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a b s t r a c t
Acoustic Willis materials, also known as acoustic bianisotropic materials, exhibit unconventional coupling between pressure and velocity, as well as momentum and strain,
which have been shown to enable extraordinary control over the propagation of acoustic
waves. Our work first predicts that, under proper conditions, interfacial mode can
exist at the interface between two acoustic Willis materials, and the existence of the
interfacial wave strongly relies on relative orientations of the Willis coupling vectors of
the two materials. To demonstrate our theory, experiments are also conducted utilizing
a well-designed adjustable acoustic Willis metamaterial. Our experimental results are in
good agreement with simulation and theoretical analysis, although there is unavoidable
acoustic attenuation in experiments due to damping effect. This work presents a new
functional design with acoustic Willis materials and opens a new route to control
acoustic waves.
© 2022 Published by Elsevier B.V.

1. Introduction
Metamaterials are composite materials constructed with artificially designed microstructures, which has dramatically
enlarged the range of material properties in many systems, including electromagnetism [1–4], thermodynamics [5]
and elastodynamics [6–8]. In the context of acoustics, unconventional properties such as negative bulk modulus [9,10],
negative or anisotropic mass density [7,11,12], negative or zero refractive index [13,14] have now been realized, enabling
abundant wave control applications, such as negative refraction [15,16], superlensing [17,18] and acoustic cloaking [19,20].
Notably, Willis materials, initially proposed by J. R. Willis [21] and further revisited by many researchers theoretically [22,
23] and experimentally [24], as an elastic/acoustic analogy of bianisotropy in electromagnetism, have greatly extended
the capabilities of elastic/acoustic metamaterials. By introducing coupling between pressure and velocity, as well as
momentum and volumetric strain, acoustic Willis materials have enabled exotic wave phenomena, e.g., the separate
control of reflected and transmitted waves by using bianisotropic metasurfaces [25–28]. Besides, active elements have
been utilized to design Willis meta-atoms with asymmetric scattering polarizabilities [29,30], which enable nonreciprocal
operations.
Despite the great progress achieved so far, most of the recent research on acoustic Willis coupling is limited to the
functional design of Willis meta-atoms or Willis metasurfaces, and the full potential of acoustic Willis materials remains
to be achieved. In this work, we propose a novel function of acoustic Willis materials when there is an interface and
demonstrate it experimentally. It is known [31] that, at the surface of solids, there can exist Rayleigh waves propagating
along the surface, whose amplitude decreases exponentially with distance from the surface. There also exist Stoneley
waves [32] that propagate along solid–solid interfaces and Scholte waves [33] that propagate along fluid–solid interfaces.
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As for fluid–fluid interfaces, researchers have recently discovered that there can exist a Rayleigh-type interfacial wave [34]
between an ordinary acoustic fluid and a double negative acoustic fluid, i.e., a fluid with simultaneously negative density
and negative bulk modulus. There are also discussions on the existence of interfacial wave between two fluids when
at least one displays Willis coupling [35]. Inspired by these precursors, this paper demonstrates both theoretically and
experimentally that, under certain conditions, interfacial wave mode, which is absent within ordinary acoustic fluids, can
exist between two acoustic Willis materials, providing that their Willis coupling coefficients are patterned appropriately.
This phenomenon may offer a new route to control acoustic waves.
This paper is structured as follows. In Section 2, acoustic Willis constitutive model is introduced and the conditions for
the existence of interfacial mode are presented. In Section 3, firstly, a Willis metamaterial with artificial microstructure
is designed, whose Willis coupling coefficients are adjustable. Then, by using the designed Willis metamaterial, an
experiment is conducted to demonstrate the existence of interfacial mode. Finally, conclusions are presented in Section 4.
2. Homogeneous acoustic Willis material and interfacial mode
2.1. Acoustic Willis constitutive model
For a linear Cauchy acoustic material, acoustic pressure is determined by volumetric strain via bulk modulus and
momentum density is determined by velocity via mass density. It is known that acoustic metamaterials extend the
material density from a scalar to a tensor, allowing anisotropic density. For acoustic Willis materials, extra coupling exists
between pressure and velocity, as well as momentum density and volumetric strain, via Willis coupling coefficients. In
frequency domain, the constitutive equations of acoustic Willis materials are [36]

{

−p = κεV + s · v,
µ = s̃εV + ρ · v,

(1)

where p, µ, εV and v represent, respectively, acoustic pressure, momentum density, volumetric strain and particle velocity.
κ is bulk modulus, ρ is mass density tensor of order two, and s and s̃ are the Willis coupling coefficients in vector form.
The equation of motion without external force is

−∇ p = µ̇.

