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Sound Mitigation by
Metamaterials With Low-
Transmission Flat Band
Space-coiling acoustic metamaterials dominated by the Fano resonance are being widely
exploited for simultaneous control of sound isolation and air ventilation, and they
usually achieve complete sound mitigation at multiple isolated frequencies. Here, we theo-
retically discover and experimentally demonstrate the low-transmission flat-band phenom-
enon in channeling-type acoustic metamaterials. The metamaterial is constructed with
coupled coiling and straight channels, both working in acoustic resonant states. An analytic
coupled-mode model is established to capture the coupling interaction between resonant
states supported by two channels. A critical coupling condition is derived from the
model, which can lead to sextremely low sound transmission in a finite band rather than
at isolated frequencies, as validated by both numerical simulations and experiments. We
then demonstrate the generality of the flat-band behavior of low transmission by a systema-
tic survey of the coupling of different order resonant modes. Finally, the flat-band effect is
also found to exist in the extended model with the side-loaded coiling channel as verified
experimentally. [DOI: 10.1115/1.4067207]

Keywords: acoustic metamaterials, sound isolation, air ventilation, coupled-mode theory,
resonant coupling, dynamics, structures, wave propagation

1 Introduction
Acoustic metamaterials are artificial materials engineered to have

acoustic properties superior to conventional materials. By the
careful design of subwavelength microstructures, acoustic metama-
terials can be created to possess exotic wave control ability such as
wavefront modulation [1–3], subdiffraction imaging [4,5], and
acoustic cloaking [6–8]. In noise control engineering, acoustic
attenuation in the broadband and low-frequency regime is in great
demand, and the air flow ventilation in addition to sound isolation
is also required in some circumstances [9–11]. In the past decade,
acoustic metamaterials were developed to improve the sound isola-
tion and absorption performance, showing great potential for noise
control applications. A widely explored mechanism for sound
reduction is based on the local resonance effect of acoustic metama-
terials [12–21]. The local resonance can cause strong wave interfer-
ence at the subwavelength scale; thus, the frequency at which the
resonance occurs can be greatly lowered, leading to the low-

frequency sound-reduction control. However, the working band-
width is narrow due to the strong dispersion associated to the
local resonance. To broaden the working bandwidth, the
multiple-resonance method is usually adopted in acoustic metama-
terial design by combining structural elements with different
working frequencies [22–29]. Enough volume space is often
required for acoustic metamaterials to assemble multiple elements
[30,31].
Recently, acoustic metamaterials made of space-coiling channels

have undergone a rapid development toward the simultaneous
control of sound isolation and air ventilation. As a basic model, a
coiling channel that works in the resonant state is coupled to a
straight ventilation pipe, which acts as a continuous state. The inter-
ference between them can form the Fano resonance, which enables
high-performance sound isolation in a finite bandwidth while pre-
serving the air ventilation. Based on the Fano interference behavior,
ventilated acoustic insulators can be designed by acoustic metama-
terials with channels coiled along the radial [32] or circumferential
[33,34] directions. The Fano-resonance metamaterials also possess
the ability for omnidirectional sound attenuation with the effective-
ness to block sounds from various incident directions [35] or work
in reverberant environment with diffuse fields [36]. Assisted by the
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machining learning and optimization design, the sound-isolation
bandwidth of space-coiling metamaterials can be broadened by cou-
pling two Fano resonances, realizing an ultra-broadband low-
frequency sound attenuation [37,38]. The resonant coupling of
acoustic modes together with the Fano resonance can provide
another route to broaden the sound-reduction bandwidth [39,40].
The Fano-based models can only achieve complete sound mitiga-

tion at multiple isolated frequencies, and the broadband behavior of
sound reduction is acquired by minimizing acoustic transmission
between those frequencies. In this work, we report a novel mecha-
nism to realize the near-zero sound transmission in a finite band
rather than at specific frequencies. Acoustic metamaterial support-
ing this behavior is composed of the coupled coiling and straight
channels that both operate in resonant states. The condition for pro-
ducing the flat-band effect is derived by using the coupled-mode
model. The generality of the low-transmission flat-band phenome-
non is revealed in metamaterials with the coupling of different
order resonant modes, and metamaterials with the different arrange-
ments of the coiling channel that can be placed either internally or
externally with respect to the wave-guiding system.

