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Abstract
A great deal of research has been devoted to controlling the dynamic behaviors of phononic
crystals and metamaterials by directly tuning the frequency regions and/or widths of their
inherent band gaps. Here, we report a new class of adaptive metamaterial beams with hybrid
shunting circuits to realize super broadband Lamb-wave band gaps at an extreme subwavelength
scale. The proposed metamaterial is made of a homogeneous host beam on which tunable local
resonators consisting of hybrid shunted piezoelectric stacks with proof masses are attached. The
hybrid shunting circuits are composed of negative-capacitance and negative-inductance elements
connected in series or in parallel in order to tune the desired frequency-dependent stiffness. It is
shown theoretically and numerically that by properly modifying the shunting impedance, the
adaptive mechanical mechanism within the tunable resonator can produce high-pass and low-
pass wave filtering capabilities for the zeroth-order anti-symmetric Lamb-wave modes. These
unique behaviors are due to the hybrid effects from the negative-capacitance and negative-
inductance circuit elements. Such a system opens up important perspectives for the development
of adaptive vibration or wave-attenuation devices for broadband frequency applications.

Keywords: adaptive metamaterials, broadband, guided wave control

(Some figures may appear in colour only in the online journal)

1. Introduction

Inspired by their electromagnetic counterparts, acoustic
metamaterials have recently been developed with various
application potentials and have become an active field [1–3].
At the same time, elastic/mechanical metamaterials have also
received a great deal of attention due to the unusual properties
and unprecedented dynamic behaviors that they exhibit. Their
unique dynamic features are a result of coupled elastic wave
scattering, in most instances, with internally resonating units
(metastructures). By tailoring the metastructure at a sub-
wavelength scale, elastic/mechanical metamaterials gain the
ability to suppress or significantly absorb elastic waves with
minimal impact on their overall weight and size. This unlocks
opportunities for controlling low-frequency wave propagation
without the need to scale the structures to unmanageable sizes

[4–8]. However, the narrow resonant stop bands of the
existing elastic/mechanical metamaterials strictly limit their
use for various noise and/or vibration absorption applications
because most engineering problems are broadband in nature.
Moreover, actively controlling the position and width of the
band-gap frequency region in real-time is very difficult in
practice, if not impossible, for passive metamaterials. One of
the most pronounced challenges in elastic/mechanical meta-
material development is the ability to tune their performance
in an adaptive manner without requiring physical micro-
structural modifications.

The piezoelectric shunting technique was originally pro-
posed by Forward [9] and further investigated by Hagood and
Von Flotow [10], who developed the first analytical formula-
tion to demonstrate how the equivalent material properties of a
piezoelectric patch are altered by passive shunting networks.
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Therefore, the introduction of shunted piezoelectric materials
into the metastructures’ building blocks has great potential to
allow for tuning of the effective properties of the metas-
tructures [11]. Airoldi and Ruzzene [12] designed a one-
dimensional (1D) tunable acoustic metamaterial by using a
simple elastic beam fitted with a periodic array of piezoelectric
patches whose electrodes are connected to resistive-inductive
(RL) shunted circuits. It was demonstrated that the tunable
characteristics of the shunting circuits allowed the equivalent
mechanical impedance to be tuned so that band gaps could be
generated over desired frequency ranges without any mod-
ifications to the elastic structures. Two-dimensional (2D) per-
iodic arrays of resonant shunted piezoelectric patches have also
been used to achieve tunable acoustic metamaterial waveguides
[13, 14]. The resonant characteristics of the shunting current
lead to strong attenuation and negative group velocities at
frequencies controlled by the electrical impedance. However,
the resonant band gaps produced in these phononic meta-
composites with passive RL shunting networks are usually
very narrow.

