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A B S T R A C T   

Incremental elastic wave in a hyperelastic semi-linear (SL) material can be purposely controlled by pre- 
deformation with help of hyperelastic transformation (HT) theory. However, this material model, assuming a 
linear stress-strain relation for large deformation, has neither been realized with naturally occurring materials 
nor through microstructure design. By balancing the stiffness of axial and rotational springs in a hexagonal mass- 
spring lattice, we propose a lattice prototype to realize the SL material. The performance of the model is sys-
tematically verified from static strain energy to wave property on different finitely deformed configurations. 
Based on this SL lattice, an elastic wave cloak is designed and validated through numerical simulation. This work 
provides the first two-dimensional (2D) microstructure model for realizing SL material and paves the way for 
elastic wave control with HT method.   

1. Introduction 

The presence of initial stress will influence propagation of elastic 
waves in solids, such cases include seismic waves in earth shell (Kennett, 
1986), bio-imaging in living tissues (William and Brien, 2007), acoustic 
wave in sea floor (Hamilton, 1980) and many others. An incremental 
theory for elastic wave propagation in elastic media subjected to initial 
stress was proposed to explore these phenomena (Green et al., 1952; Biot 
and Romain, 1965), and was latterly developed into the so-called ‘small 
on large theory’ for pre-stressed hyperelastic materials (Ogden, 2007). 
In this theory, the elastic wave perceives a pre-stressed hyperelastic 
material as a new elastic material, whose instantaneous modulus is 
modulated by the pre-deformation or initial stress field. Therefore, the 
stress embedded in materials will influence the body or surface waves 
(Toupin, 2005; Wijeyewickrema and Leungvichcharoen, 2009; Zhou 
et al., 2017). The understanding of these phenomena is vital for a large 
variety of engineering applications, such as non-invasive material 
testing (Herrmann et al., 2006), medical imaging (Bushberg et al., 
2003), petroleum exploration (Batzle and Wang, 1992). 

Intentionally making use of initial stress to control the propagation of 
elastic wave attracts attention only recently, particularly with the 
development of metamaterials (Kadic et al., 2013; Srivastava and 
Nemat-Nasser, 2014) and homogenization methods (Willis et al., 2011; 

Srivastava and Nemat-Nasser, 2014; Berinskii, 2020). Band gaps, 
resulted from Bragg scattering (Kushwaha et al., 1993) or local reso-
nance (Liu et al., 2000), of these metamaterials are significantly affected 
by geometrical change and material nonlinearity due to large defor-
mation. These band gaps can be tuned via mechanical deformation 
induced by structural instability (Bertoldi and Boyce, 2008), local or 
global pre-deformation (Gei et al., 2009; Chen et al., 2020) or other 
mechanisms like external electrical/magnetic fields (Robillard et al., 
2009; Gal, 2013; Chen et al., 2014; Wu et al., 2018; Ning et al., 2020). A 
finite pre-deformation on homogeneous hyperelastic material can also 
alter the velocity and direction of elastic waves (Chang et al., 2015; 
Galich and Rudykh, 2015). For example, under a simple shear defor-
mation, the hyperelastic materials with Arruda–Boyce model and Gent 
model can refract P and SV waves into different directions to disentangle 
the mixed wave modes (Chen et al., 2017). 

However, more advanced control on the propagating path of elastic 
waves needs careful spatial arrangement of pre-stress or pre- 
deformation, and this can be precisely achieved with the help of HT 
theory (Parnell, 2012; Norris and Parnell, 2012), which is an application 
of a more basic theory named ‘transformation elasticity’ (Milton et al., 
2006; Norris, 2008) in incremental form. However, the necessary 
transformation materials within the framework of transformation elas-
ticity are beyond scope of Cauchy materials, i.e. either Willis’ materials 
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(coupling stress with velocity and momentum with strain) (Milton et al., 
2006; Xiang, 2014)) or polar elastic metamaterials (without minor 
symmetry of the elastic tensor) (Brun et al., 2009). The elastic cloak with 
Cauchy elastic materials is not possible, as shown by Yavari and Gol-
goon, who also explore the possibility with nonlinear transformation 
theory (Yavari and Golgoon, 2019). Another work of them shows that 
transformation cloaking is not possible in either non-centrosymmetric or 
centrosymmetric generalized Cosserat solids (obstructed by the balance 
of angular momentum) (Sozio et al., 2021). Actually, with the devel-
opment of elastic metamaterials, polar elastic metamaterials are 
demonstrated to be feasible with either passive (Zhang et al., 2020) or 
active (Xu et al., 2020) methods and elastic cloaks made of such kind of 
metamaterials can be envisioned. 