2 Theoretical Modeling
2.1 Geometric Model. Consider a rectangular waveguide of

the height lx and width ly internally coupled to a coiling channel
of the width a2 and length L2 as well as a straight channel of the
width a1 and length L1, which have the same height h, as schema-
tically shown in Fig. 1(a). A plane acoustic wave of angular fre-
quency ω is normally incident on the channeling structure.
Assuming the plane-wave mode within narrow channels, a
general expression of sound transmission coefficient T can be
derived as

T =
2 α1ξ1 + α2ξ2
( )

1 + α1ϕ1 + α2ϕ2

( )2 − α1ξ1 + α2ξ2
( )2 (1)

where ξj = −i/ sin(kLj), ϕj = −i cot(kLj), αj = SjZ0/S0Zej, S0 = lxly,
Sj = ajh with j = 1, 2. k and Zej denote, respectively, the wave
vector and acoustic impedance [22], and they reduce to k = ω/c0,
Zej = Z0 = ρ0c0 in the absence of damping, where ρ0 =
1.21 kg/m3 and c0 = 343m/s are, respectively, the density and
sound velocity of air.
The channeling structure supports the resonant state, which can

be disclosed by the transmission analysis for the waveguide
system coupled to the single channel. In the dampless case, the
acoustic transmission coefficient of the coiling channel is given by

Tc =
2

2 cos kL2 + i(S2/S0 + S0/S2) sin kL2
(2)

Equation (2) states that the coiling channel is in the resonant state
when cos2 kL2 = 1, which results in the resonant frequency

ωm
c =

mπc0
L2

, m = 1, 2 . . . (3)

where the integerm represents the order of resonant modes. At reso-
nant frequencies ωm

c , the transmission coefficient reads Tc = (−1)m,
which means that the resonant state is of monopole (dipole) mode
when m is an odd (even) number. Similarly, the resonant frequency
of the straight channel is given by

ωn
s =

nπc0
L1

, n = 1, 2 . . . (4)

Our study focuses on the coupling of resonant states supported by
the coiling and straight channels. The coupled-mode theory will be
adopted to establish an analytic model for the coupling system, by
which a critical coupling condition for a low-transmission flat band
will be disclosed.

2.2 Coupled-Mode Model. Consider the coupled-mode
model where the mth-order resonant state of the coiling channel is
coupled to the nth-order resonant state of the straight one. For
brevity, denote the frequency and radiation loss of the resonant
state supported by the coiling channel by ωc and γc, respectively,
and those of the straight channel by ωs and γs. Modal amplitudes
of two resonant states are denoted by ac and as. Let s+L and s+R rep-
resent, respectively, wave amplitudes of sounds incident from the
left and right sides, and s−L and s−R denote, respectively, those of out-
going waves scattered to the left and right, as schematically shown
in Fig. 1(b). According to the temporal coupled-mode theory, the
coupling system is governed by the dynamic equation

−i d adt = Ha + KT s+

s− = Cs+ + Da

{
(5)

with

H =
ωc + iγc im+ �����

γcγs
√

im+ �����
γcγs

√
ωs + iγs

[ ]
(6)

C =
1 0

0 1

[ ]
, K =

���
γc

√
ms

���
γs

√

mc
���
γc

√ ���
γs

√
[ ]

, D = iK (7)

where a = ac, as[ ]T, s+ = s+L , s
+
R

[ ]T
, s− = s−L , s

−
R

[ ]T
, and

m+ = mc + ms( )/2. mc,s = 1 if the resonant state is of the monopole
mode, and mc,s = −1 for the dipole mode.
Based on Eq. (5), the acoustic scattering performance of the cou-

pling system can be evaluated by the scattering matrix S, which is
given by

s− = S s+, S = C + D ω I − H( )−1 KT (8)

According to Eq. (8), acoustic transmission coefficient T = s−R/s
+
L

is expressed as

TCM =
imcγc ω − ωs( ) + imsγs ω − ωc( )

det ω I − H( ) (9)

where I is the identity matrix of rank two.
It can be derived from Eq. (9) that the zero transmission phenom-

enon (T = 0) appears at the degenerate frequency of two resonant
states, namely ω = ωc = ωs. Furthermore, the broadband zero trans-
mission can be achieved when two resonant states are of different
mode types and have the same radiation losses. The above broad-
band condition can be summarized as

ωc = ωs, γc = γs, mc = −ms (10)

The critical coupling condition (10) is the key idea of the present
study and will be explored to design the ventilation metamaterials
with a low-transmission flat band.