(2)
−iωt

Note that all the quantities and results in this paper are expressed in frequency domain (e
is assumed, where ω
is angular frequency), and nonlocal effects of Willis materials are neglected. Therefore, for a homogeneous material, the
material parameters κ , ρ, s and s̃ in Eqs. (1) and (2) are functions of ω only. It has been proven that, under the constraint of
reciprocity and passivity and in linear lossless media, κ and ρ should be real, while s and s̃ should be purely imaginary [36].
In addition, the following relations must be satisfied:

ρ = ρT ,

s = s̃.

(3)

Sometimes, it is more convenient to use the inverse relation of Eq. (1) as follows:

{

εV = −γ p + g · µ,
v = −g p + a · µ,

(4)

and the material parameters in Eq. (4) are determined by

⎧
(
)−1
−1
⎪
,
⎨γ = κ − s · ρ · s
−1
g = −γ ρ · s,
⎪
⎩
a = ρ−1 + γ −1 g ⊗ g .

(5)

Substituting a plane wave form (p ∝ exp [i(k · x − ωt)]) into Eqs. (2) and (4), we can get the dispersion relation of a
homogeneous acoustic Willis material as

γ ω2 = k · a · k ,

(6)

which is also given in an equivalent form in Ref. [37]. In general, in the presence of nonzero Willis coupling vector s,
the equifrequency curve of an acoustic Willis material is an ellipse even the density tensor is isotropic, showing obvious
directionality.
2.2. Conditions for interfacial mode
In this section, we will prove that, under certain conditions, interfacial mode may appear at the interface between two
different acoustic Willis materials. The conditions for the existence of interfacial mode will be firstly derived.
As shown in Fig. 1(a), the problem studied here concerns an interface at x = 0 separating two different semi-infinite
homogeneous acoustic Willis materials. The material at x < 0 is denoted by medium 1 with material parameters of γ (1) ,
2
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Fig. 1. (a) The schematic of interfacial mode at an interface (red dotted line) separating two semi-infinite homogeneous acoustic Willis materials.
The blue lines represent traveling wave along the interface and evanescent waves normal to the interface; (b) Simulation results of the√interfacial
wave. The media 1 and 2 are homogeneous acoustic Willis materials with isotropic density. κ (1) = κ (2) > 0, ρ (1) = ρ (2) > 0 and s(1) / κ (1) ρ (1) =

√
−s(2) / κ (2) ρ (2) = [i, 0]T . A dipole point source oscillating along y axis is located at the interface; (c) Simulation results when the media 1 and 2 are
exchanged. In this case, interfacial wave no longer exists.

g (1) and a(1) , while the material at x > 0 is denoted by medium 2 with material parameters of γ (2) , g (2) and a(2) . Note that,
in this paper, the superscript (1) represents quantities of the medium 1, and the superscript (2) represents quantities of
the medium 2.
If an interfacial wave exists, the acoustic pressure fields on the two sides should be expressed as
(1)

p(1) = Peikx x eiky y

(7)

for the medium 1, and
(2)

p(2) = Peikx x eiky y

(8)
(1)
kx

(2)
kx

for the medium 2, where P is the complex pressure amplitude of the interfacial wave,
and
are the components of
wave vector normal to the interface in the media 1 and 2, respectively, and ky is the component of wave vector parallel
(1)
to the interface. It is worth noting that kx and ky should satisfy the dispersion relation given by Eq. (6), and so should
(2)
kx and ky as well. Since the interfacial wave is propagating along the interface, ky should satisfy Re ky ̸ = 0 and Im ky = 0
for lossless media. On the other hand, since the interfacial wave is evanescent in the direction normal to the interface,
(1)
(2)
kx and kx should satisfy
Im k(1)
< 0,
x

[

Im k(2)
> 0.
x

]

[

]

(9)

It is obvious that Eqs. (7) and (8) ensure the continuity of pressure at the interface. The continuity of normal velocity
at the interface requires

⏐
⏐
vx(1) ⏐x=0 = vx(2) ⏐x=0 .

(10)

By using Eq. (4), the above equation can be written in component form as

]
]
1 [ (1) (1)
1 [ (2) (2)
(2)
axx kx + a(1)
axx kx + a(2)
xy ky = −gx +
xy ky .

