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Exceptional points are special degeneracies
occurring in non-Hermitian systems at which
both eigenfrequencies and eigenmodes coalesce
simultaneously. Fascinating phenomena, including
topological, non-reciprocal and chiral energy transfer
between normal modes, have been envisioned in
optical and photonic systems with the exceptional
point dynamically encircled in the parameter space.
However, it has remained an open question of
whether and how topological mode switching
relying on exceptional points could be achieved in
mechanical systems. The present paper studies a
two-mode mechanical system with an exceptional
point and implements the dynamic encircling of
such a point using dynamic modulation mechanisms
with time-driven elasticity and viscosity. Topological
mode switching with robustness against the input
state and loop trajectories has been demonstrated
numerically. It is found that the dynamical encircling
of an exceptional point with the starting point near
the symmetric phase leads to chiral mode transfer
controlled mainly by the encircling direction, while
non-chiral dynamics is observed for the starting point
near the broken phase. Analyses also show that minor
energy input is required in the process of encircling
the exceptional point, demonstrating the intrinsically
motivated behaviour of topological mode switching.
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1. Introduction

Mode conversion with significant energy transfer among eigenmodes is one of the important
features observed in dynamic mechanical systems, and its manipulation has a great potential
application in the broad area of mechanical and aerospace engineering. In bulk elastic media, a
longitudinal-transverse mode conversion is highly desirable for applications in ultrasonic non-
destructive testing and medical diagnosis [1-3], and it can be realized under specific conditions of
impinging angles and frequencies with improved conversion efficiency in artificial materials and
interfaces [4-6]. In guided wave systems such as plates, the switching between symmetric and
antisymmetric Lamb wave modes takes place at structural discontinuities, e.g. notches, cracks
and delaminations, and can be used as a criterion for damage detection and localization [7-9]. The
mode conversion can also take place between forward- and backward-propagating Lamb waves
and could be used for elastic wave focusing and negative reflection [10,11]. In another example,
nonlinear mode coupling among vibration modes has been demonstrated to be responsible for
energy transfer from the initially excited vibrational mode to other modes [12-14] or from a
directly excited structure to the nonlinear attachment [15]. This mechanism holds great potential
for applications in energy harvesting [16], mass sensing [17] and noise suppression [18,19].
Recently, the topological operation around an exceptional point (EP) in non-Hermitian optical,
optomechanical and microwave systems reveals an exotic capability of manipulating vibrational
modes [20] and waveguide modes [21]. The EP-based mode switching depends primarily upon
the intrinsic topology behaviour of the system rather than initial excitations, operation frequencies
and controlling paths, while the previously mentioned schemes achieve limited success in these
aspects.

The concept of an ‘exceptional point” was first proposed in the perturbation theory of linear
non-Hermitian operators [22]. At the EP, the eigenvalues and corresponding eigenvectors coalesce
and the non-Hermitian operators become defective. In optical systems, the physics of EPs
has been used to realize unidirectional invisibility [23,24], enhanced sensitivity [25,26], loss-
induced transmission enhancement [27] and single-mode lasing [28]. More recently, intriguing
mode-switching modulation has been reported when an EP is adiabatically and dynamically
(non-adiabatically) encircled along a closed loop in the parameter space. Adiabatically encircling
an EP would result in an interchange of eigenstates [29,30], which is essentially different from
encircling a degeneracy in Hermitian systems where the initial and final eigenstates differ only
by the Berry phase [31]. This so-called ‘state-flip” property relies on the adiabatic principles,
requiring an infinitely slow parametric perturbation so that the eigenstate evolution follows the
adiabatic expectation, and sudden transitions between eigenstates do not occur [32,33]. However,
this situation is drastically altered when an EP is encircled in a dynamical manner. In this
regime, the evolutions of systematic eigenstates do not always follow the adiabatic theorem
[34-36]. Instead, non-adiabatic transitions (NATs) occur, leading to a chiral behaviour, in the
sense that encircling an EP in different directions would result in different final states while
being irrelevant to the input states [37-39]. It has been further reported that whether or not the
dynamics is chiral actually depends on the starting point/endpoint of the parametric loop [40].
For the chiral dynamics to occur, the parametric trajectory must start from a point where the two
eigenmodes share nearly the same gain and loss [41,42]. These theoretical findings have been
demonstrated experimentally in an optomechanical system [20] and optical waveguide system
[40,42,43]. Acoustic EPs have also been observed in synthetic media [44,45] or coupled structures
[46,47], and they are used to realize invisible acoustic sensing [48], unidirectional near-zero
reflection and focusing [49-51] and perfect absorption [52,53]. In a mechanical system, a non-
Hermitian PT-symmetric beam based on shunted piezoelectric patches was proposed, where EPs
were identified at the unidirectional reflectionlessness points [54,55]. The periodic laminates with
the EP exhibited negative refraction, beam steering and splitting [56]. However, little attention has
been focused on the dynamical modulations around an EP. Until now, an in-depth understanding
of the EP phenomenon in mechanical systems, especially that of the eigenmode evolution in the
process of dynamically encircling the EP, has been lacking. How can we temporally modulate the
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mechanical system to evolve along a closed parametric path that encloses an EP? Would the same
mode-switching behaviour persist if an EP is dynamically encircled in mechanical systems? These
open questions are yet to be explored.