In order to achieve vibration and/or wave attenuations at
broadband frequencies, piezoelectric patches with multi-
branch resonant shunting circuits have been investigated [15].
In addition, the active negative-capacitive shunting technique
was found to be an effective method to broaden the
attenuation frequency region. Beck et al [16] experimentally
demonstrated that a periodic array of piezoelectric patches
shunted with negative-capacitance circuits can suppress
broadband flexural vibrations of a cantilever beam. Collet
et al [17] developed a numerical approach for modeling and
optimizing 2D smart metacomposites with shunted piezo-
electric patches. More recently, periodic arrays of hybrid-
circuit shunted piezoelectric patches were used to broaden the
Bragg band gaps presented in phononic beams [18]. How-
ever, the vibration and/or wave-attenuation abilities due to
electrical damping are usually weaker than the mechanical
resonant damping. Therefore, Chen et al [19] implemented
the negative-capacitance piezoelectric shunting technique into
metastructures to actively tune the locally resonant fre-
quencies of mechanical resonators by modifying the stiffness
of the resonant microstructure, in order to control the band-
gap region of the active elastic/mechanical metamaterial.
Following this concept, Zhu et al [20] designed an adaptive
elastic metamaterial, where harmonic vibration testing as well
as transient wave-propagation tests were conducted on the
fabricated metamaterial sample to illustrate their tunable
vibration suspension and elastic wave-attenuation abilities.
However, actively controlled band gaps with position and
width variations are still narrow in real-time, which even-
tually cannot be used for broadband incident loadings.

In this paper, we consider a novel approach to significantly
broaden the subwavelength band gaps of an adaptive meta-
material beam to extremely low- or high-frequency regions
based on periodic arrays of local resonators with hybrid-circuit
shunted piezoelectric stacks. The negative-capacitance and
negative-inductance shunting circuits are connected to the
same individual piezoelectric stack in series or in parallel. The
complex band structure of the infinite periodic structure is

predicted by the transfer matrix (TM) method, which is com-
pared with the frequency-response function of a finite structure
calculated by a multi-physics finite element (FE) method.
Our analytical and numerical results demonstrate that hybrid
shunting circuits can create super-wide band gaps to achieve
high-pass and low-pass wave filtering by appropriately
selecting the values of negative capacitance and negative
inductance to adaptively tune the effective modulus of piezo-
electric stacks. This design is very significant for the practical
applications of low-frequency sound and structural vibration/
wave attenuations in engineering.

2. The adaptive metamaterial beam and modeling
methods

2.1. Microstructures of the adaptive metamaterial beam with
hybrid shunting circuits

Figure 1(a) shows a schematic of the proposed adaptive
metamaterial beam design, which is comprised of a host beam
with periodically surface-bonded piezoelectric stacks with
cylindrical proof masses on the stacks’ top surfaces. Each of
the piezoelectric stacks is made of several stacked rectangular
piezoelectric plates for strong electromechanical coupling and
is individually shunted with uniform hybrid circuits for
modulus control. The employment of piezoelectric stacks
instead of piezoelectric bars in the proposed microstructure
can significantly enlarge the capacitance of the piezoelectric
element and reduce the high voltage requirement in the
modulus control, which offers great benefits in metamaterial
applications. Specifically, two kinds of hybrid circuits, TYPE
I and TYPE II circuits (shown on the right-hand side of
figure 1(a)), are considered in the study for broadband low-
and high-frequency wave attenuations, respectively. The
TYPE I circuit is integrated with a negative capacitance C1

and a negative inductance L1 connected in series. The TYPE
II circuit is constructed with a negative capacitance C2 and a
negative inductance L2 connected in parallel. Both of the two
kinds of hybrid circuits can be achieved with analog negative
impedance circuits or digital synthetic impedance circuits. It
should be noted that there is no theoretical power consump-
tion within the shunting networks, because all the equivalent
elements used in the circuits are capacitive and inductive.
When the real circuits are built, the power consumption
caused by the constitutive operational amplifiers, resistors
and/or digital signal processors should be considered.

As also shown in figure 1(a) the side length and height of
the piezoelectric stacks, as well as diameter and height of the
cylindrical masses are denoted as ap, hp, dm and hm, respec-
tively. The thickness of the host plate and lattice constant of the
periodic metamaterial are represented by hb and Lb, respec-
tively. The width of the metamaterial beam is selected to be the
same as the lattice constant. The main creativity of the current
microstructure design is that the dimension of the piezoelectric
stack with a relatively large height-to-width ratio is much
smaller than the dimension of the proof mass. Therefore, the
dominated deformation of the piezoelectric stack will be along
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the z-direction as an effective mechanical connectivity (the
object between the host beam and the attached resonator,
which is quantitatively characterized by the effective modulus
of the connected piezoelectric stack to describe the stress–strain
correlation along the longitudinal direction), when the meta-
material beam is subjected to a flexural wave. As a result, the
in-plane and out-of-plane coupling motions of the local reso-
nators can be significantly minimized.