Interestingly, Parnell and Norris observed that the instantaneous 
elasticity tensor of a pre-stressed hyperelastic material has asymmetric 
or polar form (without minor symmetry of elastic tensor). They sug-
gested it is possible to design elastic wave cloak with pre-stress by 
analogy to the transformation elasticity with polar metamaterials (Brun 
et al., 2009; Norris and Shuvalov, 2011; Norris and Parnell, 2012). HT 
offers a design method to control elastic waves by pre-deforming 
hyperelastic material and the corresponding devices are intrinsically 
broadband (Aghighi et al., 2019). It is demonstrated that anti-plane 
(Parnell et al., 2012) and in-plane (Chang et al., 2015) shear waves 
and even their band structures (Barnwell et al., 2016; Zhang and Parnell, 
2017) in neo-Hookean materials can be precisely controlled. Another 
interesting hyperelastic material model, namely semi-linear (SL) mate-
rial (a special case of more general material with ‘harmonic’ strain en-
ergy function (John, 1960)), is demonstrated to be able to control P 
wave and under certain condition, e.g., symmetric pre-deformation to 
control S wave as well (Norris and Parnell, 2012). Relaxing the sym-
metric pre-deformation constraints and regulating the stretch in the 
out-of-plane direction, a 2D elastic wave cloak of arbitrary shape is 
approximately designed with SL material (Guo et al., 2019). However, in 
the previously published reports, the SL material is only a mathematical 
hyperelastic material model. There is currently neither natural nor 
engineered materials available for the SL model under large 
deformation. 

It was shown that an aligned linear spring lattice can function as a 1D 
SL material that perfectly controls propagation of longitudinal wave 
under axial elongation (Guo et al., 2017). Inspired by this result, in this 
paper we will design a more general 2D SL material based on hexagonal 
mass-spring (HMS) lattice, and the proposed lattice model will be 
applied to design elastic wave cloak. Utilizing the 
direct-lattice-transformation approach (Bückmann et al., 2015), a 2D 
dynamic latticed cloak (Kadic et al., 2020) under cubic coordinate 
transformation (Liu and Zhu, 2020) was proposed, enabling to reduce 
the scattering of SV wave. However, our cloak constructed by rationally 
designed SL material (based on HT method) is more versatile and works 
efficiently for both P and SV waves. 

The rest of the paper will be organized as follows: In Section 2, the 
basic ingredient of HT theory is briefly introduced and the constraints 
for a 2D SL material are outlined. In Section 3, a detailed homogeniza-
tion method and microstructure design for a SL material are presented. A 
wave deflection device realized by shearing a HMS lattice is proposed in 
Section 4, and the elastic wave cloak designed by pre-expanding the 
HMS lattice is illustrated in Section 5. Conclusions are summarized in 
Section 6. 

2. Elastic wave control by pre-deforming 2D SL material 

We first study the dynamic wave property for a pre-deformed 2D SL 
material. Supposing a SL material initially occupies a configuration Ω0, 
and is deformed to the current configuration Ω through loading. Math-
ematically, we can define a mapping x = x(X) between these two con-
figurations: Ω0→Ω, which maps an arbitrary point X in Ω0 to the point x 
in Ω. The finite deformation gradient is F = ∂x/∂X. Now, we assume a 

small displacement perturbation u = u (x, t) superimposed on the 
deformed body Ω. Then, the governing equation (Ogden, 2007) for the 
incremental wave in the current configuration Ω writes, 

ρü=∇x⋅(A : ∇xu) (1) 

Here, the symbol ∇x with a lowercased subscript represents the 
partial derivative with respect to the current coordinate x. u means the 
dynamic displacement field physically occurring in the current config-
uration. The local density ρ and the instantaneous elastic tensor A for 
this incremental wave are, 

ρ= J− 1ρ0,  A = J− 1FA0FT, A0 =
∂2W
∂F∂F

(2) 

In which, ρ is derived from the mass conservation law and ρ0 repre-
sents the density in the initial state. The pull-back elastic tensor A0 and 
the instantaneous elastic tensor A (without the minor symmetry) are 
fourth order tensors. The observation, that eq. (1) keeps the same form 
when pre-stress varies, stimulates researches on controlling elastic 
waves through finite deformation in hyperelastic materials. It is 
emphasized that the push forward of incremental nominal stress A:∇xu 
in eq. (1) is a virtual stress and not equivalent to the incremental Cauchy 
stress induced by the superposed displacement. Following the nonlinear 
elasticity theory (Ogden, 2007), Eq. (1) can be easily pulled back to the 
initial configuration, 

ρ0ü= J∇x⋅
(
J− 1FA0FT : ∇xu

)
= ∇X⋅(A0 : ∇Xu) (3) 

In the above equation, two mathematical identities (∇x⋅(J− 1F) =
0 and FT∇x = ∇X) are used. ∇X with an uppercased subscript represents 
the partial derivative with respect to the initial coordinate X. The above 
pull-back process shows that the form of incremental wave equation in 
the deformed configuration is equivalent to Navier’s equation in the 
initial configuration. 