In this work, we investigate mode-switching manipulation in a two-mode mass—spring—
dashpot mechanical system by implementing dynamic modulations around an EP. The structure
of the paper is as follows. In §2, we first show the topological configuration of system eigenvalues
in the parameter space. Then, to implement the dynamical encircling of an EP in the parameter
space, a modulated structure with effective time-varying elasticity and viscosity is proposed.
Different scenarios of the loops enclosing the EP are illustrated. In §3, numerical simulations are
performed to analyse the eigenmode evolution along with parametric loops with the starting
point/endpoint lying near the symmetric phase. The chiral mode switching is observed and
demonstrated to be robust against shape variations in the control paths. When the starting
point/endpoint moves to the broken phase, the state evolutions exhibit non-chiral dynamics, as
will be discussed in §4. Concluding remarks are outlined in §5.

2. Theoretical formulation of structural dynamics in the coupled resonator
system

(a) Exceptional pointin a coupled resonator

Consider two sets of mass-spring-dashpot resonators coupled by an elastic spring of kg, as
depicted in figure 1, where the weight of the mass, spring constant and damping coefficient in
each element are denoted by m;, k; and c¢; (i=1, 2), respectively. The dimensionless equations of
the motion for each of the masses can be expressed as

d2u1 duy
2 Thg, = kol — ),
] 2.1)
d d
5% + v‘?z% = —kollp + Kko(u1 — U2),

where u;(t) denotes the displacement of the mass m; at time r=w1t with w; = /k;1 /m, and the
normalized parameters «g=ko/k1, k2 =ka/k1, £1=c1/(mw1), E2=c2/(miwy1), § =my/my have
been used. By introducing the state vector z = [u1, up, duy /dz, duy /dt]T, the equation of motion
(2.1) can be further expressed as

d
A—z+Bz=0, (2.2)
dr
where the 4 x 4 matrices A and B are given by
C M K 0
wfe ]l o) o
with
1 0 & 0 1+« —KQ
M = ’ C = ’ K = . 24
|:O 5i| [0 fz:| |: —KQ K2 + K0:| (2:4)

Assuming harmonic solutions of the form z = Ze*® with Z = [uy, up, Aug, Auz]T, equation (2.2)
then becomes

RZ=1Z withR=—A"'B. (2.5)

Equation (2.5) describes a linear eigenproblem with the eigenvalue A and eigenvector Z. Since R
is a real-valued matrix, {1, Z} and its conjugate {1*, Z*} are both its eigenvalues and eigenvectors.
Therefore, four eigenvalue roots exist in the form of two complex conjugate pairs, here denoted
by A1, A}, A2 and A3. Notice that the real parts of all eigenvalues must be negative to prevent an
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Figure 1. Schematic diagram of two sets of mass—spring—dashpot elements coupled by a linear elastic spring. (Online version
in colour.)

