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Abstract
This article aims to present a novel topological design approach, which is inspired by the famous density method and
parametric level set method, to control the structural complexity in the final optimized design and to improve computational
efficiency in structural topology optimization. In the proposed approach, the combination of radial basis function and the
SIMP formula is introduced to describe the distribution of the fictitious density field in the design domain. By changing
the radius and distribution of radial function, the structural complexity can be controlled. Meanwhile, it is found that the
proposed method can naturally avoid checkerboard design. In order to improve the computational efficiency affected by the
number of design variables, we propose to redefine the support points so that the number of support points is much smaller
than that of the observation points of the radial function. It follows that the number of design variables can be reduced to a
great extent. Several numerical examples are tested to show the feasibility and effectiveness of the presented method.
Keywords Topology optimization · Radial basis function · Computational efficiency · Compliance · Eigenfrequency

1 Introduction
Topology optimization aims to find the structural topology configuration within the design domain to achieve the
best performance measure. Since the research presented
by Bendsøe and Kikuchi, topology optimization has been
applied to structural mechanics, heat transfer, electromagnetics, etc. With enthusiastically researching by scientists,
various topology optimization methods have been developed, such as the solid isotropic material with penalization
(SIMP) (Bendsøe 1989), level set method (LSM) (Yamada
et al. 2010; Guirguis and Aly 2016), evolutionary structural
optimization (Huang and Xie 2010), moving morphable
components (Guo et al. 2014), and the moving morphable
void approach (Zhamg et al. 2017b, 2018). In addition to
the above classic algorithms, some modified algorithms
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also appeared in recent years, including parametric level set
method (PLSM) (Wei et al. 2018; Jing et al. 2020), isogeometric topology optimization (Wang et al. 2017; Liu
et al. 2018; Gao et al. 2019), closed B-splines method
(Zhang et al. 2017a), material-field series expansion and
kriging-based algorithm (Luo et al. 2020), spatial kernel
approach (Roux W et al. 2020), and reaction-diffusion based
level set (Yamada et al. 2010). Also some non-gradientbased algorithms, such as evolutionary algorithm (Bureerat
and Limtragool 2006; Kunakote and Bureerat 2011), modified hybrid cellular automata algorithm (Afrousheh et al.
2019) and high-resolution non-gradient topology optimization (Guirguis et al. 2018a), are used on structure optimization. These methods focus on obtaining clear boundaries,
improving computational efficiency, or convenient sensitivity analysis.
There are generally three main ways of improving the
computational efficiency of topology optimization. One
way is to make full use of computational resources and
use hardware acceleration, such as GPU acceleration on
unstructured meshes (Zegard and Paulino 2013), GPU
parallel strategy for PLSM (Xia et al. 2017), and the
fully parallel level set method (Liu et al. 2019). Another
way is to find the shortcomings of the existing algorithm,
and speed up by improving the algorithm, such as the
extended level set method (Wang et al. 2007) to avoid the
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initialization of H-J function in traditional LSM, accelerated
fixed-point formulation (Li et al. 2020) for compliance
minimization problem, and accelerated optimization by
means of triple acceleration method (Liao et al. 2019),
deep learning method (Kallioras et al. 2020) or discrete
cosine transform (Zhou et al. 2018), etc. The third way is
to reduce the number of design variables, such as moving
morphable components (Guo et al. 2014), approximate
density distribution (Bureerat et al. 2006; Kunakote et al.
2011) and reducible design variable method (RDVM)
(Bureerat et al. 2005; Guest and Genut 2009; Kim et al.
2012a).
Considering the manufacturing constraints and structural
reliability, the control of structural complexity, including
scale and thickness, is necessary for topology optimization.
A sensitivity filter scheme proposed by Sigmund (2007) is
the earliest method attempting to tackle this issue. MOLE
(MOnotonicity-based minimum length scale) (Poulsen
2003), Heaviside projection method (Guest et al. 2004)
and virtual component skeleton (VCS)-based effective
connection status (ECS) (Wang et al. 2019) are used to
control the minimum length scale. To control the maximum
length scale, the signed distance function (Gao et al.
2019), the segment-based length scale control method
(Liu 2019) and constraints of distance from the boundary
(Xia and Shi 2015) in level set have been proposed
in the literature. In the abovementioned methods, the
size control and efficiency improvement are achieved by
introducing additional constraints, which in turn increases
the complexity of the original problem. Therefore, a
method that can control the structural complexity while
enjoying well computational efficiency at the same time
is of great interest in the community of structural
optimization.
In this paper, we propose a revised version of the
radial basis functions based topology optimization method.
The method can obtain clear boundaries, meanwhile the
local length scale of the structure can be controlled by
parameters of the radial basis functions. Based on the
distribution of support points of the radial basis functions,
the computational efficiency of this topology optimization
method is improved by reducing the number of design
variables.
The remaining parts of this paper are arranged as follows.
Section 2 establishes the workflow of topology optimization
using compactly supported radial basis function, and then
describes how to accelerate the method by reducing the
number of design variables. Several examples in static and
dynamic problems are shown in Sections 3 and 4. The
conclusions are drawn in Section 5.

