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a b s t r a c t
Flexural wave propagation is common in thin structures and plays a key role in vibrations
of structures. Designs of flexural wave absorbers for vibration control have been constantly
pursued for decades aiming to find structures that can best balance tradeoffs between
small sizes or lightweights and broadband operations. However, their absorption performance has long been evaluated on a case-by-case basis, and the theoretical limit characterizing the relationship between the absorption spectrum and the sample thickness and
mass density is missing. In this study, by adopting an inequality as its electromagnetism
and acoustics counterparts, the theoretical limit of flexural wave absorption is established.
An active meta-layer composed of piezoelectric sensors and actuators with feedback control loops is proposed for optimal wave absorption. We experimentally demonstrate the
active meta-layer for optimal broadband wave and vibration control in the beam and acting as skin cloaks of large voids in the plate. The active meta-layer is electrically programmable and scalable without losing stability. The approach proposed sheds light on
designs of reconfigurable dynamic control devices and enables alternative solutions for
ultrasonic sensing of complex engineering structures.
Ó 2020 Elsevier Ltd. All rights reserved.

1. Introduction
Acoustic/elastic metamaterials that are made by specific geometries in their microstructures display a range of unusual
dynamic effective material properties absent from naturally occurring materials [1–13]. During the past two decades, acoustic/elastic metamaterials have been extensively exploited in lots of wave and vibration control applications, which include
but not limited in elastic wave/vibration attenuation and absorption [4–8], cloaking of flexural vibrations in a structured
plate [9], elastic waveguiding through sharp turns [10,11], the parity-time symmetric material system with gain and loss
components for cloaking purpose [12,13], and controllable and tunable wave manipulations [14–18]. On one hand, they have
demonstrated efficient or nearly perfect solutions to those applications. On the other hand, they require repeated unit cells
for metamaterials exhibiting their effective properties, which, unfortunately, usually involve bulky and complex geometries
and/or control systems.
Metasurfaces, a kind of metamaterials with reduced dimensions, have recently emerged as a powerful approach for
transforming waves [19–27]. Metasurfaces are designed by arranging suitable material discontinuities on an interface to
produce desired wave scattering effects. The significantly reduced number of constitutive units and occupied spaces make
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metasurfaces excellent substitutes for bulk metamaterials. The concept of metasurfaces has found a lot of interesting and
unconventional applications in wave/vibration isolation and absorption [19–21], wave redirecting [22–26], real-time and
reconfigurable wave manipulation [27], and cloaking [27]. Inspired by this concept, in the study, we suggest a type of metasurfaces with active control systems, which we call active meta-layers. We show the active meta-layers can support two
unprecedented wave control functions: ‘‘Optimal” flexural wave absorption and cloaking.
A short and qualitative description of the ‘‘Optimal” flexural wave absorption is that a structure can achieve the largest
absorption coefficients in the broadest operational spectrum but with minimum weight and/or least thickness. However, a
quantitative description of ‘‘Optimal” is still absent. Once the weight and/or thickness of a structure are fixed, what the largest absorption coefficients and how broad the operational spectrum can be achieved? This theoretical limit balancing tradeoffs among those quantities has been overlooked for decades. Even though given the fact that mechanical wave absorbers are
important components for ensuring safety and reliability of a wide variety of structures, and existing wave absorbing materials or structures have been widely explored (i.e. tuned mass dampers [28,29], highly damped materials [30,31], gradient
index materials or structures [32–36], and active structures based on feedforward or feedback control loops [37–40].). Unfortunately, in previous studies, their overall performance has only been evaluated on a case-by-case basis, lacking a uniformed
and normalized criterion.
Here, by adopting an inequality dictated by causality as its electromagnetism and acoustics counterparts [41,42], we
establish a theoretical limit of flexural wave absorption to characterize the relation of the absorption spectrum and the sample thickness as well as mass density. The relation is interpreted by the inequality which produces the least thickness and
density to the absorption coefficient and its bandwidth ratio achievable for a physically realizable mechanical wave absorber. To pursue this theoretical limit, wave absorbers are required to be frequency-dependent and highly flexible over a large
frequency band, which is difficult to be realized with passive structures. Recently, active metasurfaces with piezoelectric
sensors and actuators connected by electrical circuits are studied to redirect and reconfigure mechanical waves in realtime, which makes them the best candidate for designing optimal wave absorption [27].
In light of those considerations, we propose a design of active meta-layers in elastic beams and plates for optimal flexural
wave absorptions. The active meta-layer consists of piezoelectric sensors and actuators connected with feedback electrical
control loops. We numerically and experimentally demonstrate its optimal wave absorption performance and broadband
vibration attenuation by systematically designing a second-order electrical transfer function in the feedback control loop.
We find the thickness of the meta-layer is close to the minimum value as dictated by causality. The meta-layer is finally
employed to construct a unidirectional skin cloak of large voids in a plate through combinations with the active actuation.
2. The theoretical limit of flexural wave absorption
When designing flexural wave absorbers, the ultimate goal is to find damping materials or structures that can absorb
waves close to their theoretical limits, i.e. absorbers with thickness, d, or weight, m, possess the lowest reflectance at broadest frequency spectrum (Fig. 1(a)). To achieve this goal, metamaterials with complex effective bending stiffness and/or mass
density in particular forms of frequency become a natural choice. Thanks to causality, however, real and imaginary parts of
the bending stiffness or mass density of any materials cannot be arbitrary functions of frequency, instead, they are correlated
with each other by Kramers–Kronig relations [43,44]. This relation can be translated into an inequality relating the absorption coefficient to the thickness of the absorbing material. The inequality has been widely applied in electromagnetism and
acoustics [41,42], but rarely adopted and defined in elasticity.
Here, we extend this relation to flexural wave absorbers with free boundaries. Consider a flexural wave absorber with the
thickness, d, and effective static mass density per unit length, qs (see Fig. 1(a)), attached to one end of a host beam. The other
end of the absorber is free. Let the complex reflection coefficient, r, be an analytical function of complex frequencies, x. If the
time-dependent transverse displacement field can be expressed in function of the lower half-plane of complex frequencies.
The reflection coefficient, r, can be a function of the wavelength, k, such that r has no poles in the upper half-plane of complex wavelengths, but may have zeros there. Then the ancillary function can be written as [41,42]


