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The stretchability of polymeric materials is critical to many applications such as flexible electronics
and soft robotics, yet the stretchability of conventional cross-linked linear polymers is limited by the
entanglements between polymer chains. We show using molecular dynamics simulations that cross-linked
ring polymers are significantly more stretchable than cross-linked linear polymers. Compared to linear
polymers, the entanglements between ring polymers do not act as effective cross-links. As a result, the
stretchability of cross-linked ring polymers is determined by the maximum extension of polymer strands
between cross-links, rather than between trapped entanglements as in cross-linked linear polymers. The
more compact conformation of ring polymers before deformation also contributes to the increase in
stretchability.
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Cross-linked elastomers are widely used as both flexible
soft materials and highly deformable matrices for polymer
composites. Elastomers are distinguished from metallic,
ceramic, and other amorphous materials by their ability to
reversibly accommodate large stretches (∼100%–500%).
This makes them ideal for applications in soft robotics [1],
wearable electronics [2,3], and biomedical devices [4].
However, elastomer softness and stretchability are
limited by the tendency of polymer chains to form
entanglements that topologically hinder the motion of
network strands. Most polymers naturally form a dense
network of entanglements at equilibrium, which dominate
both the stiffness and stretchability of an elastomer if the
entanglement density is higher than the cross-link
density [5]. Achieving ultrasoft and stretchable elastomers
requires overcoming the barrier produced by polymer
entanglements.
One promising route toward reducing the entanglement

density and enhancing the stretchability of elastomers is by
controlling polymer chain topology through advances in
chemical synthesis [6]. This is exemplified by the supersoft
elastomers recently made from cross-linked bottle-brush
polymers [7–10], in which the side chains expand the
effective diameter of the network strands and reduce the
number of trapped entanglements. In this Letter, we
investigate an alternative scheme based on the unique
properties of nonconcatenated ring polymers. The topo-
logical constraints of nonconcatenation force the ring
polymers to have loopy and globular conformations
[11–15]. However, these topological constraints evolve
with time in a self-similar manner [14,16] such that there
is no apparent entanglement network that strongly confines
the dynamics of chains at any specific scale. As a result,

nonconcatenated ring polymers possess distinctive linear
[17,18] and nonlinear [19–21] rheology. As we will show,
the absence of an entanglement network in ring polymer
melts offers a novel pathway to create ultrasoft and
stretchable elastomers.
We use molecular dynamics simulations to generate and

study the mechanics of ring polymer elastomers with
precisely controlled topology. We show that nonconcaten-
ated ring elastomers exhibit dramatically higher stretch-
ability than conventional cross-linked linear polymers with
the same degree of polymerization. The superior stretch-
ability is related to both the absence of an entanglement
network in ring polymers and the more compact confor-
mations of ring polymers in the undeformed state.
Polymers are modeled with the common bead-spring

model [22], which has been used previously to simulate
the static and dynamic properties of nonconcatenated ring
polymer melts [23,24]. All monomers interact via the
truncated and shifted Lennard-Jones potential with cutoff
rc ¼ 2.5 σ, while chains of N monomers each are con-
nected by the finite extensible nonlinear elastic (FENE)
bonding potential. A bond bending potential with a stiff-
ness 1.5 ϵ is used to adjust the entanglement length of
linear chains to Ne ¼ 28 beads [25,26]. The entanglement
time τe ≈ 4 × 103 τ [27], which is the relaxation time of an
entanglement strand of linear chains.
Ring polymer melts of length N ¼ 400, 800, and 1600,

and linear polymer melts of N ¼ 800 were well equili-
brated at temperature T ¼ 1.0 ϵ=kB and monomer number
density ρ ¼ 0.89 σ−3. The number of ring polymers is
M ¼ 1600, 1200, and 600 for N ¼ 400, 800, and 1600,
respectively. There are M ¼ 1600 chains in the linear
polymer melt with N ¼ 800. The melt temperature is
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maintained by a Nosé-Hoover thermostat with a character-
istic damping time of 1 τ.
To demonstrate the robustness of ring elastomer proper-