2 Topology optimization method based
on radial basis function
2.1 Introduction to the radial basis function
Radial basis function (RBF) is introduced into level set
topology optimization methods by Wang et al. (2006).
Guirguis et al. (2016, 2018b) also used Radial basis
functions (RBFs) in extend LSM. Generally, an RBF based
on its support point can be defined as:


ψic = ψ ηi − ηc  ,
(1)
where ηi denotes the coordinate of the i-th observation
point, ηc denotes the coordinate of the support point, ψ
denotes the RBF. ψic denotes the RBF value of the i-th
observation point as Fig. 1 shows.
There are a number of different RBFs, including
gaussian, inverse multi quadric, globally supported radial
basis function, compactly supported radial basis function
(CSRBF). CSRBF has zero function value out of a medium
scale support radius and usually consumes fewer memories
for the coefficients matrix and less computation for solving
the linear equations. So, in this paper, the CSRBF with C2
continuity is used:
ψ (r) = r04 (4r + 1) ,

(2)

where
r0 = max {0, (1 − r)} ,
⎧
⎪
2
2
⎪
⎪ (xi − xc ) + (yi − yc )
⎪
⎪
⎨
rm
r=
⎪
2
⎪
⎪
(xi − xc ) + (yi − yc )2 + (zi − zc )2
⎪
⎪
⎩
rm

Fig. 1 The radial basis function in 2D

in 2D,

in 3D,

(3)
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where xi , yi , zi are coordinate components of i-th
observation point, xc , yc , zc are coordinate components of
the support point, rm denotes the support radius.

2.2 The topological description functions
modeled by RBFs
To introduce CSRBF in topology optimization, a 2D
design domain is meshed with quadrilateral elements and
distributed with the support points and observation points as
Fig. 2 shows.
Let ηi denotes the center of i-th element in the structural
design domain. Then in traditional RBFs, ηi belongs to both
the observation points and support points. In this case, the
RBFs matrix Ψ is formulated as:




⎡

 · · · ψ η1 −ηM  ⎤
 ψ η1 − η2


 1
⎢ ψ η 2 − η 1 
1
· · · ψ η2 −ηM  ⎥
⎥
⎢
Ψ =⎢
⎥,
..
⎦
⎣
.
·
·
·
·
·
·
·
·
·
 






ψ ηM − η1 ψ ηM − η2 · · ·
1
(4)
where Ψ ∈ RM×M , M denotes the number of the elements.
Then we use equation
ij =  ψij
ψ
M

j =1 ψij

,

(i = 1, 2, · · · , M).

(5)

to normalize Ψ as:
 

 ⎤

⎡  


η 1 − η 1  ψ

 
ψ 
 η1 − η2  · · · ψ η1 −ηM 
 η2 − η2  · · · ψ
 η2 −ηM  ⎥
 η 2 − η 1  ψ
⎢ψ
⎥
 =⎢
Ψ
⎥,
⎢
.
.
⎦
⎣
.
  · · · 

 · · ·
 · · ·
 ηM − η1  ψ
 η M − η 2  · · · ψ
 ηM −ηM 
ψ
(6)
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 ∈ RM×M . It is noted here that although the Ψ is
where Ψ
 is not a symmetric
a symmetric matrix, the normalized Ψ
matrix.
As the parametric level set method, the topological
description functions Φ = [φ1 , φ2 , · · · , φM ]T in the design
domain can be expressed as:
α
Φ=Ψ

