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Underwater acoustic plane waves are usually generated using transducer arrays with sophisticated
control and synchronizing systems. Here, a subwavelength metasurface is proposed to convert incident
cylindrical waves into plane waves by rectifying the local transmission phase through pentamode material
design. The metasurface allows a high transmission because of the matched impedance between the pentamode material and water. It is also broadband since only the static material property is used in the design.
A metasurface with graded unit cells is fabricated and tested in a two-dimensional water waveguide using
transient cylindrical wave excitation. The experiment shows that the metasurface can convert cylindrical
waves to plane waves over a broad frequency band of 15–23 kHz with an energy converting ratio as high
as 69%. The working frequency band and converting eﬃciency can be further enhanced with smaller cells
and a larger lateral size of the metasurface. This research may lead to new applications for controlling
low-frequency waterborne sound, such as acoustic surveying, locating, as well as plane-wave generation
for underwater acoustic-testing systems.
DOI: 10.1103/PhysRevApplied.12.044046

I. INTRODUCTION
As the only long-distance transmitted wave in water,
waterborne sound is of great importance for many underwater advanced technologies, such as acoustic surveying,
locating, navigation and many others. In practice, plane
waves are highly demanded for long-distance transmission and underwater acoustic-testing systems, due to their
directed and eﬃcient energy transmission properties. Otherwise, the multipath interference induced by reﬂections
at the ocean ﬂoor or free water surfaces may bring a signiﬁcant challenge to decoding received signals [1]. Plane
waves may be produced using transducers with comparable size to wavelength; however, this method suﬀers from
an unacceptable large size of transducer required for lowfrequency sound. A more practical technique is to explore
the use of transducer arrays with controlled phase delays
[2]. This requires multiple transducers and sophisticated
synchronization systems and is not cost eﬃcient. In the last
decade, the development of subwavelength metamaterials
signiﬁcantly improves our capability of controlling wave
trajectory [3,4]. The metasurface can be considered as a
planar version of three-dimensional bulk metamaterials,
and is more promising for practical applications owing to
its compacted size [5–7]. The concept of a metasurface can
be traced back to the phased array radar, where the emitted radio waves were precisely controlled by designing the
*
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phase delay of each small antenna [8]. The metasurface
also relies on rectifying the phase delay of transmitted or
reﬂected waves locally [5,6], while the phase control is
achieved by the varying material properties. Many exotic
functions have been demonstrated with metasurfaces, such
as anomalous refraction or reﬂection, wave-front transformation, high-resolution imaging, orbital angular momentum generation, mathematical operation execution, thin
cloaking and so on [9–19]. An excellent review on recent
advances of the metasurface can be found in Ref. [20].
For waterborne sound, cylindrical waves can be produced more easily using a cylindrical transducer without
size limit. Therefore, we will develop a broadband converter using the concept of the metasurface to transform
incidental cylindrical waves into plane ones through local
phase control. For electromagnetic waves and airborne
sound, the required phase delay from 0 to 2π can be
achieved with resonant mechanisms [5,6]. Such designs
are, however, limited to narrow frequency bands, and suﬀer
from a low energy conversion due to impedance mismatch.
To circumvent these diﬃculties, designs based on bianisotropy or Willis coupling of metamaterials have been
introduced, which provide a new controlling degree of
freedom for the transmission phase and amplitude, simultaneously [21–25]. This concept has been demonstrated by
the deﬂection of sound in air through a metasurface, and
a rather high energy transmission is achieved [26]. However, this design concept cannot be easily generalized to
waterborne sound due to the much larger impedance of
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water than air. Recently, solid pentamode (PM) materials
have oﬀered a new class of acoustic metamaterials with
the advantages of broadband eﬃciency and the matched
impedance with ﬂuids [27–29]. They are designed particularly as solid structures with extremely small shear rigidity,
functioning as acoustic ﬂuids [29–32]. Through careful
microstructure design, PM materials are able to achieve
a high refractive index and matched impedance to water
simultaneously. They are also broadband, particularly for
low frequencies, since only the static material property
is used. These are key ingredients for designing a broadband and high-transmission metasurface. In addition, the
achievable high anisotropy in PM materials is of particular
importance to bend acoustic waves for novel underwater applications, including negative refraction, planar lens,
invisible cloaking and so on [32–48].
In this paper, we will design a broadband and hightransmission metasurface for converting cylindrical underwater acoustic waves into plane waves. Firstly, the design
procedure for the necessary proﬁle of a graded refractive
index and the microstructure realizations is explained in
detail. Then, the designed metasurface is fabricated and
experimentally tested in a two-dimensional (2D) underwater waveguide to validate the design. It is observed that the
metasurface can eﬃciently convert the incident cylindrical
waves into plane waves, and an average energy converting
ratio as high as 69% is achieved over a broad frequency
band of 15–23 kHz, as predicted.
II. DESIGN OF PENTAMODE METASURFACE
Figure 1 shows the design procedure of the metasurface
based on PM materials. As shown in Fig. 1(a), the metasurface in front of a cylindrical source is supposed to convert
the incident cylindrical wave into a plane one. The required
phase compensation at diﬀerent locations of the metasurface can be designed according to Huygens’ principle [44]
[Fig. 1(b)]. The transmitted wave through the metasurface
at diﬀerent locations must share the same phase, and then
the required phase accumulation φ(x) at diﬀerent locations
reads as

