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Dynamic encircling of an anti-parity-time (anti-PT) symmetric exceptional point (EP) leads to chiral transfer of
symmetry-broken modes, which has been explored in various systems except acoustics. In this work, acoustic
counterpart of this behavior is numerically demonstrated in coupled waveguide systems with anti-PT-symmetric
EPs. The model consists of three coupled waveguides designed to mimic a three-state system that can be
described by the coupled mode theory. By adiabatically eliminating the intermediate state with high loss,

the anti-PT symmetry and associated EP can be formed in an effective system comprising the remaining two
states. According to the parametric path enclosing the EP, acoustic propagation model is designed to support
the space-driven acoustic mode evolution. Numerical simulations are conducted to demonstrate acoustic chiral
transfer of symmetry-broken states.

1. Introduction

Nonconservative mechanical systems that could exchange energy
with surroundings can be characterized by non-Hermitian Hamiltoni-
ans. In particular, the Hamiltonian with the parity-time (PT) symmetry,
appearing usually in gain/loss balanced systems, possesses degener-
acy singularities called exceptional points (EPs), where eigenvalues
and eigenvectors coalesce simultaneously [1,2]. In recent years, PT-
symmetric EPs have been widely explored in various physical platforms
including acoustic [3-5], elastodynamic [6,7], microwave [8,9], and
photonic [10,11] systems, and many intriguing phenomena associ-
ated to EPs have been found ranging from enhanced sensing [12,13],
unidirectional non-reflection [14,15], to coherent perfect absorption
and lasing [16-18], etc. In addition, due to the existence of self-
intersecting eigenvalue Riemann surface near EPs, dynamic encircling
of PT-symmetric EPs in parameter space can lead to chiral mode
switching of symmetric-phase modes [19,20], which can be exploited
for unusual wave mode control.

The Hamiltonian with anti-PT symmetry is another scenario that has
received considerable attention. In contrast to PT-symmetric systems,
the anti-PT-symmetric Hamiltonian requires two eigenstates interacted
with the purely imaginary coupling for a two-state system [21,22],
and it also supports the occurrence of EPs, yet the eigenvalue Rie-
mann surface would be reversed. Thereby, the phenomenon associated
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to symmetric-phase modes in PT-symmetric systems can be immi-
grated to symmetry-broken states in anti-PT-symmetric systems. For
example, dynamic encircling of anti-PT-symmetric EPs would lead to
chiral mode switching of symmetry-broken states, as demonstrated in
mechanical [23], microwave [24] and optical [25,26] systems. The
symmetry-broken states may be of more interest in wave mode control
since each eigenmode is localized in sub-systems only and can be used
directly as the input and output channels.

Chiral mode switching of symmetry-broken states induced by the
anti-PT symmetry has not been demonstrated in acoustic systems de-
spite the broad exploration of relevant phenomena in other platforms.
In our previous study, coupled waveguide systems are proposed to
realize acoustic chiral mode switching of symmetric-phase modes via
the space-driven dynamic encircling of an EP [27]. In this work, the
waveguide model is extended from the following aspects to engineer
the chiral transfer of symmetry-broken states. Firstly, three coupled
waveguides are designed to mimic a three-state system, where the in-
termediate state with high loss is reduced by the adiabatic elimination
such that the remaining two states constitute an effective anti-PT-
symmetric system with EPs. Secondly, the condition for constructing
anti-PT-symmetric EPs is given, and then used to design a waveguide
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Fig. 1. Schematic diagram of a three-state waveguide system, where the intermediate
waveguide WG2 involves high losses, and after adiabatically eliminated, WG1 and WG3
constitute an effective two-state system with the anti-PT symmetry.

system to support the space-propagation acoustic mode evolution en-
closing the EP. Based on the developed acoustic model, chiral dynamics
of symmetry-broken states is demonstrated by numerical simulations.