The strain energy of a 2D SL material can be expressed as function of 
strain in a quadratic form (Norris and Parnell, 2012), 

W =
λ0

2
(trE)2

+ μ0trE2 (4) 

In which, λ0 and μ0 are Lamé constants. E = U − I represents the 
strain measure with U = R− 1F being the right stretch tensor for the finite 
deformation gradient F, where R is an orthogonal tensor RT R = I. The 
strain energy function W is only related to the stretch tensor U as 
required by objectivity. For 2D SL materials, the pull-back elastic tensor 
A0 under a general deformation gradient F can be derived, 

A0MjNl =
∂2W

∂FjM∂FlN
= λ0RjMRlN + 2μ0δljδMN + (λ0UKK − λ0δKK − 2μ0)

∂RlN

∂FjM

(5)  

∂RlN

∂FjM
=

1
UKK

R′

lNR′

jM (6)  

R=

[
cos φ − sin φ
sin φ cos φ

]

,  R′

=

[
sin φ − cos φ
cos φ sin φ

]

(7)  

where, δlj is Kronecker delta and all the indexes (M, j, N, l and K) range 
from 1 to 2. φ ∈ (-π/2, π/2) represents the rotation angle in the rotation 
matrix R. In addition to the second constant term, the pull-back modulus 
A0 includes the first term that depends on the rotation matrix R and the 
third term that depends on the derivative term ∂R/∂F. If F becomes an 
identity matrix I, the modulus A0 degenerates to the conventional 
isotropic elasticity tensor. 

To investigate the wave property in the initial/deformed configura-
tions for a general pre-deformed hyperelastic material, we define the 
pseudo phase velocity c′, and the phase velocity c, through the acoustic 
tensor (Rokhlin et al., 1986), 
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c′

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Eig[A0 : q ⊗ q]

ρ0

√

, c =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Eig[A : q ⊗ q]

ρ

√

(8)  

where, q denotes the direction of wave vector, and the symbol Eig de-
notes the eigenvalue of the acoustic tensor matrix. The acoustic tensor 
matrix A0 : q ⊗ q is written as A0MjNlqMqN in index notation. The above 
definition implies that the phase velocity c, in the deformed configura-
tion, involves both material and geometry nonlinear effect, while the 
pseudo phase velocity c′, in the initial configuration, excludes the part of 
the geometric effect induced by configuration change. By solving the 
first eigenvalue problem in Eq. (8), we can obtain the pseudo phase 
velocities (cP’ and cS’) measured in the initial configuration for the P and 
SV waves propagating in the pre-deformed hyperelastic material. 
Substituting the above pull-back modulus A0 expressed in Eq. (5) into 
Eq. (8) and assuming a general wave propagation direction q = (cosψ, 
sinψ), we get the pseudo phase velocities for a 2D SL material under pre- 
deformation, 

cP
′

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
λ0 + 2μ0

ρ0

√

, cS
′

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(λ0(UKK − 2) − 2μ0

ρ0UKK
+

2μ0

ρ0

√

(9) 

The pseudo phase velocity cP’ for P wave keeps invariant under 
arbitrary deformation and identical to that for the initial isotropic elastic 
material. It is expected that, if one region of a SL material is pre- 
deformed without altering its boundary, a subsequently impinged lon-
gitudinal wave will follow the path defined by the mapping in the pre- 
deformed region, which keeps the wave in the far field undisturbed. 
Further, if we restrict the summation UKK = 2 in Eq. (9), cS’ will be a 
constant (

̅̅̅̅̅̅̅̅̅̅̅̅
μ0/ρ0

√
) and equals to that for the isotropic elastic material as 

well. Thus, the elastic wave path, including both P and S waves, will 
follow the path defined by the pre-deformation in the SL material. This 
property will be verified through a beam deflection device in Section 4. 

3. Design for 2D SL material with HMS lattice 

3.1. Methodology for design of 2D SL material 

Inspired by Hooke’s law of an ideal axial spring, a 1D spring lattice 
has been proposed to mimic a 1D SL material (Guo et al., 2017). To 
design a 2D SL material, we will consider a HMS lattice, where linear 
axial springs couple the nearest neighboring sites. In addition, rotational 
springs are introduced to model the angle change between the axial 