φ(x) + k0 d2 + x2 = k0 S0 ,
(1)
where k 0 is the wave number of background water and S 0
is a constant distance. The required phase compensation is
achieved by a refractive index n(x), φ(x) = n(x)k 0 h with h
denoting the thickness of the metasurface. The refractive
index is then derived as

n(x) = ξ h−1 (S0 − d2 + x2 ).
(2)
It is noted that a scaling parameter ξ is used here to
scale the refection index, and ξ = 1 means no scaling. By
choosing an appropriate value for ξ , the required index

at diﬀerent locations can all be realized with the following adopted pentamode cell. Assuming the pentamode
material is impedance-matched to water, the density is
obtained as
ρ(x) = n(x)ρ0 .

(3)

In the following design, the speciﬁc parameters include
the metasurface length L = 400 mm, the metasurface thickness h = 55 mm, the source distance d = 330 mm, the
constant distance S 0 = 7.353 h, and the scaling parameter ξ = 0.93. The required refractive index proﬁle Eq. (2)
is obviously frequency independent; therefore, the design
principle works over a broadband frequency range if
the material design following is also broadband. In the
design of a metasurface, the thickness should, ideally, be
extremely small or smaller than the operating wavelength.
From Eq. (2), a smaller thickness of the metasurface h
will result in a larger variation of refractive index and
bring a greater challenge to the microstructure design and
fabrication. Therefore, a speciﬁc thickness h = 55 mm is
chosen here to be compatible with the proposed pentamode microstructure and the fabrication tolerance, and the
thickness to wavelength ratio is approximately 0.57.
The microstructure design process of the PM materials
consists of three steps, as shown in Figs. 1(c)–1(e). The
rectangular metasurface of length 400 mm and thickness
55 mm is ﬁrstly divided into 23 material layers. Then, each
layer is discretized into 2 × 7 hexagons with length 5 mm
[Fig. 1(d)]. The hexagon discretization is necessary for
implementing the material with real microstructure. Secondly, the required material properties for the 23 material
layers are obtained from Eqs. (2) and (3) as indicated by the
red line [Fig. 1(e)]. The material parameters of each layer
are further realized with a hexagonal honeycomb pentamode unit cell [32] [Fig. 1(e)]. The reason for choosing a
hexagonal shape and the detailed parameter design will be
introduced below. Finally, pentamode cells are integrated
into the corresponding hexagons in Fig. 1(c) to obtain
a microstructure metasurface. The designed metasurface
is then fabricated using an electric discharging machining technique, with length 400 mm, thickness 55 mm and
depth 50 mm.
The main idea of the microstructure design is to make
solids mimic acoustic ﬂuids with speciﬁc index and density, or equivalently bulk modulus and density. Conventional acoustic ﬂuids can be regarded as elastic solids with
ﬁnite bulk modulus but vanishing shear modulus. Therefore, the designed solid with microstructures should have
extremely small eﬀective shear modulus, or its magnitude
should be much smaller than the eﬀective bulk modulus.
These particular materials are called pentamode materials
by Milton [27]. Among various beam lattices, the hexagonal honeycomb lattice meets the above requirement when
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FIG. 1 Design of the pentamode metasurface. (a) Demonstration of the conversion of cylindrical waves into plane waves with
a metasurface. (b) Derivation of the refractive index based on Huygens’ principle. (c) The rectangular metasurface is divided into
discrete hexagons. (d) The derived refractive index along the horizontal direction is approximated using layered pentamode unit
cells by designing their microstructures; one half of the index distribution is shown here. The solid matrix is aluminum of Young’s
modulus E Al = 69 GPa, Poisson’s ratio vAl = 0.33 and density ρ Al = 2700 kg/m3 . (e) The designed unit cells are integrated into a
pentamode metasurface, and the metasurface is fabricated using an electric discharging machining technique. Inset ﬁgures show
the detail.