2.3 Correlation Between Hamiltonian and Structural
Parameters. To design acoustic metamaterials that fulfill the con-
dition (10), it is necessary to establish the correlation between Ham-
iltonian parameters (ωc,s, γc,s) and geometric ones of channeling
structures. This can be achieved by evaluating the coupled-mode
model of single channels. Take the resonant state supported by
the coiling channel as an example. Based on Eq. (5), acoustic trans-
mission coefficient of the single-state system is given by

TCM
c =

mcγc
i(ω − ωc) + γc

(11)

The correlation between ωc, γc, and structural parameters can
be established by comparing Tc of Eq. (2) with TCM

c . For the
coiling channel that operates in the mth-order resonant state, ωc is
equal to ωm

c as expressed in Eq. (3), which is only relevant to the
channel length L2. 2γc measures the full width at half maximum
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(FWHM) of the resonance peak centered at ωm
c and satisfies the

approximate relation γc ≈ FWHM/2. The FWHM of the mth-order
resonant state can be acquired by examining |Tc|2 = 1/2, which
results in

kL2 =
1
2
arccos (1 − 2B2) (12)

with

B2 =
4

(S2/S0 + S0/S2)2 − 4
(13)

Equation (12) yields the frequency solutions

ωm
± = ±

c0
2L2

arccos (1 − 2B2) + ωm
c (14)

The radiation loss is given by γc ≈ (ωm
+ − ωm

−)/2, which results in

γc =
c0
2L2

arccos 1 − 2B2( ) (15)

The Hamiltonian parameters ωs and γs for the straight channel
can be determined similarly. For the nth-order resonant state sup-
ported by the straight channel, ωs is equal to ωn

s as defined by
Eq. (4), and γs is given by

γs =
c0
2L1

arccos 1 − 2B1( ) (16)

where

B1 =
4

(S1/S0 + S0/S1)2 − 4
(17)

According to the correlation relationships presented above,
acoustic metamaterials with structural parameters that follow the
critical coupling condition (10) can be designed as analyzed in
the next section.

3 Design of Metamaterials With Low-Transmission
Flat Band
3.1 Metamaterials With the Lowest-Order Mode

Coupling. Consider the coupling of monopole and dipole modes
with the lowest-order m = 2 and n = 1. According to the critical
coupling condition (10), the relation L2 = 2L1 can be derived
from ωc = ωs, and the other condition γc = γs leads to

1 − B2 = (1 − 2B1)
2 (18)

Given the value S1/S0, the area ratio S2/S1 between two channels
can be determined by Eq. (18) as plotted in Fig. 2. Now let us
analyze the limit of S1,2 ≪ S0. It is observed that the area ratio con-
verges to S2/S1 = 2, which is the same as the length ratio L2/L1 = 2.
The coincidence motivates us to derive a general relation for the
mth-order resonant state coupled to the nth-order one with different
mode types. In the limit of S1,2 ≪ S0, there exists the following
approximate relation:

arccos 1 − 2Bi( ) ≈ 4Si/S0 (19)

Then, according to Eqs. (15) and (16), the critical coupling con-
dition ωc = ωs and γc = γs is transformed to

L2 :L1 = S2 : S1 = m : n (20)

