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Topological pumping allows higher-dimensional topological phenomena to be explored in low-
dimensional systems using synthetic dimension with time modulation. Extensive studies have been
devoted to the one-dimensional pumping lattice with singly modulated parameters, which was shown to
exhibit the mechanical-wave analog of the quantum Hall effect. Here, we study the topological pumping
in the lattice chain with doubly modulated parameters, and report the theoretical finding of two additional
topological phases with the large-gap Chern number, which has not been well disclosed previously in
singly modulated mechanical systems. The edge state protected by the large-gap Chern number exhibits
the faster edge-to-edge energy transportation under the slow temporal variation of modulating parameters.
The adiabatic approximation of doubly modulated pumping is also analyzed, and it would not be violated
in the process of the fast-pumping evolution of edge states. The finding is expected to be used for fast and
robust energy transportation of mechanical waves.
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I. INTRODUCTION

Topological phase of matters has attracted extensive
attention over recent years across different realms of
physics [1,2]. One of the most remarkable properties of
topological phase is the band-gap-crossing edge state that
exhibits unidirectional transport, and due to the intrinsic
topological protection of bulk bands, the edge state exists
stably as long as the band gap remains open, showing
strong robustness against a wide range of defects and dis-
orders. Although initially discovered in electronic systems,
the exploration for topological states was rapidly extended
to classical wave systems [3,4]. Analogs of topological
insulators have been subsequently reported and realized
in the form of the photonic [5–7], phononic crystals [8,9],
and metamaterials [10,11] with robust wave-propagation
phenomena that revolutionize our understanding.

Topological phases could also be constructed in
synthetic spaces. Based on the adiabatic theorem, broad
interests have been stimulated in exploiting synthetic
dimensions for achieving higher-dimensional topological
states in low-dimensional physical systems [12–17]. In the
early stage, quantized charge transport was predicted in
a one-dimensional (1D) electronic system under a slow
cyclic variation of a periodic potential, which was later
known as the Thouless pump [18]. The charge pumped per
cycle was associated with the Chern number defined on the
synthetic two-dimensional (2D) Brillouin zone spanned
by momentum and time. Meanwhile the 2D Hofstadter
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model [19], an electronic square lattice in the presence of
a perpendicular magnetic field, was equivalently mapped
onto the 1D Aubry-Andre model that features the periodi-
cally modulated parameter [20]. These findings reveal that
the 1D adiabatic pumping process can be regarded as the
dynamical manifestation of the 2D Chern insulator, so it is
also protected by the intrinsic topology.

The topological pumping effect was later extended to
classical wave systems, and exploited in optical lattices
[21–23], photonic waveguide arrays [24–26], acoustic
waveguides [27–36], as well as elastic plates or beams
[37–42]. The topologically protected energy manipulation
is pursued through the dynamic evolution in additional
spatial or temporal dimensions. For instance, dynamically
controlled optical superlattices are used to modulate the
on-site potential of ultracold bosonic atoms [21]. Periodi-
cally arranged photonic waveguides are utilized to realize
the adiabatic evaluation of the hoping strength (or the
on-site potential) by engineering the interwaveguide spac-
ing (or the refractive index) [25,26]. Acoustic waveguides
characterized by the moving mechanical boundary condi-
tion are demonstrated to possess the robust energy pump-
ing [27,28]. In mechanical systems, the stiffness of elastic
waveguides or plates is modulated in two spatial dimen-
sions to construct the topological pumping states span-
ning nontrivial gaps [40,42]. Alternatively, the topological
pump can be constructed in beams with the temporal mod-
ulation of stiffness as an additional synthetic dimension,
which are devised by the magnetically coupled mechanical
resonators or shunted piezoelectric patches [37,41]. By
involving the temporal modulation of parameters, the
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temporal topological pump provides a unique platform to
explore higher-order topological states in low-dimensional
systems.

In pumping systems with more modulating parame-
ters, topological phases with larger Chern numbers can be
created and used for faster energy transportation. These
have been demonstrated in quantum and optical systems
[26,43]. However, the issue is rarely explored in mechani-
cal systems. The present study focuses on the 1D topolog-
ical pumping, and by temporally modulating two sets of
parameters, richer topological phases than those found in
singly modulated systems would be disclosed. The doubly
modulated parameters are engineered by dynamic mecha-
nism structures, which are physically realizable and also
provide a clear illustration of energy exchange with sur-
roundings during the adiabatic evolution of eigenstates.
Lastly, the adiabatic approximation condition is analyzed
for the topological pumping in doubly modulated mechan-
ical systems.