−gx(1) +

ω

(11)

ω

Therefore, Eqs. (6), (9) and (11) provide the conditions for the existence of interfacial mode. For simplicity, in this paper
we only consider the situation when the media 1 and 2 are mirror symmetric about y axis. Based on this assumption, the
material parameters of the media 1 and 2 satisfy the following relations:

[
γ

(1)

a

(1)

=γ

[
=

(2)

,

(1)

axx

(1)

axy

g

(1)

=

(1)

gx

]

(1)

gy
(1)

axy

(1)

ayy

[
,

]

g

,

a

=

(2)

gx

=

]

(2)

[
=

−gx(1)

(2)

axy

(2)

ayy

axx

axy

(2)

]

(2)
(1)

,

gy

[
=

]

(1)

gy

[
(2)

(2)

axx

(1)

−a(1)
xy

−a(1)
xy

ayy

(1)

(12)

]
.

(2)

And the wavenumbers along x axis satisfy kx = −kx . Therefore, Eq. (11) can be simplified as
(1)
(1)
ωgx(1) = a(1)
xx kx + axy ky .

(13)
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Fig. 2. Schematic of the designed unit cell.

Using Eqs. (9) and (13), the following three conditions for the existence of interfacial wave can be derived,

[

(1)

Im gx

] < 0,

(1)
(1)
a(1)
xx ayy − axy

]2

(1)
> 0 and a(1)
≥ 0;
xx γ

√
(1) ,
] ≤ − −a(1)
xx γ

(1)
(1)
a(1)
xx ayy − axy

]2

(1)
> 0 and a(1)
< 0;
xx γ

[ ]
(1)
√
Im gx
(1) (1)
[ ] < 0,
− −axx γ ≤

(1)
(1)
a(1)
xx ayy − axy

]2

(1)
< 0 and a(1)
< 0,
xx γ

cond. 1:
sgn

[

(1)

Im gx
cond. 2:
sgn

cond. 3:

]

[

[

(1)
axx

[

]

(1)
axx

sgn

(1)
axx

[

[

(14)

where sgn(•) denotes the sign function.
Fig. 1(b) shows an example of numerical simulation of the interfacial wave, calculated by commercially available
software COMSOL. The media 1 and 2 are homogeneous acoustic Willis materials with the same positive bulk modulus
and the same positive isotropic density, i.e., κ (1) = κ (2) > 0 and ρ (1) = ρ (2) > 0. The Willis coupling vectors of the two
√
√
media are mirror symmetric about y axis, expressed as s(1) / κρ = −s(2) / κρ = [i, 0]T . By using Eq. (5), it can be easily
√
(1)
(2)
(1)
(2)
obtained that gx = −gx = −i/(2 κρ ) and axx = axx = (2ρ )−1 > 0, which satisfy the condition 1 for the existence of
interfacial wave given by Eqs. (14). A dipole point source polarized along y axis is located at the interface. Furthermore,
a custom perfectly matched layer for acoustic Willis materials is developed based on the theory of complex coordinate
transformation acoustics [38,39]. As shown in Fig. 1(b), an obvious wave channel is observed along the interface and
decays away from the interface, confirming the theoretical prediction. In contrast, Fig. 1(c) shows the result of the same
setup except that the media 1 and 2 are exchanged. In this case, the conditions given by Eqs. (14) for the existence of
interfacial mode are not satisfied, and it is seen that no interfacial mode can be excited out as expected.
Furthermore, since acoustic symmetric boundary is equivalent to acoustic hard boundary in mathematics, it is directly
deduced that surface waves can exist at sound hard boundaries of acoustic Willis materials. It is also interesting to explore
surface waves of Willis materials in other cases, which is not the objective of the current study.
3. Microstructural design and experimental validation
3.1. Metamaterial model and effective properties based on retrieval method
To realize the above-mentioned interfacial mode, an adjustable locally resonant acoustic Willis metamaterial, initially
proposed by Melnikov et al. [40], is adopted. As shown in Fig. 2, the designed unit cell consists of a C-shaped Helmholtz
resonator, which is non-centrosymmetric in order to increase the Willis coupling. The orientation angle θ of the slit of
the Helmholtz resonator is adjustable to obtain different Willis coupling vector s. The geometrical parameters of the
microstructure are listed in Table 1. The wall of the Helmholtz resonator is modeled as acoustic rigid boundary, and the
background medium is air (density = 1.205 kg/m3 and sound speed = 343 m/s). The unit cells are periodically arranged
in square lattice, and the band structures of the metamaterial when θ = 0◦ and θ = 45◦ are shown in Figs. 3(a) and 3(e)
respectively. It can be seen that a band gap exists in the frequency range of around 4700 ∼ 5000 Hz in these cases. It is
4
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Table 1
Unit cell geometry of the Willis acoustic medium.
Geometrical properties

