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Fragile topologically protected perfect reflection for acoustic waves
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Fragile topology is firstly demonstrated in acoustic crystals and then a realistic scheme is proposed to
manipulate the transport of acoustic topological edge states (ATESs), i.e., by coupling them with side acoustic
cavities. We find that single-mode cavities can completely flip the ATES pseudospin to form a perfect reflection,
as long as their resonant frequencies fall into the topological band gap. The perfect reflection of the ATESs is
protected by the fragile topology, which is proved by the one-dimensional topological waveguide-cavity transport
theory. This fragile topologically protected perfect reflection is immune to the conventional defects (such as
bending and disorder) and provides a realistic paradigm for manipulating the ATES transport. As examples, two
potential applications, i.e., distance sensors and acoustic switches, are proposed based on the perfect reflection.
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I. INTRODUCTION

Controlling and tuning the transport of acoustic waves are
crucially important for fundamental acoustics and a broad
range of applications [1–21]. Acoustic crystals are a class of
artificially engineered metamaterials with fascinating prop-
erties, which provide a powerful and flexible scheme to
confine, guide, and reflect acoustic waves, thereby forming
cavities, waveguides, and mirrors [22–29]. Coupled architec-
tures of acoustic cavities and waveguides are favorable for
many prominent acoustic devices, such as switches, filters,
and logic elements [30–34]. However, the quality of these
acoustic devices is very sensitive to the fabrication defects,
that is, the state-of-the-art acoustic devices show strong de-
pendence on manufacturing capability. Introducing topolog-
ical concepts into acoustics not only opens a new chapter
in manipulating the transport of acoustic waves, but also
provides a novel research perspective to overcome the vexing
degradation of device performance due to unavoidable defects
[35–69]. Nontrivial bulk bands make the transport of topolog-
ical edge states be robust to defects and disorders in devices.
Some topological prototype devices have been proposed with
brand new properties, such as high transmission waveguides
[35–37,39,42,50], vortex chirality [43], beam separation [49],
delay lines [59], directional acoustic antennas [68], lasers
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[70–72], and so on. They are based on the topologically
protected perfect transmission.

From an inverse view, one may wonder whether there exists
a topologically protected perfect reflection (TPPR) being
robust against impurities. For this unprecedented realm, we
find the answer is true once we turn to the fragile topological
acoustic crystals. The fragile topology is a new concept re-
cently introduced into electronic and classical-wave systems
[73–79], which can be trivialized by adding atomic insulators.
However, it is still elusive for the strong influence on the
transport of the topological edge states (TESs) due to the
fragile topology. In the present work, we reveal that single-
mode cavities can perfectly flip the pseudospin of the acoustic
TESs (ATESs) in fragile topological acoustic insulators as
long as their resonant frequencies fall into the topological
band gap. Accordingly, single-mode cavities can lead to a
complete back reflection for the ATES transport, i.e., the
prefect reflection. One step further, numerical results demon-
strate that the perfect reflection is robust against conventional
fabrication defects, such as disorders and bending interfaces,
which is the character of the TPPR and does not exist in
the trivial waveguides coupled to cavities. Conceptually, the
TPPR provides a realistic scheme to control and tune the
transport of the ATESs and thus it is favorable for designing
acoustic topological devices. As an example, the potential
application to sensors and switches are discussed, which may
bring about remarkable values for the field of topological
acoustic devices.

The following work is organized as follows. In Sec. II,
a fragile acoustic topological insulator is designed to show
the TPPR. In Sec. III, a quantum model is built to describe
the TPPR and related application to sensor and switch is
discussed in Sec. IV. Finally, a brief conclusion is given in
Sec. V.
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FIG. 1. Band structures for (a) trivial and (b) topological
graphenelike acoustic crystals with r = 0.45 cm and 0.3 cm, respec-
tively. Insets in (a) and (b) are the acoustic wave modes of px , py, dxy,
and dx2−y2 orbitals at � point. (c) and (d) Evolution of Berry phase
for the bottom three bands in (a) and (b), calculated separately. (e)
Evolution of Berry phase for the bottom three bands in (b), calculated
together. (f) Topological edge bands for armchair boundary between
the trivial and topological acoustic insulators whose bulk bands are
in (a) and (b), respectively.