springs for two reasons. First, the traditional HMS system is not stable 
under static deformation due to vanishing effective shear modulus (Chen 
et al., 2019). This issue can be resolved by adding rotational spring. 
Second, the rotational springs are crucial for balancing the stiffening 
effect produced by the axial springs in order to achieve an ideal SL 
material. As illustrated in Fig. 1 (a), a representative part of the 2D HMS 
lattice is fixed on the left and stretched under a horizontal force F. The 
blue solid line represent linear axial springs with a constant stiffness ka 
and an initial length L0 = 1 m. The initial angle between adjacent axial 
springs is 2π/3. For an incremental axial force δF, the induced incre-
mental extension in the horizontal spring always equals to δF/ka, while 
the common joint moves horizontally by an incremental amount 
δF/2ka/(1–sin3 (θ/2)/(L0sin (π/3)) with θ being the angle between the 
two inclined springs. Since the angle θ decreases with the increase of the 
axial force F, the force-displacement diagram of the 2D structure shows a 
stiffening effect as shown in the left panel of Fig. 1 (a). For a SL material, 
the loading response in the same case should be linear as shown in the 
mid panel. In order to compensate the stiffening effect, three rotational 
springs with identical stiffness kt are attached at the intermediate node 
to resist relative angular motion of every two adjacent edges. It is 
interesting to find that, the force-displacement curve of the updated 
structure shows a softening effect when the stiffness of the rotational 
springs become large, as shown in the right panel of Fig. 1 (a). For 
certain proper value of kt, a linear load-displacement curve can be ob-
tained, as illustrated by the mid panel in Fig. 1. (a). Since the analytical 
formulas are rather complicated, we show the force-displacement rela-
tion numerically in Fig. 1 (b). 

In Fig. 1 (b), we plot the force-displacement curves with the axial 
spring stiffness ka being fixed. For rotational spring stiffness kt = 0 N/rad 
(case 1), a stiffening effect is observed as analyzed above. In contrast, 
softening effect is observed when kt increases to 0.4 N/rad (case 3). For a 
moderate kt with the value of 0.2 N/rad (case 2), we obtain an almost 
ideal linear force-displacement relationship. In this way, we have con-
structed a 2D basic element possessing similar mechanical behavior to 
that of a linear Hooke’s spring in one direction. We expect that, for a 2D 
HMS lattice assembled from the representative part in Fig. 1 (a), a linear 
relation between macroscopic stress and strain as required by an ideal SL 
material can be achieved over a large deformation range. The nonlinear 
mechanical property of this HMS lattice will be analyzed bellow. 

3.2. Nonlinear deformation and homogenization of HMS lattice 

The configuration under study is a discrete planar periodic 2D HMS 

Fig. 1. (a) Methodology for 2D SL material design (schematic diagram). The HMS structure with no rotational springs (left, kt = 0 N/rad) shows stiffening effect on 
the force-displacement curve, while it shows softening effect with large rotational spring stiffness (right, kt = 0.4 N/rad). For certain proper rotational spring stiffness 
(mid, kt = 0.2 N/rad), a linear curve is obtained. (b) Computed force-displacement curves for the structure in (a) with the axial spring stiffness ka = 1 N/m and 
different rotational spring stiffness (kt = 0, 0.2, 0.4 N/rad) for case 1, case 2 and case 3, respectively. The solid lines are obtained by linear fitting with the computed 
curves at small displacement, as illustrated in the Fig. 1b. 
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lattice as shown in Fig. 2 (a). Each interior node is connected by three 
adjacent edges. The nodes have the same point mass m, while the edges 
are massless linear axial springs. Linear rotational springs with a unified 
stiffness kt attached on the nodes resist relative angle change of every 
two adjacent edges connecting the nodes. For the analysis bellow, we 
take m = 0.01 kg, L0 = 0.01 m, ka = 1600 N/m, non-dimensional rota-
tional spring stiffness η = kt/(kaL0

2) = 0.1. The energy of the HMS unit 
cell and thus the mechanical property of the system can be expressed in 
term of these physical parameters in the initial/deformed 
configurations. 

The degrees of freedom in unit cell shown in Fig. 2 (b) are the nodal 
coordinates {Xi = (Xi, Yi): i∈Φ} with Φ = {0, 1, 2, 3}. The length of edges 
inside the unit cell are denoted as {lij: ij∈Γ} with Γ = {01, 02, 03}. 
Considering two edges p and q spanned by nodes ij and jk respectively, 
with a common node j shown in Fig. 2 (c), the included angle between 
them is {θijk: ijk∈Ξ} with Ξ = {102, 203, 301}. The unit cell contains 
three axial springs and six rotational springs in total. The potential en-
ergy of the unit cell, including the part from the axial springs (Ea) and 
the part from rotational springs (Et), is given by, 

E =Ea +Et  = 
∑

ij∈Γ

1
2
ka
(
lij − L0

)2
+

∑

ijk∈Ξ
kt

(

θijk −
2π
3

)2

(10) 