(7)

where α = [α1 , α2 , · · · , αM ]T , αj ∈ [−1, 1] denotes the
weight of the radial basis function positioned at j -th support
center. Notice that Φ is not the elemental fictitious density
in traditional density methods. The topological description
 are shown
functions Φ calculated by normalized matrix Ψ
in Fig. 3a.
To acquire clearly the structural topology configuration
boundaries, the Heaviside function is introduced in the
model. Function scale and translation technology are used
to modify the Heaviside function to be suitable for the SIMP
Method. The effective volume fraction of i-th element μi
can be modeled as:
⎧ −β
φi e i + 2 − e−βi φi
⎪
⎪
φi  0
⎨
2
 (φi ) =
μi = H
,
(8)
−βi + eβi φi
⎪
⎪
⎩ φi e
φi < 0
2
where βi denotes the projection intensity, the greater the
value, the clearer boundary described by φi . In this paper, βi
is chosen as a continuously changing variable. During the
optimization process, βi increases by a predefined step size
(Luo and Bao 2019). The effective volume fraction are in
Fig. 3b.
Now it is appropriate to carry out the mathematical model
for the topology optimization problems in our method,
find : {α1 , α2 , · · · , αM }
min : fobj
s.t. : g (μ) = 0,
h (μ)  0,
 (φi ) ,
μi = H

i = 1, 2, · · · , M

(9)

α
Φ=Ψ
− 1  αj  1,
Φ∈R

M×1

Fig. 2 Distribution of the support points and observation points

j = 1, 2, · · · , M

 ∈R
,Ψ

M×M

, α ∈ RM×1 ,

where fobj denotes the objective function. μ =
[μ1 , μ2 , · · · , μM ]T denotes the effective volume fraction
vector, g (μ) and h (μ) denote the constraint functions,
M denotes the number of elements. It is noted that this
technique uses RBFs to describe the structural topology
configuration and RBFs matrix to reduce the number design
variables, which is different from the Guest and Genut
(2009) and Kim et al. (2012a).
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Fig. 3 The topological description functions

2.3 Acceleration strategy
In the abovementioned method, the support points (i.e., the
center of each finite element) coincide with the observation
points, and the number of design variables is equal to
the number of elements as shown in Fig. 2. To ensure
an accurate FEM simulation, a large number of elements
are needed. So a large number of design variables are
needed to perform the topology optimization, which would
make the optimization problem difficult to tackle with
numerical optimization algorithms and hard to converge.
In this section, we propose to use different support points
with the observation points, so that the number of design
variables can be reduced to a great extent.
Based on the CSRBF, we still
of

 chose the center
elements as the observation points η1 , η2 , · · · , ηM whose
number is equal to the number of elements M. The
difference with the method
in Section 2.2 is that we now use

fewer support points ξ 1 , ξ 2 , · · · , ξ N than the observation
points shown in Fig. 4, here N  M. Therefore, the CSRBF
matrix can be formulated as a rectangular matrix instead of
a square matrix,




η1 − ξ 1  ψ η1 − ξ 2 
ψ 



⎢ ψ η2 − ξ 1  ψ η2 − ξ 2 
⎢
Ψ =⎢
⎣
  · · ·

 · · ·
ψ ηM − ξ 1  ψ ηM − ξ 2 
⎡

 ∈ RM×N , α ∈ RN×1 .
where Φ ∈ RM×1 , Ψ
 ∈ RM×N and (12),
Based on the new CSRBF matrix Ψ
the topology optimization model can be rebuilt as:
find : {α1 , α2 , · · · , αN }
min : fobj
s.t. : g (μ) = 0,
h (μ)  0,
 (φi ) ,
μi = H

i = 1, 2, · · · , M

(13)

α
Φ=Ψ
− 1  αj  1,
Φ ∈ RM×1 ,

j = 1, 2, · · · , N

 ∈ RM×N ,
Ψ

α ∈ RN×1 ,

where fobj denotes the objective function. g (μ) and h (μ)
denote the constant functions, M denotes the number of
elements, N denotes the number of support points.



η 1 − ξ N  ⎤
· · · ψ 


· · · ψ η2 − ξ N  ⎥
⎥
⎥ ∈ RM×N .
..
⎦
.
·
·
·


· · · ψ η M − ξ N 
(10)

 by:
Same to (5), Ψ is normalized to Ψ
ij =  ψij
ψ
N

j =1 ψij

,

(i = 1, 2, · · · , M).

(11)

So, the topological description functions can be expressed
as:
 α,
Φ=Ψ

(12)

Fig. 4 Distribution of the support points and observation points in
acceleration strategy
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Comparing (9) and (13), the design variable of topology
optimization problem has changed from
find: {α1 , α2 , · · · , αM }

(14)

to
find: {α1 , α2 , · · · , αN } ,

(15)

where N  M. Since N is much smaller than M, the
number of optimization variables will be largely reduced,
which is favorable for the computation of an optimization
problem. It should be noted that the minimum support radius
must be greater than the minimum distance of the element
center, in order to ensure that there are several observation
points in each support radius domain.