ties, we use two methods to cross-link the ring polymer
melts. In one method, we randomly pick two monomers
that are separated by less than 1.1 σ and link them by a
FENE bond. We make sure that any two cross-links are
separated by no fewer than 10 bonds along the contour of
the same ring. In the other method, we preselect monomers
that are regularly distributed along the contour of a ring
polymer and allow FENE bonds to kinetically form
between two such monomers over time. Each of these
cross-linkable monomers can form at most one new bond
with another cross-linkable monomer, when the distance
between two cross-linkable monomers is smaller than
1.3 σ. We track fbond, the ratio of the number of newly
created bonds to the maximum number of bonds that may
be created. fbond increases with time as shown in Fig. 1(a).
The time dependence of fbond does not depend on the
length N of ring polymers. Instead, it depends only on the
number of cross-links per chain nx. Notably, the time
dependence is almost identical for the ring and linear
polymers with the same nx. The reason is that the average
spacing between the cross-linkable monomers, which is
3.8 σ, 4.8 σ, and 6.1 σ for nx ¼ 16, 8, and 4, respectively,

is smaller or at most comparable to the average spacing 5 σ
between entanglements, and thus the kinetics of two cross-
linkable monomers finding each other is controlled by the
same unentangled dynamics of local chain segments. In
both methods, we do not control inter vs intrachain cross-
links, as in typical experiments that only control the density
of cross-links. The fraction of interchain cross-links is
shown in the Supplemental Material [28].
We characterize the mechanics of the cross-linked

elastomers by deforming them in uniaxial elongation. To
enable the mechanical failure of backbone bonds at large
strain, we replace the unbreakable FENE bonds with
breakable quartic bonds [29–33]. The equilibrium bond
length of quartic bonds is the same as that of FENE bonds.
As for the FENE bonds, the quartic bonds prevent the
polymers from crossing and preserve the topological
constraints, but quartic bonds break at a tension
240 ϵ=σ, or ∼100 larger than the van der Waals forces.
The uniaxial elongation is performed at a constant strain

rate in the z direction, while the stress components σxx
and σyy in the x and y directions are kept zero using a
Nosé-Hoover barostat with a characteristic time 10τ.
During the deformation, the temperature is maintained at
T ¼ 1.0 ϵ=kB using a Nosé-Hoover thermostat with a
characteristic time 1τ. More details of the simulation
protocols are provided in the Supplemental Material
[28]. All the simulations were performed by using the
LAMMPS package [34,35].
The tensile stress σzz as a function of the stretch ratio λ,

which is the box size Lz along the z direction divided by the
value L0

z before the deformation, is plotted in Fig. 1(b) for
different systems. Each stress-strain curve consists of an
initial linear elastic regime, a regime of nonlinear stress
increase, and a decrease of the stress after reaching the
ultimate strength. For the same nx, the stress-strain curves
of the randomly and kinetically cross-linked systems are
similar. In the rest of this Letter, we present the results only
for the randomly cross-linked systems.
To reveal the effects of polymer topology on the

stretchability of cross-linked polymers, we randomly
cross-linked entangled linear polymer melts, and compared
the behaviors of cross-linked linear and ring polymers. The
number of monomers S between two cross-links in the ring
and linear polymers with N ¼ 800 and nx ¼ 8 are com-
pared in Fig. S1 in the Supplemental Material [28]. For the
ring polymers, the average spacing between cross-links
S̄ ¼ 100 is equal to N=nx. For the linear polymers, S̄ ¼ 89
due to the presence of dangling chain ends. The absence of
dangling ends is one advantage of cross-linked ring
polymers compared with the cross-linked linear polymers
in conventional elastomers.
Figure 2 compares the stress-strain curves of the cross-