II. TOPOLOGICALLY PROTECTED PERFECT
REFLECTION

The considered fragile acoustic topological insulator (ATI)
is graphene-like with lattice constant a = √

3 cm and circular
solid rod radius r. Numerical calculations are implemented
by finite element method through this work. The solid rods
are the stainless steel with the longitudinal sound speed of
6.010 km/s and mass density of 7.800 × 103 kg/m3. The steel
rods are embedded in the background air whose sound speed
and mass density are taken as 0.343 km/s and 1.250 kg/m3,
respectively. For such acoustic crystals, the ratio of r/a
determines the fragile topological properties of the system
with the topological transition critical value of r/a ≈ 0.225
[39]. Large r/a induces trivial acoustic crystals for which
the frequencies of p orbitals are smaller than that of the d
orbitals, see Fig. 1(a), where r/a ≈ 0.260. On the contrary,
small r/a leads to topological acoustic crystals for which the
frequencies of p orbitals are larger than that of the d orbitals,
see Fig. 1(b), where r/a ≈ 0.173. To confirm the topology of

the three bands below the second band gap in Figs. 1(a) and
1(b), the evolutions of their Berry phases are calculated by the
Wilson-loop approach [79,80]. Since band 1 is isolated from
mutually connected bands 2 and 3, the Berry phase for band
1 can be calculated separately, while those for the rest bands
2 and 3 should be considered together. This calculation way
gives the Berry phases in Figs. 1(c) and 1(d), corresponding
to Figs. 1(a) and 1(b), respectively. The Berry phases for band
1 in Figs. 1(c) and 1(d) are both pinned at −π , so that band
1 is trivial. However, the Berry phases for bands 2 and 3 are
gaped and gapless, respectively, indicating that bands 2 and
3 are topological in Fig. 1(b). To address the fragility of the
topology of bands 2 and 3 in Fig. 1(b), we recalculate the
berry phases by considering bands 1, 2, and 3 together [73],
see Fig. 1(e). Since the Berry phases is gaped in Fig. 1(e),
the topology of bands 2 and 3 is fragile, which has also
been confirmed in the recent work [79]. The fragile topology
leads to the two branches of the ATESs in the bulk band gap,
see the red and blue solid lines in Fig. 1(f). The mini gap at
the cross point of the two-branch edge bands indicates that the
backscattering of the ATES propagation is not totally immune
but largely suppressed in principle.

One of the most intriguing feature of the stable topolog-
ical insulators is the transport robustness under impurities,
while the transport properties for the fragile topology are still
unclear up to now. To address this issue, we investigate the
transport of the ATESs in the fragile ATI, coupled to one
designed acoustic cavity (AC) with the eigenfrequency in the
topological band gap. As an example, the single-mode ACs in
Fig. 2 are formed by removing five steel rods, which makes
sure that the AC eigenfrequencies fall into the topological
band gap. When the incident ATES is resonant with the AC
mode, the transmissivity always decreases to zero, resulting
in a perfect reflection [see the Figs. 2(a)–2(c)]. The zero
transmission definitely tells that the ATES transport in the
fragile ATI is also fragile. The phase change of the transmitted
ATESs due to the AC is shown in the Figs. 2(d)–2(f), whose
profiles are Fano form. Thus this fragile transport is funda-
mentally useful in the control of acoustic wave in a acoustic
integrated circuits, since both the amplitude and phase of the
transmitted wave can be fully controlled in such a cavity-
waveguide coupled system. The fragile transport requires that
the cavity eigenfrequency should be in the topological band
gap. In photonic systems, one previous work proposed a
similar idea to tune the transport of the phonic TESs, but it
neglected the relation between the perfect reflection with the
system topology [81]. In general, the ATES reflection can be
explained as the breaking of the C6v symmetry near the AC,
which breaks the pseudo time-reversal symmetry (TRS) and
leads to the pseudospin mixing. However, this explanation
does not uncover the origin why the transmission should
decrease to zero at the AC eigenfrequency.