2.4 Optimization algorithm
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Step 4. Finite element analysis.
Step 5. Adjoint sensitivity analysis and computation.
Step 6. Update α by MMA.
Step 7. If satisfy convergence, go to Step 8, else update
β and go to Step 2.
Step 8. Output Φ and stop.

3 Minimize compliance in static optimization
3.1 Formulation of the optimization problem
Similar to the SIMP, the Young’s modulus Ei of the
artificial material at i-th element is expressed as a powerlaw interpolation function of the mapped material field,
namely:
p

Based on the mathematical model in (9) and (13), we
can choose any gradient-based optimization algorithm to
solve the topology problem, including sequential linear
programming, sequential quadratic programming, method
of moving asymptotes (MMA), and generalized method of
moving asymptotes. Even though the MMA algorithm may
fall into local optimum, it is still suitable for large-scale
optimization problems. So MMA algorithm is used in this
paper. Figure 5 shows the optimization flowchart and the
details are as follows:
Step 1. Initialize α, β, Ψ .
Step 2. Calculate Φ by (7) or (12).
Step 3. Calculate μ.

Ei = Emin + μi (E0 − Emin ) ,

(16)

where Emin denotes the Young’s modulus of the void
material, p donates penalty factor.
In summary, the classic problem of static compliance
minimization under the constraints of material usage is
modeled as:
find : {α1 , α2 , · · · , αN }
min : fobj = P T U
s.t.. : KU = P
M


μi  Vmax ,

(17)

i=1

α
Φ=Ψ
 (φi ) ,
μi = H

i = 1, 2, · · · , M

− 1  αj  1,
Φ∈R

M×1

,

j = 1, 2, · · · , N

 ∈ RM×N ,
Ψ

α ∈ RN×1 ,

where α = [α1 , α2 , · · · , αN ]T is the design variable, Φ =
[φ1 , φ2 , · · · , φM ]T is the value of topological description
functions, μi is the volume fraction of the solid material.
In (17), if we chose the element center as the support
point, i.e., N = M , the method in (9) is used. If we
chose the number of support points less than the number of
elements, i.e., N  M , then the acceleration strategy in
(13) is used.

3.2 Sensitivity analysis
3.2.1 Objective sensitivity analysis
The first-order derivative of the objective for the design
variables is computed by using the adjoint variable method:
Fig. 5 Transient optimization flowchart

∂fobj
∂K
= −U T
U
∂αj
∂αj

(18)
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3.3 Numerical result and discussion
in static optimization

Fig. 6 The design domain of 2D cantilever beam

Recalling (8) (12) and (16) , and substituting them into
(18), the sensitivity of the objective function fobj for design
variables αj can be expressed as:
∂fobj
∂K
= − UT
U
∂αj
∂αj
=−

M


UT

∂K ∂μi ∂φi
U
∂μi ∂φi ∂αj

UT

∂K ∂μi 
ψij U ,
∂μi ∂φi

i=1

=−

M

i=1

(19)

∂K
i
where ∂μ
is acquired from (16), ∂μ
∂φi is acquired from (8),
i
ij is acquired from (6) in or (11) depending on the number
ψ
of design variables.

3.2.2 Constrain sensitivity analysis
Recalling (7) and (8), the sensitivity of the structural volume
corresponds to:
∂V
∂ (μ1 + μ2 + · · · + μM )
=
∂αj
∂αj
=

M

∂μi
j =1

∂φi

(20)

ij ,
ψ

i

where ∂μ
∂φi is acquired from (8), ψij is acquired from (5) or
(11) depending on the number of design variables.

(a) Step 20

(b) Step 40

In this section, several 2D and 3D numerical examples
about compliance minimization in statics are presented to
demonstrate the effectiveness of the proposed method for
topology optimization. The artificial material properties are
described as follows: Young’s modulus E = 1 and Poisson’s
ratio ν = 0.3. In the finite element analysis, Emin is
set to 0.001. To compare the computational efficiency, the
computer and system information used in this experiment
are also listed: a personal office computer equipped with
Intel(R) Core (TM) i7-8700 CPU@3.0 Hz, 2 Cores and
16 GB RAM.
3.3.1 Topology optimization of a 2D cantilever beam
The cantilever beam with the dimensions 80 mm × 40 mm
is displayed in Fig. 6. The left edge of the beam is
fixed while a concentrated force 0.5 N is applied on the
right bottom corner of the beam. The design domain is
meshed with 3200 (80 × 40) linear quadrilateral plane stress
elements. We distribute 3200 support points in the design
domain and set the support radius of radial basis function to
5 mm on every support point.
Figures 7 and 8 show the topological description
functions and structure configuration in the iterative
process. Figure 8d shows the optimal configuration after
60 iterations with the values of the topological description
functions set to 0. The obtained structure has clear and
smooth boundaries. In comparison with traditional SIMP
topology optimization, although we do not use density
filtering technology, we can still avoid the occurrence of
the checkerboard layout and get clear boundaries of the
structural topology configuration.
3.3.2 Applications of diﬀerent radial basis functions
The radius of radial basis function is an important parameter
in the algorithm. The same topology model and mesh as
the ones in Section 3.3.1 are used here. The influence of
the radius of the radial basis function on the topological