II. THEORETICAL FORMULATION

Consider a 1D lattice chain consisting of identical mass
blocks of weight m linked by linear springs kc, and each
mass is constrained by ground springs kg as shown in
Fig. 1. The 1D lattice, if modulated only in space, is char-
acterized by a band topology in the wave-vector domain.
To create the 2D topological effect in the 1D lattice, one
can introduce a slow temporal variation of model param-
eter that acts as the synthetic dimension according to the
concept of Thouless pump [18]. This has been studied in
1D mass-spring lattice featuring the modulated intercon-
nected spring [44,45] or in the quasiperiodic continuous
elastic beams with the modulated ground springs [46]. In

contrast to previous studies, we consider here the temporal
modulation of both springs kc and kg , and explore the topo-
logical nontrivial phases in 2D parameter space spanned by
the wave vector and time-modulated phase.

In our model, the temporal modulation of kc(t) and
kg(t) is implemented by using rotary-mechanism struc-
tures, which has been proven efficient for time modulation
of mechanical properties [47,48]. The dynamic modula-
tion mechanism introduced here is characterized by elastic
springs that rotate along an axis vertical to the lattice direc-
tion as illustrated in Fig. 1. For temporal modulation of
kg(t), a pair of springs of tension stiffness k1 rotate with
the angular frequency ωr from an initial biasing angle φg .
This would produce the time-periodic elastic constraint to
the mass block [48] as given by

kg(t) = k1 + k1 cos(φ + 2φg), (1)

where φ = ωmt = 2ωrt, and ωm refers to the modulating
frequency. Adjacent mass bodies are connected by a con-
stant spring k0 and another pair of springs k2 that rotate
with identical angular frequency ωr from initial angle φc.
Through the homogenization analysis, the rotary-spring
mechanism attached in between adjacent mass bodies
realizes the modulated stiffness kc(t), given by

kc(t) = k0 + k2 + k2 cos(φ + 2φc). (2)

Consider the case that the supercell of the infinite lattice
contains three elements. The spatiotemporal modulation
of stiffness can be achieved when different initial angles
of rotary mechanisms are assigned for each element. The
general expressions of modulated stiffnesses for the ith
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FIG. 1. 1D topological pumping model consisting of the mass-spring lattice chain where the ground spring and interelement spring
are temporally modulated simultaneously.
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element (i = 1, 2, 3) in each supercell can be written as

kgi(φ) = k1 + k1 cos[φ + 2(i − 1)π/3 + δφ0], (3)

kci(φ) = k0 + k2 + k2 cos[φ + 2(i − 1)π/3], (4)

where δφ0 = 2φg − 2φc denotes the initial phase contrast.
Consider the slow variation of modulated stiffness over
time such that the system could be regarded as being qua-
sistatic (or adiabatic) at each moment characterized by
phase φ. By imposing the Bloch periodic condition to the
supercell, the instantaneous eigenvalue equation can be
written in terms of the displacement u as

K(q,φ)u = ω2Mu, (5)

where q denotes the Bloch phase, ω is the eigenfrequency,
and M = mI3 with I3 referring to the identity matrix of
size 3. K(q,φ) = Kg(φ)+Kc(q,φ) is the stiffness matrix,
where Kg(φ) and Kc(q,φ) are relevant to the modulated
ground spring and interelement spring, respectively, and
are given by

Kg(φ) =
⎡
⎣

kg1 0 0
0 kg2 0
0 0 kg3

⎤
⎦ (6)

Kc(q,φ) =
⎡
⎣

kc3 + kc1 −kc1 −kc3e−iq,
−kc1 kc2 + kc1 −kc2

−kc3eiq −kc2 kc2 + kc3.