III. TRANSPORT THEORY

To reveal the origin of the perfect reflection and tunable
characteristic, we build a one-dimensional acoustic topolog-
ical waveguide (ATW)-cavity model to describe the ATES
transport in the present section. The Hamiltonian for the
coupled architecture of one-dimensional ATW with the AC
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FIG. 2. Top three panels display the topological waveguide-
cavity coupled architectures and related field distributions that cor-
respond to the zero-transmission frequencies in (a)–(c). [(a)–(c)]
Transmission spectra of the topological edge state coupled with
one side single-mode acoustic cavity with different distance, cor-
responding to 3L, 5L, and 7L, respectively. [(d)–(f)] Phase change
of the transmitted ATESs due to the acoustic cavity, corresponding
to (a)–(c), respectively. The acoustic crystals above and below the
interface are topological and trivial, respectively. The acoustic cavi-
ties are placed in the trivial crystal. Notion of 3L (similar for others)
represents the distance between the cavity and waveguide, i.e., three
layers of the steel rods. Numerically calculated data of circle dots are
fitted by the red curves.

can be written as [82]

H =
∫∫

ψ̂†(x, y)ω̂(−i∇)ψ̂ (x, y)dxdy, (1)

where ω̂(−i∇) and ψ̂ (x, y) are the operators of the phonon
energy and field, respectively. For the structures in the right
panels of the Fig. 2, one can separate the phonon field into
three parts, namely, the right-moving waveguide field ψ̂R(x, y)
with pseudospin up, the left-moving waveguide field ψ̂L(x, y)
with pseudospin down, and the cavity field ψ̂c(x, y). The
acoustic cavity modes are confined in the x and y directions,
while the topological edge states are only limited in the y di-
rection which is perpendicular to the direction of propagation
(x direction). Thus the three parts of the phonon field operator
can be expressed as

ψ̂R(x, y) = R̂(x)φR(y)|↑〉, (2a)

ψ̂L(x, y) = L̂(x)φL(y)|↓〉, (2b)

ψ̂c(x, y) = ĉφc(x, y). (2c)

where R̂†(x) and L̂†(x) [R̂(x) and L̂(x)] are the creation [an-
nihilation] operators of the rightward- and leftward-moving
waveguide modes, corresponding to the pseudospin up and
down ATESs, respectively. ĉ† is the creation operator of the
conventional cavity mode of φc(x, y). Since the rightward-
and leftward-moving ATESs satisfy the pseudo-TRS, it is
natural to take φR(y) = φL(y) = φw(y), describing the spacial
limitation along y direction. To omit the first derivative with
respect to y in the energy operator of ω̂(−i∇), we make the
transform

ω̂(−i∇)[R̂(x)φw(y)] =
[
ω̂

(
i
∂

∂x

)
R̂(x)

]
φw(y), (3a)

ω̂(−i∇)[L̂(x)φw(y)] =
[
ω̂

(
−i

∂

∂x

)
L̂(x)

]
φw(y), (3b)

ω̂(−i∇)φc(x, y) = ωcφc(x, y). (3c)

Near the cavity eigenfrequency of ωc the dispersions of the
rightward- and leftward-moving ATESs are linear with respect
to the wave vector k, i.e., ω± = ωc − vgkc ± vgk, where vg

is the group velocity and kc is determined by ω+|k=kc = ωc.
Substituting Eqs. (2) and (3) into Eq. (1) leads to

H = HW + HC + HI , (4)

where HW , HC , and HI are the Hamiltonians of the waveguide,
cavity and their coupling, respectively. They have the forms

HW =
∫

dxR̂†(x)

(
ωc − vgkc + ivg

∂

∂x

)
R̂(x)