Description

Quantity

a
ro
ri

Lattice constant (square lattice)
Outer radius of the resonant cavity
Inner radius of the resonant cavity
Width of the slit of the resonant cavity
Orientation angle of the slit of the resonant cavity

25 mm
7 mm
4 mm
3 mm
0 ∼ 360◦

w
θ

Fig. 3. (a) Band structure of the metamaterial when θ = 0◦ ; (b–d) The plots of retrieved nondimensionalized effective properties g , a and γ with
respect to frequencies among 4800 ∼ 5050 Hz when θ = 0◦ . In this case, gy = 0 and axy = 0 due to symmetry. Note that the plotted effective
2
properties are nondimensionalized based on the properties of air, as ρair cair g , ρair a and ρair cair
γ respectively; (e) Band structure of the metamaterial
when θ = 45◦ ; (f–h) The plots of retrieved nondimensionalized effective properties g , a and γ with respect to frequencies among 4660 ∼ 5000 Hz
when θ = 45◦ . In this case, gy = −gx and ayy = axx due to symmetry.

found, based on the retrieval method [24], that the metamaterial possesses strong Willis coupling in this band gap (see
Figs. 3(b) and 3(f)), due to both the non-centrosymmetric microstructure and locally resonant effects. It is worth noting
here that this kind of anisotropy reflecting the orientation of the Helmholtz resonator cannot be distinguished when the
metamaterial is homogenized to an ordinary acoustic medium, particularly near the resonant frequency of the Helmholtz
resonator, indicating the necessity of introducing Willis coupling.
In what follows, we will determine the effective properties of the metamaterial in the band gap. Since the disturbance
of body wave vanishes in the band gap, so we can control the acoustic wave to propagate only along the interface.
The effective parameters of the metamaterial are retrieved from the reflection and transmission coefficients computed
by finite element method (FEM). The retrieval method in this paper is based on the method for 1-dimensional acoustic
Willis materials as in Ref. [24]. At a given frequency, the reflection and transmission coefficients of the 2D acoustic Willis
metamaterial are computed in a series of directions, and the constitutive parameters are retrieved from these coefficients.
Here, effective medium theory is assumed to be valid since the unit cell size is small compared to wavelength.
Fig. 3(b–d, f–h) show plots of the retrieved nondimensionalized effective properties g , a and γ of the metamaterial as
a function of frequency for orientation angles θ = 0◦ and θ = 45◦ . It can be seen that the Willis coupling coefficients
depend strongly on θ . Based on these results, the effective properties when θ = 180◦ and θ = 135◦ can be obtained
easily due to the mirror symmetry of these cases. The effective properties for two mirror-symmetric orientation angles θ
5
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Fig. 4. (a) Schematic of experimental set-up used to demonstrate the existence of the interfacial wave. The designed 2D slab waveguide (300 mm
length, 600 mm height) consists of 12 × 24 unit cells. The red dotted line represents the interface of two different acoustic Willis materials;
(b) The detailed view that shows the microstructure of unit cells and the orientation angle θ of C-shaped Helmholtz resonator.

