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Due to the complex polarizations of waves in elastic media, achieving broadband wave engineering in
elastic metamaterials (EMMs) proves to be much more diﬃcult than in the acoustic or electromagnetic
counterparts. By designing a nonresonance-based singly polarized solid (SPS) with deep-subwavelength
scale microstructures, we experimentally demonstrate that elastic wave polarization can be tailored in a
broad frequency range. With an inverse design on the EMM’s elasticity tensor, interesting wave behavior
in a “ﬂuidlike solid” or “shear-wave solid” can be achieved. By measuring the longitudinal as well as
shear wave’s propagation through the fabricated SPS layers with less than 1/20λ thickness, nearly total
transmission or reﬂection for the targeted wave polarizations can be observed at diﬀerent frequencies.
Our work opens an alternative avenue for broadband elastic metamaterials design based on wave polarization engineering with various potential applications in the ﬁelds of structural monitoring, elastic wave
communications, and ultrasonic elastography.
DOI: 10.1103/PhysRevApplied.12.014027

I. INTRODUCTION
Collective particles vibrating at their equilibrium positions transmit energy to the targeted place in the form of
a wave. The particle vibrating direction, known as polarization, is dependent on the material’s properties with two
extremes: parallel and perpendicular to the wave propagating direction, deﬁned as longitudinal (L) and transverse
(T) waves, respectively. In nature, inviscid ﬂuids support
only L waves while solids carry both types of waves
simultaneously. It is of interest to ask whether a material
transmitting only shear waves (T waves in solids) exists
and whether a solid carrying only L waves as a liquid could
be designed. Beyond any doubt, innovations in wave engineering could be imagined if these kinds of metamaterials
are at hand, such as nondestructive evaluation, elastic wave
communication, and ultrasonic elastography [1–5].
Metamaterials with well-designed locally resonant (LR)
microstructures provide an unprecedented manner to
manipulate waves at a deep subwavelength scale [6–9].
While electromagnetic and acoustic metamaterials are
designed for transverse electromagnetic waves [10–12]
and longitudinal pressure waves [13–15], respectively,
*
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elastic metamaterials (EMMs) attract growing attention for
their ability to manipulate both L and T waves [16–25].
For example, with the introduction of a subwavelengthscale monopolar, dipolar, or quadrupolar resonator, the
eﬀective bulk modulus, mass density, or shear modulus
of the EMM can be negative, respectively, and therefore,
prohibits the corresponding type of elastic wave propagation in a speciﬁc band gap near the resonant frequencies
[26]. Peculiar wave trajectory controls, such as negative
refraction or cloaking, could be realized by the LR-induced
double negativity or/and anisotropic mass density [27–29].
By opening a Dirac cone and forming a band gap, topologically protected edge wave transmission can be realized
with its backscattering immunity and robust energy transport [30–32]. It should be pointed out that the above wave
manipulations can only be achieved in or near a band gap,
which, although it can be widened with speciﬁc metamaterial designs [33,34], is still within a limited frequency
range. More recently, elastic wave mode conversion has
attracted growing attention due to its uniqueness compared
with acoustic waves and potential applications in various
engineering ﬁelds. Transmodal Fabry-Pérot resonance can
be utilized to achieve almost total mode conversion at periodic frequency points instead of a continuous frequency
range [35–37].
In order to achieve broadband elastic wave control without the limitations from the resonance-based band gap,
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nonresonant EMMs should be investigated and the relationship between the wave polarization and the stiﬀness
tensors of the EMMs needs to be studied systematically in
a quasistatic framework. Milton and Cherkaev [38] distinguish the deformation modes from a material by classifying them with the number of vanishing eigenvalues in the
stiﬀness tensor. To our knowledge, engineering polarization through subtle material microstructure design is rare,
although this situation slows down the device and material
designs for manipulating speciﬁc elastic polarization.
In this paper, the relationships between the wave polarization and stiﬀness tensors of diﬀerent solids are ﬁrst
systematically investigated. Then the concept of “singly
polarized solids (SPSs)” is proposed by designing a type
of nonresonant EMM. In particular, subwavelength-scale
anisotropic SPSs are engineered to permit only L wave or
T wave propagation in a very wide continuous frequency
range as long as the long wavelength condition is satisﬁed.
What is more, L-wave-only and T-wave-only supportability can mutually transfer from one to the other by just
rotating the principal orientation of the SPS. The corresponding microstructure design of the EMM is realized
by using the numerically based eﬀective medium method.
The broad-band “wave polarization control” abilities of the
EMM are experimentally demonstrated. Finally, potential
applications of the EMM are also explored for alternative
elastic wave devices, such as a 90° polarized wave splitter
and polarized wave focusing.
II. THEORY OF ELASTIC WAVE POLARIZATION
ENGINEERING
First, let us consider elastic wave propagation in a solid
with general anisotropy. The governing equation can be
written as
Cijkl uk,l i = ρ üj ,

(1)

where ρ is the mass density and Cijkl is the fourth-order
stiﬀness tensor. For harmonic wave propagations, the displacement ul = Ul ei(−kj xj +ωt) (i denotes the imaginary unit)
is assumed. Without loss of generality, we consider a twodimensional (2D) problem in this research. By substituting
the harmonic displacement into Eq. (1), an eigenvalue
problem can be obtained with the following components
of kj , uj , and Crs (i, j, k, l = 1 and 2; r, s = 1, 2, and 6) as
 ∗
 
A11 A∗12 U1
= 0,
(2a)
A∗21 A∗22 U2
where
⎧ ∗
⎨A11 = k12 C11 + 2k1 k2 C16 + k22 C66 − ρω2 .
A∗ = A∗21 = k1 k2 C12 + k12 C16 + k22 C26 + k1 k2 C66 .
⎩ 12
A∗22 = k22 C22 + 2k1 k2 C26 + k12 C66 − ρω2 .
(2b)

It should be noted that the index contraction of the fourthorder tensor Cijkl is applied (see details in Appendix A). By
deﬁning a tangent angle, tanϕ = k2 /k1 , which is related to
the wave direction, and considering the nontrivial solution
(A∗11 A∗22 −A∗12 A∗21 =0) for Eq. (2a), one can obtain the angle
ψ related to the particles’ vibrations as
ψ1,2 = tan−1 (U2 /U1 )
⎡
−A + B ±
= tan−1 ⎣

(A − B)2 + 4A212
2A12

⎤
⎦,

where
⎧
⎨A = C11 + 2C16 tan ϕ + C66 tan2 ϕ.
B = C22 tan2 ϕ + 2C26 tan ϕ + C66 .
⎩
A12 = C12 tan ϕ + C16 + C26 tan2 ϕ + C66 tan ϕ.