r ðkÞ ¼ r ðkÞ

Y k  k
n
k  kn
n

ð1Þ

where kn denotes zeros located in the upper half-plane of complex wavelengths, satisfying Re(kn) = 0, and ⁄ represents a com

plex conjugate. Consider the fact that the logarithm of r ðkÞ is an analytic function in the upper half-plane of complex wavelengths. The Cauchy theorem is valid [41,42], which states that the integration over any closed contour yields zero if the
contour C is located within the upper half-plane of k. Let the contour consist of the whole axis of real wavelengths and
the closing semicircle C 1 , which belongs to the upper half-plane and has an infinite radius. The real part of the Cauchy integral transforms to [41,42]
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Fig. 1. (a) Schematic of a broadband flexural wave absorber. Broadband reflected waves are inhibited due to the presence of the absorber. (b) Design of the
active meta-layer absorber. (c) Frequency responses of the ideal transfer function Hd at discrete frequencies and optimal causal transfer function H
implemented into the active meta-layer. Normalized magnitudes and phase angles are shown. (d) Numerically calculated absorption coefficients of the
active meta-layer implemented with the optimal transfer function H.

We first calculate the second term on the right-hand side of Eq. (2). The reflection coefficient needs to be expressed at the
limit of the infinite wavelength. Consider time-harmonic flexural waves propagated along the host beam. The total displacement wave field can be written as


w ¼ Aþ eikx þ A eikx þ A ekx

ð3Þ


1=4
where the wavenumber k ¼ q0 x2 =D0
with q0 and D0 representing the mass density per unit length and bending stiffness


of the host beam, respectively, Aþ , A and A denote the complex wave amplitudes of right-, left-propagated and evanescent
waves, respectively. The time-harmonic term eixt is dropped from Eq. (3). When the wavelength approaches infinity, the
flexural wave absorber can be assumed as a point mass attached to the end of the host beam. At this boundary, the bending
moment equals to zero and the equilibrium between the shear force and linear momentum of the point mass leads to