(c) Step 50

(d) Step 60

Fig. 7 Topological description functions obtained by using the radial basis function topology optimization method. (a) Step 20. (b) Step 40. (c)
Step 50. (d) Step 60
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(b) Step 40
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(c) Step 50

(d) Step 60

Fig. 8 The optimized configurations by using the RBFs topology optimization method. (a) Step 20. (b) Step 40. (c) Step 50. (d) Step 60

results is studied in this section. We consider three cases: (1)
rm = 2. Design domain, topological description functions
and optimized result are shown in Fig. 9a, b and c, resp. (2)
rm = 5. Design domain, topological description functions
and optimized result are shown in Fig. 9d, e and f, resp. (3)
rm = 8. Design domain, topological description functions
and optimized result are shown in Fig. 9 (g), (h) and (i), resp.
The different support radii also allow us to obtain different
topological configurations.

3.3.3 Applications of locally unequal basis function
in one problem
From Section 3.3.2, we know that the radius of the radial
basis function can influence the structural complexity of the
final topological configuration. Sometimes, due to aesthetic
or engineering needs, the structure needs to present an
expected shape, such as a gradient structure and a period
structure. In this section, we study how to control the radial

(a) Design domain

(b) Topological description functions

(c) Optimized topologies

(d) Design domain

(e) Topological description functions

(f) Optimized topologies

(g) Design domain

(h) Topological description functions

(i) Optimized topologies

Fig. 9 Optimal topologies with different radii of radial basis function. (a) Design domain. (b) Topological description functions.
(c) Optimized topologies. (d) Design domain. (e) Topological

description functions. (f) Optimized topologies. (g) Design domain.
(h) Topological description functions. (i) Optimized topologies
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Fig. 10 The design domain of a
long cantilever

basis function to obtain gradient shape in the final optimized
structure. As shown in Fig. 10, we consider a long cantilever
beam meshed with 200 × 40 elements. Three cases are
tested. In case 1, we use global support radial basis function
with the radius of 4 mm to build basis functions matrix
Ψ . In case 2 and case 3, we use local support radius basis
functions with radius shown in Fig. 11a to build basis
function matrix Ψ . The local support basis functions are
distributed along X-axis to build basis function matrix and
the support radius of every 50-element are set to 8 mm,
6 mm, 4 mm and 2 mm resp. as shown in Fig. 11d and g.
As shown in Fig. 11b, e and h, we obtain three different
configurations. In case 1, the size of the internal structure
is the same in the whole design domain, but in case 2,
the internal structure gradually changes from thick to fine
along the X-axis, showing a gradient structure. In case 3,
the feature of optimized is stronger on the right than on
the left. It indicates that the structural size and layout can
be controlled by setting several different radii of the radial
basis functions in different parts of the design domain in an
optimization problem. The von Mises stress distributions of
optimization structure are shown in Fig. 11c, f and i. The

(a) The distribution of RBFs

von Mises stress distribution is more uniform in case 1, the
maximum von Mises stress in case 2 is smaller.
3.3.4 Acceleration strategy in static optimization
According to the presentation in Section 2.3, we can
reduce the number of design variables by reducing the
number of support points. In this section, the feasibility
of the acceleration strategy is demonstrated. We consider
three same designed domains with 3200 (80×40) elements
containing the unequal number of support points. As shown
in Fig. 12a, d and g, the first one contains 3200 support
points in case 1, the second one contains 1800 support
points in case 2, and the third one contains 800 support
points in case 3. Figure 12c, f and i show the results obtained
after optimization with support radius 3 mm. All schemes
have obtained the same topological optimization results, but
the number of design variables is reduced from 3200 in case
1 to 1800 in case 2, and 800 in case 3. Especially in the case
3, the number of design variables is only a quarter of the
number of the elements. In case 3, the structural boundary
is not too smooth. However, this issue can be resolved by

(b) Optimal topologies

(c) Von Mises stress

Case 1 : The global equal racial basis function

(d) The distribution of RBFs

(e) Optimal topologies

(f) Von Mises stress

Case 2: The local unequal racial basis function

(g) The distribution of RBFs

(h) Optimal topologies
Case 3: The local unequal racial basis function

Fig. 11 Optimal topologies with the different radial basis functions

(i) Von Mises stress
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support point