(3a)

(3b)

In order to investigate the elastic wave polarization characteristics in solids, the squares of wave velocity, c2 =
ω2 /k 2 , and the corresponding angles of wave polarization,
θ = ψ − ϕ, which are deﬁned as the angles between the
vibration direction and wave direction, which can then be
calculated as
c21,2

=

(A + B) ±

(A − B)2 + 4A212

2ρ(1 + tan2 ϕ)

,

(4a)

and
⎡

⎤
(A − B)2 + 4A212 − 2A12 tan ϕ
⎦,
θ1,2 = tan−1 ⎣
2
2
2A12 + (−A + B ± (A − B) + 4A12 ) tan ϕ
(4b)
−A + B ±

respectively. This indicates that there are always two polarized elastic waves with the above phase velocities and
polarization angles coexisting in common solids in 2D
cases. It should be noted that the obtained polarized wave
results can also easily be adapted in three-dimensional
(3D) cases. Meanwhile, with the quantitative relationship between the wave polarization and the stiﬀness tensor obtained in Eq. (4), inverse designs for engineered
solids having targeted wave polarization characteristics are
possible.
A. Conventional solids supporting two polarized
elastic waves
It is well known that conventional solids support two
propagating elastic body waves with diﬀerent polarizations
in a 2D case. By observing Eq. (4b), it is noted that the two
polarization angles, θ1,2 , change with the wave direction in
solids with anisotropic stiﬀness tensor. It is also interesting to ﬁnd that tan θ1 × tan θ2 ≡ −1, which means that the
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C11 = C22 = C12 + 2C66 , and C16 = C26 = 0, indicating, as
expected, an isotropic solid, as shown in Fig. 1(b).

(b)

B. Engineered solids supporting singly polarized
elastic wave

FIG. 1. Supportability of polarized elastic waves in conventional solids. (a), (b) EFCs with polarization information
of anisotropic solids (Graphite epoxy resin composite.) (a),
isotropic solids (b).

two wave polarization directions are always perpendicular
to each other. Figure 1(a) shows the equifrequency curve
(EFC) of an anisotropic solid (graphite epoxy resin composite) with its wave polarization information obtained
when Eq. 4(b) is added. Obviously, the two EFCs mean
that two polarized elastic wave branches coexist in the
solid. Although the polarization angles, θ1,2 , vary with the
wave direction angle, ϕ, |θ1 − θ2 | ≡ π/2 can be found for
any given ϕ as predicted above.
Finding a solid that supports both L and T waves omnidirectionally can be a simple inverse problem with one of
the following two sets of conditions needing to be satisﬁed
⎧
 c22 > 0
⎨c21 =
θ1 ≡ 0
⎩
θ2 ≡ π/2

or

⎧
 c22 > 0
⎨c21 =
θ1 ≡ π/2 .
⎩
θ2 ≡ 0

(5)

By substituting Eqs. (3b) and (4) into Eq. (5), the
solid supporting omnidirectional L and T wave propagations can be found with the stiﬀness tensor having
(a)

Finding an engineered solid that supports only one
polarized wave is a very interesting yet diﬃcult inverse
problem. In solid mechanics, the elastic property of a
material can be characterized by a fourth-order elasticity
tensor. Since a general fourth-order elasticity tensor can
be expressed by a 6 × 6 symmetric matrix that has six
eigenvalues accompanied with corresponding deformation
modes, an “easy deformation mode” can be deﬁned as
the one where the corresponding eigenvalue is zero [38].
Here, the word “easy” means that even without external
loading, the material can deform proportionally to a special strain state inﬁnitely as water ﬂows. What is more,
vanishing or very small eigenvalues of the stiﬀness tensor
can be realized through delicately designed microstructures, which could lead to the degenerated solids mentioned above with diﬀerent numbers of easy deformation
modes [38–40]. Such relaxations in the static deformation
could further change the dynamic behavior of the engineered solids. For example, a degenerated isotropic solid
with ﬁve easy deformation modes, a so-called pentamode
material, has been reported to support only L wave propagation [41–44]. Dynamically, this solid behaves like a
ﬂuid, which can be very useful in designing underwater
cloaks and sonar lenses [45,46]. Unfortunately, the back
side of the coin, a solid that supports only T (or shear)
wave propagation (cL = 0 or cT  cL ), has not been found
yet. If the velocities of L and T waves are used as the vertical and horizontal axes, respectively, to create a 2D chart,
as shown in Fig. 2(a), no natural or engineered solid can
be found on or near the horizontal axis of the chart. To

(b)