the beams are very thin. Therefore, the hexagonal beam lattice is chosen here as a basic unit cell, and two rectangular
blocks are additionally introduced into the unit cell to tune
the eﬀective density. The proposed pentamode unit cell has
ﬁve nondimensional geometrical parameters (m/l, β, t/l,
w/l, h/l). We ﬁrst ﬁx two parameters m/l = 1 and β = π /3
so that the hexagonal cell has an isotropic acoustic property, and tune the other three parameters (t/l, w/l, h/l) in the
design. It should be noted here that these three parameters
are not uniquely determined by two target values, i.e. the
eﬀective bulk modulus and density. In general, the eﬀective
bulk modulus is determined mainly by the beam thickness
t/l, while the eﬀective density is determined by w/l and
h/l. A numerical optimization algorithm is used to tune the
three parameters (t/l, w/l, h/l) for the required eﬀective bulk
modulus and density [32]. The solid matrix is aluminum of

Young’s modulus E Al = 69 GPa, Poisson’s ratio vAl = 0.33
and density ρ Al = 2700 kg/m3 .
Figure 1(d) shows that the designed stepwise refractive
index is a good approximation of the ideal distribution.
The geometric parameters and eﬀective properties of the
designed pentamode cells are listed in Table I. The beam
length l = m = 5 mm is already determined in the discretization. The eﬀective shear modulus is nearly 2 orders
of magnitude smaller than the bulk modulus, which indicates that the pentamode cells can be eﬀectively regarded
as isotropic acoustic ﬂuids. The designed refractive index
deviates from the theoretical proﬁle by less than 5%,
while the impedance is almost the same as water. The
impedance-matched design is a decisive factor for the
high converting eﬃciency of the designed metasurface. As
explained above, the beams of the pentamode unit cells at
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TABLE I.

Geometric parameters and eﬀective properties of each PM layer.

No.

t/l

w/l

h/l

ρ eﬀ /ρ 0

K eﬀ /K 0

Geﬀ /G0

Z eﬀ /Z 0

neﬀ (desi.)

n(theo.)

1
2
3
4
5
6
7
8
9
10
11
12

0.050
0.050
0.050
0.053
0.053
0.055
0.058
0.061
0.064
0.072
0.102
0.135

0.650
0.650
0.650
0.650
0.683
0.683
0.717
0.753
0.790
0.810
0.567
0.483

0.715
0.712
0.700
0.679
0.624
0.590
0.526
0.461
0.396
0.336
0.349
0.265

1.342
1.335
1.315
1.282
1.236
1.178
1.108
1.027
0.936
0.834
0.723
0.603

0.741
0.741
0.741
0.774
0.797
0.832
0.896
0.966
1.043
1.165
1.328
1.624

0.003
0.003
0.003
0.003
0.003
0.004
0.004
0.005
0.006
0.009
0.023
0.051

0.997
0.995
0.987
0.996
0.992
0.990
0.996
0.996
0.988
0.986
0.980
0.990

1.346
1.342
1.332
1.287
1.246
1.190
1.113
1.031
0.947
0.846
0.738
0.609

1.356
1.356
1.341
1.311
1.266
1.207
1.134
1.048
0.949
0.837
0.714
0.581

The ﬁrst column indicates the layer number from the middle of the metasurface. The ﬁfth to eighth columns are the eﬀective density,
bulk modulus, shear modulus and acoustic impedance, respectively. The last two columns denote the designed and theoretical index,
respectively.