2. Construction of anti-PT-symmetric EPs

Consider three rectangular waveguides with identical geometries of
height A, width q, and length L, as shown in Fig. 1. They host three
fundamental propagation modes that constitute a three-state system.
Acoustic impedance boundaries Z,, Z, and Z; that cover a circular
area of radius R are introduced to manipulate the wave vectors of each
waveguide (WG1, WG2 and WG3) as represented by g;, p, —iy and
B, respectively. Notice that the decaying factor y specially introduced
into WG2 is key to create the purely imaginary coupling as required
by the anti-PT symmetry. Adjacent waveguides are coupled through
narrow tubes of sizes i, L., w;, and w,. Denote acoustic pressure fields
in three waveguides by A4, (k = 1,2,3). Acoustic propagation in cou-
pled waveguide system can be described by the spatial coupled-mode
equation

d B Ky 0
i—Y(2)=H¥(z), H=|x, fh—-ir & @
dz
0 Ky b

where ¥ (2) =[A, (2). 4, (2). 4; (z)]T. The off-diagonal terms «,; and «,
in the Hamiltonian matrix H describes the coupling magnitude between
adjacent waveguides, and is dominated by the connection tube. The
relationship between Hamiltonian and structural parameters can be
established by using the fitting method as briefly described below,
while the details can be found in the Supplementary Material.

Denote eigenvalues of the Hamiltonian H by A, (n = 1,2,3). Pres-
sure fields A, (z) in each waveguide can be expressed as a linear

combination of eigenmodes
3

A (2) = 2 aye M 2)
n=1
where q;, (k,n = 1,2,3) are unknown coefficients. By substituting
Eq. (2) into first two equations of (1), it can be derived that ¢, = d, =0,
where
Cn = Analn - ﬁlaln - KlaZn' (3)
d, = =Ky, + (4, = b +iy) ay, — Kra3,
According to Eq. (2), acoustic pressures at the boundary z = 0 are given
by A;(0) = a; +ay, +a,3, where A, (0) are boundary conditions applied
to the entrance port of the z,-element, and set as A, ;(0) = 0 and 4,(0) =
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1. Based on the conditions given above, g, can be calculated, and
then the analytic expression of A, (z) can be obtained. All Hamiltonian
parameters in H can be determined by fitting the expression of A, (z)
with simulation results of pressure fields.

Perform adiabatic elimination [28,29] of the wave mode hosted by
the intermediate waveguide (WG2) (see Supplementary Material for
details). Under conditions of y > k,, and y > A, ; with A4f,; = f;; —
p,, wave modes supported by WG1 and WG3 constitute an effective
two-state system, which satisfies the following coupled-mode equation

d

ia'ib(z) =H,®(z) @
where ®(z) = [4,(z), A;(2)]", and

_|A+ily i’
Ha= [ iy B3 + il )

with Iy = k7/ (id = 1), D1y = &k1&y/ (i85 = 1), Doy = Kyx2/ (i4B) = 7)
and T'y, = «2/(idf; ). By solving the eigenvalue problem of Eq.
(4), the EP condition, which corresponds to the simultaneous coales-
cence of eigenvalues and eigenvectors, can be theoretically derived.
When the adiabatic elimination condition y > A4p,; is guaranteed,
it can be found from Eq. (5) that the coupling terms iI';, and il'y;
in Hy are purely imaginary values, which are signatures of the anti-
PT-symmetric system [22,30]. Further analyses are given below by
numerical examples.

According to the EP condition and adiabatic elimination approx-
imation, the coupled-waveguide system that supports the EP can be
designed. As an example, an EP system is designed with the following
structural parameters: # = 1.6 cm, ¢ = 1 cm, L = 3 cm, A, = 04
cm, L, = 03 cm, w; = 0.37 mm, w, = 0.22 mm and R = 04 cm.
Acoustic impedances are Z, = 16.4lipycy, Z, = (4.47 — 0.7i)pycy and
Z3 = 9.9ipycy, where the air density and sound velocity are p,= 1.21
kg/m? and ¢, = 343 m/s, respectively. Notice that these impedance
conditions are practically realizable using loudspeakers with shunting
circuits [14,31]. Acoustic excitation frequency is f = 8 kHz. The
Hamiltonian parameters of this EP system are f; = 145.9 rad/m, §, =
146.1 rad/m, p; = 145.8 rad/m, y = 1.16 rad/m, x; = 0.265 rad/m and
K, = 0.21 rad/m.