linked ring and linear polymers with N ¼ 800 at strain rate
10−4 τ−1. The points where bonds start to break are
indicated by the cross symbols. The subsequent increase
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FIG. 1. (a) fbond as a function of time t for the ring (R) and
linear (L) polymers of length N and number of cross-links per
chain nx listed in inset. (b) Tensile stress σzz as a function of
stretch ratio λ for randomly cross-linked rings (dashed lines) and
kinetically cross-linked rings with regularly spaced cross-linkable
monomers (solid lines) for N ¼ 1600 and indicated nx.
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in the fraction of broken bonds out of all bonds fbroken is
shown in Fig. S2 in the Supplemental Material [28]. For the
same nx, the ring polymers are significantly more stretch-
able than the linear polymers, as reflected in the larger
values of λ for the end of the initial elastic regime, the
emergence of broken bonds, and the stress peak for the
ultimate strength. Figure S3 in the Supplemental Material
[28] shows the intrachain cross-links have negligible effects
on the stretchability of elastomers. Figure S4 in the
Supplemental Material [28] shows the stretchability of
cross-linked ring polymers slightly changes as the defor-
mation rate varies by 2 orders of magnitude. The highest
rate 10−3 τ−1 is 4 times τ−1e , while the slower rates 10−4 τ−1

and 10−5 τ−1 are both smaller than τ−1e , allowing the
adjustment of entanglements.
Gels of cross-linked cyclic polymers have been syn-

thesized in experiments and compared with the gels of
cross-linked linear polymers in terms of both swelling
behavior and mechanical properties [36,37]. The higher
swelling ratio and the higher strain at the breaking point are
consistent with the observation of the higher stretchability
of cross-linked ring polymers in our simulations.
As the cross-linking density decreases from nx ¼ 16 to

nx ¼ 4, the increase of the stretchability is more prominent
in the ring polymers compared to that in the linear
polymers. This suggests that the stretchability of cross-
linked linear polymers is controlled by the trapped entan-
glements [5,38] and thus not strongly affected by the
reduction in nx. By contrast, the stretchability of cross-
linked ring polymers is controlled by the strands between
cross-links and only depends on nx.
According to the elasticity theory of cross-linked linear

polymers [39], the network shear modulus G is propor-
tional to the sum of the number densities of cross-links
and entanglements, which act as effective cross-links, i.e.,
G ∼ ð1=S̄þ 1=NeÞ. For the cross-linked linear polymers of
N ¼ 800, following the standard protocol established for
the entropic elasticity of Gaussian linear chains [39], we

extractG from the linear regime of the stress-strain curve as
G ¼ σzz=ðλ2 − 1=λÞ. Figure 3(a) shows G as a function of
1=S̄. As expected, G scales linearly with 1=S̄. The value
Ge ¼ 0.017 ϵ=σ3 at vanishing 1=S̄ corresponds to the
contribution from the entanglement network. At the highest
cross-linking density of nx ¼ 16 with 1=S̄ ≈ 0.02, Ge is
about 1=2 of G. At lower cross-linking densities, Ge is
more than 1=2 of G and dominates over the contribution
from the cross-links. A similar linear dependence of G on
the inverse of network strand length was observed in the
simulations of end-linked polymer networks by Duering
et al. [38].
Despite of the loopy globular conformation, the end-to-

end vector of a section in a ring polymer also follows
the Gaussian distribution, as shown in Fig. S5 in the
Supplemental Material [28]. Therefore, the shear modulus
G may be extracted using the same protocol for linear
chains. As shown in Fig. 3(a), G for cross-linked rings also
scales linearly with 1=S̄, but approaches 0 at vanishing 1=S̄
due to the absence of an entanglement network. At all
cross-linking densities,G is solely determined by the cross-
links with no entanglements acting as effective cross-links.
This result is consistent with the absence of a rubbery
plateau in the stress relaxation function for the noncon-
catenated ring polymer melts studied here [24]. It also
demonstrates that the strain rate in the simulations is
sufficiently slow for a response near the thermal equilib-
rium. Figure S6 in the Supplemental Material [28] shows
that there is a finite modulus at vanishing 1=S̄ for a higher
strain rate 10−3 τ−1, at which some entanglements con-
tribute to G as a response out of equilibrium [40].
Examination of the unreleased topological constraints at
high strain rates and their relations to the slow dynamics in
the undeformed state [41–43] is an intriguing topic for
future research.
Generally, the shear modulus and the stretchability are