⎤
⎦ (7)

By solving Eq. (5), one can calculate the eigenstate u(q,φ)
of the 1D lattice for specific φ. When the slow temporal
variation of φ is performed, it would lead to a phase accu-
mulation, which is responsible for nontrivial topology in
the synthetic 2D system spanned by (q,φ). The topologi-
cal property is characterize by the Chern number defined

on (q,φ) ∈ D = [−π ,π] × [0, 2π ] in the form of [49]

C = 1
2π i

∫∫
D

∇ × AdD, (8)

where ∇ = (∂/∂q)eq + (∂/∂φ)eφ and A = u∗ · ∇u with
()∗ denoting a complex conjugate operation. In what fol-
lows, the eigenstate evolution against φ is analyzed to
explore nontrivial topological phases for different sets of
parameters k1, k2, and δφ0.

III. RESULTS AND DISCUSSIONS

A. Topological phases in doubly modulated systems

Consider parameters m = 0.1 kg and k0 = 2 kN/m.
Figure 2(a) plots the dispersion surface in the (q,φ) space
as calculated from Eq. (5) for a set of parameters k1 = k2 =
k0, δφ0 = 2π/3. The result shows three bulk bands sepa-
rated by gaps, and we denote the Chern number of bulk
bands by Ci (i = 1, 2, 3). The Chern numbers (C1, C2, C3)

realized here are (−1, 2, −1), termed as type-I topolog-
ical phase, which has already been observed in a singly
modulated system [44,45]. When the parameter is changed
to k1 = 3k0, three separate dispersion bands still exist but
with different Chern numbers (−1, −1, 2), as shown in
Fig. 2(b), which we call the type-II topological phase.
When another set of parameters k1 = k2 = 2k0, δφ0 =
5π/3 is chosen, a third type of topological phase with
Chern numbers (2, −1, −1) (type-III) can be found. The
latter two phases, not well disclosed in mechanical sys-
tems previously, manifest themselves by the permutation
of Chern numbers −1, 2, and −1. This implies the exis-
tence of phase transition between them, which needs be
made clear in order to identify the correlation of differ-
ent topological phases. On the other hand, despite the fact
that they differ only by permutation, the gap Chern num-
ber, which equals the summation of Chern numbers of all
bulk bands below the gap, would be drastically different.
According to the principle of bulk-edge correspondence,
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FIG. 2. Dispersion surfaces in the (q,φ) space for different sets of parameters: (a) k1 = k2 = k0, δφ0 = 2π/3; (b) k1 = 3k0, k2 = k0,
δφ0 = 2π/3; and (c) k1 = k2 = 2k0, δφ0 = 5π/3.
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richer pumping responses of edge states can be expected,
as addressed below.

To clarify the transition among different phases, we clas-
sify topological phases in the parameter space (κ1, κ2,
δφ0), as shown in Fig. 3(a), where normalized parame-
ters κ1 = k1/k0 and κ2 = k2/k0 are used. It is found that
the type-II and type-III phase zones share no boundaries,
and they have the cone shapes with the vertex points at
(0, 0, 2π/3) and (0, 0, 5π/3), respectively. By choosing
the specific value of δφ0 = 2π/3, the 2D phase distribu-
tion is plotted in Fig. 3(b), showing that the type-II phase
region can be enlarged as the values of κ1 and κ2 increase.
Besides, there exists the characteristic line of the tangent
κ1/κ2 = 3, and for every point on the line except zero
the type-II phase is preserved without transition to type-
I phase. Since topological phase transitions relate to the
band-gap closure, we plot the frequency range of band
gaps for various κ2 by choosing κ1 = 3 as shown by the
shaded region in Fig. 3(d). The phase transition points
at κ2 ≈ 0.7 and κ2 ≈ 1.2 are found to correlate the clos-
ing and reopening of the second band gap, while the first
band gap remains open. This accounts for the fact that
the Chern numbers C2 and C3 for type-II (−1, −1, 2)
and type-I (−1, 2, −1) phases are exchanged, while the
Chern number C1 = −1 remains unaltered. The character-
istics of type-III phase (2, −1, −1) can be understood in
the similar manner. Figure 3(c) shows the 2D phase distri-
bution for δφ0 = 5π/3, where the characteristic line with
the tangent κ1/κ2 = 1 can be found for the type-III phase.
In the case of κ1 = 1, the transition points at κ2 ≈ 0.5 and
κ2 ≈ 2.7 correspond to the closing of the first band gap,
which results in the interchange of Chern numbers C1 and
C2. In this case, the second band gap is always opening,
thus C3 is unchanged upon the transition between type-I
and type-III phases.