The unit cell shown in Fig. 2 (b) with the origin of the local coor-
dinate system fixed at interior node X0 is finitely deformed under a 
deformation gradient F. The tensor F can be uniquely decomposed into a 
symmetric and positive definite stretch part U and a proper orthogonal 
rotation part R as F = RU. Since the potential energy E of the unit cell is 
invariant under the rigid rotation R, the potential energy under the 
deformation gradient F is equal to that under the corresponding sym-
metric part, i.e., right stretch tensor U. Using Eigen-decomposition, the 
right stretch tensor U can be decomposed into eigenvalues {λ1, λ2} and 
the corresponding eigenvectors V = {v1, v2}. The deformation field is 
imposed on the boundary nodes (X1, X 2, X3) as xi = UXi (i = 1, 2, 3), 
while the interior node X0 is free to move to the position x0 to satisfy the 
equilibrium condition. The equilibrium equation for the interior node x0 
= (x0, y0) is given by, 

∂E
∂x0

= 0 (11) 

The equilibrium equations are expanded by Taylor expansion and 
only the first order is kept. The equilibrium position x0 of the interior 
node is solved through Newton-Raphson iteration procedure (see Pal 
et al., 2016a). Then the potential energy E in the unit cell is computed 
using Eq. (10). For the nonlinear homogenization, the strain energy 
density W of the equivalent continuum material equals to the potential 
energy of the unit cell E normalized by the cell volume, i.e. W = E/Varea 

(Varea = 33/2/2L0
2, area in 2D) and is written as an explicit function of 

the internal nodal coordinate x0 and the deformation gradient F, i.e. W =
W(F, x0). Following the reference (Pal et al., 2016b), the pull-back 
elastic tensor A0 can be derived as, 

A0 =
∂2W
∂F∂F

−
∂2W

∂F∂x0

(
∂2W

∂x0∂x0

)− 1 ∂2W
∂x0∂F

(12) 

The detailed expression is about the derivative of the energy W with 
respect to the interior node coordinate x0 and deformation gradient F. 
From this expression, the effective Lamé constants λ0 and μ0 for the 
isotropic 2D HMS lattice can be obtained, as the numerical analysis in 
subsection 3.3. 

The homogenized properties will be checked through numerical 
simulations of elastic wave on pre-deformed configurations. For a small 
amplitude wave propagation on a finitely pre-deformed HMS lattice, the 
numerical simulation process can be separated into two steps: nonlinear 
static deformation and dynamic perturbation. Let Xi and xi

Ω denote, 
respectively, the position vectors of node i (0 < i < N) when the lattice is 
in the initial (Fig. 2 (a)) and deformed configurations. The equation of 
static motion of a mass at node i, subjected to an external force fi is, 

∂W
∂xΩ

i
= f i (13) 

The deformed configuration xi
Ω can be obtained by solving above 

equation quasi-statically under prescribed boundary conditions using 
Newton–Raphson iteration procedure as that for the single unit cell. 
Once the static equilibrium configuration is determined, we will further 
consider an additional dynamic force ̃fi superposed on the pre-deformed 
configuration in the equilibrium state (∂W/∂xi

Ω = 0), the linearized 
equation for the motion of mass at node i is, 

ẍi +
∑N

j=1

∂2W
∂xΩ

i ∂xΩ
j

(
xj − xΩ

j

)
= f̃ i (14) 

The coordinate disturbances between the current configuration xi 
and the deformed configuration xi

Ω generate the dynamic nodal force 
through structural stiffness matrix ∂2W/∂xi

Ω∂xj
Ω (Pal et al., 2016a). 

3.3. Identification of hyperelastic SL material 

From the analysis shown in Fig. 1 (b), we will expect to obtain a 2D 
hyperelastic SL material. The HMS lattice has six-fold symmetry and 
thus isotropic for infinitesimal deformation. For finite deformation, the 
material will become anisotropic, i.e., the nonlinear behavior changes 
with the loading direction. A representative rotation angle φ is defined, 
denoting the included angle between the principal stretch direction λ01 
(or λ02) and x-axis (or y-axis). As shown in Fig. 2 (d), the HMS unit cell in 

Fig. 2. (a) HMS lattice in initial state assembled from 
representative part (gray region). (b) The unit cell 
consists of four nodes Φ (black), three pairs of axial 
spring Γ (blue), three rotational spring Ξ in the center 
and six rotational spring shared with adjacent cells 
(brown). (c) Rotational spring {ijk} resists the change 
of included angle θijk between axial spring p{ij} and q 
{jk}. (d) Unit cell in initial configuration I (gray re-
gion) is bi-axially stretched to deformed configura-
tion by U (light green region) and configuration by U′