3
3
3
Aþ þ A ¼ A; D0 ik Aþ þ ik A þ k A ¼ x2 qs d Aþ þ A þ A

ð4Þ

From Eq. (4), the reflection coefficient reads

r¼

A
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Using Eq. (5), the second term on the right-hand side of Eq. (2) finally becomes
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Furthermore, the third term on the right-hand side of Eq. (2) can be simplified as
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Since all kn are in the upper half-plane, Im(kn) in the second term of the right-hand side of Eq. (8) have a positive sign.
Therefore,

Z

1

lnjr ðkÞjdk 

0

p2 q s d
:
q0

ð9Þ

Alternatively,
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2p2 qs d
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;

ð10Þ

where A denotes the absorption coefficient. Eq. (10) introduces the theoretical limit of absorption of any flexural wave absorbers, where the integral of the absorption coefficient has an upper bound proportional to the product of the thickness of the
absorber and the mass density ratio between the absorber material and background beam. Note that perfect absorption
(A = 1) can only happen at discrete frequencies and broadband absorption cannot be exactly perfect (A – 1). Therefore, to
design optimal broadband flexural wave absorbers, one needs to carefully balance between wave absorption and operational
bandwidth to approach the theoretical limit.
3. Design of an optimal active meta-layer
In this section, we suggest such an optimal design of active meta-layers based on piezoelectric shunting. This active
approach is capable of not only flexibly tailoring the absorption spectrum without varying geometries but also approximately reaching the theoretical limit of flexural wave absorption. We construct the meta-layer by cutting one end of a host
beam into a narrower beam and attaching two piezoelectric patches with the same dimension on the upper and lower surfaces of this narrower beam (Fig. 1(b)). Two piezoelectric patches are bonded symmetrically with respect to the neutral plane
of the beam, and adjacent to the edges of the cuts (Fig. 1(b)). The geometric and material parameters can be found in Tables 1
and 2, respectively. In the design, the lower patch functions as a sensor to detect the local bending curvature, and the upper
patch acts as an actuator to generate the bending moment at the location it attached. The sensor and actuator are connected
by an electrical circuit. The output and input signals of the circuit, V a and V s , are controlled by a transfer function, H ¼ V a =V s .
When an incident wave impinges to the meta-layer, the sensor will sense a signal due to changes of the local bending curvature, and the actuator controlled by the transfer function will in turn generate the bending moment response and emit an
additional wave to the background beam in a destructive manner. The additional wave then interferes with the reflected
background wave.
To derive the relations between the transfer function H and wave reflection coefficient r, we consider a meta-layer
attached on one end of a host beam as shown in Fig. 1(b). Assuming incident waves coming from the left and propagate
to the meta-layer, the displacement wave field of an incident wave can be written as

win ¼ w0 eikx :

ð11Þ

When the meta-layer is disconnected from the circuits, the incident wave will be totally reflected at the free boundary of
ð0Þ

ð0Þ

the meta-layer, where the passive refection coefficient reads r0 ¼ wr =w0 with wr being the amplitude of the reflected
wave. Applying a voltage, Va, on the piezoelectric actuator in the meta-layer, it generates right-propagative waves, the amplitude of which can be written as

wa ¼ V a ja ;

ð12Þ

where ja denotes the effective electromechanical coupling coefficient of the actuator. On the other hand, the sensing voltage
from the piezoelectric sensor in the meta-layer contains two components: one is induced by the incident wave; the other is
produced due to the actuator-to-sensor feedback effect. Therefore, the sensing voltage can be express by

Table 1
Geometric parameters of the optimal active meta-layer.
Flexural wave absorption with active meta-layer
L
Lp
wb

600 mm
13 mm
13 mm

LPML
wp
d

100 mm
9 mm
20 mm

L1
hp

100 mm
1 mm

L2
hb

250 mm
3 mm

214 mm
60°

w1
h1

10 mm
30°

t1
a1

3 mm
10 mm

tw
a2

1 mm
5 mm

70.76 mm
160 mm

R2

90.76 mm

d1

100 mm

d2

200 mm

Reconfigurable structures
Lrs
h1
Cloaking
R1
d3

4
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Table 2
Material properties of the optimal active meta-layer.
Material properties (Steel)
E