(c)
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FIG. 2. Supportability of polarized
elastic waves in SPS. (a) Schematic diagram of the longitudinal and transverse
waves’ supportability in common solids.
(b), (c) EFCs with polarization information of isotropic SPS (γ = 1) (b) and
anisotropic negative SPS (γ = −1) (c).
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ﬁnd such a kind of special solids, the wave characteristics
of a degenerated solid or SPS should be studied systematically under the framework of the polarization theory we
proposed previously.
Two cases are considered for the inverse problem of
ﬁnding the required stiﬀness tensor components for a SPS.
In Case 1, c21 > 0 and c22 < 0 are required, which guarantees that only one polarized wave with c1 is supported in
the solid. Thus, the corresponding condition AB − A212 < 0
can be obtained from Eq. (4a). However, by substituting
Eq. (3b) into AB − A212 < 0, it is found that the corresponding stiﬀness tensor has a negative deﬁniteness, which violates the thermodynamics law [38], and therefore, should
be ignored.
In Case 2, c21 > 0 and c22 = 0 are required, which also
results in singly polarized wave propagation. Similarly,
one can obtain the following equation

(7)

with the elasticity matrix under the principal directions
being
⎢
⎢
C = ⎢γ CS CS
⎣
11 22
0

⎤
0
⎥
⎥
,
0⎥
⎦
0

γ CS11 CS22
CS22
0

S
C11
+ CS22 tan2 ϕ
,
ρ S (1 + tan2 ϕ)

(8)

(9a)

and


⎡
⎢
θ S = tan−1 ⎢
⎣

respectively.

S
C22

−γ

γ CS11 +

S
C11

S
C11

tan ϕ

CS22 tan2 ϕ

⎤
⎥
⎥,
⎦

⎢
⎢
C = ⎢− CS CS
⎣
11 22
0

−

S S
C11
C22

CS22
0

⎤
0
⎥
⎥
.
0⎥
⎦
0

(10)

It should be also noted that when ϕ = 0 or π/2, θ S
equals zero, the negative SPS (γ = −1) can support the Lwave-only propagation along its principal directions. This
interesting phenomenon will be validated numerically and
experimentally in the following sections.
III. MICROSTRUCTURE DESIGN

where γ = ±1 is introduced due to the square root operation and stands for the positive or negative Poisson ratio
of SPS, respectively. CS11 and CS22 are the moduli of SPS
along the two principal directions. Furthermore, by substituting Eq. (8) into the expressions of c1 and θ1 in Eq. (4),
the wave velocity cS as well as polarization angle θ S in a
SPS are obtained as
(cS )2 =

tions at ϕ = tan−1 4 CS11 /CS22 , as shown in Fig. 2(c). The
elasticity matrix of the corresponding negative SPS under
the principal directions is then obtained as follows:

(6)

By substituting Eq. (3b) into Eq. (6), one can have
⎧
2
⎪
⎨C11 C66 − C16 = 0,
C22 C66 − C226 = 0,
⎪
⎩
C11 C22 − C212 = 0,

CS11

is valid only when γ = −1 and ϕ = tan−1 4 CS11 /CS22 are
satisﬁed. The interpretations to the solution are: (1) SPS
supporting T wave omnidirectionality does not exist. (2)
Only SPS with the negative Poisson ratio (γ = −1) can
support a T-wave-only state along its oﬀ-principal direc-

⎡

AB − A212 = 0.
A + B > 0.

⎡

It is obvious that by requiring CS11 = CS22 and γ = 1 in
Eq. (9b), one can get θ S ≡ 0 for an arbitrary value of ϕ,
which indicates that this SPS functions exactly the same
as the inviscid ﬂuids (water, air, etc.) that support L-waveonly propagation omnidirectionally, as shown in Fig. 2(b).
However, to answer the question of whether there exists a
SPS that permits only T wave omnidirectionality is more
diﬃcult. By requiring θ S ≡ π/2 in Eq. (9b), the equation

(9b)

Based on the understandings of the polarized wave supportability in solids, the microstructure designs and optimizations of targeted SPSs such as Eq. (10) are conducted
in this section, which also serve as the basis for subsequent
experiments and simulations.
A. Numerically based eﬀective medium method for
SPS design
Considering the detailed geometry of the microstructure,
the eﬀective properties of a SPS are extracted by using the
numerically based eﬀective medium method [47]. First,
since no resonance phenomenon is expected under the
long wavelength condition, the eﬀective density ρ eﬀ can
be simply calculated from the volume average as ρ eﬀ =
ρs Vs /Vcell , where ρs and Vs denote the density and volume
of the base material, respectively, while Vcell denotes the
volume of the unit cell. Second, the eﬀective stiﬀness of
the SPS can be retrieved from its dispersion curve. Because
of the zero deﬁniteness of the stiﬀness matrix in Eq. (8), a
perfect SPS design can only exist as an ideal case. For practically designed SPSs, the eﬀective stiﬀness matrix should
take the following form with a tiny shear modulus Ceﬀ
66
in its principal coordinates in order to satisfy the stability
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requirement

⎡
C=

eﬀ
C11
⎢ eﬀ
⎣C12

0

⎧ 2
c
⎪
⎪
⎪ L1
⎪
⎪
c2
⎪
⎪
⎪ L2
⎨
c2qL
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪c2
⎩
qT

eﬀ
C12
eﬀ
C22

0

0

⎤

⎥
0 ⎦.
eﬀ
C66

(11)

Thus, the phase velocity of the medium in diﬀerent directions can be obtained by substituting Eqs. (11) and (3b)
into Eq. (4a) as follows:

eﬀ
eﬀ
= C11
/ρ eﬀ , c2T1 = C66
/ρ eﬀ ,

= Ceﬀ
/ρ eﬀ ,
22
eﬀ
eﬀ
eﬀ
= C11
+ C22
+ 2C66
+

eﬀ
eﬀ
eﬀ
eﬀ
− C22
) + 4(C12
+ C66
)
(C11


eﬀ
eﬀ
eﬀ
= C11
+ C22
+ 2C66
−

eﬀ
eﬀ
eﬀ
eﬀ
(C11
− C22
) + 4(C12
+ C66
)