(a) Distribution of support points

(b) Topological description functions

(c) Optimized topologies

Case 1: 3200 (80 × 40) support points in the domain

observation point

support point

(d) Distribution of support points

(e) Topological description functions

(f) Optimized topologies

Case 2: 1800 (60 × 30) support points in the domain

observation point

support point

(g) Distribution of support points

(h) Topological description functions

(i) Optimized topologies

Case 3: 800 (40 × 20) support points in the domain
Fig. 12 Optimal topologies with the different distribution of support points

post-processing. The time cost is summarized in Table 1.
The MMA time cost decreases from 14.18 to 12.48 s after
60 iterations.
3.3.5 Comparison with other method
Kim et al. (2012b) also proposed other two ways to reduce
the number of design variable. A 2D cantilever beam with
40% volume limitation is defined in Fig. 13. The left
side of beam is fixed and external load is 500 kN. the
design domain (0.4 m × 0.25 m2 ) is meshed with 16000
(160 × 100) elements. The material Young’s modulus is

200GPa, Poisson’s ratio is 0.3. 1000 (40 × 25) support
points are distributed in the design domain. We used SIMP,
reducible design variable method (RDVM) (Kim et al.
2012b) and method based on RBFs to solve the problem.
Figure 14 and Table 2 show the normalized compliance and
time cost. Compared with SIMP, the RBFs based method
can reduce the time cost in MMA with the same number
of iterations. Especially in this problem, the time cost of
MMA is reduced by 10 times. Compared with the RDVM,
the objective function value using the proposed method does
not converge faster, but converges to a clear layout faster
than the RDVM as shown in Fig. 15.

Table 1 Time cost statistics
Case

The number of
support points

Total time (s)

FEM time (s)

MMA time (s)

Iteration

Constant volume

Objective function value

1
2
3

3200 (80 × 40)
1800 (60 × 30)
800 (40 × 20)

30
29
28

15.86
15.90
15.72

14.18
13.31
12.48

60
60
60

0.5
0.5
0.5

7756
7688
7819
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4 Maximize fundamental eigenfrequency
in dynamic optimization
In this section, several 2D and 3D numerical examples about
minimizing the fundamental eigenfrequency in dynamics
optimization are presented to demonstrate the effectiveness
of the proposed method. In all the tested example, Emin is
set to 1 × 10−6 E0 to avoid numeric instability. The design
domain is discretized with linear quadrilateral elements in
2D or linear hexahedron elements in 3D.

4.1 Formulation of an optimization problem

Fig. 13 The design domain of a short cantilever

3.3.6 Minimizing the static compliance
of a 3D cantilever
To verify the feasibility of the proposed method in 3D
topology optimization design, we consider a 3D cantilever
beam (80 mm × 40 mm × 4 mm). The design domain is
meshed with 12800 (80 × 40 × 4) elements and distributed
with 5400 (60 × 30 × 3) support points. Globally identical
radial basis functions are used in this problem with the
radius of 3 mm. As shown in Fig. 16, the optimized result
shows the same configuration as the 2D topology design
in Fig. 10, with clear and smooth boundaries. It reveals
the applicability of the acceleration strategy in 3D topology
optimization.

In the frequency optimization problem, the Young’s
modulus E and mass density ρ are interpolated with
different schemes. The Young’s modulus Ei of i-th element
is the same as above mentioned while the mass density is
interpolated as:
⎧
⎨μi ρ0 ,
μi  0.1,

ρi = 
(21)
⎩ c1 μ6i + c2 μ7i ρ0 , μi < 0.1,
where ρ0 denotes material mass density, ρi denotes material
mass density of i-th element, c1 = 6 × 105 and c2 =
−5 × 106 are the constants (Du and Olhoff 2007).
To avoid the possible non-differentiability problem
resulting from the repeated eigenfrequencies of a structural
system, the objective function of fundamental eigenfrequency can be approximated as Zhou et al. (2019):
1  −θfk
fobj = − ln
e
,
θ
4

(22)

k=1

where θ = 30
f1 , fk (Hz) denotes the k-th eigenfrequency
f1  f2 
f
 f4 , which are related to the eigenvalue λk
√ 3
λk
by fk = 2π .
Based on the objective function fobj and constraint on
material usage. The topology optimization problem can be
defined mathematically as:
find : {α1 , α2 , · · · , αN }
min :fobj
s.t. :KQ = λMQ,
QT MQ = I ,
 α,
Φ=Ψ
M