2.2. Modulus tuning of piezoelectric stacks shunted with hybrid
circuits

According to the model by Hagood [10], both the storage and
loss modulii of piezoelectric materials can be controlled by

external electrical shunting networks. Based on this concept,
the variation of the stiffness of piezoelectric stacks shunted
with hybrid circuits is quantitatively characterized. Different
from previous studies, which considered frequency-indepen-
dent modulus variations by using negative capacitance [19],
this study focuses on frequency-dependent modulus altera-
tions in order to achieve extremely broadband wave control.
Here, we consider a piezoelectric stack composed of N
number of layers of piezoelectric plates with the same geo-
metric dimensions. The polarization directions of each of the
two adjacent individual plates are opposite in the stack design
(being positive and negative z-directions or vice versa,
respectively). In this study, the boundary effects from the
interfaces between the stacks, host beam and proof masses are

Figure 1. (a) Schematic of the adaptive metamaterial beam with piezoelectric stacks shunted by hybrid negative-capacitance and negative-
inductance circuits; (b) Schematic of the 2D theoretical model of the adaptive metamaterial beam.
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ignored, due to the large height-to-width ratio of the piezo-
electric stack used in the adaptive metamaterial design. The
longitudinal deformation along the z-direction is assumed to
be uniform within each of the stacks. Since all four side
surfaces of the stack are traction- and charge-free, the in-plane
stresses and electric fields in each of the individual piezo-
electric plates are neglected. Based on these assumptions, the
3D piezoelectric constitutive equations can be reduced to two
1D equations for the piezoelectric plates with polarization
directions along the positive z-direction as

= +S d E s T a, 1E
33 33 3 33 33 ( )

e= +D E d T b, 1T
3 33 3 33 33 ( )

where S33, T33, D3 and E3 denote the stress, strain, electric
displacement and electric field along the z-direction, respec-
tively, and s ,E

33 d33 and eT
33 represent the elastic compliance at

constant electric field, piezoelectric coefficient and dielectric
coefficient at constant stress of the piezoelectric material,
respectively. By properly considering the electrical boundary
conditions due to the shunting impedance Zsh, the dynamic
effective modulus of the piezoelectric stack can be obtained
as [10]
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with i being 1 or 2. Thus,

by substituting equations (3a) and (3b) into equation (2), the
equivalent modulus due to these two kinds of shunting cir-
cuits can be obtained.

2.3. Dispersion relations of the adaptive metamaterial beam

In order to characterize the unique wave-attenuation proper-
ties of the adaptive metamaterial beam, an analytical model
based on the TM method is developed to consider effects
from hybrid shunting circuits, which is shown in figure 1(b).
In the model, a plane stress assumption is used for the
metamaterial beam structure. For simplicity, the piezoelectric
stacks are represented by linear springs with tunable stiffness
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controlled by the shunting circuits. The rota-

tional and x-direction translational motions of the proof
masses are ignored in the model. Based on the Timoshenko
beam theory, the governing equation for the host beam can be
written as [6]
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where w denotes the out-of-plane displacement field on the
neutral plane of the host beam.E ,b G ,b r ,b I ,b S ,b and kb are the
Young’s modulus, shear modulus, mass density, area moment
of inertia, area of cross-section and Timoshenko shear coef-
ficient of the host beam, respectively. In our analysis, we
consider a harmonic solution to equation (4) as w(x, t)=W(x)
exp(iωt), and the harmonic time terms are suppressed in the
following equations. For the n-th unit cell, the general solu-
tion can be expressed as [6]
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interface between the nth and (n+1)-th unit cell caused by
the tunable resonator can be expressed as [6]
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where mr represents the weight of the cylindrical proof mass.
Different from the previous TM method used in metamaterial
beams [6], which considered boundary continuity conditions
based on Euler beam assumptions, the currently developed
TM method considers boundary continuity conditions based
on Timoshenko beam theory, consistent with the governing
equation. Thus, the continuity conditions of the displacement,
total rotation angle of the cross-section, bending moment and
shear force at the point, x=nLb, require
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d
, with g being the shear angle. Numer-

ical simulations have been conducted in the example of the
metamaterial beams [6], and it is found that the Timoshenko
boundary conditions are necessary for correctly predicting
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band structures of the metamaterial with larger thickness-to-
lattice constant ratios and higher resonant frequency cases
when the wavelength is comparable with the lattice constant
of the metamaterial.