the center of the metasurface are thinner in order to have a
larger refractive index or smaller eﬀective bulk modulus,
and they are thicker toward both ends of the metasurface to achieve a smaller refractive index. This variation
is also evidently observed from the fabricated sample
Fig. 1(e).
III. NUMERICAL AND EXPERIMENT RESULTS
A numerical simulation is ﬁrst performed to verify the
designed metasurface. Figures 2(a)–2(d) show the calculated pressure ﬁelds with the real microstructures at four
frequencies. The emitted waves from a circular source
are cylindrical before impinging onto the metasurface,
while they are transformed into plane waves after propagating through the metasurface. The pressure intensity
in the middle is larger than the lateral end locations due
to the ﬁnite length of the metasurface. Over the computed frequency range, the wavelength in the water is an
order of magnitude larger than the cells, and therefore the
homogenization condition holds. The calculated pressure
ﬁelds for the metasurface with an eﬀective acoustic index
and impedance are shown in Figs. 2(e)–2(h), and a fairly
good agreement on the pressure ﬁelds between the real
microstructure and eﬀective medium is observed.
Due to a ﬁnite depth of the designed metasurface, an
experimental measurement is better conducted in a 2D
underwater waveguide [Fig. 3(a)] [34,49]. This can prevent wave diﬀraction from the top or bottom surface of the
metasurface. Here, a 2D underwater acoustic waveguide
immersed in a large anechoic water pool is adopted for the
measurement. The 2D waveguide consists mainly of two
10-mm-thick aluminum plates and measures 1000 mm in
length and 800 mm in width. The two waveguide plates
are approximately 55 mm apart for mounting the sample and sweeping the pressure ﬁeld. To prevent water

from entering into the cavity of the PM cells, both the
top and bottom of the metasurface are sealed with a
2-mm-thick polymethyl-methacrylate plate. A customized
cylindrical piezoelectric transducer with a diameter of
80 mm and a height of 180 mm is suspended at the bottom
of the waveguide [Fig. 3(a)], and it can generate cylindrical
waves propagating upward onto the installed metasurface. One half of the marked dashed regions [Fig. 3(a)] is
scanned using a hydrophone mounted on a moving stage
with 10-mm steps along both directions, and the other half
is obtained through a mirror operation. The scanned area is
approximately 50 mm from the metasurface, and measures
200 mm and 320 mm in the horizontal and vertical directions, respectively. In order to test the broadband eﬃciency
of the designed metasurface, the cylindrical transducer is
excited by a modulated Gaussian pulse signal cos(2π fc t) ×
exp[−(π fc t/4)2 ] with a central frequency fc = 19 kHz. The
Gaussian pulse has a time duration 0.23 ms with nearly
four cycles, and the Fourier-transformed halfamplitude
bandwidth is approximately 8 kHz. The acoustic scanning
system consists mainly of a personal computer, an arbitrary
wave generator (Tektronix, AWG 5002C), a step motor,
a data acquisition (DA) card (Acoustic Physics, PCI-2), a
customized piezoelectric transducer with a power ampliﬁer (C-MARK, GA500) and a hydrophone (Brüel & Kjær,
Hydrophone 8103) connected to a pre-ampliﬁer (Teledyne
Reson, EC6081). During the experiment, the hydrophone
is ﬁrst moved to a measurement location by the step motor.
Secondly, the piezoelectric transducer is excited using a
Gaussian pulse signal generated by the arbitrary wave
generator. Then, pressure signals are collected using the
hydrophone and transmitted upward to the personal computer. The steps above are repeated until all locations have
been scanned. Interested readers can refer to Ref. [49] for
detail information about the waveguide and the scanning
process.

044046-4

BROADBAND AND HIGH-TRANSMISSION METASURFACE. . .