Although Eq. (20) is derived in the limit of S1,2 ≪ S0, it is actu-
ally not limited to the small-area assumption in realistic structures as
analyzed later by numerical examples. The primary reason is that
the retrieval method for Hamiltonian parameters is based on a
single channel without considering the potential influence of the
other. Therefore, the condition given by Eq. (18) provides an
approximate prediction, except in the limiting case of S1,2 ≪ S0,
where the prediction is exact because the mutual influence
between channels can be neglected.
As an example, the metamaterial with the lowest-order mode

coupling (m = 2, n = 1) is designed to have geometric parameters
L2 = 2L1 = 34.3 cm, a2 = 2a1 = 17.14 mm, h = 7.2 cm, and
lx = ly = 8 cm. Figures 3(a) and 3(b) show, respectively, acoustic
energy transmission of the waveguide system coupled to single
and two channels as calculated by using Eq. (1) in the dampless
case. It can be observed from Fig. 3(a) that the resonant frequencies
of the first- and second-order modes are degenerate at 1 kHz, mean-
while the FWHM of two resonant peaks are equal, which means that
the radiation losses of these two resonant states are same. Thus, the
critical coupling condition (10) has been fulfilled. When such two
channels are coupled, a low-transmission band centered at 1 kHz
is formed as seen in Fig. 3(b). More strikingly, the band spectrum
is flat with nearly zero sound transmission in accordance with the
prediction by the coupled-mode model (9). Such a low-transmission
behavior is completely different from the phenomena reported in

Fig. 1 (a) Geometric model of acoustic metamaterial constructed by coupling the coiling and
straight channels. (b) The coupled-mode model of the metamaterial. (c) Theoretical model for cal-
culating acoustic transmission properties of the metamaterial.

Fig. 2 Area ratio S2/S1 calculated by Eq. (18) for different values
of S1/S0

Journal of Applied Mechanics JANUARY 2025, Vol. 92 / 011009-3

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/appliedm

echanics/article-pdf/92/1/011009/7412821/jam
_92_1_011009.pdf by Beijing Institute O

f Technology user on 21 M
arch 2025



previous models [32–40] and may be more preferable in noise
control engineering.

3.2 Acoustic Transmission Analyses. Acoustic metamaterial
presented in Fig. 3 has S1/S0 ≈ 0.1, which has broken the
small-area assumption, confirming the generality of the condition
(20) for achieving the low-transmission flat band. Further demon-
stration is provided here through acoustic transmission analyses
based on Eq. (1). In the absence of damping, the transmission coef-
ficient T in Eq. (1) can be arranged as the factored form T = TATB
with

TA = 2/(A1 + iA2), TB = Y1 − Y2 (21)

where

Y1 = S21 sinX1, Y2 = − sinX2, S21 = S2/S1
Xj = ωLj/c0, A1 = 2(C21 + S21C12)
A2 = α1 (1 + S221)C11 + 2S21(1 − C22)

[ ]
+ C11/α1

C11 = sinX1 sinX2, C21 = cosX1 sinX2

C12 = sinX1 cosX2, C22 = cosX1 cosX2

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(22)

The term TB is only relevant to the channel length L1,2 and area
S1,2. Figure 4(a) plots the variation of Y1 and Y2 against frequency
for the metamaterial designed in Fig. 3. There exists an overlapped
frequency region between Y1 and Y2 that leads |TB| approaching
zero, while the magnitude of TA remains finite as shown in
Fig. 4(b). Thus, the low-transmission flat band can be formed as a
result of the overlapping between Y1 and Y2. Figure 4(b) further
shows the results of |TA| when S1/S0 is changed to 0.06 and
0.08. The variation of S1/S0 would not alter the flat-band perfor-
mance since the spectrum profile of Y1 and Y2 is preserved, but
just affects the relative bandwidth, as illustrated in Fig. 4(c).

3.3 Simulation and Experimental Analyses. In previous
examples, the low-transmission flat band is disclosed without con-
sidering acoustic damping. Below we carry out the analyses that
take into account the viscous damping in narrow channels.
Figure 5(b) shows the solid line acoustic transmission calculated
from Eq. (1) for damped systems. Acoustic damping is found to
induce only the decreasing of transmission peaks outside the
valley region without the influence of the flat-band behavior. The
flat-band acoustic isolation can be also verified by numerical simu-
lations based on COMSOLMultiphysics, where the Narrow Region
Acoustics module is adopted to simulate the viscous thermal losses
within the channels. Simulation results are presented by the dashed
line in Fig. 5(b) and are in good agreement with theoretical results.