Figs. 2(a) and 2(b) show imaginary and real parts of eigenvalues A
near the EP as calculated by Eq. (1) for various «; and x,, while other
Hamiltonian parameters remain unchanged. It is seen from Fig. 2(a)
that the imaginary part pattern comprises three spectrum sheets with
low (blue), high (red) and extremely high (gray) losses, here termed as
L, H, and K modes, respectively. Imaginary parts of eigenvalues of L
and H modes coalesce in a line where their real parts are different.
Fig. 2(c) shows this coalescing line in the parameter space (x|, k),
where the structural system for a specific point (A) has been designed
with the modal field displayed in the inset. The energy localization
in either the waveguide WG1 or WG3 can be observed, which is the
typical feature of the anti-PT-broken phase. Real parts of eigenvalues
of L and H modes are characterized by self-intersecting Riemann sur-
faces, and they coalesce at the anti-PT-symmetric phase line since the
energy is evenly distributed between waveguides WG1 and WG3, as
validated by the modal field at point B in Fig. 2(c). The EP locates at
the intersecting point between the symmetric-phase and broken-phase
lines. Same modal fields for L. and H modes at EP can be observed,
demonstrating the degeneracy of eigenvectors. It can be seen from
Fig. 2(c) that the energy localization distribution is changed to the
balancing one when the broken state evolves into the coalescing state
at EP. After passing through the EP, the eigenstate is changed to the
symmetric-phase mode, where the balancing distribution between WG1
and WG3 is preserved, while a small portion of energy is localized
in the WG2 for the H mode. The coalescing modal fields at EP is
seen to play a central role in the mode evolution from broken to
symmetry states. Above features are in accordance with those in anti-
PT-symmetric systems [22,23], and the EP, at which two characteristic
lines intersect, is usually called the anti-PT-symmetric exceptional point
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Fig. 2. (a) Imaginary and (b) real parts of eigenvalues 4 of the three-state waveguide system in the parameter space (k,,k,); (¢) EP and the lines of anti-PT symmetric and broken
phase together with their typical modal fields for L and H modes. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of

this article.)

to distinguish the case in PT-symmetric systems [19,32]. Notice that the
K mode possesses a sufficiently large damping positioned away from L
and H modes, thus can be adiabatically eliminated to form the anti-PT
symmetry.

3. Chiral transfer of symmetry-broken states

Dynamic encircling of the anti-PT-symmetric EP can result in the
chiral transfer of symmetry-broken states [22-24]. Acoustic counter-
part of this behavior would be demonstrated in the proposed model.
The parametric path enclosing the EP with the starting point near the
anti-PT-broken phase is chosen as
{ Kk1(z) = 0.14 cos ¢(z) + 0.265

K5(z) = 0.14sin ¢p(z) + 0.21 ©®

where ¢(z) = 2zz/L, — 09z, and L, refers to the wave propagation
length in a complete evolution enclosing the EP. To design the waveg-
uide system that supports acoustic mode evolution, the loop trajectory
as described by Eq. (6) is discretized into N = 1100 parametric points
positioned at z; = (j — )L (j = 1,...,N). N waveguide elements
are designed separately to fulfill parameter conditions of «,(z;) and
Kk,(z;) by using the fitting method, and then stacked in order along
the z direction such that acoustic propagation in the waveguide is
equivalent to the dynamic encircling of the anti-PT-symmetric EP.
Fig. 3 illustrates the coupling magnitudes «,, used for implementing
the dynamic encircling of the EP, and their relationships with the
widths w) , of connection tubes, where the tube height 4. and length
L, are kept unchanged. The good agreement between « , and w, , can
be seen, stating the dominant role of the tube width in tuning the state
coupling. Wave traveling along the positive and negative z direction
corresponds to the anti-clockwise and clockwise encircling of the EP,
respectively. Methods for numerical simulation of acoustic propagation
evolution of anti-PT-broken states and to retrieve modal amplitudes ¢;,
gy and g for L, H and K modes respectively are similar to the strategies
adopted in PT-symmetric waveguide systems [27], but extended to the
three-state scenarios as detailed in the Supplementary Material.