Substituting equations (5) and (6) into equation (7), one
can obtain

= -KA HA , 8n n 1 ( )

where

= A B C DA ,n n n n n
T[ ]
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Due to the periodicity of the metamaterial beam in the x-
direction, the Bloch theorem guarantees

= -A Ae , 9n
k L

n
i
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where kx is the wave vector along the x-direction. By inserting
equation (9) into equation (8), a standard eigenvalue problem
is yielded as

- =-K H Ie 0, 10k L1 i x b∣ ∣ ( )

where I is the 4×4 identity matrix. Finally, equation (10)
illustrates the dispersion relations of the adaptive metamater-
ial beam with hybrid shunting circuits. Based on the given
frequencies, the complex wavenumbers are determined, from
which the wave-propagation properties are characterized.

3. Results and discussion

In this section, the complex band structure of the metamaterial
beam with various effective modulii of the mechanical con-
nectivity is characterized first. Based on the properties of the
band-gap behaviors observed, two kinds of hybrid shunting
circuits are designed to electronically realize the physical
properties. The performance of the adaptive metamaterial
beam utilizing these hybrid circuits is then examined by
conducting multi-physics numerical simulations on a finite
metamaterial beam to demonstrate extremely broadband
attenuation capabilities.

3.1. Complex band structures of the metamaterial beam

As an illustrative example, we select steel for the material of
the host beam and cylindrical proof masses. The piezoelectric
stacks are made of PMN-33%PT single crystals, which
usually have larger piezoelectric coefficients and are softer
than the commonly used piezoelectric ceramic materials
(PZT). As a result, the total controlling voltage due to

Table 1. Geometric and material parameters of the constitutive
materials of the proposed adaptive material beam.

Geometric parameters (mm)

Lb 7.5 hm 5.0
hb 2.0 hp 3.0
dm 5.0 ap 1.0
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shunting circuits can be reduced in achieving a much lower
effective modulus, which is helpful when building real cir-
cuits. However, it has been proved that the piezoelectric
material selection will not affect the final performance of the
adaptive metamaterial beam. The constitutive material and
geometric parameters of the metamaterial beam used for
calculations are listed in table 1. Based on equation (10), the
complex band structure of the metamaterial beam with short
circuits is calculated and shown in figure 2(a). The normal-
ized frequency Ω is defined by ω/ω0 where ω0 is the local
resonant frequency of the proof mass when the PMN-PT
stacks are shorted. For the metamaterial design with para-
meters given in table 1, the local resonant frequency (ω0/2π)
is analytically determined as 9.60 kHz. In figure 2(a), dis-
persion relations of evanescent flexural-wave modes are
manually removed, and attention is paid to the propagating
flexural waves and their attenuations. According to
equations (9) and (10), the real part of the wavenumber

represents the propagation constant of the flexural wave while
the imaginary part of the wavenumber indicates the wave-
attenuation constant. As illustrated in figure 2(a), both the real
part and the imaginary part of the wavenumber in a wave-
attenuation region from W = 1.0 to 1.38 (larger shaded area)
are not zero due to the biharmonic flexural-wave governing
equations, which are different from the longitudinal wave
equations. This means that the flexural wave in those fre-
quency components is neither a purely propagating wave nor
a purely evanescent wave, and will decay as it propagates
along the metamaterial beam. Furthermore, due to the peri-
odic nature of the metamaterial beam, another band gap
caused by the Bragg scattering is generated and is found forW
between 7.82 and 7.98 (smaller shaded area). However, it can
be observed from the left-hand side of figure 2(a) that the
attenuation ability of the Bragg gap (BG) is much lower
compared with that of the resonant gap (RG).