inversely correlated for cross-linked linear polymers [10].
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FIG. 2. Tensile stress σzz as a function of stretch ratio λ for
randomly cross-linked ring (solid lines) and linear polymer melts
(dashed lines) with N ¼ 800. The red, blue, and black lines are
for nx ¼ 16, 8, and 4, respectively. The cross symbols indicate λ
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FIG. 3. (a) Shear modulus G as a function of 1=S̄ for randomly
cross-linked linear and ring polymers of length N ¼ 800. Snap-
shots of randomly cross-linked (b) ring and (c) linear polymers of
N ¼ 800 with monomer positions averaged over a period of
4 × 105 τ for a region of size 40 σ × 40 σ × 10 σ. The cross-
links with nx ¼ 8 are fixed during the simulations to obtain the
averaged monomer positions. One polymer (blue) and the
associated cross-links (red spheres) are highlighted, while other
polymers (gray) and the associated cross-links (magenta) are
shown as a dimmed background.
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This inverse correlation is also observed for the cross-
linked ring polymers. Along with the superstretchability,
the cross-linked ring polymers exhibit supersoftness. As
shown in Fig. 3(a), G of cross-linked ring polymers, which
is controlled by the cross-linking density, is significantly
lower than that of cross-linked linear polymers. In experi-
ments, this reduction would bring G from the typical range
0.1–1 MPa down to 1–100 kPa [7,9], which is desirable for
biocompatibility with natural tissues and organs.
The contrasting effects of entanglements on the

cross-linked ring and linear polymers are visualized in
Figs. 3(b),(c). The entanglements between cross-linked
polymers are inherited from those in the polymer melt.
Time averaging the positions of monomers with the cross-
links fixed in space reveals the underlying entanglements.
The time averaging over a period of 4 × 105 τ ≈ 100 τe
leads to a dense entanglement network in the linear
polymers, as the dynamics of entangled linear polymers
are confined in tubelike regions [39]. By contrast, after the
same period of time averaging, there is a sparser network in
the ring polymers, as the self-similar dynamics of entangled
ring polymers progressively reduces the number of entan-
glements [14,44]. Primitive path analysis [25] yields
similar results for the ring and linear polymers, as shown
in Fig. S7 in the Supplemental Material [28].
On the molecular level, a polymer chain becomes taut

upon stretching. A visual comparison of the stretching of
one chain in the cross-linked ring and linear polymers is
shown in Fig. 4 for N ¼ 800 and nx ¼ 8. At λ ¼ 1, the ring
polymers are more compact than the linear polymers.
The three values of λ > 1 shown correspond to the end
of the linear elastic regime, the emergence of broken bonds,
and at the stress peak.
For cross-linked linear polymers, the density of

effective cross-links is significantly increased by the

trapped entanglements, and the number of monomers S�

between effective cross-links is much smaller than S̄. The
stretchability is determined by the maximum extension
of a network strand between effective cross-links
λLmax ¼ l�S=d

�
S ¼ ðS�=C∞Þ1=2, where l�S ¼ S�l0 and d�S ¼

ðC∞S�l20Þ1=2 are the contour length and the rms end-to-
end distance of a network strand as an ideal random-walk
chain with average bond length l0 ¼ 0.96 σ and character-
istic ratio C∞ ¼ 2.8 [45]. Using the relation G ¼ ρkBT=S�
according to the classical polymer elasticity theory [39], we
estimate that S� ¼ 25, 32, and 39, and thus λLmax ¼ 3.0, 3.4,
and 3.7 for N ¼ 800 and nx ¼ 16, 8, and 4, respectively.
In the undeformed state, the end-to-end vectors of

network strands are randomly orientated with respect to
the stretching direction. As a result, only a small fraction of
network strands with their initial orientations close to the
stretching direction can reach the maximum extension at
λ ¼ λLmax. This is demonstrated by the probability distri-
bution of the degree of tautness αL ¼ d�S=l