infinite increase in state fields with time. From equation (2.5), the eigenvalue A can be solved by
(2 + &1 + ko + 1A% + &2 + Kk + K2) — 13 =0. (2.6)

To develop an EP, we focus on the degeneracy of eigenvalues with 11 =21;. In this case,
equation (2.6) should be identical in form to (A — A2 — AT)Z = 0. By equating coefficients of like
terms of these two equations, we obtain the parameter conditions for the repeated eigenvalues to
occur,

4ay — 8a1)8 = (&2 — 8&1)(&2 + 6&1),

(2.7)
K3(&r + 881)% = (ap — 8a1)(m1&5 — SaE?),

where a1 =1+ ko and a; =«2 + k. The condition (2.7) would determine an EP of degeneracy in
a system parameter space. Here, without loss of generality, we choose the two-dimensional (2D)
parameter space (k2, £2), and we denote the position of the EP in the parameter space by k2 =« gp
and &, =&gp, which can be determined from equation (2.7).

As illustrative examples, consider values of kg =0.046, £1 =0.01 and § = 0.684. The coordinates
of the EP can be calculated as kgp~0.672 and &£gp ~0.081. We calculate the eigenvalue A of the
coupled resonator as a function of k2 /«kgp and &»/&gp and show its real and imaginary parts in
figure 2a,b, respectively. The eigenvalue sheets with smaller and larger values of [Re(A)| represent
the low-loss (blue sheet) and high-loss (red sheet) eigenstates, respectively. The eigenvalue
distributions in the parameter space near an EP are characterized by self-intersecting Riemann
sheets. The real parts of eigenvalues coalesce in the symmetric phase line (figure 2a). The
imaginary parts of eigenvalues are found to bifurcate (figure 2b), coalescing in the broken phase
line and forming a branch cut (BC) near the branch point singularity (i.e. the EP). Here, the
presented resonator system has shown an obvious analogy with PT-symmetric systems with the
balanced gain and loss [40]. Therefore, we may expect the landmark effects of PT symmetry, such
as chiral mode transmission and topological mode switching with the robustness against input
states and paths, to be realized in our model when the EP is dynamically encircled.

The intriguing behaviour induced by dynamically encircling an EP is initiated in quantum
systems, where two system parameters are continuously changed in time along a closed loop
in parameter space around an EP. In that case, the system is described by the time-dependent
Hamiltonian in the Schrédinger equation. To mimic this behaviour in mechanical systems, we
temporally modulate the parameters «3(7) and &(7) to encircle the EP in the parameter space
(k2, &2). However, a time change in mechanical properties of materials is not easily realized and
controlled. To achieve this goal, the concept of dynamic mechanism metamaterials will be used,
which has proven to be a new and effective approach to acquiring periodically time-varying
material properties [57,58]. The dynamic mechanism metamaterials consist of the spinning
elements with time periodicity. This feature properly fulfils the requirement of encircling the EP
with easy tuning of the starting point, the loop’s encircling direction and the trajectory, as we will
discuss in the following sections.
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Figure 2. Patterns of (a) real and (b) imaginary parts of eigenvalues in the two-dimensional parameter space («5, £,). (Online
version in colour.)

(b) A modulated structure with time-varying stiffness and viscosity

The time-modulated structure capable of the dynamic encircling of an EP is designed as shown
in figure 3. Based on the prior model shown in figure 1, we connect the mass m, to the spring
and dashpot mechanisms that rotate with the spinning axis vertical to the main track. Notice
that the dashpot ¢4 rotates with a constant angular frequency §2, from the initial biasing angle
Yo, while the perpendicularly arranged springs k4 and ks are allowed to undergo an arbitrary
rotation ¢(r) from the initial angle ¢(. Using the homogenization technique, we show that the
rotating-spring and dashpot mechanisms can be effectively represented by single spring and
dashpot elements with effective time-varying stiffness «2(t) and viscosity £2(7) (see electronic
supplementary material for details). The corresponding equation of motion of the modulated
structure can be written as