In order to design appropriate hybrid shunting circuits to
achieve extremely broadband wave attenuation, the wave band-
gap behavior of the metamaterial beam with various effective
modulii of the mechanical connectivity is characterized in
figure 2(b). In the calculation, the effective modulus of the

Figure 2. (a) Complex band structure of the adaptive metamaterial
beam with short circuits; (b) Attenuation constant of flexural waves
with different frequency-independent normalized effective modulii
of the mechanical connectivity.

1

1

1

2

2

2

Figure 3. Normalized effective modulus of the piezoelectric stack
shunted with two types of hybrid circuits: (a) TYPE I circuit; (b)
TYPE II circuit.
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mechanical connectivity Eeff
⁎ is assumed to be frequency-

independent in contrast with the effective modulus of the
shunted piezoelectric stack. In the figure, the color legend
represents the imaginary part of the normalized wavenumber. It
can be observed from the figure that a passing band usually
exists between the RG and BG, and the width of this passing
band is smallest when the normalized modulus, E E ,p

E
eff
⁎ is

around 40. Also shown in the figure, when E Ep
E

eff
⁎ is smaller

than 41 (dashed line), the RG is present at lower frequencies
than that of the BG. However, if E Ep

E
eff
⁎ is greater than 41, the

RG will be present at higher frequencies than the BG. It is
shown in the figure that if the normalized modulus, E E ,p

E
eff
⁎ is

increased from 0 to 100, the RG can occupy very large fre-
quency regions with W from 0 to 16, while the BG is found at
frequencies W from 4 to 12. This is expected, because the

resonant frequency of the proof masses is gradually increased
when the effective modulus of the mechanical connectivity
increases. In addition, it is noted that the frequency region of
the RG is very narrow at lower frequencies when the
mechanical connectivity has a smaller modulus, which indi-
cates that it is impossible to achieve broadband low-frequency
wave attenuation with frequency-independent modulus control.
Therefore, proper frequency-dependent modulus-control algo-
rithms will be employed to achieve broadband wave attenua-
tion in extremely low- and/or high-frequency regions.

3.2. Effective modulus control of the piezoelectric stack by
shunting hybrid circuits

According to equations (2) and (3), the effective modulus of
the piezoelectric stack with different hybrid circuits is

Figure 4. (a) Frequency-dependent normalized effective modulus of
the piezoelectric stack, E E ,p p

Eeff for λ1 being −1.0 and the
normalized band-gap frequency region of the metamaterial beam
with different normalized effective modulii of the mechanical
connectivity, E E .p

E
eff
⁎ (b) Complex band structure of the adaptive

metamaterial beam with TYPE I circuits.

Figure 5. (a) Frequency-dependent normalized effective modulus of
the piezoelectric stack, E E ,p p

Eeff for λ2 being - - k1 33
2( ) and the

normalized band-gap frequency region of the metamaterial beam
with different normalized effective modulii of the mechanical
connectivity, E E .p

E
eff
⁎ (b) Complex band structure of the adaptive

metamaterial beam with TYPE II circuits.
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calculated as a function of different negative capacitances and
shown in figures 3(a) and (b) for TYPE I and TYPE II cir-
cuits, respectively. In the two figures, the negative induc-
tances are selected to be the same with both ws1 and ws2 being
2.1π×104 1/s. As illustrated in figure 3(a), for the hybrid
shunting circuit connected in series (TYPE I circuit); gen-
erally at lower frequencies ( f<4 kHz), the normalized
effective modulus, E E ,p p

Eeff is close to the case where the
stack is only shunted with the corresponding negative capa-
citance. This is due to the impedance of the negative induc-
tance being very small at lower frequencies. However, at
higher frequencies ( f>80 kHz), the effective modulus is
near to the open-circuit case, because the impedance of the
negative inductance is very large at higher frequencies. When
a small negative capacitance is used (i.e. λ1=−0.05), the
normalized effective modulus, E E ,p p

Eeff shows a resonant
behavior (blue solid curve). It should also be noted that this
resonant behavior is different from the resonant behavior of a
conventional inductance shunting circuit, where the effective
modulus is decreased from the short-circuit modulus to a
negative value and then jumps to positive infinity and gra-
dually decreases to the open-circuit modulus. For this case,
the resonance behaves in an opposite way, where the modulus
is always increasing instead of decreasing, due to the anti-
resonant circuits. Also shown in the figure, when λ1 is
selected to be −1.0 and −5.0 (green dashed and red dotted
curves), the resonance of the normalized effective modulus,
E E ,p p