(dark green region) along different principal stretch 
directions. The included angle between the principal 
stretch direction λ01 (or λ02) and x-axis (or y-axis) is 
denoted as φ. (For interpretation of the references to 
color in this figure legend, the reader is referred to the 
Web version of this article.)   
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the initial state is stretched along direction φ = 0◦ to a deformed 
configuration (U = {λ1, 0; 0, λ2}). Rotating the principal stretch di-
rections to another value φ, the corresponding deformed configuration 
(U′ = VTUV, V = {cos(φ), -sin(φ); sin(φ), cos(φ)}) can be obtained. 
Owing to six-fold symmetry of the HMS unit cell, we only need to 
investigate the strain energy curves for φ belong to [0◦, 30◦]. The total 
strain energy densities of the unit cell under three loading modes (uni-
axial stretch, uniaxial compression, biaxial deformation) in different 
directions are shown in Fig. 3 (a), with the corresponding deformed 
configurations shown in Fig. 3 (b). The strain energy density remains 
almost unchanged with φ varying from 0◦ to 30◦. This result suggests 
that the designed lattice still keeps isotropic even under a finite 
deformation. 

To characterize the effective property of the designed HMS lattice, 
the strain energy of the unit cell over a large range of the biaxial 
deformation (0.6–1.6) is calculated, with rotation angle φ being fixed at 
0◦. For a set of principal elongations (λ1, λ2), the corresponding affine 
deformation is applied to the HMS unit cell to calculate the strain energy 
as above. Using nonlinear homogenization method, the effective Lamé 
constants λ0 = 300 Pa, μ0 = 906.4 Pa for the 2D HMS lattice are obtained 
from A0 expressed in Eq. (12) with F = I. We show in Fig. 4 (a) the strain 
energy density WHMS of the 2D HMS lattice as function of loading (λ1, 
λ2), the corresponding strain energy density Wsemi for the homogenized 
SL material (expressed by Eq. (4) with the determined effective Lamé 
constants) in Fig. 4 (b), and their relative deviation (WHMS − Wsemi)/ 
Wsemi in Fig. 4 (c). Apparently, the two strain energy densities as func-
tion of loading agree well with each other over the studied deformation 
range. Since the HMS lattice and the homogenized SL material are both 
isotropic, the strain energy density is symmetric about the line λ1 = λ2. 
The relative deviation between the two results is in the range − 3%–6% 
and its distribution is also symmetric about the line λ1 = λ2 in the biaxial 
loading situations (λ1 > 1, λ2 > 1). The non-symmetry between points A 
and B, which correspond to uniaxial compression along φ = 0◦ and 30◦

(last row in Fig. 3 (b)), is due to the slight increase of the corresponding 
strain energy density with the increase of loading angle (black line in 
Fig. 3 (a)). 

It is verified that the designed 2D HMS lattice assembled from axial 
springs and finely selected rotational spring stiffness indeed behaves as a 
2D SL material from the aspect of strain energy density. From the 
analysis in Section 2, this type of material is suitable for the design to 
control elastic wave through HT (Norris and Parnell, 2012). Two typical 
applications, a beam deflection device and an elastic wave cloak will be 
demonstrated below. 

4. Beam deflection device based on HMS lattice 

Due to the invariant property of SL materials during HT, both P and 
SV waves in a SL material will always follow with the applied pre- 
deformation in the manner defined by HT. As illustrated in Fig. 5 (a), 
the propagation path is changed from a straight one in initial configu-
ration to a curved one in deformed configuration by controlling the 
displacement of the upper and lower boundaries. Consider a segment at 
position s in the material domain, it is then simply sheared (F = {1, 0; κ, 
1}), with κ = tan(γ) and γ is the shear angle. The pseudo phase velocity 
(c’P,S) and pseudo phase slowness (s’P,S = 1/c’P,S) for P and SV waves 
propagating in the pre-deformed hyperelastic material are key param-
eters for elastic wave control. From Eq. (9), the pseudo slowness curve 
for P wave is invariant under the simple shear deformation, and for SV 
wave the pseudo slowness curve almost remain the same since U11 +

U22 ≈ 2. The pseudo phase slowness for two cases corresponding to κ =
0.25 and 0.50 are shown for comparison. The numerically obtained 
pseudo phase slowness curves of the pre-deformed HMS lattice (scatter 
points) coincide with the theoretical predictions (dashed lines) based on 
the effective material through homogenization for both P (Fig. 5 (c)) and 
SV (Fig. 5 (d)) waves. Assuming that the incident elastic wave is along 
the x-axis, the component of the phase slowness vector along the y-axis 
is zero, and the normal direction of the intersection of the slowness 
curve with x-axis is the refraction direction. For instance, Fig. 5 (e) 
shows the phase slowness curves of P and SV waves for the case κ = 0.50, 
the wave refraction directions for P and SV waves are marked by the red 
and blue arrows, respectively. It is verified that for a wide range of shear 
deformation (κ = 0–0.8), the refraction angle ψ for both P and SV waves 
agrees excellently with the shear angle γ, as shown in Fig. 5 (b). 
Therefore, in the simply sheared SL HSM lattice, wave propagating 
along x direction can be deflected to any other direction by tuning the 
shear angle. 