d2u1 du1
q2 + Slg =—uy — ko(uy — u2),
) (2.8)
d Uun duz
bz TR = —x@uz+ Kol — ),
where effective stiffness and viscosity, «2(7) and £2(7), are given by
02(7) = kg + Koge COS20(7),  Ea(r) = EJ¢ + &g OS2/ (7), (2.9)

where k%= (ks + ks +ks)/k, k= (ks —ks)/k1, &% =(c3+ca)/(mw1) and £l =cs/(mien).
¥ (t) =90+ w7 with o, =£2,/w1 and @(r) =¢g £ ¢(r) are phase angles at instant t, where the
‘+’ and ‘' notation represents, respectively, the anti-clockwise and clockwise rotation of dynamic
modulation mechanisms. We can observe that the equation of motion (2.8) is identical in form to
equation (2.1), yet additionally equipped with the time-dependent parameters «»(7) and &>(7).
This allows for the possibility of encircling the EP by the time-driven procedure in the parameter
space (2, £2).

We now showcase the different types of loops enclosing the EP parameterized by equation
(2.9). Consider the following parameters: Kgff =1.042«Ep, Kelff = 0.268/<Ep,§£ff =0.741&gp, ngf =
0.617&pp and w, =0.06. An elliptic loop, the simplest case realized by the model, is formed
when the spring mechanism rotates with the phase angle varying linearly in time ¢(7)=w,t.
By choosing the initial state ¢g =37 /4 and o = /2 and the spinning direction ‘+ for dynamic
mechanisms such that ®(t) =37 /4 + w,;t and ¥ (t) =7 /2 + w,T, we can realize the anti-clockwise
loop with the starting point near the symmetric phase of the Riemann sheets (figure 44). The time-
driven parameter point («2,£2) returns to its starting point after enclosing the EP in time interval
0<t <m/w If simply reversing the spinning direction from ‘+’ to ‘—’ for both mechanisms,
we can achieve a clockwise loop with the same starting point (figure 4b). In another case, the
anti-clockwise loop with a starting point near the broken phase of the Riemann sheets could
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Figure 3. Schematic diagram of the modulated structure containing dynamic mechanisms. (a) At an initial time, the top and
bottom mechanism structures form angles v and ¢ relative to the main track, respectively; (b) at a later time 7, the phase
angles of two mechanisms are W (t) and @ (t). (Online version in colour.)

be realized as shown in figure 4c, if we control the dynamic mechanisms with phase functions
&(t)=n/4+w,r and ¥ (1) =w,7. Finally, we show that a more complicated loop trajectory
around the EP can be created if a nonlinear function ¢(r) =sin"![sin(2w,7)/2 + sin(4w,1)/6] is
adopted. By setting phase functions @(t) =37 /4 + ¢(r) and ¥ () = /2 + w,7, the anti-clockwise
irregular loop with the starting point near the symmetric phase could be realized, as shown in
figure 4d. For the rest of the paper, we shall focus on the eigenstate evolution in modulated
structures for various scenarios of encircling the EP in the parameter space.

3. Dynamically encircling an exceptional point with starting points near
the symmetric phase

In this section, the eigenstate evolution driven by encircling the EP will be studied for starting
points near the symmetric phase. We begin by introducing the scheme for the calculation of modal
amplitudes from the time domain response of modulated structures under initial conditions.
Let (1) = [u1, up, duy /dt,dus /dt]T denote the state vector calculated by solving equation (2.8)
with specific initial conditions (r =0) =y. We can extract from () the modal amplitudes
of the instantaneous eigenstates at each time step based on the complex mode theory [59]. To
apply this method, the response 1\ is written in terms of instantaneous eigenstate Z; and its
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Figure 4. Different types of loops enclosing the EP parameterized by equation (2.9): (a) anti-clockwise and (b) clockwise elliptic
loops with the starting point near the symmetric phase of the Riemann sheets; (c) anti-clockwise elliptic loop with the starting
point near the broken phase; (d) anti-clockwise loop along the more complicated trajectory around the EP with the starting
point near the symmetric phase. (Online version in colour.)