Eeff will disappear, and the modulus will be mono-
tonously increased to the open-circuit modulus. Specifically,
as shown in the inset zoomed-in figure of figure 3(a), it is
interesting to note that the normalized effective modulus,
E E ,p p

Eeff can be gradually increased from zero at 0 Hz for the
case with λ1 being −1.0. The shape of this curve is similar to
the shape of the wave-attenuation region at extremely low
frequencies shown in figure 2(b), which indicates great
potential for broadband and extremely low-frequency wave
attenuation by shunting these circuits into piezoelectric stacks.

Figure 3(b) shows the normalized effective modulus,
E E ,p p

Eeff controlled by the hybrid shunting circuit connected

in parallel (TYPE II circuit). We can see from the figure that
the normalized effective modulus is close to the short-circuit
modulus at lower frequencies ( f<4 kHz). For higher fre-
quencies, however, the normalized effective modulus is close
to the case where the stack is only shunted with the
corresponding negative capacitance. The resonance behavior
of the normalized effective modulus only exists for the circuit
with a relatively large negative capacitance (λ2=−0.1).
Special attention will be paid to the case when
l = - - k1 ,2 33

2( ) where the normalized effective modulus
is increased from the short-circuit modulus to positive infinity
when the frequency is increased from 0 Hz to infinity.
Because of this feature, this particular circuit has great
potential for broadband and extremely high-frequency wave
attenuation.

3.3. Band-gap control by hybrid shunting circuits

Based on the frequency-dependent modulus tuning of the
piezoelectric stack created with the two types of hybrid
shunting circuits shown in figures 3(a) and (b), the band-gap
control of the adaptive metamaterial beam at extremely low or
high broadband frequencies is explored. To quantitatively
identify band-gap frequencies of the adaptive metamaterial
beam, figure 4(a) shows the frequency-dependent normalized
effective modulus of the piezoelectric stack, E E ,p p

Eeff for λ1
being −1.0 and the normalized band-gap frequency region of
the metamaterial beam with the change of the normalized
effective modulus of the mechanical connectivity, E E ,e

E
ff p

⁎

which are also plotted in figures 3(a) and 2(b), respectively.
As shown in figure 4(a), when the frequency of the normal-
ized effective modulus of the piezoelectric stack, E E ,p p

Eeff is
located within the band-gap frequency region of the passive
metamaterial beam, the band-gap behavior of the adaptive
metamaterial beam is activated; otherwise the band-gap
behavior of the adaptive metamaterial beam is deactivated. By
following this criteria, it is easily concluded that the band-gap
frequency of the adaptive metamaterial beam is only located
at extremely low broadband frequencies (Ω=0∼3.0 (sha-
ded area)) and the adaptive metamaterial beam will function

Figure 6. Schematic of numerical simulations of the adaptive metamaterial beam for vibration attenuation.
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as a conventional high-pass filter. When the normalized fre-
quency Ω is greater than 3.0, no band-gap behavior will be
observed in the adaptive metamaterial beam because the
frequency of the effective modulus of the piezoelectric stack
is out of the band-gap frequency region of the passive
metamaterial beam. As also illustrated in figure 4(a), this large
wave-attenuation region is caused purely by the RG. In order
to validate this broadband wave attenuation, figure 4(b) shows
the complex wave-dispersion relations of the adaptive meta-
material beam shunted with the proposed TYPE I circuits. In
the figure, material and geometric parameters are unchanged
with those in figure 4(a). As expected, the positive imaginary
part of the normalized wavenumber (attenuation constant)
occupies the lower frequency region of Ω from 0 to 3.0
(shaded area), which coincides exactly with the predication in
figure 4(a). Furthermore, both the real and imaginary parts of
the wavenumber are half-circular shapes in the wave-
attenuation region. It can be concluded that flexural waves
with lower frequency components (Ω<3.0) can be com-
pletely attenuated. Therefore, the adaptive metamaterial beam
with a TYPE I circuit can be proposed as a high-pass flexural-
wave filter.