In the experiment, the sample is fabricated by using 3D printing
with Acrylonitrile Butadiene Styrene. Acoustic properties are mea-
sured by the impedance tube system as shown in Fig. 5(a). Exper-
imental results of transmission coefficients of the sample are shown
in Fig. 5(b) with circles, from which the flat band of low transmis-
sion can be clearly observed. According to Fig. 3(a), the monopole
and dipole resonances degenerate at 1 kHz, leading to the cancella-
tion effect for acoustic transmission. However, the interference can-
cellation between them is not perfect in the actual experiment as
potentially influenced by the fabrication error and damping effect.
Thereby, acoustic energy transmission near 1 kHz is a little bit
higher than the average in the flat band. On the other hand, the
upper band-edge frequency of the low-transmission band is
higher than that predicted by theoretical and simulation results.
Thus, the sound-isolation band broader than expected can be
achieved in experiments. Let fmin and fmax denote, respectively,
the lower and upper frequency of the band at which acoustic

Fig. 4 (a) The spectrum profile of Y1 and Y2 against different fre-
quencies. The frequency spectrum of (b) |TA| and (c) |T|2 in three
different cases of S1/S0=0.06, 0.08, and 0.1.

Fig. 5 (a) Experimental setup to measure acoustic transmission
coefficients of the metamaterial sample. (b) Theoretical, simula-
tion, and experimental results of acoustic transmission spec-
trum |T|2.

Fig. 3 Acoustic energy transmission of the waveguide system
involving (a) single channel and (b) the coupled channels,
which are calculated from Eq. (1) in the dampless case
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energy transmission is lower than 0.1. The bandwidth in octaves can
be defined as Log2( fmax/ fmin). According to Fig. 5(b), the experi-
mental octave bandwidth is up to 1.278, and the thickness of the
sample is about 1/1.94 of the wavelength of the band center
frequency.

3.4 Metamaterials With High-Order Mode Couplings. We
proceed to analyze the metamaterial with high-order mode cou-
plings by considering m = 3 and n = 2. Geometric parameters of
the designed metamaterial are L2 = 1.5L1 = 51.45 cm,
a2 = 1.5a1 = 16.35mm, h = 7.2 cm, and lx = ly = 8 cm. Figures
6(a) and 6(b) show, respectively, the frequency spectrum of Y1,2
and |TA| in the dampless case. The curves for Y1 and Y2 overlap
in a finite region near the degenerate frequency 1 kHz of two
modes, meanwhile the amplitude of TA remains finite. Therefore,
the low-transmission flat band can be also realized as demonstrated
in Fig. 6(c), which displays the transmission spectrum |T|2 with and
without acoustic damping. The intrinsic damping is seen to affect
only the resonant transmission outside the flat sound-isolation band.

The air ventilation rate is closely related to the area ratio between
the straight channel and waveguide S1/S0. Thus, acoustic and ven-
tilation properties of metamaterials with different mode couplings
m : n can be generalized in the two-dimensional coordinates given
by the octave bandwidth and S1/S0. Based on numerical simulations
with acoustic damping, metamaterials with mode couplings 2 : 1
and 3 : 2 as analyzed in Figs. 5 and 6 are plotted in Fig. 7. Notice
that S1/S0 is not unique given the area ratio S2 : S1 = m : n. In exam-
ples given previously, the largest ventilation ratio (S1/S0) has been
selected among all geometries where the coiling channel is of the
reverse-Z-shaped pattern, as sketched in Fig. 1(a). Following the
above protocol, metamaterials with various mode couplings are cat-
egorized into three groups with m − n = 1, 3, 5, and the results are
summarized in Fig. 7. The group with m − n = 1 is superior than
others as it has a wider isolation bandwidth and larger ventilation
rate. The octave bandwidth and S1/S0 for each group are inversely
proportional. Metamaterials with high-order mode couplings tends
to achieve better air ventilation performance yet with the decreasing
of the isolation bandwidth.