amplitude g1 by ¥ = 1Z1 + 92Z> + 7 Z + q5Z5. Multiplying Z] A on both sides of this equation

gives rise to g1 = Z1TA1|) / (ZfAZl), where Z{AZT = ZlTAlz = Z{AZ; =0 has been used according

to the orthogonality relation [60]. Other amplitude coefficients can be determined similarly. To

sum up, we can obtain that

T #\T

_ Z; Ay , = M 3.1)
zIAz;” ' (@ZN)TAZ;

qi

The modal amplitudes are defined as p; =2|g;|. In the following analyses, we distinguish the
eigenstates by the magnitude of the real parts of the corresponding eigenvalues, i.e. [Re(A)].
Eigenstates with larger and smaller values of [Re(A)| are termed the high-loss and low-loss modes,
respectively, and we let pyy and pr. denote their modal amplitudes.

Consider phase functions @ (t) =37 /4 £ w,t and ¥(r) =7 /2% w,7 for the anti-clockwise or
clockwise elliptic loops with the starting point near the symmetric phase, and other effective
parameters of dynamic mechanics are the same as those used in figure 4. We are interested in
whether the high-loss (H) or low-loss (L) mode dominates the output state for a pure H or L mode
input as initial conditions. Figure 5 shows the modal amplitudes and corresponding evolution
trajectories drawn on the Riemann sheets in four cases with different sets of input state and loop
orientation. For the H mode input and anti-clockwise loop (figure 5a,¢), the eigenstate is the first
to travel on the high-loss Riemann sheet. In the beginning stage of evolution, the H state decays
owing to the high loss, meanwhile the L state can become excited and its modal amplitude does
not remain zero owing to non-adiabatic coupling [37,38]. Once the L state is excited, it grows
and eventually overwhelms the high-loss state at a critical point, as shown by the curve crossing
in figure 5e. In the eigenvalue spectrum (figure 5a), this effect is described by an abrupt drop
in eigenstates from the high-loss Riemann sheet to the low-loss one; this is known as the non-
adiabatic transition (NAT) [35,36]. Further evolution forces the eigenstate to go across the BC,
where the two modes exchange their identity and end up with the dominant H mode (py > p1).
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Figure 5. (a—d) Eigenstate evolution trajectories drawn on the Riemann sheets and (e—h) modal amplitudes when the EP is
encircled along an ellipticloop with the starting point near the symmetric phase in four different cases of the input state and loop
orientation: (a,e) the high-loss mode input and anti-clockwise orientation; (b,f) the low-loss mode input and anti-clockwise
orientation; (,g) the high-loss mode input and clockwise orientation; (d,h) the low-loss mode input and clockwise orientation.
(Online version in colour.)

When the input state is the L mode (figure 5b,f), the eigenstate undergoes stable evolution on the
low-loss sheet without inducing the NAT, but will be eventually transformed into the dominant
H mode owing to the BC. In the clockwise loop scenario, the initial H mode is soon converted
to the dominant L mode by the BC, which keeps evolving on the low-loss sheet until the end of
the loop (figure 5¢,g). By contrast, the input L mode, despite being switched by the BC, returns
the low-loss sheet owing to the NAT (figure 5d,h1). Here, we see that the output state is decided
by the loop orientation—the H mode output for the anti-clockwise loop and the L mode output for
the clockwise loop—regardless of the injected states. This fancy property, which solely depends
on the encircling direction in the parameter space, is called ‘chiral behaviour” [37].

We note from figure 5 that the NAT is characterized by the crossing of mode amplitude
curves, and it takes place when the high-loss state dominates the dynamics (pyg > pr), leading
to the fact that the H state jumps to the low-loss Riemann sheet as required by the stability of
the lossy system. In fact, the output state near the end of the loop always prefers the low-loss
Riemann sheet irrespective of the input states and encircling directions. However, as long as the
starting point lies near the symmetric phase where the imaginary parts of the Riemann sheets are
discontinuous, the encircling direction becomes decisive for controlling the output state as a result
of the deterministic mode switching by the BC. This is the key reason why the chiral dynamics
appears. We stress that the chiral dynamics cannot be observed for the loop that excludes the EP.
In that case, the dominant output state is always consistent with the input state (see electronic
supplementary material for details).