�
S of the network

strands at λ ¼ λLmax in Fig. 4(d). (Details of measuring α are
provided in the Supplemental Material [28].) With further
stretching, more strands become taut (α ¼ 1) and more
bonds break, as shown in Fig. 4(d). Since the average
projection of initial effective network strands to the
stretching direction is d�S=

ffiffiffi
3

p
, λLp at the stress peak is

estimated as
ffiffiffi
3

p
λLmax ¼ 5.2, 5.9, and 6.4, which are good

approximations (within 30% deviation) of the simulation
results λLp ¼ 6.9, 7.5, and 8.7 in Fig. 2, as compared in
Fig. 4(e).
For cross-linked ring polymers, the stretchability is

controlled by the maximum extension of a network strand
between cross-links λRmax ¼ ls=ds, where ls ¼ S̄l0 and ds
are the contour length and rms end-to-end distance of a
network strand. For S̄ ¼ 50, 100, and 200, ds ¼ 9.0 σ,
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mass of the polymers are shifted to overlap. One polymer is highlighted with the monomers colored based on their positions along the
polymer contour. The radius of gyration of the highlighted polymer is closest to the mean value for all the polymers at λ ¼ 1. Probability
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monomers per strand in the linear polymers. (e) Stretch ratio at the stress peak λp as a function of S̄. Filled symbols are from the stress-

strain curves in Fig. 2. Open symbols are estimates using
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3

p
λmax, where λmax is the maximum extension of network strands. Dashed line

is the best fit to the scaling relation in Eq. (1).
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11.5 σ, and 14.0 σ, following the scaling ds ∼ S̄1=3 for a
loopy globular conformation [14], which gives λRmax ¼ 5.3,
8.3, and 13.7, respectively. Similar to the results for the
linear polymers, at λ ¼ λRmax, only a small fraction of the
network strands are taut [Fig. 4(c)]. The stretch ratio at the
stress peak λRp is estimated as

ffiffiffi
3

p
λRmax ¼ 9.2, 14.4, and 23.7

for the three systems, which deviate from the simulation
results λRp ¼ 11.0, 15.9, and 23.0 in Fig. 2 by less than 20%,
as shown in Fig. 4(e).
On the scaling level, ds ≈ ðS̄=NeÞ1=3ðN1=2

e l0Þ for the
rings in loopy globular conformations [14]. Here, Ne
denotes the length scale comparable to the entanglement
length in linear polymers, above which ds ∼ S̄1=3 due to the
topological constraints [13,14,46]. The maximum stretch-
ability of cross-linked rings scales with S̄ and Ne as

λRmax ≈
�

S̄
Ne

�
2=3

N1=2
e : ð1Þ

The scaling relation in Eq. (1) allows us to fit λRp to

cðS̄=NeÞ2=3N1=2
e with Ne ¼ 28. The fitting result is

c ¼ 1.28� 0.07, and the best fit is shown by the dashed
line in Fig. 4(e). In the limit of S̄ ≫ Ne, the effective
network strand length of cross-linked linear polymers
S� ≈ Ne, as the dilute cross-links are negligible compared
to the entanglements. Therefore, λLmax ≈ N1=2

e , where C∞ is
dropped for scaling analysis. As shown in Fig. 4(e), the
simulation data of λLp are not in the S̄-independent asymp-
totic regime, though the S̄ dependence is weak.
The relative increase of the stretchability of cross-linked

rings with respect to cross-linked linear chains is
λRmax=λLmax ≈ ðS̄=NeÞ2=3 for S̄ ≫ Ne. If the network strand
of cross-linked rings were an ideal random-walk (RW)
chain, the maximum extension λR;RWmax ≈ S̄1=2, which is
larger than λLmax only by ðS̄=NeÞ1=2. The factor λRmax=λ

R;RW
max ≈

ðS̄=NeÞ1=6 quantifies the additional contribution from the
more compact equilibrium conformations of rings.
We have shown that cross-linked ring polymers are a

viable and robust route to generate superstretchable elas-
tomers. Unlike linear chains, nonconcatenated rings do not
form a network of trapped entanglements even when N is
large, allowing ring elastomers to overcome the entangle-
ment barrier that limits the stretchability of other elastomer
architectures. In addition to the superstretchability, the
cross-linked ring polymers exhibit superior softness with
reduced shear modulus. These superior properties are
rooted in the loopy globular conformations and self-similar
dynamics of the nonconcatenated rings. Given recent
advances in reversible polymerization of nonconcatenated
ring polymers [47–49], our results provide a timely and
compelling demonstration of how ring polymers could
be used to create practical and sustainable materials [50].
We suspect these materials could be made even more

stretchable by incorporating reversible and exchangeable
cross-links within the network [51–53].
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