PHYS. REV. APPLIED 12, 044046 (2019)

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

FIG. 2 Simulation of the pentamode metasurface. (a)–(d) Simulated pressure ﬁelds with microstructure metasurface corresponding
to 15 kHz, 17 kHz, 19 kHz and 21 kHz, respectively. The white circle indicates the cylindrical source. (e)–(h) The same as (a)–(d) but
with the metasurface replaced by a homogenized medium with an eﬀective acoustic index and impedance. The dashed box indicates
the location of the metasurface.

Figures 4(a)–4(f) show the measured instant pressure
ﬁelds without and with the metasurface in the waveguide.
An animation is available in the Supplemental Material
showing the evolution of the wave ﬁelds [50]. In an empty
waveguide [Figs. 4(a)–4(c)], a cylindrical wave propagates upward, and the pressure amplitude decays quickly
during propagation due to spreading. However, using the
metasurface in the waveguide designed to modify local
transmission phases [Figs. 4(d)–4(f)], the transmitted wave
now shows a plane-wave pattern, as predicted. In addition, the pressure-amplitude attenuation is much slower
during propagation due to the high directivity of the plane
wave. In accordance with the simulation results, the pressure intensity close to the lateral edges of the scanned
region is weaker than in the middle. Figures 4(g) and 4(h)
plot the acquired pressure signals for two marked positions at the bottom of the scanned region. A mismatch
in peak time is clearly observed between the two signals
for the empty waveguide, which indicates a phase delay
caused by diﬀerent propagating distances from the source.

However, with the presence of the metasurface, the two
signals are synchronized in time while having slightly different amplitudes in accordance with the reasons explained
above.
To quantify the eﬃciency of the designed metasurface
for diﬀerent frequencies, we perform Fourier transformation on the measured time-domain results to obtain the
pressure and phase. It is noted here that the frequencydomain results can also be directly measured using a
continuous harmonic signal to excite the transducer. However, the frequency-domain experiment requires multiple
measurements with diﬀerent frequencies. The transient
experiment performed here is more eﬃcient since only
a single measurement is required. Furthermore, the transient experiment avoids reﬂections from the pool boundary
and the resonance of the waveguide. Figures 5(a) and 5(b)
show the pressure and phase in an empty waveguide corresponding to 19 kHz where the cylindrical wave is clearly
observed, particularly from the concentric phase pattern
[Fig. 5(b)]. The wave pattern has a plane-wave front with
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FIG. 3 Experiment setup. (a) Sketch of the acoustic measurement system and two-dimensional underwater waveguide with two
aluminum plates. The two waveguide plates are rendered transparent for an interior view. (b) Time-domain plot of the Gaussian pulse
with a time duration of approximately 0.23 ms used to excite the transducer. (c) Fourier-transformed amplitude of the Gaussian pulse.
The central frequency is 19 kHz and the halfamplitude bandwidth is 8 kHz. (d),(e) Photograph of the experiment system and water
pool.

(a)

(b)

(c)

(g)

(d)

(e)

(f)

(h)

FIG. 4 Measured time-domain results. (a)–(c) Pressures ﬁelds in an empty waveguide at three diﬀerent times. (d)–(e) The same as
(a)–(c) but with the designed metasurface in the waveguide. (g) Pressure signals for the marked positions 1 and 2 at the bottom of the
scan region in (b); position 1 lies in the center, and position 2 is 150 mm apart from position 1. (h) The same as in (g) but with the
metasurface in the waveguide.
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(a)

(b)

(c)

(d)

(e)

(f)

FIG. 5 Fourier-transformation results from time-domain measurements. (a),(b) Fourier-transformed pressure and phase corresponding to 19 kHz without the metasurface; further spatial Fourier transformation is performed on the pressure ﬁeld in (a) to obtain the
pressure amplitude in wave-vector space (c). O represents origin of the wave-vector space. (d)–(f) The same as in (a)–(c) but with the
metasurface.