The dynamic modulation mechanism not only provides the time-varying stiffness and
viscosity, but also acts as the energy source or energy sink for the system. Below we carry
out an energy analysis to quantify the magnitude of energy inputted or retracted by dynamic
mechanisms in the process of encircling the EP. The net system energy Eio, comprises the
kinetic energy of the masses, the potential energy of the springs and the energy dissipated by
the dashpots. The net energy input Winpy: refers to the work done by the external moment of
force to acquire the desired rotation of the dynamic mechanisms. The procedure to calculate these
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Figure 6. The system mechanical energy and net energy input in the process of encircling the EP corresponding to the
four cases studied in figure 5. The parameters used are m; =100g, m, = 68.4¢, kg =1B8Nm~", k; =300Nm~", ks =
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Figure 7. Results similar to those shown in figure 5, but for a parametric loop along a rather complicated trajectory instead of
an elliptic loop. (Online version in colour.)

energy quantities has been provided in the electronic supplementary material. Figure 6 plots the
energy Eioral and Wippyt in the time domain for the four cases discussed in figure 5. It can be
seen that the external energy input Winpyt is very small in magnitude compared with the total
energy Eioal stored in the system. Note that Winpyt <0 means that energy is taken out by the
dynamic mechanism. We can conclude from these results that the chiral mode switching does not
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Figure 8. (a—d) Eigenstate evolution trajectories drawn on the Riemann sheets and (e—h) modal amplitudes when the EP is
encircled along an elliptic loop with the starting point near the broken phase in four different cases of input state and loop
orientation: (a,e) the high-loss mode input and anti-clockwise orientation; (b,f) the low-loss mode input and anti-clockwise
orientation; (c,g) the high-loss mode input and clockwise orientation; (d,h) the low-loss mode input and clockwise orientation.
(Online version in colour.)

stem from the energy exchanged with the surroundings, but originates from an intrinsic property
associated with the special topology of the eigenvalue Riemann surface in the vicinity of the EP.

To further demonstrate that the chiral dynamics is a manifestation of the Riemann surface
topology, we investigated the eigenstate evolution driven by a parametric loop along a
rather complicated trajectory instead of an elliptic loop. Here, we chose the phase functions
®(t)=3n/4+¢(r) and ¥ (r)=n/2+ w,t, where ¢(7) is identical to that used in figure 4d. The
results corresponding to the four cases discussed in figure 5 are analysed, showing again the
chiral behaviour and the fact that the anti-clockwise (clockwise) orientation always leads to the
dominant H mode (L mode), regardless of the input state (figure 7). In particular, the same
fundamental features of the state evolution can be found by comparing two types of loops under
identical settings of initial state and orientation. For instance, when the evolution is adiabatic
without the NAT, one state can be transformed into the other owing to the BC (figure 7b,f and
¢,). When the evolution is non-adiabatic, either the H or L state experiences a NAT and returns
to itself at the end of the loop (figure 7a,e and d,h). This result indicates that the chiral mode
switching is robust to the shape change of the loop that encloses the EP.

4. Dynamically encircling an exceptional point with starting points near
the broken phase

Now we study the system response for the loop that encircles the EP from points near the broken
phase. Phase functions ®@(r) =7 /4 £ w,7 and ¥ (r) = £w,7, as exemplified in figure 4c, are chosen
to calculate the time evolution of eigenstates in one loop. As illustrated in figure 24, the Riemann
sheets of high-loss and low-loss states are separated by a large gap in the parameter space near the
broken phase. As a result, strong NATs take place for the H mode as the input state. It is evidenced
from figure 8a,e and c,g that the system undergoes twice the NATs and once the BC-induced
mode switching, and finally outputs the dominant L mode for both anti-clockwise and clockwise
loops. When the low-loss state is inputted, both the NAT and BC occur once, and eventually the
L mode returns to itself at the end of the loop (figure 8b,f and d,h). The results clearly show that
the output state is always transformed into the low-loss state regardless of the input state and
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Figure 9. Results similar to those shown in figure 8, but for a parametric loop along a rather complicated trajectory instead of
an elliptic loop. (Online version in colour.)