3.5 Metamaterials With Side-Branch Structures. The criti-
cal coupling condition (20) for achieving the low-transmission
flat band is only relevant to the mode coupling between the
coiling and straight channels. In principle, it should not be just

Fig. 6 The frequency spectrum of (a) Y1,2 and (b) |TA| in the
dampless case and (c) the transmission spectrum |T|2 of the
metamaterial with and without acoustic damping

Fig. 7 Acoustic and ventilation properties of metamaterials with
different mode couplings m :n, which are categorized into three
groups with m− n= 1, 3, 5, and generalized in the two-
dimensional coordinates given by the octave bandwidth and
S1/S0

Fig. 8 (a) The frequency spectrum of |TA| in cases of S1/S0=0.2, 0.4, and 0.6. (b) The corresponding transmission spectrum |T|2 of
the metamaterial with acoustic damping. (c) Octave bandwidth of the metamaterial with side enlargements calculated for various
S1/S0. (d) Experimental setup for measuring acoustic transmission properties of the metamaterial with the side-branch structure.
(e) Theoretical, simulation, and experimental results of acoustic energy transmission |T|2 of the side-loaded metamaterial.
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limited to the configuration that the coiling channel is embedded
within the waveguide. Take the metamaterial with the lowest mode
coupling (m = 2, n = 1) as an example. This viewpoint can be
proven true in Fig. 8(a), which shows the results of |TA| for different
values of S1/S0= 0.2, 0.4, and 0.6. Here, the values of S1/S0 are all
beyond the threshold 0.1 such that the coiling channel will occupy
partially the external region of the waveguide. |TA| remains finite
in each case, and the spectrum behavior of Y1 and Y2 that leads to
the flat band still follows Fig. 4(a) irrelevant to the area ratio
S1/S0. Thereby, acoustic transmission |T|2 exhibits again the low-
transmission flat-band phenomenon as presented in Fig. 8(b). Acous-
tic isolation properties of metamaterials with side enlargements can
also be characterized by the octave bandwidth. Figure 8(c) shows
the bandwidth results for various S1/S0 based on numerical simula-
tions with acoustic damping. With the increase in S1/S0, the
sound-isolation bandwidth drops to a stable value 0.66; yet, more sig-
nificantly, the air ventilation rate can be greatly enhanced.
In the limiting case of S1/S0= 1, the coiling channel will be

placed completely in the external region of the waveguide, as
sketched in the inset of Fig. 8(c). The straight waveguide with the
side-branch structure then constitutes an important sound silencing
model widely used for acoustic liners to damp engine noise. Exper-
imental studies are carried out for this metamaterial as shown in
Fig. 8(d ). Geometric parameters of the system are chosen as
lx = 12mm, ly = 6mm, L2 = 2L1 = 68.6 cm, and a2 = 12mm. The
sample and waveguide system are fabricated by using 3D printing.
Figure 8(e) shows the theoretical, simulation, and experimental
results of acoustic energy transmission |T|2 of the side-loaded meta-
material with the mode coupling of m = 2 and n = 1. The measure-
ment results confirm the low-transmission flat band with the octave
bandwidth of 0.645 and are in good agreement with theoretical and
simulation predictions. This flat-band metamaterial allows the
perfect air flow within the waveguide and provides a new mecha-
nism for the design of broadband low-frequency duct silencers.

4 Conclusions
Acoustic metamaterials consisting of the coiling and straight chan-

nels are studied for simultaneous control of sound mitigation and air
ventilation. When two channels both work in acoustic resonant states,
a critical coupling condition that can lead to the flat-band behavior of
the near-zero transmission is found based on the coupled-mode
theory. Experimental results demonstrate the flat-band effect in meta-
materials with the lowest-order mode coupling, realizing the octave
bandwidth up to 1.278. The generality of the flat-band behavior is
then verified in metamaterials with high-order mode couplings,
where there is a trade-off between sound-isolation bandwidth and
air ventilation rate. Finally, we extend the metamaterial model in
the way by placing the coiling channel completely in the external
region of the waveguide and validate the flat-band behavior experi-
mentally. The proposed mechanism paves the way toward the
novel design of broadband low-frequency sound-isolation devices.
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