the pentamode metasurface in the waveguide [Figs. 5(d)
and 5(e)]. To check the directivity of the pressure ﬁeld
in Figs. 5(a) and 5(d), we perform a spatial Fourier transformation to obtain the pressure amplitude in wave-vector
space [Figs. 5(c) and 5(d)]. The inset curves plot the amplitude along the marked horizontal line. The spatial Fourier
transformation can identify the contained wave vectors.
It is observed that the measured wave ﬁeld in an empty
waveguide is composed of a wider range of wave vectors, while the transmitted wave through the metasurface is
more localized in wave-vector space. We deﬁne an opening angle of 2θ , the half amplitude angle to the origin,

(a)

to measure the directivity quantitatively. The half opening
angle of θ is decreased signiﬁcantly by the metasurface
from 8.5° to 4.4°.
The directivity angles for the pressure ﬁeld without and
with the metasurface are plotted in Fig. 6. The measured
half opening angle in an empty waveguide is nearly independent of frequency, and it agrees quite well with the
numerical simulation. The half opening angle is significantly decreased with the pentamode metasurface, and
an even smaller half opening angle is observed for high
frequencies. An average half opening angle of 4.7° is
achieved with the metasurface, and it has been decreased

FIG. 6 Quantitative performance
of
the
pentamode
metasurface. (a) Simulated (sim.)
and measured (exp.) half opening
angle for measured wave ﬁeld.
(b) Simulated and measured
energy conversion ratio.

(b)
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by nearly 45% from 8.5° over the studied frequency
band. Finally, we characterize the energy converting ratio
of the pentamode metasurface with T = E T /E I , where
E T represents transmitted acoustic energy by the metasurface and E I represents incident acoustic energy onto
the metasurface. The acoustic energy is evaluated as an
integral of energy ﬂux E = 1/(ρω)Im p∂ p̄/∂ydx. More
speciﬁcally, E T is obtained by integrating the energy ﬂux
along the bottom of the scanned pressure ﬁelds with
the metasurface, while E I is obtained by integrating the
energy ﬂux in an empty waveguide along the red dashed
line [Fig. 3(a)], which denotes the lower edge of the
metasurface. The measured converting ratio is shown in
Fig. 6(b) together with the simulation. In the simulation,
an almost frequency-independent converting ratio of 74%
is achieved, since the metasurface is designed from static
eﬀective material parameters. It should be mentioned here
that, despite the fact that the pentamode metasurface is
impedance-matched with water, a total transmission is not
archived due mainly to two reasons. Firstly, part of the
cylindrical wave is incident onto the metasurface from an
oblique angle, and therefore it cannot be perfectly transmitted with only the normal matched-impedance condition.
Secondly, the metasurface has a ﬁnite length, and part of
the incident acoustic energy leaks out from the two side
edges of the metasurface. Considering the leaked energy,
the energy converting ratio of 74% is indeed quite high.
In future applications, anisotropic pentamode materials
can be used to achieve high transmission for arbitrary
incidences as in acoustic cloaks [34]. In addition, a metasurface with a larger length and smaller thickness can also
be used to suppress the energy leakage. The experiment
demonstrates an average energy converting ratio of 69%
over the studied frequency range of 15–23 kHz, which
agrees quite well with the simulation. Due to time reversal
symmetry, the metasurface can also function as a planar
focusing lens for incident plane waves [36].
IV. CONCLUSIONS
In this work, a broadband and high-transmission metasurface is designed to generate plane waves from a cylindrical wave source based on the mechanism of rectifying
the local transmission phase. The metasurface is made of
pentamode materials with graded eﬀective material properties. It has simultaneous broadband eﬃciency and high
transmission. The designed metasurface is fabricated and
tested under a transient cylindrical wave incidence condition in a two-dimensional underwater acoustic waveguide.
It is observed that an average 69% of the energy of
the incident cylindrical waves is transformed into plane
waves over a broad frequency band of 15–23 kHz, and
the average half opening angle is approximately 4.7°. The
experiment results agree quite well with numerical simulations. In future studies, the energy converting performance

can be further increased with a larger transverse dimension, a thinner thickness as well as anisotropic pentamode
materials. The proposed scheme is more compact and cost
eﬀective for generating underwater plane waves than conventional transducer arrays, and may oﬀer new opportunities for practical applications in low-frequency underwater
acoustic surveying and locating.
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