205 GPa

v

0.28

qb

7850.0 kg/m3

v

0.33

qb

2700.0 kg/m3

d33
d31
d15

593  1012C/N
274  1012C/N
741  1012C/N
1433.6 e0
1704.4 e0
8.842  1012C/mV

Material properties (Aluminum)
E

70 GPa

Material properties (PZT 5H)
16.5  1012 m2/N
20.7  1012 m2/N
43.5  1012 m2/N
4.78  1012 m2/N
8.45  1012 m2/N
7500.0 kg/m3

s11E
s33E
s44E
s12E
s13E

qp

e33S
e11S
e0

V s ¼ V sb þ V fb ¼ w0 js þ GV a ;

ð13Þ

where js denotes the effective electromechanical coupling coefficient of the sensor, and G represents the feedback transfer
function. Finally, the transfer function H relates the sensing and actuating voltages by

H¼

Va
:
Vs

ð14Þ

Combining Eqs. (12)–(14), the reflection coefficient r can be derived as

wa þ wr
Hja js
¼
þ r0 :
w0
1  HG
ð0 Þ

r¼

ð15Þ

As can be found from Eq. (15), the wave reflection (absorption) coefficient, r (A), can be controlled by the transfer function,
H.
To achieve optimal wave absorption (near or at the theoretical limit), we conduct a series of numerical studies for calculating the optimal transfer function, H. Firstly, for perfect absorption (A ¼ 1) at discrete frequencies, amplitudes, and phase
angles of the transfer function at some discrete frequencies from 2 to 50 kHz are retrieved and plotted in Fig. 1(c) by red dots.
We characterize this discrete transfer function as an ideal transfer function, Hd , which usually cannot be physically realized
in the time domain. Numerical procedures for calculating the ideal transfer function can be found in Appendix A. From Fig. 1
(c), we find the amplitude of the ideal transfer function, Hd , gradually decreases and then increases, when the frequency
increases. The phase angle shows a similar trend but with the turning point around 40 kHz, due to the Fabry–Pérot resonance
in the meta-layer at this frequency.
Next, to find a real transfer function which can be implemented into the meta-layer for optimal wave absorption, we consider the following criteria: the optimal transfer function should (1) be physically realizable, satisfy causality, and (2) have
frequency responses as close as possible to the profiles of the ideal transfer function in both amplitude and phase angle, and
(3) the entire electromechanical system (active meta-layer on a host beam) must be stable in the time domain. With these
considerations, we formulate an analytical form based on a second-order low-pass filter as the optimal transfer function,
x2

H ¼ s2 þ2fx0 sþx2 , where s ¼ ix and x0 and f are the two parameters to be determined. In the design, the frequency range from
0

0

5 to 25 kHz is selected as the target to have nearly perfect absorption. Applying the Multivariable Output Error State Space
(MOESP) algorithm, we find values of the two optimal parameters in the transfer function, which are

x0 ¼ 2p  40:8  103 1=s and f ¼ 0:517. Amplitudes and phase angles of this optimal transfer function are also shown in
Fig. 1(c) as blue solid curves. Here, we find they align very well with those of the ideal transfer function at frequencies from
5 to 25 kHz.
Stability is then carefully considered and analyzed. We first perform different sets of numerical simulations to determine
the ideal transfer functions of meta-layers, when the piezoelectric sensor and actuator are placed on different locations. The
operational frequency range of nearly perfect absorption is pre-selected (5–25 kHz), based on which we conduct an optimization procedure to search the optimal transfer functions that will be implemented into the meta-layer. We then look
at those optimal transfer functions with the piezoelectric sensor and actuator placed at different locations, and select the
best optimal transfer functions based on the two criteria considering the system’s stability: (1) The optimal transfer function
should lack a strong resonance peak near x0 . This is because strong responses of the transfer function can easily make the
feedback system divergence. Quantitative studies can be performed according to Nyquist criteria [7]. The first criterion indicates that the damping ratio f cannot be too small. (2) The transfer function response near 40 kHz should be weak enough, as
the Fabry–Pérot resonance is around this frequency, which produces strong responses in the feedback loop. The second criterion implies that the damping ratio f cannot be too large. Based on those considerations, we select several locations of the
piezoelectric sensor and actuator and their corresponding optimal transfer functions. To further validate those designs, we
perform time-domain analyses and find an active meta-layer that can be stable over a long enough time.
5
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We then conduct numerical simulations to examine the wave absorption performance of the active meta-layer with this
optimal transfer function. Fig. 1(d) shows the absorption coefficient, A, of this design at different frequencies. It can be seen
that waves with frequencies from 9 to 30 kHz (orange shadow area) can be nearly totally absorbed with A  99%. This provides strong evidence on the effectiveness of the design principle and optimization approach. Furthermore, we define a ratio,
R1
Ap ¼