For numerical demonstration, the deformed configuration of the 
supercell shown in Fig. 6 (a) (Lx = 150 L0, Ly = 173.2 L0) is produced by 
applying shear deformation on the boundary. The boundary conditions 
for static deformation are set as: left (fixed), right (ux = 0, uy = tan(γ)Lx), 
top/bottom (ux = 0, uy = tan(γ)x) with tan(γ) = 0.5. The deformed 
configuration is obtained by solving Eq. (13) and the displacement 
constraints on boundary nodes are then replaced by force constraints to 
exclude the influence induced by boundary conditions in the following 
dynamic analysis. A small displacement perturbation with the form of 
Gaussian wave packet aexp (− (y− yc)2/2/yw

2)exp (− (t− tc)2/2/tw2)cos 
(2πf (t− tc)) is applied at the central region of left boundary (a = 0.01 L0, 
f = 16 Hz, tc = 2/f, tw = tc/3.5, yc = 86.6 L0, yw = 20 L0). The excitation 
time interval is [0, 2tc] and the source width is l = 60 L0 in spatial 

Fig. 3. (a) The strain energy density of HMS cell under biaxial loading along different directions (φ = 0◦ ~ 30◦). (b) The configuration changes for HMS cell along 
different loading directions. Blue, red, and black colors correspond to load states (0.6, 1.6), (1.0, 1.6), and (0.6, 1.0), respectively. (For interpretation of the references 
to color in this figure legend, the reader is referred to the Web version of this article.) 
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domain. In addition to the simulation on the pre-deformed HMS lattice 
by solving Eq. (14), numerical simulations on the homogenized SL ma-
terial are also conducted through weak form PDE module in Comsol 
Multiphysics by solving Eq. (1). 

The time domain simulation results for the homogenized SL material 
and HMS lattice models are shown in Fig. 6 (b) and (c), respectively. The 
incident elastic wave with mixed modes is separated due to different 
wave speeds. In y-direction, the wave packets are always distributed on 
the central axis of the parallelogram region. The result of the HMS 
supercell is basically consistent with that of the homogenized model, 
which also confirms the accuracy of the homogenized model. These 

results show that beam deflection device works well as predicted. The 
observed slight difference between these two simulations is probably 
due to that the long wave condition is not fully fulfilled (7 unit cells in a 
wavelength), which induces the decrease of P wave speed. In addition, it 
is emphasized that it is not necessary to have homogeneous pre- 
deformation, non-homogeneous pre-deformation enables more rich 
wave function designs as shown in Fig. 5 (a). 

5. 2D hyperelastic cloak based on HMS lattice 

The HMS lattice for cloak design is consisted of 80 × 100 unit cells. 

Fig. 4. Strain energy density map for (a) HMS unit cell and (b) homogenized SL material under biaxial loading (λ1, λ2) along direction φ = 0◦. (c) The relative 
deviation between the two strain energy densities. 

Fig. 5. (a) Schematic diagram of elastic wave propagation in a non-homogenously sheared HMS lattice. The local wave deflection angle ψ is induced by simple shear 
deformation with shear angle γ at position s. (b) Comparison between deflection angle ψ and shear angle γ over a wide shear deformation range. The star denotes the 
case for the wave deflection device (κ = 0.5) simulated bellow. Pseudo phase slowness curves of SL material and HMS lattice for (c) P and (d) SV waves under shear 
deformation with κ = 0.25 and 0.5. (e) Determination of the wave deflection angle (ψ) for P and SV waves through the phase slowness curves of HMS unit cell with κ 
= 0.5. 
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As shown in Fig. 7 (a), an initial small hole (r0 = 9.54 L0) is enlarged to a 
large one (R0 = 14.34 L0) by expanding the inner boundary with the 
outer boundary being fixed. To validate the designed cloak, a large hole 
with a radius r′ = 14.3 L0 is constructed without pre-stress for com-
parison. The nonlinear static deformation is solved according to the 
method explained in section 3.2 and the displacement field of the pre- 
stressed cloak area is shown in Fig. 7 (a). The largest local displace-
ment (4.8 L0) appears at the inner boundary of the cloak. The nonlinear 
deformation of the HMS lattice is mainly concentrated in the circular 
region r < 40L0 and manifested by radial compression and circumfer-
ential stretch. The principal stretches on the white line highlighted in 
Fig. 7 (a) are shown in Fig. 7 (b), where the lines and scatter points 
represent the principal stretches for the homogenized SL material and 
the corresponding HMS lattice, respectively. Because the summation λ1 

+ λ2 ≈ 2, from Eq. (9), the pseudo phase velocities of elastic waves in the 
cloak will be almost the same as that in the un-deformed material region. 
According to HT, the scatterings of the small hole in the initial state and 
the large hole maintained by the pre-stress should be the same in far 
field, which is different from that of a large hole in free stress initial 
state. 