where cL1 , cT1 , cL2 denote the phase velocity of the L wave
along the 1-direction, the phase velocity of the T wave
along the 1-direction, and the phase velocity of the L wave
along the 2-direction, respectively (1 and 2 are the principal orientations of the SPS). cqL and cqT denote the phase
velocities of the L and T waves along a 45◦ angle to the 1direction, respectively. The above phase velocities can be
obtained numerically by calculating the slopes of the dispersion curves near the origin point. Finally, the eﬀective
stiﬀness can be obtained as follows:
⎧
eﬀ
eﬀ
eﬀ
⎨C11
= ρ eﬀ c2L1 , C22
= ρ eﬀ c2L2 , C66
= ρ eﬀ c2T1 ,
⎩Ceﬀ = ρ eﬀ [± (c2 − c2 )2 − (c2 − c2 )2 /4 − c2 ],
qL
qT
12
L1
L2
T1
(13)
where the choice of “+” or “−” depends on the positive or
negative sign of γ .
B. Microstructure design and optimization
From Eq. (10), it can be found that only the L wave
can propagate along the principal directions of the SPS
(a)
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2

2

2

2


(4ρ eﬀ ),

(12)


(4ρ eﬀ ),

while the T wave is completely blocked when ϕ = 0 (or
π/2). However, the situation is totally diﬀerent when ϕ =
tan−1 4 CS11 /CS22 , meaning that only the T wave propagates
while the L wave is completely blocked. Therefore, in
order to verify the above totally diﬀerent wave performances of the SPS, one-dimensional (1D) wave ﬁltering
of the targeted polarized elastic waves is performed. Here,
we assume the wave vector is always along the x direction,
so the angle ϕ can be manipulated by rotating the principal
orientation of the SPS. Speciﬁcally, two cases are considered. For Case 1, the L wave can totally pass through the
SPS with ϕ = 0, while the T wave is completely blocked
as shown in Fig. 3(a). For Case 2, the T wave can totally
pass through the SPS with ϕ = tan−1 4 CS11 /CS22 , while
the L wave is completely blocked as shown in Fig. 3(b).
Obviously, the complete blocking of the T wave (or L
wave) in Case 1 (or 2) is able to be realized by the SPS
whose elasticity matrix satisﬁes Eq. (10). Also, the complete transmission of the L wave (or T wave) in Case 1
(or 2) is closely related to the degree of corresponding
impedance matching between the SPS and the background
FIG. 3. The desired polarized elastic wave ﬁltering properties based on
the proposed SPS. (a), (b) Total transmission and reﬂection achieved in the
desired SPS for the L and T wave propagations along (a) or oﬀ (b) the principal
axis.

(b)
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medium. Therefore, we need to further restrict CS11 , CS22 in
Eq. (10). Here, we assume that the elasticity matrix of the
background medium under the same reference coordinate
system is as follows:
⎡

0
C11
⎢ 0
C = ⎣C12
0

0
C12
0
C22
0

⎤
0
⎥
0 ⎦.
0
C66

(14)

In order to perfectly match the impedance between the SPS
S
S
and background medium, we ﬁnd that C11
, C22
need to satisfy the following relationship (see details in Appendix B).


0
CS11 = (ρ 0 /ρ S )C11
,
2

0
) /C011 ,
CS22 = (ρ 0 /ρ S )(C66

(15)

where ρ S , ρ 0 denote the densities of SPS and the background medium, respectively. Thus Eq. (15) can be
regarded as the optimization objective in our following
work.
First, a simpliﬁed microstructure design of the SPS is
developed based on the previous work of an anisotropic
pentamode material done by Chen et al. [47]. As shown
in a single unit cell in Fig. 4(a), the overall shear rigidity
can be adjusted by changing the width of the lattice frame,
(a)

which has the lattice constants a and b along the x and y
directions, respectively. The angle between the tilting side
of the unit cell and the y axis is β. Inside the hexagonal unit
cell, two slots with length ly , width wy and one slot with
length lx , width wx are cut along the vertical and horizontal
directions, respectively. Four trapezoid solid parts inside
the dashed regions function as “attached masses” for the
wave impedance adjustment. We can extract the eﬀective
material parameters from the SPS microstructure by using
the numerically based eﬀective medium method proposed
previously.
Then, we can optimize the geometric parameters
(β, a, b, lx , wx , ly , wy ) [see Fig. 4(a)] to make the eﬀeceﬀ
eﬀ eﬀ
,C22
,ρ of the SPS as close
tive material parameters C11
S
S
0
0
S
, C66
, ρ0
as possible to C11 , C22 , ρ of Eq. (15) with C11
being given. In addition, it should be noted that SPSs
made of solids are inherently imperfect, which requires
eﬀ
eﬀ
that the other two eﬀective material parameters C66
,C12
should also be as close as possible to 0 and − CS11 CS22 ,
respectively. Thus, the optimization process can be divided
into two steps [see Fig. 4(c)]. First, the initial geometric
variables β0 , a0 , b0 are optimized to satisfy the required
anisotropy in Step 1. Then, on the basis of Step 1, the
other four initial variables, lx0 , wx0 , ly 0 , and wy 0 , are optimized to form the ﬁnal elasticity matrix. A dimensionless
process is performed. All geometric parameters (except β)
FIG. 4. The microstructure design and
optimization. (a) The proposed original microstructure. (b) The microstructure after optimization with the table
showing the corresponding dimensionless geometric parameters. (c) Optimization steps.

(b)

(c)
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TABLE I.

The dimensionless eﬀective material parameters, target theoretical parameters, and relative deviations.