+
∫

dxL̂†(x)

(
ωc − vgkc − ivg

∂

∂x

)
L̂(x), (5a)

HC = ωcĉ†ĉ, (5b)

HI =
∫

dx[V ∗
R (x)c†R̂(x) + VR(x)R̂†(x)ĉ]

+
∫

dx[V ∗
L (x)c†L̂(x) + VL(x)L̂†(x)ĉ]. (5c)

The coupling functions of VR(x) and VL(x) are

VR(x) = VL(x) = ωc

∫
φ∗

w(y)φc(x, y)dy. (6)

The relation of VR(x) = VL(x) originates from the pseudo-
TRS between the rightward- and leftward-moving waveguide
modes.

The system eigenstate can be written as

|�〉 =
∫

dx[R(x)R̂†(x) + L(x)L̂†(x)]|∅〉 + Cc†|∅〉, (7)

where |∅〉 represents the vacuum state, with zero excitation
either in the cavity or in the waveguide. C is the excitation
amplitude of the acoustic cavity mode. R(x) and L(x) are
the wave functions of the pseudo-spin up and down states,
respectively. Since the distribution of the considered cavity
mode along the ATW is smaller than the wavelength of the
incident acoustic wave, a δ-type coupling between cavity and
ATW can be adopted, namely, VR(x) = δ(x)VR and VL(x) =
δ(x)VL.
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Substituting Eqs. (4) and (7) into the Schrödinger equation,

ih̄
∂

∂t
|�〉 = H |�〉, (8)

we can get the coupled equations for R(x), L(x) and C as
follows:

ih̄
∂

∂t
R(x) =

(
ωc − vgkc + ivg

∂

∂x

)
R(x) + VRδ(x)C, (9a)

ih̄
∂

∂t
L(x) =

(
ωc − vgkc − ivg

∂

∂x

)
L(x) + VLδ(x)C, (9b)

ih̄
∂

∂t
C = ωcC + VRR(0) + VLL(0). (9c)

For a steady state that the incident acoustic wave has fre-
quency of ω, one can find the transmission coefficient as

t = 2(ω − ωc) + iv−1
g (|VL|2 − |VR|2)

2(ω − ωc) + iv−1
g (|VL|2 + |VR|2)

, (10)

by setting the pseudospin up and down states to be

R(x) = e−ikxθ (−x) + te−ikxθ (x), L(x) = reikxθ (−x),

(11)

respectively.
According to Eq. (10), one can immediately find t |ω=ωc =

0 if |VL| = |VR|, i.e., the perfect reflection regardless of the
value of coupling strength between the topological waveguide
and the cavity. In fact, the condition of |VR| = |VL| is protected
by the fragile topology in the present system, dating from
the pseudo TRS between the rightward- and leftward-moving
waveguide modes, see Eq. (6). Since the condition for the
TPPR is just that the ACs can flip the spin of the ATESs,
we remark that the TPPR is a hallmark feature of topological
systems once the spin-flip mechanism is introduced for them,
for examples, spin or valley Hall effect models from optical to
elastic waves. In contrast, the TESs exhibit topologically pro-
tected perfect transmission in systems with strong topology
[35,47,83–87].

Equation (10) shows high effectiveness for describing the
transmission amplitude and phase change in Fig. 2, indicating
that it is reasonable to take the coupling between the AC and
ATW as δ type. From the left to right columns in Fig. 2,
the fitted values of (ωc, J ) with J ≡ |VR|2/vg = |VL|2/vg are
equal to (19.272 kHz, 30.930 Hz), (19.308 kHz, 8.777 Hz),
and (19.318 kHz, 2.357 Hz), respectively. ωc and J present
a little blueshift and a decrease, respectively, since the ATW
influence on the AC decreases with increasing the distance
between the AC and ATW. The deviation between the nu-
merical and theoretical results in Figs. 2(a) and 2(d) tell that
the non-δ coupling effects appear between the AC mode and
ATESs [82]. Since the AC orientation and size only change the
AC eigenfrequency and coupling strength with the ATES, they
cannot kill the TPPR, as long as the AC eigenfrequency falls
into the topological band gap, but can influence the line width
and position of the zero-transmission frequency of the spectra.