Figure 5(a) shows the frequency-dependent normalized
effective modulus of the piezoelectric stack, E E ,p p

Eeff for λ2
being - - k1 33

2( ) and the normalized band-gap frequency
region of the metamaterial beam with the change of the
normalized effective modulus of the mechanical con-
nectivity, E E ,p

E
eff
⁎ which are also plotted in figures 3(b) and

2(b), respectively. As shown in the figure, the effective
modulus of the piezoelectric stack is located within the
band-gap frequency region of the passive metamaterial beam
when Ω is between 1.8 and 7.8 (shaded area), which indi-
cates an extremely large wave-attenuation region at rela-
tively high frequencies. Therefore, the adaptive metamaterial
beam can function as a low-pass filter at a subwavelength
scale. Similar to figure 4(b), 5(b) shows the complex wave-
dispersion relations of the adaptive metamaterial beam with
TYPE II shunting circuits by using the same material and
geometric parameters as those used in figure 5(a). As shown
in the figure, the band-gap frequencies are identical with
those predicted in figure 5(a). Furthermore, the attenuation
constant (imaginary part of the wavenumber) is relatively
uniform in the band-gap frequency region (shaded area) and
the attenuation ability is found to be stronger than that for
lower frequency waves, shown in figure 4(b). In addition,
the real part of the wavenumber can be used to illustrate the
working mechanisms at different frequencies. For instance,
at the beginning and end of the large band gap
(Ω=1.8∼2.2 and Ω=6.4∼7.8), the normalized real
part of the wavenumber is equal to π, which indicates Bragg
scattering at these frequencies. At frequencies between these
two regions, the wave attenuation is mainly caused by the
out-of-phase motions of tunable local resonators. By chan-
ging the value of the shunted negative inductance, the

Figure 7. Frequency-response function of the adaptive metamaterial
beam: (a) short circuits; (b) TYPE I circuit; (c) TYPE II circuit.
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working mechanism in the higher wave-attenuation fre-
quency region can be altered.

3.4. Numerical demonstrations of wave attenuation in the
adaptive metamaterial beam

In order to examine the performance of the adaptive meta-
material beam with hybrid shunting circuits for extremely

broadband low- and high-frequency wave attenuation, num-
erical simulations of wave attenuation with ten adaptive
metamaterial unit cells are conducted. A schematic of these
studies is shown in figure 6. In the figure, a time harmonic
out-of-plane displacement field, ww e ,n

t
i

i is prescribed on the
left-hand edge of the metamaterial beam. The wave-attenua-
tion properties are examined by measuring the averaged out-
of-plane displacement amplitude ratio between the right-hand

Figure 8. Mode shapes of a finite adaptive metamaterial beam with TYPE I circuits at different frequencies: (a) 5 kHz; (b) 15 kHz.
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(denoted as sensor) and left-hand (denoted as incident) edges
of the metamaterial beam. A 3D linear piezoelectric theory is
applied to the model to describe dynamic behaviors of the
shunted piezoelectric stack by using the commercial FE
software, COMSOL Multiphysics.

Figure 7(a) shows the frequency-response function of
the adaptive metamaterial beam when the piezoelectric

stacks are connected with short circuits. In the study, geo-
metric and material parameters are the same as those used in
figure 2. Other 3D piezoelectric material parameters of the
PMN-33%PT are given in table 1. As illustrated in the
figure, a single narrow transmission dip is observed at fre-
quencies between 9.4 kHz and 13.6 kHz (shaded area), due
to out-of-phase resonant motions of proof masses. This