Eﬀective material properties of background medium
Values
Target theoretical properties of SPS
Values
Eﬀective material properties of SPS
Values
Relative deviations

0
C11
0.2245
S
C11
0.1952
eﬀ
C11
0.2039
4.3%

are divided by ã = 5 mm (the lattice constant along the
x direction), the densities ρ eﬀ , ρ 0 are divided by ρAl =
2700 kg/m2 [the density of aluminum (Al)], and all eﬀective modulus are divided by C11 = 103 GPa (the pressure
wave modulus of Al). Finally, all of the dimensionless
eﬀective material parameters after optimization and their
relative deviations from the target theoretical values [based
on Eq. (15)] are given in Table I. It can be found that
the average relative deviation of material parameters is
less than 5%, which indicates the microstructure conﬁguration after optimization is acceptable and can be used for
experiments. The corresponding dimensionless geometric
parameters after optimization are also listed in Fig. 4(b).
Here, it should be noted that it is very diﬃcult to directly
match the wave impedance between the SPS and Al since
the SPS’s unit cell [see Fig. 4(a)] is fabricated by perforating an Al plate. To solve this, the Al plate with circular
holes (φ/d = 0.8 with φ being the diameter of the circular hole and d being the size of the selected Al square)
is used as a background medium and the corresponding eﬀective elastic constants and density are regarded as
0
0
C11
, C66
, ρ 0 . Finally, a bow tielike microstructure with the
desired anisotropy and wave impedance for the targeted
polarized elastic wave propagations is shown in Fig. 4(b).

FIG. 5.

PHYS. REV. APPLIED 12, 014027 (2019)

0
C22
0.2245
CS22
0.0033
eﬀ
C22
0.0036
8.3%

0
C12
0.0495
CS12
−0.0254
eﬀ
C12
−0.0229
11%

0
C66
0.0290
CS66
0
eﬀ
C66
0.0007
0.07%

ρ0
0.4974
ρS
0.5720
ρ eﬀ
0.5666
0.95%

Despite the irregular shape of the unit cell, multiple cells
can still be arranged in a rectangular array without leaving any empty space between the neighboring cells. Total
transmission and reﬂection can be achieved in the optimized SPS for L and T wave propagations along or oﬀ the
principal axis, as shown in Figs. 3(a) and 3(b), respectively.
It should also be noted that the size of the EMM unit cell
can be further reduced as long as the fabrication precision
permits.
IV. EXPERIMENTAL VALIDATION
Since the proposed SPSs do not rely on the resonant
motion of the microstructure, elastic wave control with
the SPSs are broadband in nature. To validate their polarization controllability, experimental characterizations are
conducted.
A. Experiments setup
Figure 5 shows the experimental setup. Precision computer numerical control (CNC) machining is applied to
fabricate the two types of anisotropic SPS arrays, which
are called Type 1 and Type 2 corresponding to the ﬂuidlike
solid along the SPS’s principal axis and the shear-wave

The experimental setup and the enlarged views for the two types of SPS arrays.

014027-7

MINGYE ZHENG et al.
(a)

PHYS. REV. APPLIED 12, 014027 (2019)
FIG. 6. The excitation of the
SH0 wave based on BSH PT. (a)
Schematic of the BSH PT setup.
(b) The photo of BSH PT in the
experiments.

(b)

solid oﬀ the principal axis, respectively, as shown in the
enlarged ﬁgure. The oﬀ-axis angle for Type 2 EMM is set
as ϕ ≈ 70◦ . The SPS arrays are located at the central portion of a 1.2 m × 0.01 m × 0.5 mm thin Al plate. It should
be noted that the length of the array and the interfaces
between the SPS patterns and the Al plate are determined
by the following two rules: (1) minimum pattern sizes
along the SPS’s principal axes should be no smaller than
the lattice constants and (2) manufacture feasibility for
both SPS arrays should be guaranteed. Therefore, the pattern sizes for Type 1 and Type 2 SPSs are chosen as 5
and 2 mm, respectively. The unit cells along the principal axes of the two SPS types are marked by the red
arrows. Due to the large density as well as the modulus
diﬀerence between the solid Al plate portion and the perforated metamaterial pattern portion, it is very diﬃcult to
directly match their wave impedances by only adjusting
the metamaterial’s microstructures. To solve this, a series
of holes with gradually changing radii is machined as a
transition medium to bridge the Al and metamaterial portions and is symmetrically distributed on both sides of the
metamaterial layer. The length of the entire plate is chosen
to guarantee no interference from the plate’s ends’ wave
reﬂections.
In the experiments, piezoelectric lead zirconate titanate
(PZT) patches and a laser vibrometer are used to excite
and receive elastic wave signals, respectively. For the wave

excitation, special polarized wave generators are needed in
the experiments for the required L and T wave incidences.
PZT patches (10 × 10 × 1 mm3 ) in d24 mode or in d31
mode are used at the left end of the plate for the pure
T (SH0 mode) or L (S0 mode) wave generations, respectively [48,49]. In particular, the SH0 waves are generated
by the bidirectional SH0 wave piezoelectric transducer
(BSH PT) proposed by Miao et al. [48], since the BSH
PT can generate a beam-focused pure SH0 wave along the
length direction of the Al plate while avoiding extra reﬂection of the SH0 wave in the width direction. As shown
in Fig. 6(a), the BSH PT consists of two identical square
face-shear d24 mode PZT patches (side w = 10 mm, thickness t = 1 mm), which are bonded together via their lateral
faces. The polarization directions [red arrow in Fig. 6(a)]
of the two PZT patches are the same and they share the
same electrode at the bonding interface. When an electric ﬁeld is applied to the BSH PT, the induced opposite
face-shear deformations of the two PZT patches generate
the desired BSH wave. Since the BSH PT is placed at the
end of the Al strip as shown in Fig. 6(b), a unidirectional
SH0 wave can be generated. Then a 3.5-cycle tone-burst
signal with central frequency fc is generated by a function
generator (Tektronix AFG3021) and ampliﬁed by a wideband power ampliﬁer (Krohn-Hite 7602M) for the voltage
excitation. For the wave measurement, the in-plane displacements ux and uy in the marked backward and forward

FIG. 7. The comparison of
simulation results between a
homogenized eﬀective metamaterial and microstructures
based on the Type 2 SPS. (a), (b)
shows the transient displacement
ﬁeld with homogenized eﬀective
medium and microstructures,
respectively, when the L wave
is incident. (c), (d) shows the
transient displacement ﬁeld with
homogenized eﬀective medium
and microstructures, respectively,
when the T wave is incident.