loop orientation, in distinct contrast to chiral dynamics appearing when the starting point lies
near the symmetric phase. This distinction originates from the different topological structures
of the eigenvalue Riemann surfaces at various regions. The orientation-independent non-chiral
behaviour can be attributed to the continuous eigenvalue Riemann surface near the broken phase,
whereas for the chiral dynamics the encircling loop in the parameter space should start from the
point where the two eigenstates carry nearly the same real parts of the eigenvalues. Note that the
non-chiral behaviour caused by the broken phase can also be observed when the EP is excluded by
an elliptic loop (see electronic supplementary material for details). This phenomenon reveals the
fact that the eigenstate evolution initiated from the broken phase favours the lower-loss Riemann
sheet for remaining stable, regardless of whether the EP is included by the loop or not.

In the final example, we consider the complex loop trajectory described by phase functions
&(r)=n/4+¢(r) and ¥ (1) =£w,7; this is same as the scheme introduced in figure 4d except
that the starting point is set close to the broken phase. The non-chiral dynamics for the eigenstate
evolution can be confirmed from figure 9 by the fact that the system always outputs the low-
loss state. Given the identical settings, the eigenstate along the complex trajectory evolves in
exactly the same manner as the evolution operates in the elliptic loop scenario, demonstrating
the robustness of the non-chiral behaviour against the shape change of the loop trajectory.

5. Conclusion

In this paper, the topological mode switching achieved by dynamically encircling an EP in a time-
modulated mechanical system is studied. The modulated structure consists of two sets of mass—
spring—dashpot resonators with one of them coupling to rotating-spring and rotating-dashpot
dynamic mechanisms. Based on the rigorous theoretical analysis of dynamic mechanisms, we
have shown that the rotary mechanisms can be effectively represented by the single-spring and
dashpot elements with effective time-varying stiffness and viscosity. At any instant, the effective
stiffness and viscosity constitutes a time-driven point in the parameter space, so that, when the
dynamic mechanisms rotate in the prescribed manner, the system is forced to evolve along a
closed parametric loop. This design scheme allows for easy control of the encircling loop in the
parameter space, including control of the encircling direction, starting/end position and shape of
the enclosing paths.
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Based on the proposed time-modulated structure, we have demonstrated the chiral mode-
switching behaviour when an EP is dynamically encircled along a parametric loop with the
starting point/endpoint lying near the symmetric phase. The energy inputted or retracted by
dynamic mechanisms in the EP-encircling process is also examined. It is found that the external
energy input is very small in magnitude compared with the total energy stored in the system,
indicating that chiral mode switching is the result of an intrinsic property associated with the
dynamics of the modulated structure and is not due to energy exchange with the surroundings.
When the starting point/endpoint moves to the broken phase, the non-chiral behaviour is
observed, indicating that the output is always in the low-loss state regardless of the injections,
encircling directions and whether the EP is encircled or not. In addition, we have proved that the
chiral and non-chiral behaviours are robust against the shape changes of the loop that encloses
the EP.

The fabrication feasibility of the proposed configuration is discussed finally. The proposed
model is a mass—spring-damper system, which can be easily manufactured by using a rigid
material, a helical spring and a dashpot with a perforated piston moving in a viscous fluid. To
fabricate the dynamic modulation mechanism, a spin motor programmed to output the desired
angular phase can be used to drive the rotation of the spring and dashpot elements. Thereby,
it is technically feasible to fabricate the proposed configuration to meet design requirements.
We note that fabrication error is inevitable and may cause a small change in the EP position
in the parameter space and the shape topology of the loop that encloses the EP. However,
topological mode switching by encircling the EP is insensitive to these influences, because it
depends primarily on the fact that the EP is enclosed or not, while irrelevant to the specific
EP position and encircling path. Therefore, the experimental demonstration of topological mode
switching with a relatively high tolerance for fabrication errors can be expected. The present study
is expected to open a new avenue towards mode-switching manipulation of coupled waves and
vibrational modes in mechanical systems with EPs.
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