0

ln½1AðkÞdk q0
2p2 qs d

, to characterize the flexural wave absorption performance of an absorber. When Ap ¼ 1, the absorber is

considered perfectly optimal at its theoretical limit. Through calculations using the data shown in Fig. 1(d), we find Ap  0:85
for the current meta-layer design. The performance can be further improved through incorporating materials displaying passive damping into the active meta-layer or conducting optimizations on geometries of piezoelectric patches. The optimal
meta-layer presented here is only from the optimizations on the electrical transfer function.
Note that the design of a meta-layer for optimal wave absorption in different structures typically includes two procedures: (1) selection of dimensions and geometries; and (2) selection of proper electrical transfer functions, which are intrinsically coupled. That means the electrical transfer functions should be changed if the dimensions and geometries of the
meta-layer are modified or vice versa. Given the fact that the optimal solution of geometric and electrical parameters is neither unique nor arbitrary. Geometries of the meta-layer could have constraints for some practical applications. For example,
to design this meta-layer in a beam, locations of the sensor and the actuator is an important parameter that should be within
a small range to ensure system stability. Whereas, other geometric parameters, such as dimensions of the beam and piezoelectric sensor and actuator patches would have much wider choices. Overall, the proposed approach with special dimensions can limit some practical applications. However, that should only be in a small portion.

4. Experimental testing
We fabricate the active meta-layer at one end of a steel host beam and test its wave absorption performance with the
optimal transfer function. Illustration of the fabricated sample and experimental setup is shown in Fig. 2(a). To fabricate
the meta-layer, we first cut one end of the host beam into a narrower beam using a fiber laser cutting machine and attach
two piezoelectric patches produced by STEMiNC (SM112; Dimensions: 13 mm  9 mm  1 mm). They are bonded on the top
and bottom surfaces of the cut beam using conductive epoxy (Chemtronics).