(a)

(b)

(c)

(d)
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regions are ﬁrst measured by a 3D laser scanning vibrometer (Polytec PSV-400-3D) and then further processed
in a computer for any necessary frequency-domain and
wavenumber-domain signal processing [50,51].
B. Transient experimental results
Before the transient experimental measurement, ﬁnite
element simulations are ﬁrst conducted to verify whether
the manufactured two SPS patterns can work as expected
under the long wavelength condition. Full-wave transient
simulations on the SPSs with detailed microstructures and

PHYS. REV. APPLIED 12, 014027 (2019)
the corresponding homogenized media are performed by
using COMSOL Multiphysics software. In the simulation,
the interaction between the PZT patches and the Al plate
is considered within the Piezoelectric Devices Module.
A 3.5-cycle tone-burst voltage signal (central frequency
is 50 kHz), which is the same as the excitation signal
in the experiment, is applied on the electrodes of the
PZT patches. Compared with the Type 1 SPS array, the
obliquely arranged unit cells of the Type 2 SPS lead
to a much thinner array width and more complicated
array boundary, which necessitates comparison with the
homogenized medium. Figures 7(a) and 7(b) demonstrate

(a)

(b)

(c)

(d)

FIG. 8. The experimental results on the polarized elastic wave propagations in the designed SPSs. (a), (b) The time-domain x displacements measured at A (a) and B (b) points in Type 1 and Type 2 SPSs, respectively. (c), (d) The time-domain y displacements
measured at A (c) and B (d) in Type 1 and Type2 SPSs, respectively.
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the L-wave-incidence results for the two cases of manufactured microstructures and the homogenized medium,
respectively. It can be found that in both cases, most parts
of the incident L waves are reﬂected into the backward
region and the transmitted L waves are extremely weak
in the forward region. The corresponding transmissivities
in Figs. 7(a) and 7(b) are 11.2% and 10.2%, respectively.
Figures 7(c) and 7(d) demonstrate the T-wave-incidence
results for the two cases. In both cases, almost all incident
T waves are transmitted and the corresponding transmissivities are 93.0% and 90.2%, respectively. Thus, it is
numerically veriﬁed that the manufactured Type 2 SPS
pattern performs almost the same as its equivalent homogenized medium for the polarized waves’ propagations.
Since the Type 1 SPS array has more regular boundaries,
the comparison results agree well as expected and are not
shown here.
In the experiments, two measurement points A and B are
selected in the backward and forward regions and the measured time-domain ux and uy results for the L and T waves
incidences at fc = 50 kHz are shown in Figs. 8(a), 8(b) and
8(c), 8(d), respectively. In these ﬁgures, the blue solid lines
indicate the results for the Type 1 SPS while the red dashed
lines indicate the results for the Type 2 SPS. For the L
wave incidence, the Type 1 SPS performs like a transparent medium with almost no reﬂection at Point A and total
transmission at Point B. On the contrary, the Type 2 SPS
(obtained by rotating Type 1’s principal axes) functions as
a perfect reﬂector for the incident L wave, as shown in
Figs. 8(a) and 8(b). When the incident wave is changed
to a T wave, completely opposite results can be found in
Figs. 8(c) and 8(d). Nearly total T wave reﬂection is found

for the Type 1 SPS while very strong T wave transmission
is observed for the Type 2 SPS.
It should be noted that the SH0 wave generated by the
face-shear deformations of the two PZT patches is equivalent to that caused by the induced shear stresses distributed
along the PZT patch edges [52], so the induced unidirectional SH0 wave is a superposition of wave signals from
diﬀerent edges and wave signals from the reﬂection in the
3D ﬁnite waveguide. As a result, compared with the signals
of the S 0 wave in Figs. 8(a) and 8(b), the induced unidirectional SH0 wave will have more cycles than drive signals
as shown in Figs. 8(c) and 8(d).
Furthermore, snapshots of the normalized ux and uy
ﬁelds measured in the forward region under L and T
wave incidences are demonstrated in Figs. 9(a)–9(c) and
9(d)–9(f), respectively (six complete videos can be seen
in the Supplemental Material [53]). The wave-ﬁeld results
measured at multiple time points are compared for the
wave propagations in the following three media: the reference Al plate, the Type 1 SPS plate, and the Type 2
SPS plate. For the L wave incidence, it can be found in
Figs. 9(a) and 9(b) that both the wave amplitudes and wave
phases for the reference Al and Type 1 SPS plates are
very close to each other, which indicates that neither wave
attenuation nor wave dispersion is introduced by the SPS.
However, almost no transmitted waves can be found at any
time point for the Type 2 SPS plate in Fig. 9(c). For the T
wave incidence, the measured wave-ﬁeld results switch for
the Type 1 and Type 2 SPS plates as expected. Compared
with the reference wave ﬁeld in Fig. 9(d), almost no transmitted wave ﬁelds can be found in Fig. 9(e) for the Type 1
SPS plate while both the wave amplitudes and wave phases

(a)

(b)

(c)

(d)

(e)

(f)

FIG. 9. Snapshots of the normalized ux and uy ﬁelds measured in the forward region. (a)−(c) Normalized x displacement ﬁelds
measured in the forward regions in the reference plate (a), Type 1 SPS (b), and Type 2 SPS (c). (d)−(f) Normalized y displacement
ﬁelds measured in the forward regions in the reference plate (d), Type 1 SPS (e), and Type 2 SPS (f).
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(b)

FIG. 10. The broadband polarized wave supportability of the SPSs. (a) Normalized L and T wave transmissivities in the Type 1 SPS
plate at diﬀerent frequencies. (b) Normalized L and T wave transmissivities in the Type 2 SPS plate at diﬀerent frequencies.

are found almost unchanged in Fig. 9(f) for the Type 2 SPS
plate, which indicates the total T wave transmission in the
Type 2 SPS plate.
Since the two types of anisotropic SPS can be readily switched by just rotating the principal orientation, the
above experiments successfully demonstrate that complete
L or T wave control can be realized at a certain frequency
with an engineered SPS, which has either “ﬂuidlike solid”
or “shear-wave solid” behaviors along the targeted propagation direction. Next, the broadband veriﬁcation of this
unique elastic wave polarization control capability will be
tested.

