 3. Microstructures generated with planar randomly oriented ﬁbers (in x1  x2
plane)(aspect ratio = 1:100).

sponding composite. The digital-image-based ﬁnite element method developed by Garboczi [18] is utilized for computing the effective property of the composite. The accuracy of this method was
discussed by Garboczi and Day [19], they found that a cube of
128  128  128 pixels can provide a good accuracy. This is also
checked for ﬁber composite. In the following simulation, the digital
images need to be ﬁrstly saved in an ASCII format representing the
cubic pixels value of different phases, FE program developed by
Garboczi [18] is used for computing the local ﬁeld. In the computation, each pixel is considered to be an element in FE formulations. Unit three-axial macroscopic strains are properly imposed
on the boundary of the RVE, and local stresses as well as their spatial averages over the RVE are evaluated, and these average stress
and strain will be employed to compute the effective modulus of
the composite. The detail exposition of the method can be found

Matrix

Fiber

3.2
0.4
0.2

71
0.22
1.04

in the reference [18]. In a similar way, for the effective thermal
conductivity, a constant gradient of temperature is imposed on
the boundary: as a result, the local heat ﬂux is calculated, and then
averaged over the RVE, which gives the effective thermal conductivity for the same composite. The numerical cross-link between
the effective modulus and thermal conductivity of the composite
can then be established.
In order to evaluate the accuracy for the obtained cross-link
relation, the analytical and numerical results are further compared
with the experimental results conducted by Rousion et al. [13]. The
material constants used in the numerical study can be found in Table 1 for the matrix and ﬁber of the composite, respectively. In
their experiment [13], only the composites with aligned ﬁbers
and planar randomly oriented ﬁbers are examined. The aspect ratio
of the ﬁber in the experiment can be considered to be inﬁnite,
however in our numerical simulation, we take the aspect ratio
100 to simulate the long ﬁber.
For the composite with aligned ﬁbers, the comparison results
are shown in Fig. 5 for the effective modulus and conductivity
along the direction of ﬁber. In the ﬁgure, Ec1 and kc1 represent,
respectively, the effective Young’s modulus and thermal conductivity of the composite in the axial direction as deﬁned in [13]. It
is found that the analytical cross-link relation agrees well with
numerical ones obtained by FE analysis for different aspect ratios
and volume concentration of ﬁbers. Both analytical and numerical
cross-link relations are in a good agreement with the experiment
conducted by Rousion et al. [13].
The cross-link relations for composite with planar randomly
oriented ﬁbers are illustrated in Fig. 6 for different methods. In
the ﬁgure, Ec1 and kc1 represent the effective Young’s modulus
and thermal conductivity of the composite in the axial direction
as deﬁned in [13], respectively. The results show that there is an
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Fig. 5. Cross-link relations for composites with aligned ﬁbers for different methods
and aspect ratios (E0:E1 = 1:22).

Fig. 7. Cross-link relations for composites with space randomly oriented ﬁbers for
different methods and aspect ratios (E0:E1 = 1:22).

posite with high modulus contrast and high volume concentrations
of ﬁbers [8,15]. The corresponding effective properties may vary
dramatically near the percolation threshold.
In view of results for different microstructures in Figs. 5–7, the
obtained cross-link relations can be found to become less and less
sensitive to the ﬁber’s shape, when materials go from composites
with aligned ﬁbers, composites with planar randomly oriented
ﬁbers, to composites with space randomly oriented ﬁbers. Most
noticeably, such decreasing dependence of the ﬁber’s shape with
the decrease of the material anisotropy has been captured by both
the analytical and numerical predictions of cross-link relations in
the study.
4. Conclusions

Fig. 6. Cross-link relations for composites with planar randomly oriented ﬁbers for
different methods and aspect ratios (E0:E1 = 1:22).

excellent agreement between analytical and numerical cross-link
relations for different aspect ratios and volume concentration of
the ﬁbers. They are also in a reasonable agreement, and the discrepancy may be attributed to complexity of microstructure in
the experiment.
Fig. 7 gives the comparison results for a composite with space
randomly oriented ﬁbers, where the composite is isotropic with
the effective Young’s modulus and thermal conductivity Ec and
kc. Since there is no experimental result, we present only the results obtained by analytical and numerical methods. It is found
that the numerical cross-link relation is insensitive to the shape
of the ﬁber for the composite with space randomly oriented ﬁbers,
which agrees with the observation of Kachanov et al. [5] and Zhao
et al. [7] that the cross-link of a two-phase composite is relatively
insensitive to the exact phase shape distribution; however the analytically obtained cross-link relation shows weak dependence on
the ﬁber’s shape. The discrepancy is expected because of the
approximation of the Mori–Tanaka method, especially for the com-

Explicit cross-link relations between effective elastic modulus
and thermal conductivity for composites with different ﬁber orientation are established by an approximate Mori–Tanaka micromechanical method. These cross-link relations are also compared
with those obtained through ﬁnite element method. A good correlation is observed between analytical and numerical cross-link
relations for the composite with aligned ﬁbers and planar randomly oriented ﬁbers, and they both agree well with the experiment results available in the literature. In addition, it needs to
be mentioned that the sensitivity of cross-link relations to the
ﬁber’s shape depends on the extent of anisotropic behavior of
composites, as predicted by both analytical and numerical
methods.
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Appendix A
For an ellipsoidal ﬁber with x3 as the symmetric axis, the aspect
ratio of the ellipsoid is denoted byq, the nonzero components of
e are respectively
the tensors P; P

e 11 ¼ 1 ð1  gÞ; P
e 22 ¼ P
e 33 ¼ 1 g
P
k0
2k0
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when q > 1

And

P1111

359


1
q2
¼
ð1  2m0 Þ þ 2
2G0 ð1  m0 Þ
q 1

1
3
þ
g
4ðm0  1Þ  2
4G0 ð1  m0 Þ
q 1

3
q2
1
9
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g
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m0 þ

1
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1
3
ð1 þ m0 Þ þ 2
g
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q 1


1
q2
1
3
þ
4ð1  2m0 Þ  2
g
16G0 ð1  m0 Þ q2  1 32G0 ð1  m0 Þ
q 1

P1122 ¼ P1133 ¼ P2211 ¼ P3311
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1
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P2233 ¼ P3322 ¼


1
q2
1
1  4q2
g
þ
16G0 ð1  m0 Þ q2  1 32G0 ð1  m0 Þ q2  1

 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q ðq2  1Þ  arccos hðqÞ
ðq2  1Þ3=2

q

And when q < 1

g¼

P2222 ¼ P3333
¼

g¼



qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q
arccosðqÞ  q ð1  q2 Þ
3=2
2
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