Fig. 2. (a) Experimental setup of the meta-layer for wave absorption tests. (b) The circuit diagram and fabricated circuits.
6
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The control circuit of an active meta-layer consists of three basic components: a charge amplifier, a second-order lowpass filter, and a voltage amplifier. The circuit diagram and corresponding fabricated circuits are shown in Fig. 2(b). In
the charge amplifier, we select the reference capacitance C 0 ¼ 2 nF. For the second-order low-pass filter, R1 ¼ 12 kX,
R2 ¼ 5:1 kX, C 1 =1nF and C 2 = 220 pF. In the voltage amplifier, a reference resistor (R3 ¼ 1 kX) and a potentiometer are used
to adjust the amplification ratio. All those analog circuits are fabricated on a portable printed circuit board (PCB). It may need
to mention that a digital controller can also be applied to compose the second-order low-pass filter as well.
One piezoelectric transducer is attached in the middle portion of the host beam to generate incident flexural waves propagating to the meta-layer. Incident wave signals applied on the transducer are generated by an arbitrary waveform generator
(Tektronix AFG3022C) and amplified by a high voltage amplifier (Krohn-Hite). Ten-peak tone-burst signals with different
central frequencies are employed in the tests. We implement a thick layer of passive absorbing material (Loctite fun-task
mounting putty) at the other end of the host beam to suppress unnecessary boundary reflection. The total length of the host
beam is 2 m and the length of the passive absorbing layer is about 200 mm. The out-of-plane velocity wave field is measured
and recorded by a scanning laser Doppler vibrometer (Polytec PSV-400).
5. Results and discussion
5.1. Optimal flexural wave absorption
Fig. 3(a) shows the measured time-domain signals from the host beam when the control circuit is turned ON (red dotted
curves) and OFF (blue solid curves). The central frequency of the incident wave is selected at 10, 15, 20, and 25 kHz,
respectively. It can be found from the figure that waves are totally reflected when the control circuit is turned OFF, and
the meta-layer behaves as a free boundary. When the control circuit is turned ON, reflected waves from the meta-layer
nearly disappear, demonstrating the predicted absorbing effect. We then calculate absorption coefficients based on experin
mental data and compare them with those from numerical simulations. We plot the percentage error by v ¼ AeAA
in Fig. 3(b),
n
where Ae and An denote absorption coefficients calculated using experimental and numerical data, respectively. It can be
clearly evidenced that experimental and numerical results agree very well with errors below 4%.
5.2. Broadband vibration attenuation
We then test the meta-layer for broadband vibration suppression. The meta-layer is installed at one end of a host beam,
which has the other end fixed (Fig. 4(a)). The total length of the cantilever beam is 1 m and the rest of the parameters are the
same as for flexural wave absorption case. The host beam is excited by a piezoelectric transducer bonded next to the root of
it. Sine modulated-chirp signals with frequencies covering from 5 to 30 kHz are applied to the piezoelectric transducer. The
out-of-plane vibration signal is measured from the host beam, 5 mm away from the meta-layer, using a laser vibrometer.
Fig. 4(b) shows frequency response functions of measured signals with the control circuit in the meta-layer turned ON
and OFF. We find almost all the strong resonance peaks of the beam without the control are inhibited by the meta-layer from
5 to 30 kHz, which aligns very well with the findings in the wave propagation test. It should be noticed that, at frequencies
around 8 and 14 kHz, the vibration attenuation is weak, which is mainly caused by the strong rotational motion excited by
the piezoelectric transducer. Besides, within the big dip from 17 to 24 kHz, vibration responses are almost the same for the

Fig. 3. (a) Experimentally measured time-domain velocity signals from a point on the host beam with control circuits turned ON and OFF. In the tests,
central frequencies of incident waves are selected at 10, 15, 20, and 25 kHz. Reflected wave signals are displayed within shaded regions. (b) The difference of
n
absorption coefficients calculated from numerical simulations, An , and measured from experiments, Ae , with v ¼ AeAA
.
n
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Fig. 4. (a) Experimental setup of the active meta-layer in a cantilever beam for vibration tests. Experimentally tested (b) and numerically calculated (c)
Frequency response function (FRF) of the cantilever beam with the active meta-layer connected and disconnected with electrical control circuits.