B. Analysis of topological pumping responses

Three types of topological phases are shown to possess
the nonzero Chern numbers, which imply the existence of
topological edge states according to the principle of bulk-
edge correspondence [50,51]. The topological behavior of
edge states is decided by the gap Chern number Cg , which
is the summation of Chern numbers below the gap. For the
type-I topological phase (−1, 2, −1) as shown in Fig. 2(a),
the gap Chern number is Cg = C1 = −1 for the lower band
gap, while Cg = C1 + C2 = 1 for the higher one. The fact
that Cg equals one for both gaps predicts that there exists
one pumping cycle of edge-state evolution, and the oppo-
site sign indicates the different evolution direction [44,45].
To confirm the existence of topological edge states, the
eigenstates of the modulated lattice with 20 supercells and
free boundary conditions on both sides are solved, where
the parameters of the supercell are the same as those con-
sidered in Fig. 2(a). Figure 4(a) shows the eigenfrequency
against the variation of evolution phase φ. The edge states
between bulk modes, which are localized on either left or
right boundaries, can be clearly distinguished. To demon-
strate the pumping behavior of edge states, we perform the
time-domain response computation of the finite lattice sub-
ject to the narrow-band impulse excitation with the applied
force

F = A0e−[(t−ncTc)ωc/n0]2
cos(ωct), (9)

where A0 is the amplitude, ωc is the central frequency with
the time period of Tc = 2π/ωc, nc and n0 determine the
arrival time of pulses and the frequency bandwidth, respec-
tively. To guarantee the adiabatic evolution of eigenstates,
we consider a very slow temporal modulation with the
frequency ωm = 2π × 10−3 rad/s. More detailed analysis
of adiabatic evolution condition will be conducted in the
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FIG. 3. Topological phase transition and associated band-gap variation. (a) Classification of topological phases in the parameter
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next section. By properly choosing the central frequency
of impulse excitation, the adiabatic evolution propagation
of edge states at lower and higher frequency bands can
be excited, as illustrated by the time-domain displacement
responses of the finite lattice in Figs. 4(d) and 4(e), respec-
tively. In the time period (0 ≤ t ≤ T = 2π/ωm) that the
phase φ varies from 0 to 2π , the edge state initially local-
ized at either left or right side is firstly transferred to the
opposite edge, and then returning back, realizing one com-
plete cycle of topological pumping. These behaviors are
consistent with the prediction by the gap Chern number
|Cg| = 1.

For the type-II phase (−1, −1, 2), the order of Chern
numbers C2 and C3 is reversed in contrast to the type-I
phase. This results in the changing of the gap Chern num-
ber for the higher band gap, which equals Cg = −2. For
the type-III phase (2, −1, −1), the gap Chern number is
altered for the lower band gap, and is given by Cg = 2.
Here, the gap Chern number greater than one represents the
faster evolution propagation of edge states. This has been
evidenced in Figs. 4(b), 4(c), where the edge state fluctu-
ates more frequently in the φ space. The impulse responses
in Figs. 4(f), 4(g) clearly demonstrate that the edge states
topologically protected by the large-gap Chern number
undergo two complete pumping cycles in one period of
evolution. This behavior provides an approach for fast
energy transportation of mechanical waves.

For each element of modulated lattices, the constant
rotation of rotary-spring mechanisms is required to create
the time-varying ground spring and interelement spring.
Along with the disturbance of the impulse wave traveling
through each element, the external moment of force is

needed for each rotary mechanism to maintain the constant
rotation of springs [47,48]. The work done by the moment
of force characterizes the energy input into the modulated
lattice in the process of adiabatic evolution of edge states.
Corresponding to four cases in Figs. 4(d)–4(g), the instan-
taneous power input Pm for each element in one evolution
period is shown in Figs. 5(a)–5(d), where the negative
power denotes the energy flowing out of the system. The
energy exchange with the surroundings can be clearly
observed in space-time paths of the impulse propagation.
To quantify the magnitude of input energy, the net work
computed by integrating the power input for all elements,
Win = ∑

all

∫ t
0 Pmdt, is shown in Figs. 5(e)–5(h), and is

compared with the net internal energy Et, which com-
prises the kinetic energy of masses and potential energy
of springs. The result shows that the input energy is very
small in comparison to the magnitude of internal energy of
the system. This explains the fact that the adiabatic evo-
lution of edge states does not rely on the external energy
input, but is driven by the slow variation of modulated
stiffness.