FIG. 3. Schematic diagrams of waveguide-cavity coupling sys-
tems with [(a)–(d)] topological and [(e)–(h)] trivial waveguides,
where the dashed red and solid black circles denote the added disor-
ders and ACs, respectively. (i) and (j) show the transmission spectra
of the topological and trivial waveguide-cavity coupling systems in
(a)–(d) and (e)–(h), respectively.

The transmissivity and phase of the ATESs could be adjusted
simultaneously, which presents a broad of applications.

IV. APPLICATION OF THE TPPR

We first confirm the robustness of the TPPR by adding
the common fabrication defects on the perfect waveguide (see
the Fig. 3), for example, rod missing, bending interface, and
disorders. Two types of the waveguide are considered here for
comparison, i.e., one is topological and the other is trivial,
see their structures in Figs. 3(a)–3(h). For the topological
ones the transmission spectra, plotted in Fig. 3(i), are all
similar with each other. However, for the trivial ones, the
transmission spectra can be strongly modified by adding the
afore-mentioned defects, see the line shapes in Fig. 3(j). The
results in Fig. 3 thus demonstrate convincingly the TPPR as a
unique feature of the TESs due to the fragile topology and its
robustness against defects.

Since the above discussed defects and the ACs in Figs. 2
and 3 are all defects in essential, one may wonder what kind
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FIG. 4. (a) Schematic draft of topological acoustic devices where
the incident ATES with pseudospin up is transmitted and reflected as
those with pseudospin up and down, respectively. (b) AC eigenfre-
quency vs red rod movement distance, d , along the vertical direction.
(c) Transmission spectra for d = 0.02a, 0.05a, and 0.08a.

of defects can or cannot reflect the transport of the ATESs,
where the frequencies of the defect modes play a key role. As
the frequencies locate in the topological band gap, the defects
can reflect the ATES transport, while as the frequencies are
outside of the topological band gap, the ATES transport is
immune to them, i.e., no pseudospin flip for the ATESs.
For the trivial waveguide system, the defects in general can
always change the transmission spectra no matter their mode
frequencies are in or outside of the trivial band gap, due to
the lack of the topological protection. Therefore, one can find
the TPPR in the fragile topological insulators. The TPPR of
the system is guaranteed by the robust transport of topological
edge states, but the ACs here are the common defect-induced
cavities whose eigenfrequencies are unstable to the perturba-
tion. That is, if the defect is placed just near the AC, the AC
eigenfrequency would be changed and therefore, the TPPR
will move to the new AC eigenfrequency as long as it still
falls into the topological band gap. This can be overcome
by replacing the present AC with the topological cavity with
eigenfrequency robust against disorders, for example, corner
states in high-order topological insulators [65–67,88–93].

Topological acoustics as a novel research field brings
about remarkable changes to the applied acoustics based
on the topologically protected transmission of the ATESs
[[35–37,39,42,49,50],[59,68]]. Here, we demonstrate two po-
tential applications that base on the TPPR, whose schematic
structure is shown in Fig. 4(a) where the red steel rod can
move along the vertical direction. The rod movement could
be achieved by connecting it with an external mechanical
arm. The AC eigenfrequency increases with increasing the
rod movement distance, d , as d ∈ (0, 0.3)a, see Fig. 4(b).
Accordingly, the transmission spectra of the ATESs presents a
blueshift when d increases from 0.02a to 0.08a, see Fig. 4(c).

One natural application of this mechanism is the distance
sensor, since d determines the position of the transmission dip.