(a)

C. Broadband veriﬁcation
Transient wave experiments are conducted at diﬀerent
central frequencies sweeping from 50 to 75 kHz with a
step of 5 kHz, as shown in Fig. 10. The transmission
results obtained from numerical transient wave simulations
are compared with the experimental results. In the ﬁgure,
the normalized transmissivity is deﬁned as tL = ATL /AT0L
and tT = ATT /AT0T , where, AT0L , AT0T and ATL , ATT denote the
amplitudes of the transmitted L wave and T wave in the
reference Al plate and the SPS plates, respectively. In general, the results demonstrate that the unique L or T wave
control obtained by using the proposed anisotropic SPS

(b)

FIG. 11. The inﬂuence of frequency on the T wave transmissivity in the Type 2 SPS. (a) Schematic of diﬀerent simulation
environments. (b) The transmissivity with diﬀerent frequencies in the three cases.
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can be realized in a broad frequency range. The numerical and experimental results agree with each other quite
well. In Fig. 10(a), the measured L wave transmissivity
is above 84% while the measured T wave transmissivity is below 9% in the Type 1 SPS plate. Both measured
results are lower than those obtained from the numerical simulations, which is due to the damping in experiments. In addition, the experimental measurement and
signal sampling process also introduce a few unavoidable
discrepancies. If the manufacture precision permits a minimum ﬁllet radius and the lowest degree of inconsistency
among all unit cells, theoretically, the transmissivities for
the L wave and T wave can be very close to 100% and 0,
respectively.
In Fig. 10(b), both experimental and numerical results
of the T wave transmissivity in the Type 2 SPS plate
decrease with the frequency. In order to explain the low
T wave transmission in the high-frequency region, we
qualitatively analyze the following three cases shown in
Fig. 11(a). In Case 1, 2D simulations are conducted in

homogenized media for both the Type 2 SPS and background medium with their upper and lower boundaries
being set as periodic. In Case 2, 3D simulations are conducted in the homogenized plate of the Type 2 SPS and
the gradient Al plate with all boundaries being set free,
which actually forms a ﬁnite 3D waveguide. In Case 3,
3D simulations are conducted on the plate with both the
Type 2 SPS and the gradient-perforated Al parts with
exact microstructures and free boundaries. Figure 11(b)
shows the transmissivities with diﬀerent frequencies for
the three cases. Compared with perfect transmission in
Case 1, the T wave transmissivity decreases with frequency
in Case 2, which indicates that the ﬁnite 3D waveguide
especially aﬀects the T wave transmissivity in the highfrequency region. While in Case 3, the interface eﬀect of
the SPS microstructures’ pattern further decreases the T
wave transmissivity at high frequencies. In summary, the
inﬂuence of the ﬁnite 3D waveguide together with the
interface eﬀect of the SPS’s microstructure lead to the
decline of the T wave transmissivity in the high-frequency

FIG. 12. 90o polarized wave
splitter based on the proposed
metamaterial. (a) EFC of the neg0
.
ative SPS with CS11 = CS22 = C11
The analysis based on EFCs for
the incident L wave case and incident T wave case, respectively.
(b) Schematic of the 2D polarized wave splitter. The design
with a metamaterial layer and
microstructures. (c), (d) The simulation results show the normalized
divergence and curl of displacement ﬁelds, respectively.

(a)

(b)

(c)

(d)
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TABLE II. The dimensionless eﬀective material parameters, target theoretical parameters, and relative deviations (Base material of
SPS: Al; Background medium: Polypropylene. The dimensionless process and criterion are the same as before).
0
C11
0.0204
S
C11
0.0204
eﬀ
C11
0.0204
0%

Material properties of background medium (Polypropylene)
Values
Target theoretical properties of SPS
Values
Eﬀective material properties of SPS
Values
Relative deviations

0
C22
0.0204
S
C22
0.0204
eﬀ
C22
0.0205
0.49%

0
C12
0.0142
S
C12
−0.0204
eﬀ
C12
−0.0204
0%

0
C66
0.0031
S
C66
0
eﬀ
C66
0.0001
0.01%

ρ0
0.3296
ρS
0.3296
ρ eﬀ
0.3296
0%

region. A modiﬁed testing environment and advanced signal processing technology can be helpful. On the other
side, the L wave transmissivity is kept below 10% for all
measured frequency points, as shown in Fig. 10(b).

orthogonal directions. The detailed microstructures of the
SPS and the corresponding simulation results are shown in
Figs. 12(b)–12(d). The design parameters of the SPS are
listed in Table II.