C. Analysis of adiabatic evolution condition

The condition for adiabatic topological evolution can be
quantitatively determined using the method based on the
adiabatic theorem [52,53]. Here, the method is adopted to
analyze the limit speed for adiabaticity in a doubly mod-
ulated pumping system. The method is briefly outlined as
follows. The kinetic equation describing the free motion of
a lattice chain can be generalized into the first-order dif-
ferential equation, which is expressed by the state vector
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ψ(t) = [u̇(t), u(t)]T as

ψ̇(t) = H(t)ψ(t), (10)

H(t) =
[

0 −M−1K(t)
I 0

]
, (11)

where M and K(t) denote the mass and stiffness matrices,
and I is the identity matrix. Introduce the left and right
eigenstates of dynamic matrix H(t), |Ln(t)〉 and |Rn(t)〉,
which satisfy

H(t) |Rn(t)〉 = iωn |Rn(t)〉 , 〈Ln(t)| H(t) = iωn 〈Ln(t)| ,
(12)

where ωn is the eigenfrequency. Notice that the left and
right eigenstates are normalized satisfying 〈Lm(t)|Rn(t)〉 =
δm,n with m, n referring to the band index. The adiabatic

approximation condition is given by [37,54]

α =
∣∣∣∣
〈Lm(t)| Ḣ(t) |Rn(t)〉

(ωn − ωm)
2

∣∣∣∣ 	 1 (13)

for m 
= n. The value of α quantitatively describes the
interaction of different energy bands. In the adiabatic limit
(α 	 1), the system that is initiated from a certain eigen-
state will remain in the same state for a sufficiently slow
evolution.

The spectral results shown in Figs. 4(a)–4(c) can be
adopted to identify the limit speed for adiabatic evolution
in a doubly modulated system. The condition in Eq. (13)
is applied to two neighboring states, where one state is
the topological edge state (e.g., state m), while the other
state is chosen as the bulk state (state n = m ± 1) next to
the edge mode because other bulk modes give less cou-
pling to the edge state due to greater distance of |ωn − ωm|.
Figures 6(a)–6(d) shows the distribution of α against the
variation of modulating frequency ωm and evolution phase
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φ, corresponding to four cases in Figs. 4(d)–4(g). Notice
that the region of values α ≥ 0.5 has been shaded and
can be properly recognized as the nonadiabatic region
[37]. The limit speeds are then identified and correspond
to the modulating frequencies of ωm/2π ≈ 7 × 10−3, 5 ×
10−3, 1.4 × 10−2, 5 × 10−3 Hz, respectively. They are all
greater than ωm/2π = 1 × 10−3 Hz adopted in our numer-
ical examples so that the adiabatic approximation is guar-
anteed. Results also show that the large-gap Chern number
does not induce the stronger coupling between edge modes
and neighboring bulk states, and the limit speed is not sig-
nificantly reduced to satisfy the adiabatic approximation.
This warrants the fast edge-to-edge energy transportation
supported by the large-gap Chern number.

IV. CONCLUSIONS

We investigate the topological pumping in the 1D mass-
spring lattice chain where the ground spring and interele-
ment spring are temporally modulated simultaneously.
Based on the adiabatic theorem, the time-modulated phase
of slow variation of stiffness over time offers a virtual
dimension so that the mechanical analogue of the 2D quan-
tum Hall effect is created in 1D lattices. In contrast to
the singly modulated scenario, two additional topological
phases with the gap Chern number (|Cg| = 2) greater than
one, termed as type-II (−1, −1, 2) and type-III (2, −1,
−1) phases, are found in doubly modulated lattices. The
transition of them to type-I phase (−1, 2, −1) is identified
by classifying topological phases in the parameter space
(κ1, κ2, δφ0), and the phase transition is found to asso-
ciate with the closing and reopening of band gaps. The
edge states topologically protected by the large-gap Chern
number Cg = ±2 undergo two complete pumping cycles
in one period of evolution, leading to the faster edge-
to-edge energy propagation as demonstrated numerically.
We also analyze the condition for adiabatic evolution in
a doubly modulated system, demonstrating that the adia-
batic approximation would not be violated for the faster
adiabatic pumping of edge states relevant to the large-
gap Chern number. We may expect the doubly modulated
topological pumping to be used for fast and robust energy
transferring of mechanical waves.
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