and θ ′ via y axis (θ + θ ′ = 180◦ ) should satisfy

⎧
′
⎪
⎨γ = γ ,
gx = −gx′ , gy = gy′ ,
⎪
⎩a = a′ , a = −a′ ,
xx
xy
xx
xy

(15)
ayy = a′yy ,

where the superscript prime represents the effective properties for θ ′ . Therefore, we can design acoustic Willis metamaterials with different Willis coupling coefficients by adjusting orientation angle θ .
3.2. Simulations and experiments
To demonstrate the existence of the interfacial wave as predicted by our theory, experimental validation is carried out.
A 2D slab waveguide (thickness = 10 mm) is designed and fabricated, consisting of 12 × 24 unit cells (C-shaped Helmholtz
resonator) and an interface at the center. The front view and detailed side view of the sample are shown in Fig. 4(a) and
4(b) respectively. The geometrical parameters of the unit cell are given in Table 1. The orientation angle θ of resonant
cavities can be easily adjusted to examine the influence of Willis coupling on the interfacial wave.
For convenience, all experimental samples, containing two cover plates of the 2D waveguide and 12 × 24 internal
periodically arranged Helmholtz resonators, are fabricated by 3D printing using stereolithography apparatus (SLA)
technique, and the base material is photopolymer with density of 1.1 × 103 kg/m3 and Young’s modulus of 2.6 GPa.
Since the acoustic impedance of photopolymer is much greater than air, it is reasonable to consider the photopolymer
structure rigid. The experimental samples are properly designed so that the two cover plates and the resonant cavities
can be assembled together, and a slot for each resonant cavity is designed so that its orientation can be precisely adjusted
and fixed.
The principle of the experimental set-up is shown in Fig. 4(a), with the interface of the two materials oriented along
the midline of the waveguide. A loudspeaker is fixed to one end of the interface, and a microphone is fixed to a 2D
guide rail by a thin bar, which allows precisely controlling the position of the microphone by a LabVIEW program. During
the experiment, the microphone is carried to the target point by the 2D rail, and subsequently the loudspeaker emits
a Gaussian-modulated sinusoidal wave packet with a center frequency of 4800 Hz, then the internal acoustic pressure
signal at the target point is measured by the microphone and recorded by NI PXIe data acquisition and processing system.
Repeating the process, the pressure field at the interspace among these resonant cavities can be measured. Finally, by using
Fourier transform, the measured signals in time domain are transformed into frequency domain, and the amplitude and
phase of the acoustic wave in the frequency range of 4500 ∼ 5100 Hz are retrieved. As a result, the pressure field in a
rectangular region of 300 mm × 600 mm is scanned with a step size of 25 mm.
The simulation results and the corresponding experimental results are shown in Fig. 5 with different orientation angles
of the resonant cavities on both sides. The simulation results are calculated by FEM using commercial software COMSOL.
The operation frequency is chosen at 4950 Hz. When the slits of Helmholtz resonators on both sides are back-to-back
as shown in Figs. 5(a–c, g–i), the conditions for the existence of interfacial mode, expressed by Eqs. (14), are satisfied.
Therefore, interfacial wave exists in these cases. On the contrary, when the slits of Helmholtz resonators on both sides
6
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Fig. 5. Simulation and experimental results with different orientation angles of the Helmholtz resonators. (a–f) Simulation results. The real part of
acoustic pressure is plotted; (g–l) experimental results. The amplitude of acoustic pressure is plotted; The orientation angles of medium 1 are (a, g)
θ (1) = 180◦ , (b, h) θ (1) = −135◦ , (c, i) θ (1) = 135◦ , (d, j) θ (1) = 0◦ , (e, k) θ (1) = −45◦ , and (f, l) θ (1) = 45◦ , respectively. The corresponding orientation
angles of medium 2 are obtained by mirror symmetry. Operation frequency is 4950 Hz, for all cases.

are face-to-face as shown in Figs. 5(d–f, j–l), Eqs. (14) are not satisfied, and therefore interfacial wave vanishes in these
cases. Since the operation frequency 4950 Hz is in the band gap of the metamaterials on both sides, body wave is not
supported, which allows a clear observation of interfacial wave.
For a better understanding, a typical interfacial mode shape plotted by velocity fields is shown in Fig. 6. The operation
frequency is 4950 Hz and the orientation angle θ (1) of the resonators of medium 1 is θ (1) = 180◦ , which corresponds to the
case in Fig. 5(a). The interfacial mode shape is calculated numerically by Bloch analysis of a supercell, and only the region
near the interface is shown in Fig. 6. The wavenumber ky is chosen to be positive, and the interfacial wave propagates
upwards along the interface. It can be seen that, at the interface, the velocity component normal to the interface vanishes.
Therefore, if the medium 2 is replaced by a rigid wall, then the pressure and velocity fields in medium 1 do not change,
i.e., the interfacial wave changes to a surface wave. This is an intuitive explanation of the existence of surface waves at
sound hard boundaries of acoustic Willis materials.
4. Conclusion
In summary, this paper provides a theoretical and experimental study on the interfacial mode supported by an
interface between two acoustic Willis materials. We for the first time predict that interfacial mode can exist on the
interface between two acoustic Willis materials and provide the corresponding conditions. Our theoretical predictions are
experimentally demonstrated utilizing Willis metamaterials with well-designed microstructure, and experimental results
are in good agreement with numerical simulations. Our findings present a new progress in passive acoustic system with
Willis coupling, which paves the way to design future acoustic wave control devices.
7

Z. Li, H. Qu, H. Zhang et al.

Wave Motion 112 (2022) 102922

Fig. 6. Numerically calculated interfacial mode shapes plotted by velocity fields at 4950 Hz with the orientation angle θ (1) = 180◦ . The interfacial
wave propagates upwards with a wavenumber ky = 0.6703π/a.
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