V. POTENTIAL APPLICATIONS FOR ELASTIC
WAVE DEVICE

B. Selective broadband polarized wave focusing

Based on the SPS’s peculiar properties, we also
explore its potential applications in alternative elastic wave
devices, such as 90° polarized wave splitter and selective
polarized wave focuser.
A. 90o broadband polarized wave splitter
In Fig. 12(a), the incident L wave comes from an
0
0
isotropic solid (C11
, C66
, and ρ 0 ) through a thin negative
S
S
0
SPS (C11 = C22 = C11 , ρ S = ρ 0 ) layer. Based on the previous analysis, the EFC of the negative SPS is a circle,
which coincides with the L wave EFC of the isotropic
solid as shown in Fig. 12(a). Therefore, when an incident L wave comes from the isotropic solid into the SPS,
the direction and amplitude of the refracted wave vector
will not change due to the matched impedance. However, when an incident T wave comes from the isotropic
solid into the SPS, total reﬂection of the T wave can be
observed when the incident angle is greater than the crit0
ical angle (θcr = sin−1 C66
/CS11 ). As a result, when L
and T waves are both incident at 45◦ to the SPS layer,
which is larger than θcr = 23◦ , they are separated along two

(a)

Furthermore, selective polarized wave focusing can also
be achieved with the negative SPS. By symmetrically placing the SPS layers on both sides of a line source, their
tilt angles can be adjusted according to diﬀerent working
conditions. Since such a SPS layer has completely diﬀerent transmission and reﬂection characteristics for a L wave
and a T wave as demonstrated previously, the energy of
the T wave can be focused at a speciﬁed position when
a line source emits a T wave, as shown in Fig. 13(a). On
the contrary, the energy of the L wave propagates away
through the SPS layers when a line source emits a L wave,
as shown in Fig. 13(b). This broadband selective polarized
wave focusing can be very useful in the ﬁelds of energy
harvesting, medical imaging, and so on.
VI. CONCLUSION
The proposed anisotropic SPS requires no resonant
microstructures, and therefore, is naturally broadband.
By just adjusting the principal orientation of the SPS,
longitudinal-only or shear-only wave propagation can be
achieved, which is experimentally validated. The size
of the SPS unit cell is only 1/50 of the wavelength
FIG. 13. Selective polarized wave
focusing based on the proposed SPS.
(a), (b) The simulation results show the
normalized energy ﬁelds of the T wave
and L wave, respectively (Base material of SPS: Al; Background medium:
Polypropylene).

(b)
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(f = 50 kHz), which oﬀers a deep subwavelength-scale
elastic wave polarization controllability, which can be
quite useful in various engineering ﬁelds. For example,
a polarized wave splitter or focuser that can selectively
separate or conﬁne a L or T wave can lead to potential
applications in nondestructive evaluation (NDE) or structural health monitoring (SHM). Finally, the nonresonant
SPS can greatly expand the family of solid metamaterials
and open up an alternative avenue for broadband elastic
wave controlling and subwavelength elastic wave devices.
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FOURTH-ORDER TENSOR Cijkl

This work was supported by the National Natural Science Foundation of China (NSFC) (Grants No. 11521062,

In the 2D case, Eq. (1) and the harmonic displacement
can be expanded into the following formula

ρ ü1 = C1111 u1,11 + C1121 u2,11 + C1112 u1,21 + C1122 u2,21 + C2111 u1,12 + C2121 u2,12 + C2112 u1,22 + C2122 u2,22 ,
ρ ü2 = C1211 u1,11 + C1221 u2,11 + C1212 u1,21 + C1222 u2,21 + C2211 u1,12 + C2221 u2,12 + C2212 u1,22 + C2222 u2,22 ,

(A1a)

system is as follows:
u1 = U1 ei(−k1 x1 −k2 x2 +ωt) ,
u2 = U2 ei(−k1 x1 −k2 x2 +ωt) .

⎡

(A1b)

CS11

⎢
⎢
C = ⎢− CS CS
⎣
11 22
0

And the index contraction of the fourth-order tensor Cijkl is
applied as follows:
⎧
C1111
⎪
⎪
⎪
C
⎪
⎪
⎨ 2222
C1112
C2112
⎪
⎪
⎪
⎪
⎪
⎩C1122
C2212

= C11 ,
= C22 ,
= C2111
= C1212
= C2211
= C1222

= C1211 = C1121 = C16 ,
= C2121 = C1221 = C66 ,
= C12 ,
= C2221 = C2122 = C26 .

(A2)

− CS11 CS22
CS22
0

⎤
0
⎥
⎥
,
0⎥
⎦
0

(B1)

Obviously, the T wave can be completely blocked because
the impedance-supporting T wave in the SPS is zero. While
in order to realize the complete transmission of the L wave,
the impedance-supporting L wave between the SPS and
background medium should match perfectly
CS11 ρ S =

0 0
C11
ρ .

(B2)

Thus, Eq. (2) in the main text can be obtained.
APPENDIX B: DERIVATION OF CS11 AND CS22
BASED ON THE IMPEDANCE MATCHING
For Case 1, the principal orientation of the SPS coincides with the reference coordinate system (ϕ = 0) and
the elasticity matrix of SPS under the reference coordinate

⎡

0

⎢
⎢
⎢0

C =⎢
⎢
⎣
0

0




CS11
CS11 −

−
CS22

For Case 2, there is an angle ϕ = tan−1 4 CS11 /CS22 between
the principal orientation of the SPS and the reference coordinate system. Thus the elasticity matrix of the SPS under
the reference coordinate system can be written in the following form based on the coordinate transformation of
tensor(Cmnop = βmi βnj βok βpl Cijkl )

2
CS22


CS11



4

0

CS11 CS22

014027-14

−

⎤


CS22
CS11 CS22

4

⎥
⎥
CS11 CS22 ⎥
⎥,
⎥
⎦

(B3)
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cos ϕ − sin ϕ
where β =
and ϕ = tan−1 4 CS11 /CS22 .
sin ϕ
cos ϕ
Similarly, in this case, the L wave can be complete blocked
because the impedance-supporting L wave in the SPS is
zero. We can make the impedance-supporting T wave
between the SPS and background medium match perfectly
to achieve total transmission of the T wave

CS11 CS22 ρ S =

0 0
C66
ρ .

(B4)

By combining Eqs. (B2) and (B4), we can easily get
0
,
CS11 = (ρ 0 /ρ S )C11
S
0 2
0
0
S
C22 = (ρ /ρ )(C66
) /C11
.
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