The minimum measurable distance is determined by the half
width at half dip and the tangent of the AC frequency shift
with respect to d . As an example, the minimum measurable
distance is ∼0.003a at d = 0.05a and is ∼0.001a at d =
0.17a. On the other hand, the maximum measurable distance
is determined by the topological band gap and thereby reads
about several tenth of a. Since the minimum measurable
distance is much less than the lattice constant, this topolog-
ical sensor has potential for achieving a very high precision
measurement.

Another practical application is the topological acoustic
switch whose working mechanism can be expressed as follow.
For the switch the red rod takes only two positions, for exam-
ple, d = 0.02a and d = 0.08a. When the working frequency
is 19.32 kHz [i.e., the position of the transmission dip for d =
0.02a, see the solid black curve in Fig. 4(c)], the switch turns
on when d = 0.08a, while turns off when d = 0.02a, with an
infinite on/off ratio in theory because of the TPPR at the off
state. In practice, the inevitable deviation of d from its value in
the off state can decrease the on/off ratio, since the deviation
of d can shift the transmission spectra. This blemish could be
depressed by increasing the coupling strength between the AC
and ATW which makes the transmission dip wider, referred to
Fig. 2(a).

In order to show the dynamic response characteristics of
the acoustic switch, we use the dynamic Eq. (9) to study
the properties of the switch, since it can well describe the
transmission spectra of the ATESs coupled with the acoustic
cavities. The incident wave is reflected when the switch is in
the off state [for which d = 0.02a, see Figs. 5(a) and 5(e)],
while the incident wave is transmitted [for which d = 0.08a,
see Figs. 5(b) and 5(f)]. The transition of the switch from off to
on is shown in Figs. 5(c) and 5(g) and that from on to off is in
Figs. 5(d) and 5(h). From Figs. 5(g) and 5(h), one can read the
rise distance, d↑, and decay distance, d↓, for the probability
density in the real space, which give the rise time of t↑ =
d↑/vg ≈ 3.1 ms and decay time of t↓ = d↓/vg ≈ 4.1 ms. The
rise time and decay times are about 60 to 80 times of the
working period of the acoustic wave (being about 0.0518 ms at
the frequency of 19.32 kHz). The switch on/off ratio, defined
as the ratio of the transmission probability of the on state to
that of the off state, i.e., χ = Ton/Toff , is about 1300 from
Figs. 5(e) and 5(f)].

V. CONCLUSION

We firstly demonstrated a fragile acoustic topological in-
sulator and then investigated the tuning of the side single-
mode cavity on the transport of the topological edge states.
The transport of the topological edge states was found to
be immune to the defects when their resonant frequencies
are outside of the topological band gap, otherwise, the de-
fect can perfectly reflect the topological edge states at the
resonant frequency. According to this mechanism, the topo-
logically protected perfect reflection can be achieved by cou-
pling the topological edge states with one single-mode cavity
(whose frequency is in the topological band gap), which is
immune to the conventional defects, such as bending and
disorders. The single-mode cavity can tune the amplitude
and phase of the transmitted topological edge states. This
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FIG. 5. (Left column) Contour plots of the evolution of the phonon probability density for (a) switch off state, (b) switch on state, (c) switch
off to on state, and (d) switch on to off state. (Right column) Distribution of the photon probability at t = 40t0 and 600t0, corresponding to the
black and dashed blue lines in the left panels. The rise and decay distances, i.e., d↑ and d↓ in (g) and (h), give the rise time t↑ = d↑/vg ≈ 3.1 ms
and the decay time t↓ = d↓/vg ≈ 4.1 ms, which are about 60 to 80 times of the working period of the acoustic wave (being about 0.0518 ms at
the frequency of 19.32 kHz). The switch on/off ratio, defined as the ratio of the transmission probability of the on state to that of the off state,
i.e., χ = Ton/Toff , reads about 1300 from (a) and (b).

topological transport is well described by the one-dimensional
topological waveguide-cavity transport theory, revealing that
the perfect reflection is protected by the fragile topology.
The fragile topology, combining topological properties and
convenient tunability, paves the way for broad applications,
such as topological acoustic switches, sensors, and phase
modulators.
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