(23)

μi  Vmax ,

i=1

− 1  αj  1,

j = 1, 2, · · · , N

λk  0, Q ∈ Rndof ×ndof ,
Fig. 14 Iteration histories for a short cantilever with different methods

 ∈ RM×N , α ∈ RN×1 ,
Φ ∈ RM×1 , Ψ
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Table 2 Time cost statistics
Case

Method

The number of
design variables

MMA time (s)

Iteration

Normalized
compliance

1
2
3

RBFs based method
SIMP
RDVM (Kim et al. 2012b)

1000
16000
−

2.43
26.2
−

60
60
60

0.131
0.134
0.132

where αj denotes the j -th design variable, M denotes the
mass matrix, K denotes the stiffness matrix, φi denotes
level set function value, μi denotes the volume fraction
of i-th element. λ = diag(λ1 , λ2 , · · · , λndof ) denotes
eigenvalue vectors, Q = [q 1 , q 2 , · · · , q ndof ] denotes matrix
of eigenvector.
In (23), if we chose element centers as the support points
with the number N = M , the general strategy in (9)
is chosen for the dynamics optimization. If we chose the
number of support points less than the number of elements
with N  M, the accelerated strategy in (13) is used.

4

k=1

(24)

4

−θfk

∂K
∂M
− λk
∂αj
∂αj


qk.

(25)

The global stiffness matrix’s derivative w.r.t. design
∂K
variable ∂α
can be given by:
j
 ∂K ∂μi ∂φi
∂K
=
∂αj
∂μi ∂φi ∂αj
M

(26)

i=1

∂fobj  ∂fobj ∂fk ∂λk
=
∂αj
∂fk ∂λk ∂αj

k=1 e



M

∂K ∂μi 
=
ψij ,
∂μi ∂φi

The sensitivity of objective function can be given by:

= 4

∂λk
= q Tk
∂αj

i=1

4.2 Sensitivity analysis

1

The sensitivity of a non-repeated eigenvalue λk can be
given by:

1
∂λk
e−θfk √
.
4π λk ∂αj
k=1

∂μi
where ∂M
∂μi can be derived from (16), ∂φi can be derived
ij is acquired from (5) or (11) depending on the
from (8), ψ
number of design variables.
The global mass matrix’s derivative w.r.t the design
variables can be given by:

∂M  ∂M ∂μi ∂φi
=
∂αj
∂μi ∂φi ∂αj
M

i=1

M

∂M ∂μi 
ψij ,
=
∂μi ∂φi

(27)

i=1

(a) 10th

(b) 20th

(c) 30th
∂μi
where ∂M
∂μi can be derived from (21), ∂φi can be derived
ij is acquired from (5) or (11) depending on the
from (8), ψ
number of design variables.

RDVM (Kim et al.,2012b)

(d) 10th

(e) 20th

(f) 30th

SIMP

(g) 10th

(h) 20th

(i) 30th

RBFs base method (with 1000 (40 × 25) support points )
Fig. 15 Optimal topologies with the different distribution of support
points

(a) Topological description

(b) Optimized topologies

Fig. 16 Optimization of 3D structure by RBF-based topology
optimization. (a) Topological description. (b) Optimized topologies
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Fig. 17 The design domain and topological description functions. (a) The design domain. (b) The radius of RBFs is 0.10 m. (c) The radius of
RBFs is 0.25 m. (d) The radius of RBFs is 0.35 m

4.3 Numerical result and discussion
4.3.1 Application of diﬀerent radial basis functions
for fundamental eigenfrequency maximization
A design domain with dimensions 8 m × 1 m is shown
in Fig. 17a. The optimization objective is to maximize the
first natural frequency with volume fraction constraint to be
30%. Material properties are as follows: Young’s modulus
10 MPa, Poisson’s ratios 0.3 and mass density 1 Kg/m3 .
The design domain is meshed with 12800 (320 × 40)
linear quadrilateral elements. We distribute 1280 support
points of RBFs in the design domain. The radius of
RBFs is set to 0.10 m in case 1, 0.25 m in case 2 and
0.35 m in case 3. The topological description functions and
optimized structure in the different cases are presented in
Figs. 17 and 18. In case 1, the central part of the beam
exists some thin features as shown in Fig. 18a. As can
be found from Fig. 18, the structure on both ends of the
beam in case 2 is stronger than that in case 3, while the
structure on the central part in case 2 is thicker than that in
case 3.
4.3.2 Acceleration strategy in dynamic optimization
As the same design domain in Section 4.3.1 with 40%
initial volume constraints, we study the application of the
acceleration strategy in frequency optimization problem by
reducing the support points in this section. In the design
domain, the number M of RBFs center support points is
12800 (320 × 40) in case 1, which is equal to the number
of elements. M is 3200 (160 × 20) in case 2, which is equal
to 1/4 of the number of elements. M is 800 (80 × 10) in
case 3, which is 1/16 of the number of elements. The global
support radius of RBFs is set to 0.2 m in all cases. The