Figure 9. Mode shapes of a finite adaptive metamaterial beam with TYPE II circuits at different frequencies: (a) 30 kHz; (b) 60 kHz.
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wave-attenuation region is in good agreement with the band-
gap frequencies predicted by the analytical dispersion rela-
tions shown in figure 2(a). Figures 7(b) and (c) show the
frequency-response functions of the adaptive metamaterial
beam shunted with TYPE I and TYPE II circuit designs,
respectively. In our 3D simulations, all of the boundary
effects are considered. For example, the top and bottom
surfaces of the piezoelectric stacks are assumed to be per-
fectly bonded to the host beam and proof masses, which will
induce in-plane constraints on the PMN-PT stacks. There-
fore, the transverse and longitudinal modes of the piezo-
electric material will be coupled with each another. In order
to achieve the desired performance demonstrated in
figures 4(b) and 5(b), the shunted negative capacitance needs
to be modified slightly. Specifically, for the TYPE I circuit,
λ1 is selected as −0.971. As shown in figure 7(b), the fre-
quency-response function of the adaptive metamaterial beam
with TYPE I circuits demonstrates the desired broadband
low-frequency vibration attenuation from 0 to 23.0 kHz
(shaded area), which agrees well with theoretical predictions
shown in figure 4(b). To demonstrate the wave-attenuation
mechanism, the mode shapes of the adaptive metamaterial
beam at 5 and 15 kHz are shown in figure 8(a) and (b),
respectively. It can be found that the flexural wave can be
efficiently attenuated by the out-of-phase motions in the
designed resonators, in which the dominated motion along
the z-direction is displayed. Furthermore, for the metama-
terial beam with TYPE II circuits, λ2 is selected as −0.1535
in the simulations. As expected, an extremely broadband
high-frequency vibration-attenuation region with fre-
quencies from 13.5 to 73.0 kHz is observed in figure 7(c)
(shaded area), which is almost identical with that shown in
figure 5(b) found using the theoretical approach. In addition,
the mode shapes of the adaptive metamaterial beam with
TYPE II circuits at 30 and 60 kHz are shown in figure 9(a)
and (b), respectively. Similar to those illustrated in figure 8,
efficient wave-attenuation at higher frequencies with TYPE
II circuits can be observed in figure 9. It should be noted that
a transmission peak exists inside the broadband transmission
dip, which is caused by the rotational motions of proof
masses. In the future, geometric optimizations will still be
needed in order to reduce or eliminate the rotational mode
and obtain greater attenuation performance.

4. Conclusions

In this paper, we present a novel approach to achieve
extremely broadband flexural-wave/vibration attenuation
based on tunable local resonators made of piezoelectric
stacks shunted by hybrid negative-capacitance and negative-
inductance circuits. First, wave-dispersion relations of the
adaptive metamaterial beam are calculated analytically by
using the TM method. The unique modulus tuning properties
induced by the hybrid shunting circuits are then character-
ized conceptually, from which the frequency-dependent
modulus tuning curves of the piezoelectric stack located
within wave-attenuation frequency regions are quantitatively

identified. As an example, a flexural-wave high-pass band
filter with a wave-attenuation region from 0 to 23.0 kHz is
demonstrated analytically and numerically by using the
TYPE I circuit, in which the two electric components are
connected in series. By changing the connection pattern to
be parallel (TYPE II circuit), another super-wide wave-
attenuation region from 13.5 to 73.0 kHz is demonstrated to
function as a low-pass filter at a subwavelength scale. In
general, the proposed adaptive metamaterial design is dif-
ferent from the previous active metamaterial design with
frequency-independent modulus tuning. The proposed
adaptive metamaterial possesses a super-wide band-gap
created both naturally and artificially. Therefore, it can be
used for the transient wave mitigation at extremely broad-
band frequencies such as blast or impact loadings. It should
be noted that this paper only discusses two specific kinds of
hybrid circuits and their applications for 1D wave attenua-
tion, although numerous other circuit combinations and
wave phenomena are still unexplored.

The employment of adaptive resonators into metamaterial
beams or plates can significantly enlarge their applications in
flexural-wave manipulations and vibration attenuations which
include, but are not limited to, phase manipulation, super-
absorption, super-sensing, and one-way propagation. Specifi-
cally, for vibration attenuations, the adaptive resonators do not
need to be periodically placed. However, the placements on
some node points should be avoided. Optimizations of the
placement will be needed for specific mode attenuations. It
should also be mentioned that the adaptive resonators can be
mounted on both sides of the host beam or plate (symmetrically
or asymmetrically) to enhance the attenuation performances.
One of the most distinct features of the adaptive resonators is
that they can be used for the extremely low-frequency wave
attenuations with minimum weight increase of the metamaterial
due to the tunable frequency-dependent effective modulus of
the mechanical connectivity. We envision that the proposed
adaptive design may open up many new possibilities in
broadband vibration and wave control.
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