meta-layer with and without control, which is caused by the position selection of the measured point. Broadband vibration
suppression is also validated by numerical simulations shown in Fig. 4(c).
5.3. Vibration suppression of reconfigurable structures
The proposed active meta-layer offers a great advantage in broadband vibration control of reconfigurable structures. In
contrast to other approaches based on embedded materials/structures where vibration attenuation performances will be
degraded when host structures are deformed, the active meta-layers only occupy on open boundaries of structures and
broadband vibration attenuation performances remain when host structures deformed. To demonstrate this, we design a
reconfigurable structure with beams connected by elastic thin plates (Fig. 5(a) and (b)) and perform numerical simulations
with harmonic loading applied on the structure with two different deformation states. The active meta-layers are attached to
the right edges of those beams. In the study, the material used for the beams and thin plates is aluminum. The geometric and
material parameters are provided in Tables. 1 and 2, respectively. Fig. 5(c) and (d) show numerically simulated frequency
response functions of the two different deformation states. In the figures, displacements at different locations are plotted,
when the meta-layer is connected and disconnected with control circuits. It can be clearly seen from the figures that all resonance peaks of passive structures can be effectively suppressed from 5 to 25 kHz when the control circuits in the metalayers are activated. The results successfully demonstrate the applications of the active meta-layer in broadband vibration
control of reconfigurable structures.
5.4. Experimental demonstration of flexural wave cloaking
The cloak is a wave control device that can make objects invisible to waves. Transformation-based passive cloaks constructed by metamaterials are the most popular strategy in manipulating classical waves (i.e. electromagnetic, acoustic,
and elastic waves) around objects [45–48]. However, they are usually bulky, imperfection to material damping, and operated
at narrow-band frequencies. On the other hand, active cloaks have been proved as an appealing solution in designing broadband, perfect and thin cloaks [49,50]. In light of this, we design and experimentally demonstrate a unidirectional active
meta-layer cloak to conceal a void in a plate (Fig. 6(a)). To make the void invisible to flexural waves, active meta-layers surrounding the void are separated into two sections: absorbing (loss) section (blue area) and actuating (gain) section (red area).
The meta-layers in the absorbing section facing incident waves are implemented with the optimal transfer function, such
that incident waves can be nearly totally absorbed, producing near-zero back scattering. The meta-layers in the actuating
section will intentionally regenerate lost (absorbed) waves to the other side of the void through active actuation. The active
actuation is controlled by an electrical communication loop, which is connected to the corresponding meta-layer actuator in
the absorbing section. The transfer function in the communication loop will produce proper delay so as the actively actuated
waves can be projected in the plate in the same way as incident waves propagated in a background plate in the absence of
the void, producing cloaking effects.
We then design and fabricate an array of meta-layers in a plate to make a circular void undetectable with flexural waves
(Fig. 6(b)). In the following examples, we demonstrate a unidirectional cloak for waves incident from the left side. In the
cloak configuration, the left section of the meta-layers behaves as an absorber, and other meta-layers are connected to
the absorber accordingly to actively generate flexural waves on the right-hand side of the circular void. An array of piezoelectric transducers are attached on the host plate 185 mm away from the center of the cloak. 10-peak tone-burst signals
centered at 15 kHz are applied to the transducers. We apply a Gaussian profile on the amplitudes of those tone-burst signals
in order to generate a Gaussian wave beam. The cloaking performance is tested by measuring the out-of-plane velocity wave
field around the cloak at different time steps. Fig. 6(c) and (d) show the snapshots of measured velocity fields when the control circuits are deactivated and activated, respectively. Comparing results in two figures, it is seen that the active meta-layer
8
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Fig. 5. (a) and (b) Two different deformation states of the reconfigurable structure used in vibration simulations. (c) and (d) Numerically simulated
frequency response functions at three different locations of the reconfigurable structure when the active meta-layer is activated (red dotted line) and
inactivated (blue solid line). (c): for the deformation state shown in (a); (d): for the deformation state shown in (b). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

manages to suppress the scattering from the void to a high and satisfactory degree although without being perfect. We quantify the cloaking performance by measuring wave amplitudes on two lines in the left and right sides of the cloak at 0.4 and
0.7 ms, respectively (Fig. 6(e) and (f)). It can be clearly seen that waves manipulated by the cloak are very close to that of
waves propagated in a background plate in the absence of the void, and backward and forward scattering is trivial, showing
nearly perfect cloaking performance. Note that, in the design, the radius of the void is 3.5 times larger than the thickness of
the meta-layer, which has been previously considered almost impossible using transformation-based cloaks. Therefore, the
active meta-layer cloak holds a great advantage in concealing large objects. In addition, thank to programmable circuits, the
reconfigurable meta-layer cloak is also operated at broadband frequencies and conceal objects with different shapes. Numerical simulations are performed to demonstrate cloaking performances of the active meta-layer cloak from the two aspects:
(1) The active meta-layer cloak can be operated at different frequencies (see Fig. 7); (2) The active meta-layer cloak can conceal voids with different shapes (see Fig. 8). The geometric and material parameters can be found in Tables 1 and 2, respectively. In Fig. 8(a), the two circular voids are connected with each other creating a new void with complex boundaries.
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Fig. 6. (a) Working principles of the active meta-layer for flexural wave cloaking of avoid. (b) Fabricated active meta-layers and their experimental setup for
flexural wave cloaking. (c) and (d) Experimentally measured out-of-plane velocity wave fields around the meta-layer cloak at different time steps. (c):
Control OFF; (d): Control ON. (e) and (f) Experimentally measured normalized velocity fields on two vertical lines (shown in (c) and (d)) in the left and right
sides of the meta-layer cloak. (e): x = -116 mm, t = 0.4 ms; (f): x = 150 mm, t = 0.7 ms.