(a) Case 1: the raduis of RBFs is 0.10m

topological description functions and optimized structure
are shown in Figs. 19 and 20. We obtain the same material
layout. The structures in case 1 and case 2 are smooth
while the structure in case 3 is rough. But in case 3, the
number of design variables decreases from 12800 to 800.
As shown in Table 3, the MMA time cost decreases from
1401 s in case 1 to 559 s in case 3, resulting in a 40%
reduction in solution time. Considering the descriptions in
Section 3.3.4, the acceleration strategy can significantly
improve computational efficiency when a large number of
design variables are used.
4.3.3 Maximizing the fundamental eigenfrequency
of 3D structure
To verify the feasibility of the proposed method in 3D
dynamic topology optimization problems, we consider a 3D
box with the dimensions 1 m × 1 m × 0.5 m in Fig. 21.
The material parameters are as follows: Young’s modulus
E = 200GPa , Poisson’s ratio ν = 0.3 and mass density
ρ = 7800kg/m3 . A mass point with m = 5000kg is placed
at the center of the upper face. The 3D box is meshed with
32000 (40 × 40 × 20) linear hexahedron elements. All the
corners with 16 nodes in each corner at the bottom face
are fixed. We consider two cases: (1) The design domain is
distributed with 13500 (30 × 30 × 15) support points, (2)
The design domain is distributed with 4000 (20 × 20 × 10)
support points. The number of design variables is 0.42 times
that of elements in case 1, 1/8 times that of elements in
case 2. The global radius of RBFs is set to 0.06 m in all
cases. The optimized structures are shown in Fig. 22. Both
cases give consistent topological configurations, while the
topological structure surface in case 1 is smoother than in
case 2. However, the number of design variables in case 2 is
less than that in case 1.

(b) Case 2: the raduis of RBFs is 0.25m

(c) Case 3: the raduis of RBFs is 0.35m

Fig. 18 The optimization structure based different radial RBFs. (a) Case 1: the radius of RBFs is 0.10 m. (b) Case 2: the radius of RBFs is 0.25 m.
(c) Case 3: the radius of RBFs is 0.35 m
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Table 3 Time cost statistics
Case

The number of
support points

Total time (s)

FEM time (s)

MMA time (s)

Iteration

Constraint volume

Objective function

1
2
3

12800 (320 × 40)
3200 (160 × 20)
800 (80 × 10)

2224
1348
1306

406
370
378

1401
696
559

135
126
126

40%
40%
40%

30.20
30.01
29.66

Fig. 19 Topological description functions based on the different number of RBFs support points. (a) Case 1: the number of RBFs support points
is 12800 (320 × 40). (b) Case 2: the number of RBFs support points is 3200 (160 × 20). (c) Case 3: the number of RBFs support points is 800
(80 × 10)

(a) Case1:the number of RBFs support
points is 12800 (320 × 40)

(b) Case2:the number of RBFs support
points is 3200 (160 × 20)

(c) Case3:the number of RBFs support
points is 800 (80 × 10)

Fig. 20 The optimization structure based on the different number of RBFs support points. Case 1: the number of RBFs support points is 12800
(320 × 40). (b) Case 2: the number of RBFs support points is 3200 (160 × 20). (c) Case 3: the number of RBFs support points is 800 (80 × 10)

(a)

(b)

(c)

Case1: the number of RBFs support points is 13500 (30 × 30 × 15)

(d)

(e)

(f)

Case2: the number of RBFs support points is 4000 (20 × 20 × 10)
Fig. 21 The design domain of the 3D box structure

Fig. 22 The optimized structure of the 3D box
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5 Conclusion
This article proposes a novel topology optimization method
based on radial basis functions, inspired by the penalty of
material interpolation scheme in SIMP and the level set
parameterized representation in the PLSM. Several static
and dynamic examples are tested to prove the feasibility
of the proposed method. We analyze the influence of
several important parameters introduced in the proposed
method on the topology configuration. To improve the
computational efficiency, an acceleration strategy to modify
the basis function matrix is proposed. The acceleration
strategy can greatly reduce the number of design variables.
When a large number of design variables exist in an
optimization problem, the acceleration strategy can improve
the computational efficiency.
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