Fig. 4 shows the variation of modal amplitudes ¢;, gy and g in the
process of dynamic encircling of the EP for different loop directions and
input states. The anti-clockwise evolution is implemented by injecting
acoustic energy into the z,-element of the system, as shown in Figs. 4(a)
and 4(b) for H and L input modes, respectively. It is observed that two
input modes are soon transformed into each other owing to the branch
cut (BC), which can induce the exchange of mode identity according
to eigenvalue properties [23,27]. The transformed state, if dominated
by the H mode as is the case in Fig. 4(b), decays faster upon the
wave propagation along z than the L dominant mode because the H
mode is adhered with higher losses. As a result, its amplitude intersects
with the L mode curve after some propagation distance, forming the
non-adiabatic transition (NAT) [33], and then the L. mode becomes
dominant at the end of evolution. When the L mode is dominant at

0.5 ' ' ' ' 0.6
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h0.2

w, & w, (mm)

Fig. 3. The coupling magnitudes «,, for implementing the dynamic encircling of the
EP, and their relationships with the widths w,, of connection tubes.

the early stage of evolution, its amplitude decays slowly and keeps
separated with the H mode curve without the occurrence of the NAT,
and finally, the system outputs the L mode as shown in Fig. 4(a).
Fig. 4(c,d) show the results of the clockwise encircling case realized
by inputting acoustic energy to the z,-element. It is seen that the
input H mode is firstly converted to the L mode due to the NAT, and
then returns back to the H mode after crossing the BC. The input L
mode propagates without inducing the NAT, but eventually changed
to the H mode by the BC. In all cases, the K mode with near-zero
modal amplitudes remains almost not interacting with H and L modes,
as guaranteed by adiabatic elimination. Theoretical results of modal
amplitudes predicted by Eq. (1) have also been provided in Fig. 4, and
are in good agreement with simulation results. Results in Fig. 4 clearly
demonstrate the chiral transfer of symmetry-broken states with the L
(H) mode outputted from the anti-clockwise (clockwise) encircling of
the anti-PT-symmetric EP regardless of input states.

Chiral dynamics of symmetry-broken states can be also validated
by analyzing pressure amplitudes of input and output elements. The
start/end points locate near the anti-PT-broken phase, where the energy
is localized in either WG1 or WG3 corresponding respectively to the
L or H mode as disclosed in Fig. 2(c). Thus, the output mode at the
end of evolution can be distinguished based on wave amplitudes. Fig. 5
shows pressure amplitudes |p,|, |p,| and |p;| in waveguides WG1, WG2
and WG3, respectively, associated to four cases in Fig. 4. It can be
observed that the dynamic encircling of the anti-PT-symmetric EP ends
with the energy localization in WG1 for the anti-clockwise evolution,
which corresponds to the L mode, while in WG3 for the clockwise case
as controlled by the H mode, demonstrating again acoustic chiral mode
transfer of symmetry-broken states.
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Fig. 4. Simulation (SIM) and theoretical (THR) results of modal amplitudes ¢, gy
and ¢ for L, H and K modes respectively in the process of dynamic encircling of the
anti-PT-symmetric EP for different input states and evolution directions: (a) H mode
input and anti-clockwise evolution; (b) L mode input and anti-clockwise evolution; (c)
H mode input and clockwise evolution; (d) L mode input and clockwise evolution.
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Fig. 5. (a-d) Simulation (SIM) and theoretical (THR) results of pressure amplitudes
Ipil, |p,| and |p;| in waveguides WG1, WG2 and WG3, corresponding to four cases in
Fig. 4(a—d) respectively.

4. Summary

Acoustic coupled waveguide system provides a versatile platform
for exploring the non-adiabatic coupling and evolution phenomena of
sounds [27]. In this work, the coupled waveguide model is extended to
design non-Hermitian acoustic systems with the anti-PT symmetric EP.
The strategy to create the anti-PT symmetry is based on the adiabatic
elimination of the intermediate state with high loss in a three-state
waveguide system. According to the loop trajectory enclosing the EP,
acoustic propagation model is devised to implement the dynamic evolu-
tion of symmetry-broken states, and the chiral mode transfer behavior
is observed by numerical simulations, which are in good agreement
with the prediction by the coupled mode theory. Symmetry-broken
modes are characterized by the energy localization in individual waveg-
uides, which can be used directly as the input and output channels.
Thus, the chiral transfer control of these modes may be of significance
for device applications in signal processing and communication of
sounds.
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