Whereas, in Fig. 8(b), the two circular voids are separated, and the number of voids increases to two. Generally speaking, our
approach does not have strong limits in working frequencies, shapes, or sizes of hidden objects.

6. Conclusions
In summary, we design an active meta-layer for realizing an optimal flexural wave absorber. The active meta-layer is
composed of piezoelectric sensors and actuators with optimal feedback control loops. The optimal wave absorption performance is formulated and evaluated by an inequality that relates the absorption spectrum and thickness as well as the density
of the absorber. We numerically and experimentally demonstrate that the active meta-layer has excellent broadband wave
absorption and vibration control abilities in beams and can act as skin cloaks of large voids in plates. In experiments, we
apply external wires to connect piezoelectric sensors and actuators with electrical circuits, which in principle could be
miniaturized and housed on the meta-layer device itself to maintain the light-weight feature. When employing the metalayer in engineering applications, it is critical to integrate it in open boundaries of the host medium, which provides a range
10
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Fig. 7. Numerically simulated out-of-plane displacement wave fields of the active meta-layer cloak. (a) 10 kHz; (b) 15 kHz.

Fig. 8. Numerically simulated out-of-plane displacement wave fields of the active meta-layer cloak with (a) the two circular voids connected with each
other creating a new void with complex boundaries and (b) the two circular voids separated, and the number of voids increases to two.

of conveniences in terms of occupation locations and spaces. Thanks to highly reconfigurable properties, the active metalayer could set the basis of a markedly distinct approach towards perfect absorbers of subwavelength wave and elastic wave
cloaking.
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Fig. A1. A simulation model for the beam with an active meta-layer.
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Appendix. Numerical calculations of ideal transfer functions
To calculate ideal transfer functions at discrete frequencies, we perform a set of numerical simulations according to the
derivations in Section 3. Firstly, we numerically evaluate electromechanical coupling coefficients of the sensor and actuator
in the meta-layer, js and ja , defined in Eqs. (12) and (13). To obtain js , an incident wave is generated from the host beam
and propagates to the meta-layer without the electrical connection (refer to Appendix B for details of those harmonic simulations). We then integrate the free charges on the surface of the electrode of the sensor to get the sensing signal V sb , and
apply Eq. (13) to retrieve js . To calculate ja , we apply a voltage V a on the actuator of the meta-layer and quantify the amplitude of its generated wave through numerical simulations. ja is then able to be retrieved based on Eq. (12). Secondly, we
retrieve the transfer function G from the above simulation, where the voltage V a is applied to the actuator of the metalayer. By integrating the free charges on the surface of the electrode of the sensor, the feedback voltage V fb can be obtained
and the transfer function G is retrieved according to Eq. (13). Thirdly, the passive reflection coefficient r0 is inferred from two
different numerical simulations, where the same incident wave is generated on a homogeneous beam and on a host beam
containing a meta-layer without control. Comparing the two wave fields, r0 can be obtained according to the relation
ð0Þ

r0 ¼ wr =w0 . Lastly, by enforcing the reflection coefficient r, the transfer function H can be calculated based on Eq. (15) with
the numerically retrieved js , ja , G and r0 . The numerical simulation model is shown in Fig. A1 and the corresponding parameters and simulation procedure can be found in Tables 1 and 2 and Appendix B, respectively.
Simulation procedures
Three-dimensional numerical simulations of harmonic waves propagated to the active meta-layer are conducted using
the commercial finite element software, COMSOL Multiphysics. In numerical simulations, the 3D linear piezoelectric constitutive law is applied to the piezoelectric patches. The sensing signal is obtained by integrating free charges over a surface of
an electrode of the piezoelectric sensor. The two electrodes on the piezoelectric sensor have zero electric potential. The incident flexural wave is generated by applying a transverse force on the host beam. One perfectly matched layers (PMLs) is
attached to the other end of the host beam in order to suppress reflected waves from the boundary. One displacement probe
is defined on the host beam to measure the out-of-plane displacement and calculate the wave reflection coefficient.
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