In the left panel of Fig. 7 (a), the local enlarged illustration with the 
detailed view of the initial (black layer) and deformed configurations 
(cyan layer) shows that there is no instability occurring in the whole 
HMS lattice device, which secures the wave control ability instructed by 
the nonlinear homogenization. It should be noted that there always 
exists a limitation on the hole expansion in a SL material to avoid any 
material folding on the boundary (Norris and Parnell, 2012). The limit 
value is related to the shape and relative size between the unit cell and 
the hole. The expansion state for the cloak designed in this paper is in the 
safe range, and we will focus on the feasibility of elastic wave control by 
HMS lattice. In addition, the nodal forces are implanted on the boundary 
to avoid the influence of boundary constraints. To do that, the 
displacement boundary conditions are first applied to expand the hole 
and the boundary nodal forces are read out; then the displacement 
constraints are released and the nodal forces are added to maintain the 
equilibrium state without altering the internal stress. For practical 
implementation, electromagnetic force might be a good candidate to 
impose the nodal forces. 

Numerical simulations are conducted for three different cases: small 
hole, large hole in pre-stressed state (cloak) and large hole without pre- 
stress through Eq. (14). A small Gaussian wave packet (a = 0.0075 L0, f 
= 9 Hz, tc = 0.25/f, tw = 5/tc, yc = 69.3 L0, yw = 40 L0, l = 120 L0) is 
applied at the central region of the left boundary. Under these settings, 
the elastic wave fields in the lattice region can be captured clearly. 
Snapshots of the simulated P and SV wave fields for three cases are 
shown in Fig. 8. For the referenced small hole case, the beam packet is 
weakly scattered on the boundary of the small hole; a local shadow area 
in forward region and a scattering field in backward region are produced 
at the end of time. For the cloak case, the beam packet is weakly directed 
by the pre-stressed HMS lattice to the forward region near the large hole, 
partially eliminating the shadow area and scattering field. The scattering 
fields in the forward and backward regions are almost the same as those 
in the referenced small hole case for both P and SV waves. While for the 
large hole case, scattering fields in the forward and backward directions 
are more pronounced. 

To compare the cloaking effect precisely, we plot the total 
displacement field at the position x = − 41.5 L0 for the three cases in the 
last stage (indicated by the black dashed lines in Fig. 8, which corre-
spond to the scattering fields) in Fig. 9. The distributions of displace-
ment for the small hole case and cloak case are almost the same, which 

Fig. 6. Numerical simulations of elastic wave deflection device. (a) Illustration for elastic wave deflection device. Numerical results based on (b) homogenized SL 
model and (c) HMS lattice. 

Fig. 7. (a) Right panel: pre-deformation field (displacement) in hyperelastic 
cloak resulted from expanding a small hole with r0 = 9.54 L0 to a large hole 
with R0 = 14.34 L0. Left panel: detailed view of initial (back layer) and 
deformed (cyan layer) configurations near the inner boundary. (b) Principal 
stretches on the white line highlighted in (a) for deformation of homogenized 
SL material (solid lines) and corresponding HMS lattice (scatter points). (For 
interpretation of the references to color in this figure legend, the reader is 
referred to the Web version of this article.) 
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are significantly different from that for the large hole case. Because the 
principle elongations near the inner boundary of the HMS device cannot 
fully satisfy the required condition, i.e., λ1 + λ2 ∕= 2 as shown by the 
scatter points in Fig. 7 (b), there appears a slight difference for the small 
hole and the cloak case for SV wave incidence, while it has no influence 
on P wave incidence as theoretically predicted (Eq. (9)). The above re-
sults demonstrate clearly that the pre-stressed HMS lattice has indeed 
the significant cloaking effect as predicted. 

6. Conclusions 

We have proposed a method to design a 2D SL material based on 
HMS lattice. By finely tuning the rotational spring stiffness, a HMS lat-
tice with proper linear axial and rotational springs can be homogenized 
as SL material over a large range of deformation. The design method-
ology is verified by examining the isotropic property and the strain 
energy map for the HMS lattice unit cell under finite deformation. Based 

on HT with 2D SL materials, we further design a beam deflection device 
and an elastic wave cloak through numerical simulation by pre- 
deforming the designed HMS lattice. The simulation results reveal that 
the proposed HMS lattice can indeed function as SL material and route 
elastic wave as predicted by HT. The work provides a rational method to 
design hyperelastic SL material, and many elastic wave devices based on 
HT can be envisaged in the future. 
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